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Summary. This paper studies the effect of correlation in the rational beliefs of agents
on the volatility of asset prices. We use the technique of generating variables to study
stable and non-stationary processes needed to characterize rational beliefs. We then
examine how the stochastic interaction among such variables affects the behavior of
a wide class of Rational Belief Equilibria (RBE). The paper demonstrates how to
construct a consistent price state space and then shows the existence of RBE for any
economy for which such price state space is constructed. Next, the results are used to
study the volatility of asset prices via numerical simulation of a two agents model. If
beliefs of agents are uniformly dispersed and independent, we would expect hetero-
geneity of beliefs to have a limited impact on the fluctuations of asset prices. On the
other hand, our results show that correlation across agents can have a complex and
dramatic effect on the volatility of prices and thus can be the dominant factor in the
fluctuation of asset prices. The mechanism generating this effect works through the
clustering of beliefs in states of different levels of agreement. In states of agreement
the conditional forecasts of the agents tend to fluctuate together inducing more
volatile asset prices. In states of disagreement the conditional forecasts fluctuate in
diverse directions tending to cancel each other’s effect on market demand and
resulting in reduced price volatility.

JEL Classification Numbers: D5, D84, G12.

1 Introduction

The theory of rational beliefs developed in Kurz (1994a) explains why rational
and equally informed economic agents may have different probability beliefs
about the dynamics of exogenous and endogenous variables. The theory leads
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490 M. Kurz and M. Schneider

both to a new concept of equilibrium called Rational Belief Equilibrium (in short,
“RBE”, see Kurz (1994b), (1996), Kurz and Wu (1996) and Nielsen (1996)) as well
as to a radically different paradigm of the nature of uncertainty in economic
systems which is called “Endogenous Uncertainty” (see Kurz (1974a)). This is the
uncertainty which is propagated endogenously by the beliefs and actions of the
agents.

It is clear that the effect of diversity of beliefs on market performance depends
upon the correlation among the agents. We use the term “correlation” rather than
“coordination” to stress the fact that we are not studying a problem of market failure
which can be corrected by some collective and coordinated action. Aggregate
market performance is very sensitive to the nature of this correlation. When actions
of agents are “independent”, aggregation across agents acts as a “market law of large
numbers” and when correlation among agents is present, amplified aggregate
behavior emerges. In the latter case a complex dynamics of price movement need not
be caused by any exogenous factor; it can be an endogenous consequence of the
structure of correlation among agents. In this sense the structure of correlation
among agents is one component of the explanation of endogenous uncertainty. The
main purpose of this paper is to study the effect of spontaneous correlation among
agents with diverse beliefs on the volatility of equilibrium prices. Thus, suppose that
agents observe data generated by a system (£2, 8, I1, T). The main theorem of Kurz
(1994a) characterizes a set B(JI) which is the set of beliefs which are rational with
respect to IT. We hold the view that there are two factors which generate correlation
in beliefs. The first is the clustering (of similarity or opposition) within B(IT) which
can be considered to be caused by communication among the agents. The second
factoris the fact that in forming conditional probabilities, all agents condition on the
same observed data.

In order to explore these ideas we need to develop tools for simplifying the
representation of stable but non-stationary processes. Nielsen (1994), (1996) takes an
important first step in this direction. He studies a broad class of stable but
non-stationary processes called SIDS processes for which one can characterize the
set of all rational beliefs. Using the structure of SIDS processes he shows how to
construct the price state space of an RBE. Kurz and Wu (1996) use SIDS processes to
study the financial structure which is used to trade the endogenous uncertainty of
future prices in an RBE. The main tool used in describing the non-stationarity of an
SIDS process is a “Generating Process” and we briefly explain this concept with an
example from the Guest Editor’s Introduction to this volume, which is discussed in
Section 2. In order to apply these ideas to our problem we need first to expand the
scope of this tool to more general non-stationary settings and this is done in
Section 3 under the heading of “Conditional Stability Theorem”. Since this theorem
is the main tool of the paper we provide in Section4 an explanation of the
perspective offered by this theorem. Our main results on correlation are developed
in the context of a multi-agent, overlapping generations, stock market economy
developed in section 6. This section also contains several numerical examples of
RBE for this OLG economy. In Section 5 we show how the conditional stability
theorem can be used to construct the price state space of a single agent stock market
cconomy. In fact, one technical result of the paper is that the approach developed
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here can be applied both to the OLG economy as well as to the single, infinite lived,
agent economy.

Our notation is the same as in Kurz (1994a). X is a Borel subset of R”. Data
realized in this economy are represented by infinite sequences x = (x4, X,,...)e X ™.
The sequences x are the realizations of a stochastic process on the measurable space
(X, B(X*)) where B(X™) is the Borel o-field of X*. The probability IT (or IT
with a subscript) denotes the true probability of the random sequence and there-
fore the true dynamical system is (X*,#(X®), 1, T). The dynamical system
(X, B(X™),m, T) is the unique associated stationary system and we refer to m as
“the stationary measure” of I1. In general, for any stable system (X *, (X ), Q, T) we
denote by m? the unique stationary measure associated with it. Since we discuss in
this paper various random variables and processes, we use the following compact
notation: Random variables are identified by lower case letters. ie. x,, y,, z,. Infinite
sequences of random variables are denoted by lower case letters (ie. x, y, z).
Stochastic processes are denoted by either one of these notations: {(x,y,),
t=0,1,2,...} =[x,y].

2 On generating processes

Stable non-stationary processes are difficult to work with and complex to describe.
One of our objectives is to simplify the description of the changes over time in the
probability of the process while ensuring that the process is stable in the sense of
Kurz[1994a]". To motivate we start with example (1), Section3, of the Guest Editor’s
Introduction to this volume. Thus pick a process [y] of i.i.d. random variables taking
valuesin {0, 1} with probability of 1 being, say, 1/4 and generate an infinite sequence
of observations (y§, y¥, y%,...) of this process. Now, define the process [x] where
x,€X ={0,1} to be a sequence of independent random variables satisfying
a if yF=

x, =1} =
P {ﬁ it 7 =0,

The probability on (X, Z(X*)) implied by [x] is denoted by Hy,2 and the
dynamical system by (X ©, (X ), I1,, T). This system is stable and has a stationary
measure m represented by the iid. process [w], weX with P{w,=1}=
(1/4)+(3/4)B. The iid. process [y] is called a generating process and
y* =(y3, yi....) a generating sequence. A particular realization y* is thought of as
a sequence of “structural” parameters which generate the probability I1,.. Since y*
specifies how the probability of the 1’s changes with time, it generates the non-
stationarity in the process [x]. As explained in the Guest Editor’s Introduction,
a rational belief of an agent can be defined with a “private” generating process [z] of
ii.d. random variables on {0, 1} with probability of 1 being 7. Using a generating

(1)

! The reader may cousult the Guest Editor’s Introduction to this volume which contains a brief review of
the theory of Rational Beliefs.

% The notation /T, will be uscd to denote the marginal measure of I1(Y *, (Y *)). The notation 11,15 used
to denote the probability which has a generic sequence yasa parameter and this will later be defined to be
a conditional probabulity of 17 on a joint space (X x Y)*, B(X x Y)*) given y.
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sequence z* with the frequency of z¥ =1 being 7 an agent can now define the
o if z¥=1
g oif zF=0
sequence of random variables defines a stable measure P and is a rational belief if
o’ + (1 —wm)f = (1/4) + (3/4)8.

