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Variational methods
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Variational methods

Idea
I know a lot about (convex) optimization. . . J
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Outline

@ Gibbs Variational Principle
© Naive Mean Field

© Bethe Free Energy

e Region-Based Approximation

@ Tree-based Convexifications
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Undirected Pairwise Graphical Model

#(x):% [T iz, z).

(y)eE
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Notation

‘Actual’ probability — u

‘“Trial’ probability (‘belief’) — b

Andrea Montanari (Stanford) Stat375: Lecture 7, 8, 9



Gibbs Variational Principle J
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I want to compute

$® =logZ
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Gibbs Free Energy

Gy: XV =R,

b Gy(b).
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Gibbs Free Energy

Gy: XV =R,

b Gy(b).

Proposition

Gy 15 strictly concave, and achieves its unique mazimum at b = u.
Further
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Gibbs Free Energy

u(z) = % H Vi (T, 25) = %"ptot(x)'

(v)eE
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Gibbs Free Energy

u(z) = % H Vi (T, 25) = %¢tot($)'

(v)eE

Definition

G(b) = Eplogtiot(z)+ H(D)
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Gibbs Free Energy

%¢tot($)'

#(x)Z% [T %s(ziz)

(v)eE

Definition

G(b) = Eplogtiot(z)+ H(D)

- Z Z b Z“ZJ log'wz] mz,m] Z b logb

(y)EE zi,zjeX zexV
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Proof

1. Define the Lagrangian

E(b,A):G(b)—A{ S b(:c)—l}

zcxV

and differentiate
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Proof

1. Define the Lagrangian

E(b,A):G(b)—)\{ S b(:c)—l}

zcxV

and differentiate

2. Observe that

z +— zlogz is convex on R
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Naive Mean Field
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Good news/Bad news
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Good news/Bad news

Counting = Convex Optimization J
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Good news/Bad news

Counting = Convex Optimization J

M(X")is |X|V — 1 dimensional. )
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Idea

b*

o=

Maximize Gibbs free energy on a low-dim subset

® > supGy(b).
besS
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Naive Mean Field Idea

S = {bEMX™): b=bixbyx - xbn},
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Naive Mean Field Idea

S = {bEMX™): b=bixbyx - xbn},

Abuse b={biticv
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Naive Mean Field Idea

S = {bEMX™): b=bixbyx - xbn},
Abuse b={biticv

FMF(b = {bi}ieV) = G¢(b1 X+ X bn)
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Explicitly

Fur(b) = Y. Ebxs;log iz, z) + H(by x -+ X by)
(vy)€E
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Explicitly

Fur(d) = Ebixb'longj(mi,mj) + H(by X -+ X by)
7
(vy)€E

= Z Z bi(z:)b;(z;) log ¥4 (x:, ;) Zbi(xi)log bi(z;)

(2,7)EE TirTy T;
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Explicitly

Fur(d) = Ebixb'longj(mi,mj) + H(by X -+ X by)
7
(vy)€E

= Z Z bi(z:)b;(z;) log ¥4 (x:, ;) Zbi(xi)log bi(z;)

(2,7)EE TirTy T;

Problem: Not convex. )
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Stationarity condition

Lagrangian

£(b,2) = Fur(d)+ > A Y bile) — 1},

eV ,EX
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Stationarity condition

Lagrangian
£(b,2) = Fur(d)+ > A Y bile) — 1},
1€V X
oL b,A\) = b;(z;)1 i(Ti,z;) — 1 —log bi(z;) +A; =0
abi(mi)(’ ) - Z Z ](xj) Og"/}zj(xz;xj)_ — log z($z)+ 1 =0,

JEBL T EX
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Stationarity condition

Lagrangian

£(b,2) = Fur(d)+ > A Y bile) — 1},

eV ,EX

oL
——(b,A) = > > bi(x;)log ¥y (wi, zj) — 1 —log bi(z) + A =0,
6bi(z:) jebig ek
bi(m) = exp{ D> logyy(m,3)b()}
jcoi =
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Stationarity condition

