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Will focus on Ising models

1
pae(z) = Zos exp { (m;EE 8,2,z + lezvelzz:z} .
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Outline

@ Learning graphical models: Setting

© Parameter learning

© Maximum likelihood

@ structural learning
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Learning graphical models: Setting J
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Learning

You are given

Question: Estimate 6§, G
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Some notation

Number of vertices p

Number of samples n

When necessary, ‘truth’ will be indicated by 6*
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Three critiques of this setting

» The actual distribution is only roughly Ising.
» Variables only observed partially/corrupted.

» Sampling is hard. How can you hope to get i.i.d. samples?
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A toy example: US Senate

Number of senators p =100
Number of bills in 2004 — 2006 n = 542
Voting pattern on bill p (0 € {+1,-1}7
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A toy example: US Senate

[O.Banerjee, L.El Ghaoui, A.d’Aspremont, J.Mach.Learn.Res., 2008]
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Parameter learning J
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Is it at all possible?

Define, foreach 1 € V, {2,7} C V

= (a4 1v)
vile) = p(+ly)

w(zi, 7, + 1\ gijy) w(+1v)

)i i (i, z; '
Vi (20, %) wl(@s +1vva) 15, +1v)
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Is it at all possible?

Define, foreach 1 € V, {2,7} C V

= (a4 1v)
vile) = p(+ly)

w(zi, 7, + 1\ gijy) w(+1v)

)i i (i, z; '
Vi (20, %) wl(@s +1vva) 15, +1v)

By Hammersley-Clifford

p(z) = p(+ly) H ¢1] x’uxj H"pz ;)

{rslev eV

V(- )#1=> (5,7) €EE
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We can estimate these from samples

~(n 1<
(@) = > 1z = o)

=1
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We can estimate these from samples

~(n 1
(@) = > 1z = o)

=1

B (2, +1v,)

EM)(+1v)
B (@i, 2, + 1 ga,3) B (+1y)
B (@, +1ya) B (5, +1v)

(@)

"?}\53)(@: xj) =
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We can estimate these from samples

~(n 1
(@) = > 1z = o)

=1

B (2, +1v,)

EM)(+1v)
B (@i, 2, + 1 ga,3) B (+1y)
B (@, +1ya) B (5, +1v)

(@)

"?}\53)(@: xj) =

lim 9™ =g

n—o0
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How big is co?

Exercise: Let Xi,...X, ~ijq. Bernoulli(g) with ¢ € (0,1/2]. The

smallest n to estimate ¢ with multiplicative accuracy e, with
probability at least 1 — ¢ is

C
n > qe? log(1/6)

Hint: Use the large deviations estimate

n
P Xomr)m el
1=1
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We want this with multiplicative error ¢
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We want this with multiplicative error ¢

1 n
=(n) _ = () _
AM(@) =~ 1(a® = 2)
¢=1
1
n > = ¢9(p)
~ u(z)
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Wait a minute

Foreacht € V, {1,7} C V

Tz w(zi, +1vg)
wz(xz) l‘l’(—i_lv) ?
Yi5(zi, ;) ( : 7 ‘_/\{ J}v) ( V)
w(zi, +1y) sz, +1vy)
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Wait a minute

Foreacht € V, {1,7} C V

~ (s, +1s;)

() = ———7F,
vil@) pw(+1;08:)

p(zi, T + Lay) p(+1g 53004)
1(zi, +130045) (T5, +1ig0e4)

Ui j(zi,z) =
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Wait a minute

Foreacht € V, {1,7} C V

7 — /J,(flii, +16i)
T = —,
vilz) p(+108:)
Y Tz, T + Lag) p(+14 53004)
¥ (T, z;) = J d {1,7}U0%

(i, +1g53005) (25, +1ig0ey)

Sufficient to estimate fgyu(;, 3

C
n > . log(1/é
~  e2min|g<ak,z #5(Ts) 8(1/)
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Sample complexity

Theorem (P.Abeel, D.Koller, A.Ng, J. Mach. Learn. Res., 2006)
Assume

» max,;cy degs(t) = k;

> Min g)eg Mily, o ¥y;(%;, 2;) > p, min;cy ming, ¥;(z;) > p.

Then, with probability at least 1 — §, we can learn all the 9 ’s with
relative accuracy € provided

n > C’ig)k log (%) .

Further, under these assumptions D(u||i) + D(f||u) < C |Ele.
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Sample complexity

Theorem (P.Abeel, D.Koller, A.Ng, J. Mach. Learn. Res., 2006)
Assume
» max,;cy degs(t) = k;
> Min g)eg Mily, o ¥y;(%;, 2;) > p, min;cy ming, ¥;(z;) > p.
Then, with probability at least 1 — §, we can learn all the 9 ’s with
relative accuracy € provided

n > 02,20)’“ log (%) .

Further, under these assumptions D(u||i) + D(f||u) < C |Ele.

Proof.
Lower bound min|s|<ak, ¢ 5(Zs) plus union bound. DJ
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How good is this?

» Number of bits to specify the ¥’s = | E|log(1/(pe)).
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How good is this?