We referred to [z] as a “private” generating process in order to express the fact
that this process may be different from the true process described above. It also
stresses the idea that each agent generates the sequence but he is the only one who
“observes” it. In more complex contexts this is what a private research depart-
ment does in an organization. We do not view [z*] as an objective signal or data
which gives objective information to an observer in the sense of a true insight into
the unknown structure of some process®. The sequence z* should be interpreted
as a quantitative formulation of the belief of the agent about the impact of struc-
tural change (i.e. non-stationarity) on the observed variables in the economy, the
X,’s.

One may note that in the example above we can construct a rational belief by the
densities defined by any finite sequence of z}’s from, say, date 1 to date T followed by
the i.i.d. process with probability (1/4)x + (3/4) after date T. Moreover, we could
define a joint process [x', z] as a perceived process of data and of parameters and in
later sections we refer to the probability of this joint process itself as a rational belief if
the implied distribution on the observables satisfy the rationality axioms. Under
such a modeling strategy the agent takes as known at each date t the past observed
data (x,,...,x,) as well as the past assigned parameters (zgs .-, 2y This view of
rational beliefs turns out to have major advantages that will be discussed in
Section 4.

We conclude by stressing that a generating process is a tool which we introduce
to enable both a systematic selection of the time dependency of the joint distribu-
tions of the x,’s as well as a characterization of the statistical stability properties of the
process. In general, a generating process is a dynamical system (Y*,B(Y*), 0 T)
where u is a generating measure. These terms will be used in the discussion of the
Conditional Stability Theorem to which we now turn.

perceived process [x'] by P{x, =1} = { independently over time. This

3 A conditional stability theorem for a joint system

We study now a system ((X x Y)®, #(X x Y)*, I, T) (the “joint” system) and
throughout this section we use the simplified notation of Q=(X x Y)® and
B = B((X x Y)*). In any application we think of y as a sequence of parameters so
that the data x are realization of the true, possibly non-stationary, dynamical system
(X, B(X7"), 1, T). 11, is the conditional probability of IT given y. Our primitive
assumption is then that the joint system is either stable or stationary and we deriveall
analytical conclusions from this postulate. This structure implies that the statistical
properties of the parameters y are interrelated with the statistical properties of the

3 The question of the exact sense n which z, is “observed” and its implication to the question of
rationalty is discussed in Kurz and Schneider (1996, Appendix (A.IIT)).
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data x but both are derived as a consequence of the stability properties of the joint
system. In contrast with the true system (X, (X ), 11, T) which generates the
data, we think of the joint system either as a hypothetical system which is used in
order to assess the stability properties of (X *, (X *), IT, T) or as a model which
a rational agent may use in formulating his belief.

Relative to the joint system we use in this paper various terms which we define
here, risking some repetition of well-known textbook terms. Given Y = R™ denote
by (Y, Z(Y *), u, T) the generating system as discussed in the previous section. Now
consider the map

I(): Y™ x BX")—[0,1]. )

Standard properties of conditional probabilities imply that for each AeZ(X*),
I1(4) is a measurable function of y and for each y, I1(:) is a probability on
(X*,%8(X”)). For Ae (X *) and Be Z(Y*) we have that

11(A x B) = | IT(A)u(dy). &)

In addition to the generating measure u we define the marginal measure y on
(X*, B(X*)) thus

WA)=IHA x Y*) for all AcB(X*) (4a)
#(B)=IIX> x B) for all BeB(Y™). (4b)

Now suppose that (2 4, IT, T) is a stable dynamical system with a stationary
measure m. Then we define the two marginal measures of m as follows:

my(A)=m(A x Y*) forall AcB(X®) (5a)
my(B) =m(X* x B) for all Be A(Y *). (5b)

With this notation we also have I, =y and 77, = ;. We now have the following
result.

Theorem 1. Let (22, &, I1, T) be a stable dynamical system then

(a) the systems (X®, B(X*),y, T) and (Y=, B(Y™), u, T) are also stable with m® and
m" as the associated stationary measures.

(b) m'=my and m" = m,.

(¢) If(£2, B, 1, T)is stationary then the two marginal systems are also stationary with
II=m, p=my=1Ily and y = my = II,.

For each ye Y we denote by (X, (X *), 11, T) the dynamical system defined
by the conditional probability I1,. Our primary interests are the stability properties
of this conditional dynamical system for different sequences ye Y™,

In theorem 2 which is central to this paper we postulate that the joint system is
stable and ergodic. Unfortunately, conditional probabilities do not, in general,
inherit the ergodic properties of the unconditional probability measures from which
they are derived. The Lemma below will examine this question with respect to
a special class of conditional probabilities which is of interest to us. In order to do
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this denote by C the set of cylinders in Z and for CeC let

Noow k

N—-1
KC:{(x,y)e.Q: lim% Y 1THx, ) exists}. (6)
=0

Now define the following sub o-field of %
¥ =0{S:8= X" x B, Be B(Y")}. (N

Lemma 1. Let (2,8, I, T) be a stable dynamical system and consider the conditional
probability I(-| £)(x, y) on . Then, for any CeC

TIK | %) (x, y) =1 for IT almost all (x, y). (8)

Proof. Since £2=(X x Y)® is a complete and separable metric space we take
I1(-| #)(x, y) as a regular conditional probability and since (X® x Y*)e & it follows
from the definition of conditional probability (see Ash (1972), page 249) that
we have

[ IKK| L) (x, ) IHd(x, y)) = (K (X x ¥)?) = TKK).
X x¥)*
From (6) and the assumption of joint stability we have that I{K¢) = 1. Since the
measurable function IIK.|.Z)(x, y) satisfies 0 < IKK |- £)(x,y) < 1 for all (x, e
it follows from Theorem 1.6.6 of Ash (1972) (page 47) that (K| Z)(x,y)=1
for IT-almost all (x,y). [

Remark. The thrust of the Lemma is that given a stable probability on
AB((X x Y)*), the conditional probability on Z(X *) will inherit the stability propet-
ties of the unconditional probability if the conditioning is done on a fixed o-field of
A(Y™). In Theorem 2 we shall be concerned with sets of the form (A x Y®) where
AeB(X*). In that case we shall write

IT(A)= A x Y*|Z)(x, y) independent of x due to (7).

Theorem 2. (Conditional Stability Theorem) Let (€A, ILT)bea stable and ergodic
dynamical system and let Y be countable. Then

(a) (X°, B(X™), I1,T)is stable and ergodic for ITa.a. y.

(b) The stationary measure of I, is independent of y and if we denote it by m" then
it satisfies the condition m" = my.

(c) If (@ %, 11, T) is stationary then the stationary measure of I1, is the X*
marginal measure of II. That is,

ml=y=my = I, 9

Proof. See Appendix.

4 Interpreting rational beliefs with the perspective of the conditional
stability theorem

As stressed in Section 2 the function of the generating sequence is to identify the
parameter structure of the economy at each date. For example, in the case of an
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SIDS process the value y, selects a one period probability on (X, 2(X)) from a finite
or countable set of such probabilities. If agents think that the observables form
a Markov process, the generating sequence specifies at each date which among
a finite or countable set of transition matrices is to be in effect at ¢.