Lagrangian

£(b,2) = Fur(d)+ > A Y bile) — 1},

eV ,EX

O _(0,0) = 33 by(a) logthy(mi, ) — 1 —log () + Ay =0,
6bi(z:) JEBi ZEX
bim) = exp{ Y > logwy(wi,z)bi(x)} = Fum(b)i(z),
JEGL T
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Stationarity condition

Lagrangian

£(b,2) = Fur(d)+ > A Y bile) — 1},

eV ,EX

O _(0,0) = 33 by(a) logthy(mi, ) — 1 —log () + Ay =0,
6bi(z:) JEBi ZEX
bim) = exp{ Y > logwy(wi,z)bi(x)} = Fum(b)i(z),
JEGL T

[Naive Mean Field Equations]
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Stationarity condition

Lagrangian
£(b,2) = Fur(d)+ > A Y bile) — 1},
eV TeX

oL

——(5,A) = > > bi(z)log ¥y (z, z;) — 1 —log bi(z) + A; =0,
6bi(z:) jebig ek

bim) = exp{ Y > logwy(wi,z)bi(x)} = Fum(b)i(z),
JEGL T

[Naive Mean Field Equations]

Typically a fixed point is searched by iteration: b(**1) = Fyp(b(*) J
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Another point of view

Exercise : For ¢;;(z;, z;) = %(%%)

e icoi 0 (@ X;)

.. / .
Zz! ereai 8ij(z],X;)
1

pi(z) = By
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Another point of view

Exercise : For ¢;;(z;, z;) = %(%%)

e icoi 0 (@ X;)

.. / .
Zz! ereai 8ij(z],X;)
1

pi(z) = By

If we could move the expectation to exponents

R

[= Naive Mean Field]
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Bethe Free Energy
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Problem

One dimensional marginals give a very poor approximation. )

Example: z;, 2, € {0,1}

b(@) = 3 1z & 2= 0)
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Problem

One dimensional marginals give a very poor approximation. )

Example: z;, 2, € {0,1}

b(@) = 3 1z & 2= 0)

Would like to account exactly for the correlations induced by edges. J
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Would like

F: M&XxX)PxMX)Y SR
b={by, b} jepicy  — F(b)

by = by (zi, T;), bi = bi(z:),

such that

arg max F(b) ~ u,
max F(b)

2
s
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What is really the domain?

o——=O0

Ha Iy € {0, 1}

0.1 0.9 04 0.1
b= lo.gl b= [0.1] b= [0.1 0.4] :
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Natural guess

b € MARG(G)
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Natural guess

b € MARG(G)

MARG(G) = {b={b;,b;;}: marginals of a distribution on XV },
g
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Natural guess

b € MARG(G)

MARG(G) = {b={b;,b;;}: marginals of a distribution on XV },
g

z;) =) p(z)

Ty\;

bi (i, ;) Z p(z

BV\(i)
pcM&xY).
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Bad news

In general checking b € MARG(G) in NP-hard. J

Andrea Montanari (Stanford) Stat375: Lecture 7, 8, 9



Second attempt

b € LOC(G)
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Second attempt

b € LOC(G)

LOC(G) = b = {b;, b;;} : locally consistent marginals ;,
ij
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Second attempt

b € LOC(G)

LOC(G) = b = {b;, b;;} : locally consistent marginals ;,
ij
{{bu byt Y by(w, z5) = bi(z),

T

Z bi(zi) =1 }
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Geometric picture

)

LOC(G)

Polytopes
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Bethe Free Energy

F:LOC(G) - R
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Bethe Free Energy

F:LOC(G) - R

Intuition

F(b) =~ Eplog¥iot(z)+ H(D)
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Bethe Free Energy

F:LOC(G) - R

Intuition

F(b) =~ Eplog¥iot(z)+ H(D)
~ Energy + Entropy.
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Energy

Eplogyiot(z) = > Eplog¥y(zi, )
(1,))€EE
= Z ]Ebij log ¥ (i, z;)
(1,)€E
= > > bylw, ) log Yy (i, z)

(Z,])EE Ty, Ty
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Entropy?
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Entropy?