» Number of bits to specify the ¥’s = | E|log(1/(pe)).

» Number of bits per sample = p

E 1 k 1
n > |?| log (E) = —log (—)
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Pretty good, isn’t it?
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Pretty good, isn’t it?

We are assuming that G is known!

[But see later]
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Maximum likelihood )
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Another approach

Likelihood

ngyg{w(l), NN .,(I:(n)} = H /.l,(;,g(a)(z)
= Za(6) { > 91123:2):1: —I—ZHZ:L' }

(1,9)EE = eV {=1
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Another approach

Likelihood

Pn,G,e{fB(l)

Zg(9)

Ln(6;{z®})
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2™} = H pes(z®

> 62 el%0+ 3 0.3 0l%)

( :J)GE =

1
—~logP, (1)
. 108Prce{e

—(M,6) + ¢(6)

1 & @
= — z;

€V =1

May 13, 2012 22 / 46



Maximum likelihood

o™ = 8({zW1<r<n) = argmin La(6; {z9)
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Maximum likelihood

o™ = 8({zW1<r<n) = argmin La(6; {z9)

Unique : 8 — L, (8; {zD}) is strictly convex; J
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Maximum likelihood

o™ = 8({zW1<r<n) = argmin La(6; {z9)

Unique : 8 — L, (8; {zD}) is strictly convex;

Consistent : As n — 00, M- M, M; = Eq,{z;}, M;; =Eg,{ziz;}

J
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Proof of consistency
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Proof of consistency

By strict convexity, for £ > 0

#(6') > 9(6) + (1, (6"~ 0)) + S118' — 0]
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Proof of consistency

By strict convexity, for £ > 0

#(6') > 9(6) + (1, (6"~ 0)) + S118' — 0]

Hence

(M, (8- 6)) + 8- 63 - (11,8) < (74, 6)
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Proof of consistency

By strict convexity, for £ > 0

#(6') > 9(6) + (1, (6"~ 0)) + S118' — 0]

Hence
(M, @~ 0))+ S8~ 01 — (77,8) < (7, 6)

[P — ~ — ~
118 =05 < (M — M), (0 - ) < || M — M]||2]|§ - 6]|>
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High-dimensional consistency bound

|E|=m

1 -~ 4
16 -86|) < —I||M — M]|?
mH Iz < gzmll I3
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High-dimensional consistency bound

|E|=m

(A

1 - 4
— 118 — 8|2 ——||M — M3
| 2 ol 12

62

IA
72 2N

[\%)
S|Q
3
PR
N3
~—
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High-dimensional consistency bound

|E|=m

4
s | M — M]3

1.2 2
li-e < o

(A

IA
a2
[\%)
S|Q
3
RS
N3
~—

¢ = inf Imin(V>9(6))

with more work can eliminate the infyp.
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Sounds good, right?
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Sounds good, right?

Approximating ¢(6) is hard!

Bad sample complexity for sparse graphs!
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Structural learning J
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Structural learning

nag(G,8) = inf{n € N: P, ge{Alg(z¥,...,2") = G} >1-4},

Xalg(G,0) = # operations of Alg when run on nag(G,8) samples

Typically, we assume G sparse
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How would you modify maximum likelihod?

minimize  £(6; {z9})
subject to 18]l < m
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How would you modify maximum likelihod?

minimize  £(6; {z9})
subject to 18]l < m

Intractable! J
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{;-regularized maximum likelihood

o~

6 = argmin L(8; {z9) + \||9]|1
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{;-regularized maximum likelihood

)
Il

argmin L(6; {z9) + \||9]|1

= —(M,6) + ¢(8) + A|6]|1
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{;-regularized maximum likelihood

g = arg min L£(6; {z®) + 7|9

= —(M,6) + ¢(8) + A|6]|1

[cf. J.Friedman, T.Hastie, R.Tibshirani, Biostatistics, 2008]

Andrea Montanari (Stanford) Stat375: Lecture 11, 12 May 13, 2012 31 / 46



Local independence test

Idea: For each 7 € V, and for any candidate neighborood S,

test independence of z; and zy\g;, S; = S U {1}.
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A possible implementation

LocAL INDEPENDENCE TEST( samples {z(0} )
1: Foreach: € V;

2 For each S C V' \ {1}, |S| <k,

3: Compute SCORE(S, i) = H(X:|Xs);
4

5

Set S* = argming SCORE(S, ¢) and connect ¢ to all 7 € §*;
Prune the resulting graph.