For processes such as SIDS, y, at each date ¢ is independent of x,_,. The crucial
feature of the Conditional Stability Theorem is that it permits a fully general
interdependence between sequences x and y. More specifically, within the joint
system where observable variables and parameters are random variables, past
values of economic variables and parameters jointly cause the determination of their
future values. Hence, if an agent uses a joint process as a model of his belief then at
date ¢ he observes (xq,x;,...,x,) and he “knows” (yo,,,...,¥,) which his model
generated. His “research department” can generate y,, ; but it is not feasible to
generate the entire infinite sequence of y’s from ¢ + 1 on without knowing the future
values of the observables x’s. Suppose then that the agent specifies his belief based
only on finite sequences of y’s and suppose also that the joint system with
probability Q is stationary. Each finite vector y' = (yo, Y1s---,Y,) defines a stable
system (X, (X ), Q,, T) with a stationary measure m*. The Conditional Stability
theorem tells us that my Qy for all . Note that Q, and Q.. t # 1, are different
measures on (X, Z(X*)), hence by conditioning on the varying sequence y* the
agent adopts an entire family of stable beliefs {0,.t=1,2,...} each of which has
Qx as its stationary measure. But then if the agent uses past data of the x’s to
determine future values of the y’s then it is useful to define Q to be a rational belief
of the agent on ((X x Y)*, #4(X x Y)*) together with the specification that
the probability measures on (X, #(X*)) which he uses at each date t is Q,-
This definition applies to any stable probability Q defined on ((X x Y)”)
(X x Y)*)and ITdefined on ((X x Z)*, B(X x Z)*)where Y and Z are countable
spaces. The Conditional Stability Theorem then motivates us to define Q to be
a rational belief with respect to IT if m% =m/. Our approach also raises some
questions with regard to the statistical and economic interpretation of the gene-
rating variables. This issue is addressed in detail by Kurz and Schneider (1996,
Appendix (A.I11)).

A rational belief as a probability Q on ((X x Y)*, Z(X x Y)*®) offers significant
analytical simplifications. To sce this suppose that {(x, y,), t = 1,2,...} is jointly
a Markov process. Then, an agent who solves a dynamic programming problem
treats the pair (x,, y,) symmetrically: he observes x, in the market and y, in his own
private research department. For the state space X x Y and a realization
(x,, y)€ X x Y the optimization of the agent is entirely routine. In contrast consider
the case when y is aninfinite sequence and the belief is represented by Q,.Atanydate
the optimizing agent faces an infinite sequence (y,, y, , 1o Vegoees) Whlch defines his

“state” at t. This means that no matter what the dimensions of X and Y are, the state
space for his optimization is of infinite dimension raising the level of complexity of
the problem at hand.

In the rest of this paper we represent beliefs of agents as stationary probabilities
on a joint space of observables and structural parameters. We use Markovian
systems on finite state spaces and hence a belief is represented by a finite dimensional
transition matrix on (X x Y) x (X x Y).
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5 Asset prices in a single agent economy: an application of the
conditional stability theorem

One of the conclusions of this paper is that the mathematical structure of RBE of the
multi-agent OLG stock market economy of section 6 is essentially the same as the
structure of RBE of economies with a single, infinitely lived, agent. The asset pricing
theory of such an RBE is an analogue to the Lucas (1978) Rational Expectations
theory. Since that model has been extensively used, the study of RBE for a single
agent economy has an added interest on its own. We thus proceed in two steps. F irst
we introduce the single agent model and its assumptions with the aim of explaining
how the definition of an RBE is simplified by the Conditional Stability Theorem. We
then specialize to the case of finite state spaces and study the construction of
a consistent state space for endogenous uncertainty and the existence of RBE. This
construction is then extended in a natural way to the OLG set-up of Section 6 below.

Sa The model and the definition of an RBE

To describe the single agent stock market economy let [d] be an exogenous dividend
process where d,e D < R" are N vectors of output of a single perishable consumption
good whose price is denoted by pf. The state space D is a Borel subset of RY. The
dividend process represents N activities each producing a random stream of output.
These are organized as firms and we denote by p,e RY the price vector of the firms’
ownership shares which are traded in competitive markets. The supply of ownership
shares is 1. The price process {(p, p)eP, t = 1,2,...} is the main object of our study
and the Borel subset P < &Y *1 of feasible prices will be of central importance in the
analysis below.

Proceeding as in the Conditional Stability Theorem, let Y be a countable subset
of R; it is the domain of the generating sequence. As in Section 3, the primitive of the
agent’s belicf is a joint process of generating variables and observables and we
assume that this joint process is Markov. That is, we define the agent’s belief Q on
((D x P x Y)*, B((D x P x Y)*)) and assume:

Assumption 5.1. Under the belief Q the process {d,,p;,p,, y), t = 1,2,...} is jointly
a Markov process and the system ((D x P x Y)*, (D x P x Y)*),Q, T)is stationary
and ergodic.

We can now formulate the standard portfolio problem of the agent given his belief O:
Max E, Y, o‘u(x,)
(x,0) t=1

subject to (10)

pix,+0,p <0,-y(p, +pid) t=12,...
0<0,<0, 0=1, x,=0alltr

Here 0,eRY is the stock holdings at # and x, is the consumption at . Our assumption
on the utility function is standatd:

Assumption 5.2. u(-) is a CY, strictly increasing and strictly concave utility function.
p y ] Y y
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Given that Q is jointly stationary on (D x P x Y)*, B((D x P x Y)™) the standard
theorems of dynamic programming apply when we assume that at each date the
agentknows (d,, p, p,, y,). Thisis in the sense that he observes the prices and dividends
in the market while he knows the parameter y, which is generated internall y. We then
derive a pair (¢,, ¢,) of demand functions

X, = (Px(dn pf, Do Ve ‘91*1) (lla)
gt:(PG(dt’pf’pzsyta 0,,1). (llb)

An equilibrium of the stock market economy requires that 0,=1 for all t and
a solution of these N + 1 equations implies that there is a map @*: RN* 1D g™+ 1
such that

(”f) =@d,y) 1=1,2,... (12)
D
Equation (12) shows in the clearest way what the RBE theory maintains: that
equilibrium prices depend both upon the exogenous state d, as well as the “state of
beliefs” represented by y,!

We now turn to a description of the true primitives of our economy as distinct
from the perception of the agent as reflected in his belief Q. Although 7, is an
exogenously given probability on (D, (D)) the true dynamic movement of the
economy is influenced by the realized generating sequence y. To understand how the
generating mechanism comes to be, think of the agent as constructing a model of
how the structure of the economy evolves. Such a model combines stochastic
specifications which the agent knows exactly and conditional dependence upon past
observed values of dividend payments and asset prices as well as past realized values
of the generating process. For example, the agent may select a sequence of random
variables {¢,t=1,2,...} where ¢ and d, may be correlated. He then defines the
stochastic sequence

_{1 if atfdy+yp g +ay, g +e2a+ pd+yp+ g 13
—

0 if o+pd, +yp_y+ny, +e<atpd+yp+ny

which, together with the price functions (12), establishes an actual stochastic relation
between the processes [d,p] and [y]. This implies that the joint probability
distributions of the d, and the ¢, together with (10) and (12) define the true probability
measure /1,y which we take as a primitive in the development below. We stress that
these relationships need not be the same as those perceived by the agent since he
knows neither the true probability distributions of the d;’s nor the market clearing
map (12) and his belief is formed without this knowledge. Moreover, although he
selects the mechanism which generates y this does not mean that he perceives
correctly the correlation between d, and y,. By construction he knows Oy, the true
unconditional probability of the generating process [y], and hence our construction
implies that

