Math 205A Real Analysis

Practice Midterm Solutions
Andrea Montanari Due on October 17, 2024

Problem 1

Throughout this problem (X, F, u) is a probability space, that is a measure space with u(X) = 1. For a
measurable function f: X — R, and for p > 0, we define the p pseudo-norm of f via

is1n=( [ If(x)l”du(w)>l/p 1)

(a) Assume that ||f|; < co for some ¢ > 0. Show that

ty 171, = exp { [ 10g 0)an(o) | )

Write h(z) = log|f(z)| = hy(x) — h_(x):

lim L (172 — 1) = / })( PR 1) () = A4 (p) — A—(p),

p—0p

Ax(p) Z/%(e“h*(”) — 1)p(dz).

By monotone convergence

lim A_(p) = / h(2)p(dz)

p—0

By dominated convergence, using (e?"+(®) —1)/p < (e9"+®) —1)/q for 0 < p < ¢, we get

ti 44 (p) = [ B (e)n(da).

p—0

We thus have

lim 1(||f||g ~1) = /log\f(w)ldu(w),

p—0p

and the claim follows by calculus.

(b) Assume that || f||, < oo for some g > 0. What is the value of lim, o || f[[}?

We have |f(x)|P — 120 as p — 0. Hence applying dominated convergence (and the assumption
[fllq < o0)

Lim [ £l = (1S (x) # 0}). (3)



(c) The ‘weak £, norm’ || f||w¢, of a measurable function f is defined as
— 1/
1 llwe, = sup { ¢ [u(1f] = 0] }. (4)
>0

Notice that this is not a norm. Prove that || f[lwe, < || f]|p-

By Markov inequality ¢, [pu(|f] > ¢)] < [|f]dp.

Problem 2

Let Q be the space of functions w : [0,1] — R, and, for each ¢ € [0,1], define fi(w) = w(t). Let F =
o({ft}tejo,1)) be the smallest o-algebra such that f; is measurable for each t € [0, 1].

Also, for any S C [0,1], le Fs = o({fi}tes) be the smallest o-algebra such that f; is measurable for each
tes.

(a) Prove that

F= J 7Fs. (5)

S countable

Solution: Let A = Ug countable F5- 1t is clear that f; is measurable on A for each t € [0,1]. Indeed, A
contains in particular Fryy = o(f).

Further A C F, since Fs C F for each S C [0,1] (indeed Fg is the minimal o algebra such that f; is
measurable for each ¢ € S).

The claim follows if we show that A is a o-algebra. Let B € A. Then B € Fg for some S countable,
whence B¢ € Fg (because Fg is a o-algebra) and thus B¢ € A. Therefore A is closed under complements.

Let {B;}ien be a countable collection in A. Then there exist countable sets .S; C [0, 1] such that B; € Fg,
for each 7. In particular B; € Fg with S = U2, S;. Let B = U2, B;. By the o-algebra property, B € Fg as
well. But S is countable (countable union of countable sets), whence B € A.

(b) Show that, for any measurable function g on (2, F) there exists S countable such that g is measurable
on (Q, ]:5).

Solution: Let Q = {¢1,42,¢s, ...} be an ordering of the rationals. By point (a) above, for each i, there
exist S; countable, such that the set B; = {w: g(w) < ¢;} is in in Fg,. As a consequence for each i, B; € Fg
with § = U2, S;. This imply that {Z71((—o0,q]) : ¢ € Q} C Fs. Since P = {(—00,q] : ¢ € Q}isa
system which generates the Borel o-algebra, the thesis follows.




	