Idea: Consider G a tree.

Proposition
If G s a tree, then

=[] LleeB) ] ).

s EE/‘L’L(:BZ)IU'](:E] eV
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Entropy?

Idea: Consider G a tree.

Proposition
If G s a tree, then

H Iu’l’] o) x] H /J'z sz

s EE/‘LI(:BZ)IU'](:E] eV

Corollary
If G 1s a tree, then

= > H(p) - Y, I(py).

i€V (iJ)EE
V.
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Mutual Information

p1,2(z1, T2)
I(p1,2) = pa,2(m1, 22) log —
mlz,rz p1(zr)pa(z2)

= H(p1)+ H(p2) — H(p1,2) -
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Proof of the proposition

By induction over n.
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Proof of the proposition

By induction over n.

n = 1: Trivial
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Proof of the proposition

True for n, V = [n], new vertex + = n + 1, connected to 7 = n

plzy,zn) = p(zv)w(@ntilzyv)
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Proof of the proposition

True for n, V = [n], new vertex + = n + 1, connected to 7 = n

plzv,zn) = w(zv)w(@atilzv)
= w(zv) p(2at1l2a) [Markov]
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Proof of the proposition

True for n, V = [n], new vertex + = n + 1, connected to 7 = n

pzv,zn) = wev)w(znalzy)
= w(zv) p(2at1l2a) [Markov]
_ p(Tn, Tn+1)
= plzv )m#(xnﬂ) [Bayes]
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Proof of the proposition

True for n, V = [n], new vertex + = n + 1, connected to 7 = n

plzv,zn) = w(zv)w(@atilzv)
= p(zv) m(@nt1lzn) [Markov]
= p(z )m“(anﬂ) [Bayes]

- ] MH.(%)M

N oy LK #(Tnt1)
(i,)A(rin+1) pi(zi) 15 () eV p(zn) pu(znt1)
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Proof of the proposition

True for n, V = [n], new vertex + = n + 1, connected to 7 = n

plzv,zn) = w(zv)w(@atilzv)
= p(zv) m(@nt1lzn) [Markov]
e >mu(xnﬂ> [Bayes]
B (z',j#l(_n[,nﬂ) CNTICY 1;/ # ) g ulma) )
QED
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Let’s just export it

Hpetne : LOC(G) — R.

Hpetne(b) = Y H(b) — > I(by).

eV (i,9)EE
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Putting everything together

F(b) = Eplogset(z) + Haetne(b)
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Putting everything together

F(b) = Eplogset(z) + Haetne(b)

= > By log¥y(z,z)— > I(by)+ > H(b)

(s9)EE (1,J)€E icv
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Putting everything together

F(b) = Eplog¥iot(z) + Hpetne(d)
= > Eylog¥y(ziz)— Y I(by)+ ) H(b
(s.9)EE (1,J)€E icv

= Z Z bii(z;, z;) log ¥4 (s, T;)

(2.7)€ B Tir%

Z Z by (z;, z;) log bb(” :1:1,:1:] ZZb z;) log b;(z;)

( 7])€E$“$] €V T
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Putting everything together

F(b) = > > by, z)logyy(w, )

(1.7)€B Tir®

Z Z bi;(zi, z;) log by (i, ;)

(2g)EE Tl
—Zl—deg Zb (z;)log b;(z;)
€V T

Andrea Montanari (Stanford) Stat375: Lecture 7, 8, 9 May 6, 2012

35 / 83



Problem

Want to maximize F(b). J

F(b) is not concave. J
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Remark