Oy =11,. (14)

Assamption 5.3. Under I1,,, the dynamical system (D x Y)*, B((D x Y)*), Iy, T)
is stable and ergodic with a stationary measure Mpy.
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The probability IT,y, and conditions (12) define a probability I, on (P*, B(P*)).
The stability of the process [d, y] together with the fact that @* is a measurable
function imply (by Proposition 1 of Nielsen [1996]) that [p%,p] is an ergodic and
stable process with probability /T,induced by @* and by ITj,. Denote the stationary
measure of IT, my m, Next, for any rectangle (4 x B x C)e(B(D™) x B(P*) x
#(Y*)) define

IT(A x B x C)=IT,,((4 x C)n @*~}(B)) (15)

where &*~(B) = {(d, y)e(D x Y)”:(p, p)e B and (p;, p,} = 9*(d,, ¥.)}. As in (4), one
extends IT' to a measure I7 on the full space (D x P x Y)*, #((D x P x Y)¥). We
have thus specified two measures @ and /T which, in the casc at hand, are defined on
the same space. We then have

Lemma 2. The dynamical system (D x P x Y)*, #((D x P x Y)°), I, T) is stable
and ergodic.

We denote the stationary measure of the system ((D x P x Y)*, B(D x P x Y)®),
IT, T) by m. The proof follows from (12), (15), Assumption 5.3 and Proposition 1 of
Niclsen [1996]. The Conditional Stability Theorem motivated the rationality
conditions which Q must then satisfy:

Q is a Rational Belief with respect to ITif Qpp = tipp.
We can finally define a Rational Belief Equilibrium:

Definition 1. A triple {IT, Q, p(d,, b5, p, ¥1»0,— 1)} is a Rational Belief Equilibrium of
the single agent stock market economy if

1. Qpp=mpp, o
2' (pﬂ(dl’ pi’ p[a yn 1) - 1 Ha.e.

5b The construction of a consistent price state space and the existence of RBE

The study of RBE raises the important methodological problem of how to construct
a consistent state space for prices which, in principle, may change with the RBE
considered. Recall that for the purpose of studying endogenous uncertainty in an
economy we characterize it in part by the “state of belief”. The space of states of
belief is a component of the agent’s probability belief and consequently, from
a general equilibrium perspective, the determination of the state space over which
prices are defined is “endogenous” in the sense that it is part of the description of an
RBE. We now show how to solve this problem for the case where the three state
spaces D, Y, and P are finite. Thus, we now assume that D= {d*,d%,...,d"} and
Y ={y',y%...,y’} and focus on the two finite state spaces

Sp=11,2,...,N} (162)
Sy=1{1,2,....J%. (16b)

Note now that from (12) it follows that the maximal number M of different prices
which can ever be observed in this economy is finite and equals NJ. This leads to the
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observation that for the problem at hand the state space of the price process can be
viewed as

Sp={1,2,...,M} where M = NJ. (16¢)

Now, any probability on a finite collection such as D or Y can be redefined as
a probability on the state space on which these objects are defined. In our case these
are the spaces S, Sy and S,. Without introducing new notation we shall, therefore,
consider  Q and Il to be probabilities on the measurable space
((Spx S, x Sy)*, B(S,, x 5, x 8¢)*)). We then regard Assumption 5.1 as applicable
to the dynamical system ((S,, x Sy X Sy)*, B((Sp x S, x Sy)*), 0, T) and Assump-
tion 5.3 to the dynamical system ((S,, x S,)*, #(Sp, x Sy)*), 1,4, T). However, the
translations of the probabilities appear to depend upon the particular map &* in
(12). We now claim that one can separate between the statement of the probabilities
which do not depend upon the map @* in (12) and the specification of the value of the
market clearing prices which do depend upon @*. To see this we let @ S p X Sy—=S,
be any 1-1 and onto invertible map of the form

Sw.py = Pk, j) (k, j)eSp x Sy. (17)

The map @ shows that the state space Sp can be partitioned by the exogenous
variables into N blocks (S}, 53,..., SY) where S} is identified by d“eD as % = {(k, ),
for all jeSy} and keS,. However, it is possible that the market clearing map &*
associates the same value of the price with different members of the subset Sf, of
indices. To put it differently, the map @ associates with (k, j) and (k, i) different price
indices but the map @* does not necessarily imply that P # P, U D, =D, the
probability of the common value is simply the sum of the probabilities of the indices
over which the value of the price is the same. This argument shows that for any
economy with a market clearing map @* one may specify the probabilities Q and
T only on the indices specified by the state spaces and without any reference to the
absolute value of the market clearing prices which are, in turn, specified by @*,
“Endogenous Uncertainty” is then the additional variability of prices which results
from variability in the states of belief rather than changes in the dividend process.
This amounts to requiring that some prices are different on different members of
each block S%.

We conclude that under assumptions 5.1, 5.2 and 5.3 the probabilities Q@ and
ITcan be formulated with the aid of an arbitrary invertible map @as in (17) and with
no reference to @*. That is, both the probabilities (0, I7) as well as the conditions of
rationality of belief can be formulated entirely on the spaces of indices. To formalize
this idea we introduce:

Definition 2. The collection (Sp, Sp, Sy) is called a consistent price state space* for

Q.11 D) if

1. Condition (17) is satisfied;
2. Qpp = Hipp.

* A “Consistent Price State Space” 1s similar to Nielsen’s (1996) concept of a “Rational Belief Structure”.
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Considering now the single agent stock market economy we take the probability
IT,,, as the given primitive. To relate our terminology to Definition 2 we shall then
say that given a probability /7,,; the single agent stock market economy with belief
Q has a consistent state space for (Q, I) if (Sp, Sp, Sy) is a consistent price state space
for (Q, IT, ®). Definition 2 intends to pave the way to a proof of existence of an RBE
by identifying the conditions which a pair of probabilities Q and /T on abstract
spaces of indices must satisfy in order to become candidates for an RBE. We stress
again the fact that these conditions are specified without any reference to the
equilibrium values of prices defined on S,. With the aid of the Conditional Stability
Theorem we have then demonstrated in this section an important practical prin-
ciple. Suppose that the single agent economy satisfies Assumptions 5.2-- 5.3 ony and
I1,,. Then there is a family of probabilities Q which satisfy Assumption 5.1 such that
without specifying the equilibrium values of prices we can construct a consistent price
state space for (Q, IT).

Turning now to the question of existence we note that given a pair (Q, I1) for
which a consistent price state space exists what is left to do is to determine the
equilibrium values of prices by solving the system of equations in (12). In the
stationary case when the conditional probability @, is independent of the y the
existence theorem of Lucas (1978) applies since an RBE is a rational expectations
equilibrium. Our result is broader:

Theorem 3. Consider a single agent stock market economy which satisfies Assump-
tions 5.1,5.2 and 5.3. For any pair (Q, IT) for which the economy has a consistent price
state space there exists an RBE.

Proof. Theorem 3 is a special case of Theorem 4 which is stated in the next section
on OLG stock market economies.

