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Undirected Pairwise Graphical Model

o © T12
I11

G=(V,E), V=[nl,z=(z1,...,2n), T € X, |X| < 00

u(z) :% H Vi (i, z7) -

(y)eB
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Undirected Pairwise Graphical Model

o © T12
I11

G=(V,E), V=[nl,z=(z1,...,2n), T € X, |X| < 00

u(z) :% H Vi (i, z7) -

(y)eB

Computing marginals of u
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Outline

© A motivating example
© Recursion on trees

© Belief propagation

@ A couple of exercises
@ Tree decomposition

@ The max-product algorithm
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A motivating example J
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Influenza

Human

Swine

Avian

[A.H. Reid, T.G. Fanning, J.V. Hultin, and J.K. Taubenberger,
Proc. Natl. Acad. Sci. 96 (1999) 1651-1656]
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Challenges in phylogeny

Andrea Montanari (Stanford) Stat375: Lecture 5, 6



Challenges in phylogeny

Phylogeny reconstruction: Given DNA sequences at vertices (only
at leaves), infer the underlying tree T = (V, E).
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Challenges in phylogeny

Phylogeny reconstruction: Given DNA sequences at vertices (only
at leaves), infer the underlying tree T = (V, E).

Phylogeny evaluation: Given a tree T = (V, E) evaluate the
probability of observed DNA sequences at vertices (only at leaves).
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A Markov model
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A Markov model

T = (V, D) directed graph, observed z = (z;);cv € XV

/J'T(x) = QO(xo) H Qi,j(zi;mj):

(1,7)ED
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A Markov model

T = (V, D) directed graph, observed z = (z;);cv € XV

pr(e) = go(z) ] a(znz),
(1,5)€D
gi;(zi,zj) = Probability that the descendent is z; if ancestor is z;.
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Simplified model: X = {+1, -1}

qo(mo) = %
Q(miimj) = {
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Simplified model: X = {+1, -1}

qo(mo) = %
Q(miixj) = {
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l1—-q ifz =gz,
q if z; # z;.

q(z;, z;) ef%i%



Simplified model: X = {+1, -1}

T = (V, E) directed graph, observed z = (z;);cy € XV

T)= ef%% .
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Simplified model: X = {+1, -1}

T = (V, E) directed graph, observed z = (z;);cy € XV

ur(s) = [T e
Z(T) (e
Problem: For given T, compute pr(z). Difficult part: Zg(T'). )
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Recursion on trees J|
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Subtree

T;; = (Vis;, Bis;) = Subtree rooted at ¢ and excluding 7,
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Subtree

J
/
./
1
T;; = (Vis;, Bis;) = Subtree rooted at ¢ and excluding 7,
1 Oz,
Bimsi(Tvis,) = i H e,
7 Z(Tl—)]) (U,U)EEi_;j
vini(@) = > misi(zv,)
Cl?Vi_)]-\i
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Merging trees

/J..iﬁj(.'EVi_)j) = Z(T; eeCDiCDk eerimz{ H eGrimj}{ H eemuﬂu}

l—m) (w,v)E By (u,v)EEIi
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Merging trees

“i—)j(mVi_)j) o eGmimk eez,-:q{ H eemi:cj}{ H eeccua:v}

(v, v)E Bk (u,v)E B
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Merging trees

~ e@zizk eezm

pisj(zvi,;) = pr—i(Tv, ) isi(Tv,,;)
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Merging trees

pini(zv,;) = e efm o (ay, ) misi(ev,)
z’Uz'_)]'\i TV Vi
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Merging trees

pini(zv,;) = e efm o (ay, ) misi(ev,)

Z pimi(zv,;) = Z eewﬂk“kﬁi(sz—n) Z eexmru'l—ﬂ(sz_)i):

z’l)z'_)]'\i TV Vi

Viog(zi) = { z 7. }{ Z e® My l)}
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Merging trees

vio(z) =[] {Zeez"x’%ei(xk)}

kEdi\j Tk
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Merging trees

vio(z) =[] {Zeer"%km(xk)}

kEdi\j Tk

[ { ) ehﬂk”k—n(zk)} = pr(z:)

keor Tk

12

l/i(.’Z:i)
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What about a general model ?
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What about a general model ?