Assume v a BP fixed point

Vig(z;) = H {Z'l//ik(fﬂi,mk)yk—)i(xk)}-

k€di\j TEX
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Define (as you would do on a tree)

—> x/

IS

&
—_
8
S7
"
11

I1 { > ¢ik($i,$k)l/km($k)},

kedi\j wmEX

bi(zi, 7)) = Vi (z) Yy (T, 7)) V(7)) -

Lemma
With these definitions, b € LOC(G). J
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Stationarity condition

Lagrangian
L(b,A) = F(b)—ZAi{Zbi(aci)—l}
eV z;
= 3 Y (@) { X bylenz) — bi(w) )
(1.7)€B % Kl
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Stationarity condition

Lagrangian
Lb,A) = F)->. /\i{ > bi(z) - 1}
eV T
— Z Z }\¢_>j(tl:¢) { Z bij(xi: xj) - bi(xi)}
(iJ)€B * i
Vo, L(b,A) = —1—by(z, ;) 4+ log (i, ;) — Aij (i) — M),
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Stationarity condition

Lagrangian
L(b,A) = F(b)-> ,\i{ S bi(a) - 1}
eV z;
= 2 Yo hini(@) { X byl a) - bil=i)}
(3.J)EE % %
Vo, L(b,A) = —1—by(z, ;) 4+ log (i, ;) — Aij (i) — M),
Vo, £(b,A) = —(1—deg(:))log[bs(z:)e] — Xi+ D> Xinyj(zi)

J€0
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Stationarity condition

bij(zi,zj) = iz, z;) exp{ — 1 — Ainss(m:) — Njmi(zg) }

bi(xi) = exp{ deg( _1 ];z )\1,—>] Z; }

> by(i, z;) = bi(z)

T
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Stationarity condition

bij(zi,zj) = iz, z;) exp{ — 1 — Ainss(m:) — Njmi(zg) }

bi(xi) = exp{ deg( _1 ];z )\1,—>] Z; }

> by(i, z;) = bi(z)

T

Did you recognize this? J
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Defining

Vi_>j(:z:i) &~ e_>‘i_’j(xi).
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Defining

viog(@) = e N,

We get

&
—_
8
S
S’
12

I1 { > 1//ik($z‘,$k)l/k—>i($k)},

kedi\; mEX
bij(i, ) = Vi (@) Yi (24, 7)) vima(35)
+Local Consistency
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We proved the following

Theorem (Yedidia, Freeman, Weiss, 2003)

Fized points of BP are in one-to-one correspondence with
stationary points of Bethe free energy.
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We proved the following

Theorem (Yedidia, Freeman, Weiss, 2003)

Fized points of BP are in one-to-one correspondence with
stationary points of Bethe free energy.

Fized point messages are (exponentials of ) the dual parameters at
the fized point.
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Uses
» Alternative algorithms to find fixed points (e.g. gradient ascent).
[e.g. Heskes 2002]

» Include higher order marginals.
[Yedidia, Freeman, Weiss, 2003]

» Convexify Bethe free energy.
[Wainwright, Jaakkola, Willsky, 2005]

» Asymptotically tight estimates on log Z for graph sequences.
[e.g. Dembo, Montanari 2010]
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Region-Based Approximation J
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Idea

Vertices — Edges — Regions
Naive Mean Field — DBethe Free Energy —  Region-Based Free Energy

MF Equations —  Belief Propagation — Generalized BP

[Cluster variational method, Kikuchi 1951]
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Region

)

&

R = (VR, ER), s.t.
» If (4,7) € Eg then 7,7 € Vg
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Region

)

&

Free energy of region R: Fg: M(XVE) — R

Fr(br) = Ep,logviot,r(zr) + H(bR)
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Region

)

&

Free energy of region R: Fg: M(XVE) — R

Fr(br) = Ey,logviet,r(zr) + H(bR)
= > > br(zr)log¥i(zs, ) — Y br(zr)log br(zr).

