Math 205A Real Analysis

Homework 7

Andrea Montanari Due on

Problem 1

(a)
(b)

Omitted. This amounts just to checking the axioms.
For any A € B, we have

wi(A) = p(R x .. x A... x R)

flx, oy @iy ooy ) A (dy, ...y dy)
Rx..xA...xR

/ f(ifl, ceey Ly ...7$n))\n(dl'1, ooy dl’i,h dl’iJrl., dxmdxl)
Rx...xRxA

:/ </ f(:cl,...,x,...,mn))\n1(dx1,..,dxl—1,dxi+1.,dxn)))\1(dx)
A Rx...xR

where in the last step we used Fubini and the fact that A, = A® --- ® A\. By the given definition of
density, we conclude that
.13) = f]R"*l f(xl, ooy Ly enny xn))\n_l(darl, ooy d.i?i_l, da:i+1., da:n).

We only need to show the equality on any generating set in R”. We proved that Bgn = 0(A; X ... X A,,)
for Aq,..., A, € B. Hence, for any measurable set A1, Ao, ..., Ay, u is of product form, we have

w(Ay X ... x Ap,) == H/ filx) A (dxy)

/ / Ji(@r).. fu(zn) A1 (dey).. A (day)

Ay

= / fi(x1)... fn(zp) A (dzy, ..., dxy,) by property of Lesbegue measure.
A

Since this is true for any A; x ... X A,,, and by the definition of density we can conclude that the density
of (X1,...,Xp) exists and f(X71,..., X,) = f1(X1)...[n(X5).

Counter example: let F : R — R? be defined by F(z) = (x,z), and p = FyMo,1), where A1) is the
Lebesgue measure restricted to [0,1]/ Clearly i, 12 both have density f(x) = 1(z € [0,1]). However,
the support of pis A = {w = (w1,ws2) : w1 = wy,0 < wy,wy < 1}. Thus, A is a line, and has Lesbegue
measure 0 in dimension 2. If z had a density in dimension 2, then u(R?) = fA (X1, Xo)Ao(dxy, das) =

0 for some density f. However, u(R?) = 1 by constriction. Thus, we get a contradiction.



Problem 2
Let x be a Lebesgue point of f.
(% 0)(a) = f() =" [ Fla = p)olu/r)dy - f(a)
/f ((x = 2)/r)dz — f(x)
= / f(2)o((x = 2)/r)dz — T*"/ f(@)o((z — z)/r)dz
B(z,r) B(z,r)
= [ ) - @)l - 2 dz
B(z,r)

(Note we did a change of variable z = x — y.) Thus

(f* ¢r)(2) = f(2)] < (?""/B( )If(Z)—f(iv)le> []loo-

The integral tends to 0 as 7 — 0 as x is a Lebesgue point of f. Since almost every point is a Lebesgue point
of f, we are done.

Problem 3

We can assume that A and B are bounded. (Otherwise replace A and B by AN [—n,n] and B N [—n,n]
where n is large enough that these sets have positive measure.) Thus 14 and 15 are in LP for every p. In
particular, they are both in L?. Thus the function 14 * 15 is continuous. Note that

[ 1) @ys - / / La(z — )1 p(y) dy de
—111A<x—y>13<y>dxdy

:/1B(y)/1A(a:—y)dmdy
_ / 15(y)A(A) dy
= A(A)N(B)

> 0.

Now 14 % 15 is a continuous function (by hw 6, problem 3) with positive integral, so there is an interval I
on which is it is positive. Now for z € I,

0<(laxlp)(x)

La(z —y)lp(y) dyde

y
=My:z—y€Aand y € B}dx
=My:y€ax—Aand y € B}dx

= A(z — A) N B)dz.

In particular, (z — A) N B is non-empty, or, equivalently, z € A + B. We have shown: there is an interval I
such that I C A+ B. Of course the same is true for the sets —A := {—a:a € A} and B.



	