vii(z) = H {Ziﬁik(m—;,mk)vkw(mk)}

keai\j T EX

vi(e) = ] {2 dalenmvim)} = pr(z)
kot xzpeX
Computes the marginals in |X|?>n operations. J
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Belief propagation J
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Notation

E = Directed edges,
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Notation

&=
I

= Directed edges,

-

v = {I/Hj(-)}(i’j)eg}eI\/I(X)E,messages
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Notation

&=
1l

Directed edges,

-

v = {vii( )} ent € M(X)?, messages
FM(X)E = M(x)®

v F), Fis(@)= [T {2 dal, m)veo(m) )

kEoi\j  mEX
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Notation

&=
1l

Directed edges,
v = {viei()}ujest € I\/I(X)E,messages
FM(X)? = M(x)P
v F), Fis(@)= [T {2 dal, m)veo(m) )

k€D mEX
F' M(X)F = M(x)Y
v W), F@u@)= TT {3 dal m)vei(m)}

ket xzpeX
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Belief propagation (sequential version)

BELIEF PROPAGATION( Tree T = (V, E), ¥ = {94} )

Initialize v, x(z;) = 1/|X| for all ¢ leaves;
Recursively over (7,7) € E compute (from leaves):
Vinj = F(V)ins;
For each ¢ € V output the estimated marginal;
vi = F'(v):;
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Belief propagation (parallel version)
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Belief propagation (parallel version)

Messages: v (-),te{0,1,2,...}

1—7
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Belief propagation (parallel version)

Messages: v (-),te{0,1,2,...}

1—7

BELIEF PROPAGATION( Tree T = (V, E), ¥ = {94} )

Initialize z/gl)k(:zzi) = 1/|X| for all 7 leaves;
For t € {0,1,2,..., tmax = diam(7T)}

vt = F(p();
For each 7 € V output the estimated marginal;

vi = F'(v)s;
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Belief propagation (parallel version)

Messages: v (-),te{0,1,2,...}

1—7

BELIEF PROPAGATION( Tree T = (V, E), ¥ = {94} )

1: Initialize z/gl)k(:ni) = 1/|X| for all 7 leaves;
2: Forte{0,1,2,...,tmax = diam(7T)}
3: vt = F(p();
4: FPor each 1 € V output the estimated marginal;
5: v; = FY(v);;
Computes all the marginals in |X|>n - diam(T') operations. J
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Belief propagation (loopy version)
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Belief propagation (loopy version)

Messages: v (-),te{0,1,2,...}

1—7
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Belief propagation (loopy version)

Messages: v (-),te{0,1,2,...}

1—7

BELIEF PROPAGATION( Graph T' = (V, B), ¥ = {¢} )

Initialize z/z(l)k(:ni) = 1/|X| for all 7 leaves;
For t € {0,1,2,..., tmax}

vt = F(p();
For each 7 € V output the estimated marginal;

vi = F'(v)s;
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Belief propagation (loopy version)

Messages: v (-),te{0,1,2,...}

1—7

BELIEF PROPAGATION( Graph T' = (V, B), ¥ = {¢} )

1: Initialize z/z(l)k(:ni) = 1/|X| for all 7 leaves;
2 Fort €{0,1,2,. .., tmax}
3: vt = F(p();
4: For each 1 € V output the estimated marginal;
5: v; = FY(v);;
Computes 777777 in |X|?n - tmax Operations. J
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Folklore about Loopy BP

Generally it does not converge, and if it does, the output is incorrect.
This does not stop people from using it! J
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Folklore about Loopy BP
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This does not stop people from using it! J

» Works better when v, ;(z;, ;) = ¥4,1(%:)¥s; 2(z;)+small(z;, z;).
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Folklore about Loopy BP

Generally it does not converge, and if it does, the output is incorrect.
This does not stop people from using it! J

» Works better when v, ;(z;, z;) = ¥4,1(2:)¥35 2(z;)+small(z;, z;).
» Works better when G has few short loops.
» Works better when ;;(z;, ;) is attractive.