IR (%])EER IR
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Region

)

&

Free energy of region R: Fg: M(XVR) — R

Can be evaluated for small regions (complexity |X|I#l). )
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Region-based Approximation

Collection of regions

R ={Ry, Ry,...,Rm}.
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Region-based Approximation

Collection of regions

R ={Ry, Ry,...,Rm}.

Coeflicients

CR:{CR17CR27"',CRm}J CR,-ER-
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Region-based Approximation

Collection of regions

R ={Ry, Ry,...,Rm}.

Coeflicients

CR:{CR17CR27"')CRm}J cr; € R.
Free Energy approximation:

Fr: M(XVED)) <. oxMxVED)) SR
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Region-based Approximation

Collection of regions

R ={Ry, Ry,...,Rm}.

Coeflicients

cR = {CRy»CRss---»CRn}, CR; € R.
Free Energy approximation:
Fr: M(&XVED)) x...x M(xV(En))y 5 R
br = (bRys--- bR,) = FR(bR) = ) crFr(br)

RCcR
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Example: Bethe Free Energy
Regions

R = {Rii 1€ V}U{RZ‘]‘I (’i,j)EE},
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Example: Bethe Free Energy

Regions
R = {R;: i€ V}U{Ry: (i,7) € E},
R, = ({11,0),
R; = ({u7h{(9)}).
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Example: Bethe Free Energy

Regions
R = {Rii 1€ V}U{Rz‘ji (’L,j) € E},
Ri = ({z},0),
Rij = ({’L,j},{('&,j)})

Coeflicients

c; =1 —deg(z), ¢y =1.
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Example: Bethe Free Energy

Regions
R = {R;: ie VIU{Ry;: (5,5) € E},
R, = ({s1,0),
Coefficients
c; =1 —deg(z), ¢y =1.
Free energy
= Y {1 —deg()} H(b)+ > {H(by)+Es, logty(wi,z)}
€V (1y)eE

Andrea Montanari (Stanford) Stat375: Lecture 7, 8, 9 May 6, 2012 50 / 83



Questions?

1. What about domain/consistency?

2. How to choose coefficients?

3. How to choose regions?
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Valid Region-Based Approximations .
[Yedidia, Freeman, Weiss, 2003]
Condition 1: Consistency

RcR,RRCR = R EeR.

Condition 2: Vertex counting

> crl(z€R)=1 forallie V.
ReR

Condition 3: Edge counting

> crl((4,7) € R)=1 forall (4,5) € E.
RER
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Example
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Example
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Example

Add intersections!
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Example

Add intersections!
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Example

Add intersections!
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Why? #1

RcR,RRCR = R EeR.
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Why? #1

RcR,RRCR = R EeR.

Clean local consistecy conditions

Z br(zr) = br(zr) forall R* CR.

J)H\RI

LOC(G;R)
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Geometric picture

Polytopes
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Why? #2

> crl(z€eR)=1 forallie V.
RER
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Why? #2

> crl(z€eR)=1 forallie V.
RER

Consider 9(z;, z;) = 1, bg(zr) = Uniform

Z IFR(bR) = Z CRr H(bR)

ReR RER

= ) cr|V(R)|log|X|
ReR

1€V | RER

= 3 { > crl(i € R)}log|X| = |V|log ||
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Why? #3

> crI((1,7) € R)=1 forall (i,5) € E.
ReER
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Why? #3

> crI((1,7) € R)=1 forall (i,5) € E.
ReER

Neglect entropy (e.g. ¥;(z;, z;) = ePoi(=:3) B - o0)

> Fr(br) = B> cry br(za) Y. 6z, z)+ Op(l)

ReR ReR TR ()€ E(R)

= B . ca », Ey b4z, z)+ Op(1)

RER  (4)EE(R)