Remark. The presence of endogenous uncertainty in an RBE is essential if the
theorem is to be of interest. We address this issue below (see remark after The-
orem 4).

Although Definition 1 of RBE does not address the issue of multiple equilibria
we note that the economy is modeled as a dynamical system in which infinite
random draws are associated with definitive sequences of economic allocations. If at
any date the economy can have multiple market clearing outcomes, then as part of
the dynamics postulated there is a procedure for selecting a particular one which
generates the data observed. In the Markov case at hand this implies that if at two
different dates the economy reaches the same state of the exogenous variables and
the same state of belief then equilibrium prices should be the same at both dates.

Before concluding this section we make a technical remark. The rationality
condition 2 in Definition 2 needs some clarification. Note that rational agents do not
know the equilibrium map @* From observations they can deduce that the
following set of states never occurs:

A° = {(s,, k)eSp x Splthere is no jeSy such that s, = ¢(k, j) }. (18)

This means that the stationary measure m assigns zero unconditional probability to
the set of states in A°. Thus the partition (S}, S,...,Sp) of Sp is respected by the
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stationary measure of a rational belief Q in the sense that given d, = d* the stationary
measure places a conditional probability of 1 on the block S%. This is not a condition
which Q itself must satisfy.

6 Correlation among agents in an overlapping generation
rational belief equilibrium

We turn now to the problem of correlation among multiple agents which will be
studied in the context of an OLG stock market economy.

6a The RBE of an OLG stock market economy

We formulate our stock market economy as a standard OLG model with K young
agents in each generation which we denote by k = 1,2,..., K. There are also K old
agents at each date but only the young receive an endowment ¥, t=1,2,... of
a single, perishable, consumption good. The stochastic processes [w*] for
k=1,2,...,K of the endowment will be specified below. Each young person is
a replica of the old person who preceded him where the term “replica” refers to the
utilities and beliefs and hence this is a model of a finite number of “dynasties”. The
economy has N infinitely lived firms which produce the consumption good. The
firms generate exogenously a stochastic process {d,eRY ., t= 1,2,...} of strictly
positive outputs with no inputs. These net outputs are then paid out to the owners of
the shares of the firms as dividends at the date at which the net outputs are produced.

The stock market economy has N + 1 markets. First, there is a market for the
single consumption good which is traded in each period with an aggregate supply
which equals total endowment plus total production. In addition, there are N
markets for ownership shares of the firms and at date 1 the supply (which equals 1 for
each common stock) of the securities is distributed among the old. This distribution
initiates the financial sector and ultimately ensures intergenerational efficiency by
allowing intergenerational redistribution of the endowment.

There is some similarity between the assumptions made here and those made by
Kurz and Wu (1996). However, Kurz and Wu (1996) focus on the structure of Price
Contingent Contracts used to allocate price uncertainty and in that case the
randomness of the endowments and dividends is not essential: they assume that
aggregate endowment is not observable and the dividends are not random. Qur
focus here is on the mechanism of correlation among agents and for our purpose it is
sufficient to focus on the randomness of dividends and asset prices. For this reason
we assume that the endowment is not random and for each k it is a known constant "
over time. This assumption is standard in OLG production models in which a young
agent is assumed to have a certain endowment of one unit of labor which, in our
model, is transformed into a unit of the consumption good. The notation which we
employ is as follows:

x*— the consumption of k when young at ¢

x7{, — the consumption of k when old at ¢ + 1. This indicates that k was born at
date t;
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0* — vector of stock purchases of young agent k at t;

6% .- endowment vector of stock to an old agent k at date 1 where 6, > 0 for all k;
w* — endowment of k when young at ¢. This means that k = 1,2,..., K is among
the young born at t. Writing o'* is unnecessary since only the young receive an
endowment;

p, — the price vector of common stocks at date ¢

p - the price of the consumption good at date

d, — the vector of positive dividends paid by the n firms at date t d,e D < RY;

P — the price space. When normalized we can set P= A== {xeRT "3 x == 1]
Y* — the state space for the generating sequences of agent k with generic element
v

Q" - the probability belief of k which is a measure on ((D x P X YH=,

A(D x P x Y¥*), without changing notation we shall later think of Q* as
a probability on the subsets of the index space (S, x Sp x Sp)™;

u*(-,*) - the utility function of agent k.

We now make the following assumptions:

Assumption 6.0. Dividends are strictly positive in all states and short sales are not
permitted so that for all t and k 0f > 0.

Assumption 6.1. For all k, under the belief Q* the process {d,, p}, p, Vi, e=1,2,...}is
jointly a Markov process and the dynamical system ((D x Px Y&, B((D x P %
Y¥)®), Q, T) is stationary and ergodic. The non-stationarity induced by each private
generating sequence y* is a selection, at each date, of a Murkov transition function
(a matrix if the set of prices is countable) which is determined by the value taken by
Yi

Assumption 6.2. 1%(-,") is a C1, strictly increasing and strictly concave utility function,
all k.

Given Assumptions 6.1 and 6.2 we can define the optimization problem of
k when young:

Max  Egut(x, <28 )0, b do ¥} (192)
(xlkgek'xl’k)
subject to
pix*+ p, 0F < plo* (19b)
AR <O (poq P dii o) (19¢)

The budget constraints (19b)-(19¢) are homogenous of degree zero in prices and due
to price normalization, the uncertainty about (p, . 1,4, + 1) is all the uncertainty an
agent faces.

An RBE requires market clearance at all dates. Thus, we say that markets clear at
all dates if, for almost all histories

K
Yg=1 =12, (20)
k=1
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It follows from (19b)—(19¢) and (20) that when markets clear then
pixt+pel =piw, =12, (21a)
pf tZZ(pr+p$dt)'T t=1,2,... (21b)

where x;, x7 and o, are the aggregates defined by xi=3X_ x* j=12 and
w, =Y §_ of. It follows from Assumptions (6.1)~(6.2) that the demand functions of
the young have the form

0:( = (p,(;(pfs pt’ dls y:‘)

c (22)
xtlk = (p)l:k(pt’ pt’ dl? yic)'

Market clearing requires 3°5_ | o5(pf, p,, d,, y*) = T which implies that we can solve
for (pf, p,) in the general form

(” ) = 9*(d, 3, (3)
t

where y = (y/,y7,....yeY=Y" x Y2 x ... x YX Clearly, (23) and (12) are the
same and hence, following the development in the single agent economy we can then
define the measure I1),, on the measurable space (D x Y)*, #((D x Y)*)as a primi-
tive of the theory. By the same argument note that by the construction of the
K generating processes we must have equality of the marginal measures, i.c.

({Ipy)yk = lec’k (24)

In comparison with (14), (24) applies to each k separately. Our corresponding
assumption is

Assumption 6.3. Under I1,,, the dynamical system ((D x Y)°, (D x Y)*), [1,y, T)
is stable and ergodic with a stationary measure Mpy-

As in the single agent economy we show that [P, p]is an ergodic and stable process
with probability 17, induced by @* and by IT,,. The stationary measure of [, is
denoted by m,. Proceeding as in (15) the probability I1;,, together with the map @*
in (23) induce a stable and ergodic equilibrium system ((D x P x Y)*, B((D x
P x Y)*),II,T) with a stationary measure m and a marginal measure m,. This
enables us to restate (24) in the form ITy = Q% as in (14). With this noted the
Conditional Stability Theorem suggests the following:

Definition 3. {II, {Q%, o}(p}. p,,d,, y¥).k = 1.2,...,K} } isa Rational Belief Equilibrium
of the heterogenous agent stock market OLG economy if

Lompp=0Qpp fork=12,... K
2' Zl{(=1 (pg(p:s pt: d,d’f) = 1 Ha.e.