» Nonconvex variational principle.
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A couple of exercises J
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Exercise #1: Partition function on trees
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Exercise #1: Partition function on trees
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Exercise #1: Partition function on trees

Z(Tiss)= [] 2(Te=s) > ][] {Z"pik(mi,xk)l/k—)i(xk)}

kedi\j TEX kedi\j mEX
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Exercise #1: Partition function on trees

Z(Tiss)= [] 2(Te=s) > ][] {Z"pik(mi,xk)l/k—)i(xk)}

kedi\j TEX kedi\j mEX

Computes the partition function in |X|?n operations. J
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Exercise #1: Example

Suppose you observe

T = (+1,+1,+1,+1,+1,+1,+1,+1,+1)
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Exercise #1: Example
Suppose you observe
T = (+1,+1,+1,+1,+1,+1,+1,+1,+1)

and you know this comes from either of

1
o) = o [[ 5 [ e™
KK & Z(T) (4,7)€E eV
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Exercise #1: Example
Suppose you observe
T = (+1,+1,+1,+1,+1,+1,+1,+1,+1)

and you know this comes from either of

1
o) = o [[ 5 [ e™
Kh & Z(T) (4,)€E i€V

Which one has highest likelihood? argmin{Z(T1), Z(T2)}
April 16, 2012 28 / 43



Exercise #2: Sampling from on the tree
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Exercise #2: Sampling on the tree

SaMpLING( Tree T = (V, E), ¥ = {¥5}(5)cE )

Choose a root 0 € V;

Sample X, ~ Lo(-);

Recursively over ¢ € V' (from root to leaves):
Compute K| m(4) (xz|$7r z))
Sample X; ~ Hoi|m( z)( ‘mw( ))
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Exercise #2: Sampling on the tree

pr(zvi,lz) =2 Yy(zz)pr,(Tv,),
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Exercise #2: Sampling on the tree

pr(zvi,lz) =2 Yy(zz)pr,(Tv,),

pr(zlz) = Yy(zz) v, ().
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Tree decomposition J
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Idea
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Idea

OK, this is not a tree but. .. J
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Idea

Create an equivalent tree graph.
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Idea

Create an equivalent tree graph.

Price: enlarging the alphabet to X3.
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How you do this in general?

» Tree decomposition.

» Equivalent graphical model.

» Alphabet enlargement X — X*.

» Treewidth(G) = Minimum such .
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How you do this in general?

» Tree decomposition.

» Equivalent graphical model.

» Alphabet enlargement X — X*.

» Treewidth(G) = Minimum such .

Problem: In general Treewidth(G) = ©(n). J
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Tree decomposition of G = (V, E)

A tree T = (Vr, Er) and a mapping V : Vr -SUBSETS(V) s.t.:

» For each ¢ € V there exists at least one u € Vi with 2 € V(u).

» For each (2,7) € E there exists at least one u € Vi with
1,7 € V(u).

» If 1 € V(uy) and ¢ € V(up), then ¢ € V(w) for any w on the path
between u; and uy in T'.
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For instance
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For instance
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For instance

You see the tree, right? J
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General methods to prove convergence

» Monotonicity.

» Contraction.
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The max-product algorithm J
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Optimization — Mode computation

G=(V,E), V=[n],z=(z1,...,2n), T; € X, |X| <0
Compute

arg ma. T ) = arg ma i\ Ty, T ) -
g max u(z) gzexg(i}ngq( i) T)
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Equivalently

G=(V,E), V=[n],z=(z1,...,2n), T; € X, |X| <0
Compute

arg max ) 6;(zi,z;).
(v)eE
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Everything goes through: Max-Marginals

Poo (T max{ H 1;01] 17]I : 'TIEXV)"D{/::EW}-
(y)eE
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Everything goes through: Max-Marginals

Poo (T max{ H 'lpl] 17]I : Q;IEXV)'T{/::EU}-
(y)eE

Normalization max,, u,(z,) =1
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Everything goes through: Max-Product algorithm

Andrea Montanari (Stanford) Stat375: Lecture 5, 6 April 16, 2012 44 / 43



Everything goes through: Max-Product algorithm

J
. /
1 /
k
vini(z) =[] {maX ¢¢k($i,2k)1/km($k)}
L L TEX
kedi\g
vi(z)) = H. { max Y (i, mk)vkﬂ(mk)}
kcor
Computes the max-marginals in |X|?n operations.
= Dynamic programming.
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