=B > {Z crl((3,7) € R)}Ebiﬂzj(%mj)‘i‘ Op(1)

(g)eE | RER
= B > Ep,b45(ziz;) + Op(1)
(4)cE
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How do you compute the coefficients? J
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The Region Graph

4
F\/D




The Region Graph

O O O O o=+

XXX

Cedge = +1

D Cyert = +1

CR:].— Z CR

R'€ANCESTORS(R)
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Was 1t worth 1t7

1
S 05
8 mBP
%» 01 B GBP
£ 2 4 6 7 8 9 10||dExact
g 05
-1 -
variable node
10 x 10 Ising model with random potentials [Yedidia et al. 2003]
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Tree-Based Convexifications J|
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Intermezzo: Exponential Families
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Intermezzo: Exponential Families

T: XV SR™,
z— T(z)=(Tw(z),..., Tn(z)).

Exponential family {ug : 6 € R™}

uo(z) = ﬁ exp{(6,T(2))},  F(6) =1log 2(0)
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Exponential Families: Basic Properties

Proposition
(1) 6 — F(6) 1s convez,
(2) VoF(0) = Ee{T(z)} = 7(6),
(3) V5 F (8) = Cove{T(z); T(z)),
(4) Image(7) = MARG(T).
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Exponential Families: Basic Properties

Proposition
(1) 6 — F(6) 1s convez,
(2) VoF(0) = Ee{T(z)} = 7(6),
(3) V5 F (8) = Cove{T(z); T(z)),
(4) Image(7) = MARG(T).

MARG(T) = conv({T(:z:): z € XV})
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Exponential Families: Basic Properties

Proposition
(1) 6 — F(6) 1s convez,
(2) VoF(0) = Ee{T(z)} = 7(6),
(3) V5 F (8) = Cove{T(z); T(z)),
(4) Image(7) = MARG(T).

MARG(T) = conv({T(:z:): z € XV})

= {B,T(): vemx")}
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Proofs

(1), (2), (3): Exercises
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Proofs

(1), (2), (3): Exercises

(4): A bit more difficult

Claim 1: A closed convex set is the closure of its relative interior.
[Hint: Assume the set has full dimension. Each point has a cone of full
dimension around it.]

Claim 2: Let 7, € relint(MARG(T)). Then 7. = E, . {T(z)} for some
Ve st v(z) >0forallz € XV.

[Hint: Comnsider the set of signed weigths v such that > v(z)T(z) = 7. If
the claim was false, it would be tangent to the simplex.]

Claim 3: There exists 0, € R™ such that E, {T(z)} = E,,{T(z)}.
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Proof of Claim 3

Wlog {1, T4, ..., T\, } linearly independent.
Consider

F(6;7) F(6) = (,6)
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Proof of Claim 3

Wlog {1, T4, ..., T\, } linearly independent.

Consider
F0;,7.) = F(0)— (1+,0)
= log{ 3 exp ({6, T(z)))} - E.{(6, T(2))}
zexV

» F(-;7¢):R™ — R is differentiable and convex.
» If 0, is a stationary point, then Ey, {T'(z)} =E,,{T(z)}.
» As 6 — 00, F(6;T.) — oo.
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Proof of Claim 3

Wlog {1, T4, ..., T\, } linearly independent.

Consider
F0;,7.) = F(0)— (1+,0)
= log{ 3 exp ({6, T(z)))} - E.{(6, T(2))}
zexV

» F(-;7¢):R™ — R is differentiable and convex.
» If 0, is a stationary point, then Ey, {T'(z)} =E,,{T(z)}.
» As 6 — 00, F(6;T.) — oo.