The joint system on (D x Y)* with probability 11,y is the central dynamic
mechanism of our RBE. The process of dividends is exogenous but the probability
IIpy 1s determined jointly by the dividend process and by the collective generating
sequence (., y7,..., yf)fort = 1,2, ... of the K agents. The correlation among these

variables arises from two sources: communication among the agents and the fact
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that agents form their beliefs conditional on past data. To put it differently y/ and
i may be positively or negatively correlated partly because agents i and j communi-
cate with each other and thus influence each other’s models. But in selecting their
models the random process of selecting y! is conditioned on the past values of the y’s
as well as past observed variables such as dividends and prices; the Markov
condition in Assumption 6.3 does not prohibit the dependence of y! upon past
realized values of the observed variables.

Proceeding as in the single agent economy we now assume that D and Y* for all
k are finite and conclude that in any RBE only a finite number of prices, M, is
observed. Thus define

Sp=1{1,2,...,J} with a generic element s,

Sy ={1,2,...,N;} with a generic clement s,,

Sy = {5, = (5,85, SKIESy X Sya X -0 X Syr}

S,={1,2,..., M} with a generic element s, where M =(J N N, --Ng).
Given these state spaces select any 1-1 invertible map @:Sp, x Sy - S, which we
write as

s, = @(sy,5,) (25)

Without changing our notation we now view the Q% as probabilities on the

spaces ((Sp, x Sp x SpW)™, B((Sp % Sp X Sy)™)) and Ton ((Sp % Sp X Sy)*, BUSp x
Sp x Sp)%).

Definition 4. (Sp, Sp, Sy, .., Syx) is a consistent price state space for
(I1,Q",....Q% @) if

1. Condition (25) is salisfied;
2. mpp=0% fork=12,... K

We shall use simpler terminology in applying Definition 4 to the multi-agent OLG
stock market economy when I,y and Q*fork = 1,2,..., K are being considered. We
then say that the economy has a consistent price state space for (11, 04, 0%...,09if
(Sp» Sp» Syis Sys -+ ., Syx) is a consistent price state space for (I1, 0.,0%,...,0% @)

6b The existence of an RBE for every consistent price state space

The general question of existence of an RBE is resolved by Gottardi (1990) if all
agentsignore their generating sequences. In that case an RBE is a stationary rational
expectation equilibrium. Our result is much broader and extends Theorem 3.

Theorem 4. Consider a multi-agent OLG stock market economy which satisfies
Assumptions 6.0, 6.1, 6.2 and 6.3. For any pair (Q, IT) for which the economy has
a consistent price state space there exists an RBE.

Proof. See Appendix (A.II).

Remark. Assuggested earlier, the presence of endogenous uncertainty in an RBE is
of central importance if Theorems 3 and 4 are to be of interest. We shall not give
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a formal proof which can be constructed using a transversality argument. Instead,
the numerical simulations below will be used to illustrate the observation of
sensitivity of equilibrium prices to the belief parameters. This result is true as long as
the utility functions are “forward looking” in the sense that changesin beliefs change
individual portfolio demands.

Theexplanation why endogenous uncertainty is generically present will be provided
with the results of the simulation in Section (6.¢.2).

6¢ Correlation and price volatility: simulations of a two agent economy

In Section (6.b) we showed that the probability IT,, determines the dynamics of the
privestaty irany RS, Mforeover, 1T, measures the mmplicit correlation among the
generating variables of the agents and how this correlation is affected by the
common data which they observe. Here we formulate a relatively simple model
which is numerically solved with the aim of showing the impact of the correlation
among the agents on aggregate price dynamics. We stress the implicit nature of this
correlation since agents do not incorporate it directly in their belief,

6¢.1 The simulation model

(@) The economy. The simulation model is a relatively simple one with two agents
denoted k = 1,2 who have the same utility function over consumptions (x*,x?)of the
form

u(xl,x"‘):l—il—y(xl)1 s (x2)ty y> 0. (26)

1—y

The economy has only one consumed good, N = 1 with D = {d",d"}, Y* = {1,0} for
k =1,2. The individual generating processes are i.id. with the probabilities of
1 being a; and ,. Normalizing the prices select p¢ = 1 for all z. Tt follows that M = §
and (P,, P,,..., Pg) is the vector of 8 possible prices of the common stock of the
single firm. The map @ in (25) is then

Fl_ dy=d", yl=1, y?>=17
2 dy=d", yi=1, y2=0

3 dy=d", yi=0, y2=1
4 d,=d", yl=0, y2=0
=(D 4 > 4 ? 4
5 dg=d yl=1, y2—1 27
6 dGZdLa yé:l, yézo
L7 dy=d', yl—0, y2-1
8 Ldg=d" yi=0, y2=0.

We refer to d” as the “high dividends™ and to d" as the “low dividends”.

The two agents believe that the variables in the economy constitute a Markov
process. In specifying the beliefs Q* for k = 1,2 Assumption 6.1 stipulates the state
space of agentktobe D x P x Y* For simplicity we assume that each agent has two
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Markov transition matrices on the observables (d,, p,) which he selects depending
upon the value of y*. More specifically, when y* = 1 one matrix is used while when
y¥ =0 the second is employed. The y* are assumed scrially independent. Note that
since the agent not know the map (27) his transition matrices are of dimension
16 x 16. However, given the map (27) it is clear that 8 of the states in the agent’s
models will never be observed (e.g.: p, with d"). The rationality conditions obviously
ensure that in each of the two matrices which represent the models of the agents, the
stationary probability of these states is 0 and since the system is ergodic these are
transient states and have no effect on the long run statistics of the economy. Since we
are concerned here only with the long run characteristics of the economy we simplify
the exposition considerably by ignoring the transient states and consider only the
& non-transient states specified in the map (27). We later specify the two Markov
transition matrices of the agents on P x P with a full understanding that the first
four states are the “high dividend” states and the last four are the “low dividend”
states.

Formulating the budget constraints of the two agents in terms of the price states
(as in (A.92)-(A.9b), Appendix) we have for k =1,2 and s,j=1,2,....8

xi* = ok — 4P, (28a)
= (P, +d). (28b)

Denote by Q*(j|s, ¥*) agent k’s conditional probability of price state j given price
state s and the value of y* but without k’s knowledge of the map (27). Optimization
with respect to 6%, implies that the first order conditions for k = 1,2 can be stated in
the well known form

8 1-y 1y — Ys
[ﬁ (PJ+dl> Qk(.j‘say’():l :I,)i ....... - s=1,2,...,8. (29)
7

=1 Ps

Once we specify (0%, w*) for k = 1,2 and the vector (d,,d,, ...,dg) of dividend values
we can compute 0¥ for k = 1,2, as a function of the 8 prices. In equilibrium

0! +02=1 foralls. (30)

(29)+30) implies a system of 8 equations in prices.