[P.Abeel, D.Koller, A.Ng, 2006]
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Another implementation

SCORE(S,7) = min max
Wg V\S,]GS Ti, TW 2S5, T

Pr,6{X: = @|Xw = aw, Xs = 25} -
Prco{Xi = | Xw = zw, X5\, = 5\, X; = %}

[G.Bresler, E.Mossel and A.Sly, APPROX 2008]
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Another implementation

LocAL INDEPENDENCE TEST( samples {z()}, thresholds (e,7) )

1: Foreach: e V;

2 For each S C V' \ {z}, |S| <k,

3: Compute SCORE(S, 1);

4: S* = argmax{|S| : SCORE(S, 1) > ¢} and connect 7 to all 7 € S*;
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Another implementation

LocAL INDEPENDENCE TEST( samples {z()}, thresholds (e,7) )

1: Foreach: e V;

2 For each S C V' \ {z}, |S| <k,

3: Compute SCORE(S, 1);

4: S* = argmax{|S| : SCORE(S, 1) > ¢} and connect 7 to all 7 € S*;

Nobody would ever use these in practice!! )
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Why?

nk+1 operations!
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For the sake of simplicity

8; =0,60,=0
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For the sake of simplicity

8; =0,60,=0

=5 1N (0, (e
M =(My)i<ij<n, My =Egp{zizj}, Myj= ;in( e
=1
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A very simple algorithm

TurEsHOLDING( samples {z(9)}, threshold T )

1: Compute the empirical correlations {M;; }; j)evx v;
2: Foreach (3,7) e VxV
3: If M > T,set (3,7) € B;
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And its analysis

Theorem
If G is a tree, and 7(B) = (tanh B + tanh? 8)/2, then

8 2p

(G, 8) < log 2 .
"hi(r)( G, 6) < (tanh§ — tanh’g)2  © &
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And its analysis

Theorem
If G is a tree, and 7(B) = (tanh B + tanh? 8)/2, then

8 lo 2_p
(tanh — tanh®B)2 © 6

NThr(r) ( G, 9) <

Theorem
If G has mazimum degree k > 1 and if B < atanh(1/(2k)) then
2p

8
Nhe(r) (G B) € 15 108 -
‘ (tanh 8 — 5%)? )
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And its analysis

Theorem
If G is a tree, and 7(B) = (tanh B + tanh? 8)/2, then

8 lo 2_p
(tanh — tanh®B)2 © 6

NThr(r) ( G, 9) <

Theorem
If G has mazimum degree k > 1 and if B < atanh(1/(2k)) then
2p

8
Nhe(r) (G B) € 15 108 -
‘ (tanh 8 — 5%)? )

Theorem

If k >3 and 6§ > C/k, there are graphs such that for any T,
NThr(r) = 0.

4
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Basic intuition

Thresholding works if

min_ M;; > max My
(1)EE (k)¢ E

This is true at small § because. ..
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High temperature series

ZoB) = > e,
HCG,even
1
Ecp{ziz;} = 3 FIEE]

Zg (ﬁ) HCG,odd(H)={1,7},

T =tanh .

Andrea Montanari (Stanford) Stat375: Lecture 11, 12 May 13, 2012 41 / 46



High temperature series

Zo(p) = Y TE
HCG,even
1
Ecp{ziz;} = 3 FIEE]

Zg (ﬁ) HCG,odd(H)={1,7},

T =tanh .

Theorem (R.Griffiths, J. Math. Phys., 1967)

Ecp{ziz} < >, N
YESAW (i—7)
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Does not work always because

G, G, G, G,
e
D
' . ' [ ] .
G, o 16 o 5 G, H G, H
L4 ad [ 2 ry A ® ® L2 : '
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This phenomenon is generic

Ezample: Regularized pseudo-likelihoods
[Meinshausen , Bithlmann, Ann.Stat. 2006]
[P.Ravikumar, M.Wainwright, J.Lafferty, Ann.Stat. 2010]
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This phenomenon is generic

Ezample: Regularized pseudo-likelihoods
[Meinshausen , Bithlmann, Ann.Stat. 2006]
[P.Ravikumar, M.Wainwright, J.Lafferty, Ann.Stat. 2010]

0y =1{0:;: 7 € [p] \ {2}}-
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This phenomenon is generic

Ezample: Regularized pseudo-likelihoods
[Meinshausen , Bithlmann, Ann.Stat. 2006]
[P.Ravikumar, M.Wainwright, J.Lafferty, Ann.Stat. 2010]

0y =1{0:;: 7 € [p] \ {2}}-

. . . 1 (Z) (Z)
_ - § log Po{z "/ |2A7’ Y+ A 91'
minimize = g 9{ 3 | 01 } || ( )||1
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This phenomenon is generic

Ezample: Regularized pseudo-likelihoods
[Meinshausen , Bithlmann, Ann.Stat. 2006]
[P.Ravikumar, M.Wainwright, J.Lafferty, Ann.Stat. 2010]

0y =1{0:;: 7 € [p] \ {2}}-

. . . 1 (Z) (Z)
_ - § log Po{z "/ |2A7’ Y+ A 91'
minimize = g 9{ 3 | 01 } || ( )||1

The first therm only depends on 6(;)! Has explicit expression!
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A numerical experiment

12 12

08 08

Psuce ; Psuce
05 05
04 04

02 02

0 01 02 03 08

Uniformly random graphs of degree k = 4
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A numerical experiment

Theorem (J.Bento, A.Montanari, 2010)

There exists C > 0 such that regularized pseudolikelihod fails
» On random regular graphs of deree k for all B > C/k.
» On random subgraphs of the 2d grid, for all B > C.
» On ‘double-star’ graphs for all B > C, and n > ng
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Structural learning

» Lots of open problems
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