Implies the thesis.
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As 0 — o0, F. (0) — o0

Letezﬁv,ﬁER+

F(0;7.)

log{ ) exp ((6, T(2))) | - Ev.{(6, T())}

zeXV

> B|max(v, T(x)) - Ev.{(v, T(2))}]

and [ ...] > O strictly because v,(z) > 0 for all z.
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Duality structure

F.(r) = inf {F(O)- (1,6)},
F,.: MARG(T) —» R, concave.
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Duality structure

F.(r) = eielﬁ{fm {F(8) — (1,0)},
F,: MARG(T) — R,
F(§) = sup  {F. (1) +(7,0)},
TEMARG(T)
F: R™ - R, CONvex.
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Let’s apply all this

Tig(z) = Lzi=¢§), 1€ V,{e X,
Tij:fl:fz(x) = ]I(:z;Z = 61)]1(51:] = 62)7 (11]) € E7£11E2 S X;

overcomplete!
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The exponential family

po(z) = —ooy eXP{ Yo 05(6, ) Tyae(z)+ Y. 91'(5)1’1'5(06)}
(4.7)

€E{1,62€X 1€V EeX

N

= % exp{ Z 0. (s, z;) + Z ei(zi)}

(n7)€B eV

(General pairwise model)
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The exponential family

ug(z)zzlexp{ ST 056 &) Toee(a) + 3 emns(w)}
(4.7)

(6) €E£1,62€X eV LEX
1
=70 eXP{ > bz z)+ > 6’i($i)}
(1.))CE eV

(General pairwise model)

The 7 parameters

bl(f) = Eg{Ti(f)} = ,U,g(z}i - £)7 for 1 € V:
bij(§1,€2) = Ee{Ty(1,€2)} = pe(zi = &1,3, =€),  for (4,5) € B.
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The duality structure

F(6) < Fi(b),
F.: MARG(G)—>R.

Andrea Montanari (Stanford) Stat375: Lecture 7, 8, 9



The duality structure

F(6) < Fi(b),
F.: MARG(G)—>R.

We want to evaluate at & = F (6, = log9)":

® =  sup {F.(b)+(6.,0)}
bEMARG(G)

= Entropy + Energy

Andrea Montanari (Stanford) Stat375: Lecture 7, 8, 9 May 6, 2012 75 / 83



The duality structure

F(6) < Fi(b),
F.: MARG(G)—>R.

We want to evaluate at & = F (6, = log9)":

® =  sup {F.(b)+(6.,0)}
bEMARG(G)
= Entropy + Energy
New interpretation
Bethe entropy is an approximate expression for F,(b). J
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Interpretation works fine on trees

Proposition
If G s a tree, then MARG(G) = LOC(G) and

Fu(b)=> H(bi)— > I(by)

eV (v.)€E
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Interpretation works fine on trees

Proposition
If G s a tree, then MARG(G) = LOC(G) and
Fu(b)=) H(b:)— ) I(b;)=Fy=1(b)
eV (2,)€E

As a consequence, F : LOC(G) — R is concave.
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Interpretation works fine on trees

Proposition
If G s a tree, then MARG(G) = LOC(G) and

Fu(d)= > H(b:)— Y I(byg)=Fy=1(d)

eV (v.)€E

As a consequence, F : LOC(G) — R is concave.

Proof: Exercise.
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What about general graphs?

Write G as a convex combination of trees. )|
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Abuse: I will use T to denote trees, not functions.
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Convex combinations

T(G) = {spanning treesin G },
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Convex combinations

T(G) = {spanning treesin G },

p:T(G) — [0,1],
T = pr, weights ,
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Convex combinations

T(G) = {spanning treesin G },

p:T(G) — [0,1],
T = pr, weights ,

Z pr=1,

TeT(G)

Z pr8l =

TcT(G)
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Convex combinations

d = Z pTGT
TET G)

< > prF(6

TET(G)

A
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Convex combinations

d = Z pTeT
TET (@)

< ). prF(87)

TcT(G)

A

» Fix weigths pr.

» Minimize over §7 (convex!)
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Convex combinations

d = Z pTeT
TET G)

< > prF(6

TET(G)

A

» Fix weigths pr.