We now select the probability /7,y so that its marginal measure /1, is compatible
with the Markovian assumptions commonly made in the literature (c.g. Mehra and
Prescott [1985]). This specifies the stationary measure of the dividend process with

a transition matrix of the form
d)’ 11— ¢:|
(31)

We also want the joint process [y, y*] of the generating variables to be simple so
that we can state the rationality conditions with ecase. We then require that

the marginal measures 7, specify y* to be i.id. with P{y¥ =1} =2,. (32)
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The following transition matrix I defines a stationary probability /1,,° satisfying
these conditions:

e [¢A,(l - ¢)A} 3

(1—¢)4, ¢4

where A4 is a 4 x 4 matrix, characterized by the 6 parameters («,,o,,a) and
a=(a,a,,a;,4a,):

ap o —aga—a,l+a —oy—o
Ay, 0 — 8y, 0y ~ay 1 +a, —a, —o,
A3 % — 83,0 — a3, L+ a3 —o; — %,
Qg %y~ gy 0% — Ay, L+ ay — o — 2,

(34)

It follows from (34) that under ITj,y, P{y*=1} = o, for k = 1,2; this is compatible
with our individual specifications in (32). Also, although each process [y*] for
k =1,21s very simple, the joint process may be complex; it allows joint correlation
among the y! over time, and this is our next topic.

(b) Correlation and implicit consensus. Our interest in correlation arises from the
fact that correlated actions of agents have far reaching effects on the dynamics of the
economy. However, there are two basic ways in which correlated actions are realized
in the model at hand. The first is purely statistical: when the generating variables
(y;, y?) are correlated the generating states ((1,1),(0,1),(1,0),(0,0)) are not equally
likely. However, the lack of statistical independence of these variables is not
meaningful without the second form of “implicit consensus” which we define as the
degree of commonality of the two Markov matrices selected by the agents given the
realized values of their private generating variables. In short, we think of “correlation”
as a statistical relationship between generating variables. On the other hand
“implicit consensus” is related to the way the agents inzerpret the private generating
variables and in our model can be defined in terms of a specific collection of matrices
which the agents may select. This will be explicitly formulated below.

Turning first to statistical correlation we aim to identify parameters of the model
whose change leads to increased correlation between the generating variables.
However, observe that statements about “the effect of increased degree of correla-
tion on price volatility” depend upon the baseline for comparison. The reason for
this is that when we change a parameter which changes correlation we also change
equilibrium prices. Hence changing any parameter has two effects on price volatility:
the first is a pure correlation effect which changes the stationar ydistribution of a given
set of equilibrium prices and the second is the effect on equilibrium prices. In order to
simplify the evaluation of these two effects we take the pure i.i.d. case as the basic
reference. This case is defined by the parameters ¢ = .5, o, =%, =.5and a, = .25 for
i=1,2,3,4.Itis easy to see that in this case the stationary distribution (My, Mg, )

* Thus IT,y 1s not necessarily stationary but if non-stationanty in the dividend process is rcpresented
with a generating variable then this vanable 1s required, in the simple case of this paper, to be independent
of the individual gencrating variables.
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implied in (33)is 7, = .125 for all i. If we assume, in addition, that the agents adopt the
stationary measure as their belief, then equilibrium prices are constant. Hence the
variance o2 =0 in this rational expectations equilibrium provides a natural refer-
ence point to the endogenous effect of correlation on price volatility in an RBE.

Under ¢ = o, = a, =.5 we calculate the stationary distribution (7,,7,,..., Tg)
implied by (33). Let £ = a, + a, —a, — a, then the solution is

TR =0s=Tg =%~ 1 _ ¢ (35)

Ty =Ty =TNg=T1,=.25—7,. (36)

In this case, each of the sums (a, +a,) and (a, +a,) is a scalar measure of
correlation: an increase in each of them increases the probabilities (7,7, 75, 7g) Of
the states of agreement when y! = y2. These probabilities can move between 0 and
25. In the calculations below we evaluate some models in which the condition
$=0o, =a,=.5 does not hold. We turn now to the second issue of implicit
consensus but in order to discuss it we must first review the structure of Rational
Beliefs of the two agents.

(c) Rational Beliefs. The probability beliefs of the agents are constructed with the
aid of two pairs of matrices, (F, F,) for agent 1 and (G,,G,) for agent 2. Given the
definition of the generating sequences it follows from Niclsen (1994, page 40) that
Rationality of Beliefs requires

2 Fy+(1—a)F, =T, 2,6, +(1—0)G,=T. 37)

Given this condition, the following conditional probabilities (where FY is the (s, )
element of F))

Fy if yl=1 Gy if y2=1
1/ » 1y 1. t 2¢; 2y 1 t 38
Q,(jls,y,) {Féf if y1—0 07 (jls, ) {GSZJ if 2 =0 (38)

define the beliefs Q* for k = 1,2. We next select the four matrices (F,, F,, G, G,)
by using two sets of 8 parameters A =(4,4,,...,4g) and p=(py, pa, ..., g) Which
will be motivated later. To do that we introduce the notation for the row vectors
of A:

Al =(apoy —a, o, —a,a;,) a,=1+a;— (@ +a,)

With this notation we define the 2 matrix functions of z = (z,,z,,..., Zg) as follows:

z, A" (1 — ¢z A’
A2 1= §z,)A2

A@=| 74| =] (39)
2 A% (1 — dz)A*

We then finally define

[ea AW [, Aﬂm] “
F‘h*WMLMJ G‘h~wwxﬂm “0)

""C‘@pyﬁ.gh’t"'@ 2991 TAK:: Rlu:-llo ANl | VUU
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and (F,, G,) determined by (38). The motivation for this construction of the matrices
F, and G, is that the parameters A, and i, are multiplied by the rows of the matrix
A and hence are interpreted as proportional adjustments of the conditional prob-
abilities of the four states (1, 2, 3, 4) and (5,6, 7, 8) relative to the stationary measure
represented by I'. Since the first four are the “high dividend” states and the last four
are the “low dividend” states, A, > 1 means that when using F'; agent 1 perceives the
conditional probabilities of the high dividend state given s to be larger by a factor
than the corresponding probabilities in I, s> 1 has a similar interpretation for
agent 2. This means that the 16 parameters (4, #) measure the relative degree of
“optimism” or “pessimism” of an agent in a given states about the probabilities of
the statcs of high or low dividends. We can now relate the above definitions to the
concept of agreement or “implicit consensus”. The central case which we consider in
the simulations below is the one where A, > 1 and , > 1 for all . Tt follows from the
definitions (39)—(40) that in this case both agents become relatively more optimistic
about the high dividend states when yi=1for k=1,2 and both become relatively
more pessimistic when y* =0 for k=1,2. Given the way in which the agents
interpret y¥ we say that the states (0, 0) and (1,1) are states of agreement or implicit
consensus and when A =p, this common value measures the intensity of such
consensus when they agree or, simply, the degree of variability in the beliefs of the
agents. Consequently, a natural case which we shall consider is Ay=p, =7z for all
s and then we use the number z as a scalar measure of intensity. We shall examine
below how increasing this measure changes long term price volatility.

6c.2 Simulation results

In this section we present four sets of calculations and in the next section discuss
the interpretation of their results. In all cases we use the following parameter
values: f= 85, y=2, d" =10, d"=0 and in case (a), (b), (c) we set o' = 100,
@?=100. In case (d) we consider the effect of income distribution by varying
the w’s.