» Minimize over §7 (convex!)

Problem: Exponentially many spanning trees. )
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Minimization over (87)rer(g)

minimize > prF(87),

TeT(G)
subject to > o8l (z, ) = 04(zi, 7)),
TeT(G)
Z prb] () = 6i(x:) -
TeT(G)
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Minimization over (87)rer(g)

minimize > prF(87),

TeT(G)
subject to > o8l (z, ) = 04(zi, 7)),
TeT(G)
Z prb] () = 6i(x:) -
TeT(G)

Convex Problem
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Lagrangian

L((67),0) =) _pr F(87)
T

- > > bij(xi:fvj){ > P85 (i, z) — eij(mi,mj)}
T

(9)EE %5

-y bi(:z:i){ > prof(z) - 9¢($¢)}
T

€V T
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Lagrangian

L((67),0) =) _pr F(87)
T

- > > bij(xiyxj){ > P85 (i, z) — eij(mi,mj)}

(9)EE %5

T
-y bi(:z:i){ > prof(z) - 9¢($¢)}
T

€V T

=3 pr{F(®7) - (6,6T)} + (b,6)

T
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Lagrangian

L((67),0) =) _pr F(87)
T

- > > bij(xiyxj){ > P85 (i, z) — eij(mi,mj)}

(9)EE %5

T
-y bi(:z:i){ > prof(z) - 9¢($¢)}
T

1€V T
=3 pr{F(®7) - (6,6T)} + (b,6)
T

Separable in 67
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Lagrangian

minl((67),b) = ) prFi(b;6) + (b,6)
T
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Lagrangian
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Lagrangian

minC( HT Z prFy(b (b,6)
(67) T

_ZPT{ZH(bz Z I(sz)}—k(b,G)
=S HE) Y pr)- ZIU{ S pr) (6,6

eV T:ieV (i)EV T:(i,5)€B(T)
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Lagrangian

minZ((87), ZpTF* (b,6)
(67) T
—ZpT{ STHB) - S I(bij)} +(b,6)
T 1€V (4)EE(T)
:ZHbl){ Zp} > I( z]{ > pT}+(b,9)
eV T:i€V ( ,])EV T:(1,5)EE(T)
=57 H(b) o(5)1(b5) + (b, 6)

1€V (i,J)EV
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Tree-reweighted free energy

Fraw(b) = > H(bi)— > p(i)I(by) + (b,6)

eV (2)eV
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Tree-reweighted free energy

Fraw(b) = > H(bi)— > p(ig)I(by) + (b,6)

eV (2)eV

Compare with Bethe free energy

F(b) > H(b:)— > I(bys)+(b,6)

eV (25)EV
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Tree-reweighted free energy

Fraw(b) = > H(bi)— > p(ig)I(by) + (b,6)

eV (2)eV

Compare with Bethe free energy

F(b) > H(b:)— > I(bys)+(b,6)

iV (4,9)EV
p(2,7) = 0 Obviously concave upper bound.
p(,7) = 1 Bethe free energy.

Andrea Montanari (Stanford) Stat375: Lecture 7, 8, 9 May 6, 2012 84 / 83



Edge weights
p=(ple) : ecE)
Intepretation

ple) =Pp{e € E(T)}, Po(T) = pr.
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Edge weights

p=(ple) : ecE)
Intepretation

ple) =Pp{e € E(T)}, Po(T) = pr.

Spanning-Tree polytope

> A7) = |[VI-1,

(i.5)€B
> png) < |UI-1, forall U C V.
(1,7)EB(U)
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Example

k-regular graph

nk
V| =n, B =—.
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Example

k-regular graph

nk
[/ — E — T .

Take all the weights equal (not necessarily ok, but...)

p(1,7) = % ~

L)

For (some) models on locally tree-like graphs, p(z,7) =1 is
approximately correct — ©(n) error.
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