Case (a) The presence of endogenous uncertainty. We promised earlier to use the
simulationsin order to illustrate how variations in the state of belief cause variations
in equilibrium prices. Thus, consider our model with the following parameters:
a,=.25foralli, p =4, 00 = 4,0, =.6, 1 =(4, 9, .5, 6,13,.7,.9,1.6), u=(1.5, 14,
1.3, 1.2, 1.1, 1.0, .9, .8). Equilibrium prices are (P, =95.16306, P, = 95.59644,
P;=94.64301, P,=95.12190, P,=93.93110, Py =9470204, P,=9441132,
Pg =94.47654). The agents’ beliefs are characterized by the 18 parameters (4, , a,,
%,) and we now claim that a change in any one of these parameters changes the
vector of equilibrium prices.

Case (b) Increased intensity in consensus states. Consider now the following scalar
measure of intensity mentioned above: A, = yu, = z for all s, a;= .25 for alli and then
vary the number z. The results are as follows:

z | 1| 12 | 14 | 16 | 18
o2 1 o 10576 | 2304 | 5186 | 9227
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Recall that the underlying economy is the purc 1i.d. case and A = p, = 1 is a rational
expectations equilibrium in which prices are constant (hence o2 = 0). Also, note that
the variations in (4, u) have no effect on the stationary distribution of prices which is
n,=.125fori=1,...,8. The effect of increased intensity on volatility is then entirely
a result of the change in equilibrium prices.

Case (c) Increased correlation with fixed level of 7. = p. We now fix A, = p, = 1.8 for
all s while setting ¢ = o, = a, = .5. Relative to the i.i.d. economy with a, = 25 for all
i we increase simultaneously (a,, a,) Or (a4, d;). As shown above this increases the
correlation between y! and y? and the stationary probabilities 7y, 74, 7 and ng. The
results arc then:

a a,=a,=.25 a,=a, =.35 a, =a,=.49
a,=a;=.25 a,=a;=.25 l a,=ay=.25

a; 9227 1.1536 l 1.7750

a a, =a,=.25 a,=a,=.25 a,=a,=.25
a,=a;=.25 a,=a,=.35 a,=a;=.49

o) { 9227 1.0765 i 1.2220

These results complement the volatility calculations of Case (b). The value
012, — 9227 is obtained in Case (b) only by increasing z while maintaining the
independence of y! and y7. By introducing the correlation between the generating
variables the variance of prices is nearly doubled to 1.7750 in the table above. There
is one subtle difference between Cases (b) and (c). In Case (b) we change only
equilibrium prices while keeping the stationary distribution of the price states fixed.
In Case (c) we would have liked to change only the stationary distribution while
keeping prices fixed but this is not possible: changing a = (a;, d;,d3,a4) changes
equilibrium prices and this change could reduce volatility. It is interesting to note
that in the case at hand the correlation effect dominates the potential price change
effect on volatility. We return to these considerations in section (6.c.3) when we
discuss these results.

Case (d) Effect of income distribution. Changes in income distribution change the
demand for risky assets. To see the effect on volatility consider the case where
p=u,=a,=.5a=.25and i =y =14foralli and all 5. Relative to this baseline
consider the effect of changing the distribution of (0!, o)

(@', w?) ‘ (100, 100) . (80, 120) \ (60, 140) \ (40,160) ' (20,180)‘

o2 ) 2304 ‘ 2396 ' 2672 . 3133 | 378 |

The results do not show a dramatic effect but the changes are significant enough to
be noted.
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6¢.3 Theoretical implications of the simulation results

The simulation results in Cases (b) and (c) show that endogenous uncertainty can be
the dominating cause of price volatility in asset markets. However, the mechanism
which generates price volatility needs to be explored. We stressed that the method of
changing the common value of (4, u) has the property of having no effect on the
stationary distribution of prices. Explaining the causes for increased price volatility
in this case is central to this paper and is formulated in terms of the Regime Process
{R,t=1,2,...}. This process is defined by

{1 if yy =7
0 if y! #y2
A regime process arises in a natural way in this model of endogenous uncertainty
since it provides a quantitative representation of the interaction among the generat-
ing variables of the agents. The regime process attains its significance from the
correlation among the generating variables and from the interpretation of the states
of the process in relation to the states of implicit consensus. In general, the regime
process has a complex distribution but under the assumptions a, = a,, a, = a, and
¢=.5{R,t=1,2,...} is a stationary Markov process with transition matrix and
stationary distribution

R, = 41)

1 —a; —a, +2a,
. 1~y ~a,4+2a;, 2 +a,—2a, 1—2a, —a,)
Ip= g =
l—a;y —a, +2a, o +a,—2a, oy + o, — 2a,
1 —-2a; —a,)

In Case (b) we assume that #; = o, =.5 and a, =a, =.25 and in this case all the
entries in the matrix I are .5 and hence the R, are i.id. with a frequency of the
consensus states ((0,0),(1,1)) being the same as that of the disagreement states
((1,0),(0,1)). However, the economic implications of the R, =1 regime are drasti-
cally different from the implications of the R, = 0 regime. To see this note that when
an agent is relatively more optimistic in one state, then rationality of beliefs requires
him to be relatively more pessimistic in the complementary states. But fluctuations
between optimism and pessimism cause fluctuations in his demand for assets. If one
agent is optimistic and the other pessimistic they tend to cancel each other out and
hence the regime of disagreement (R, = 0) is a low volatility regime while when
R, = 1 there is agreement and consequently this is the high volatility regime. In fact,
inCase (b) P, = P, P, = P, Py = P,, P, = Py, and in all cases P, =P, P, isthelow
price and P, is the high price of the high volatility regime. As the common value of
A = p, increases the low price P, decreases and the high price P, rises further. The
intermediate price P, = P, (which is the single price of the low volatility regime)
remains in the same range. As the common value of 4, = ys =z increases, the
variance of prices in the volatile regime increases while the variance of prices in the
low volatility regime remains zero.

To clarify how the regime structure affects the time series of prices in the
economy consider the case 4, =y, =18, ¢ =.5,a, =a, = 47, a, = a; =.02. This
case yields higher level of persistence of the regime process relative to the i.i.d. case.
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Diagram 1

As in Case (b) there are two prices in the volatile regime and a single price in the low
volatility regime. A typical time series realization of 200 observations of equilibrium
prices is plotted in diagram 1.

Turning to the effect of correlation we note that there we selected a fixed set of
(1, ). As we increase(a, = a,) Or (a, = a3) we increase the correlation between y; and
y2 and this changes the transition matrix I and the distribution ng. In fact, in Case

2a,, 1 —2a,

2a,, 1— 2a2]
and as a, — .5 the relative frequency of the volatile regime increases towards 1. Thus,
increased correlation increases long term volatility in this case mostly by increasing
the frequency of the volatile regime. We use the term “mostly” in order to remind the
reader that in this case the changes in the parameters do change equilibrium prices
and these changes can reduce equilibrium volatility. Since the correlation effect
dominates the price change effect the net result is increased volatility.

The regime process also helps clarify the nature of the asymmetry in the response
to changes in a, = a, vs. a, = d, seen in Case (c). It is clear that the stationary
probability of the high volatility regime increases when either a, =a, ora, = a, is
increased. However, when o, = o, = .5 then as a; —.5 the stationary probability of

(c) &, = «, = .5 and hence the transition matrix is reduced to I'y = [
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R =1 tends to 1 for any a, > 0 while as a, —.5 the stationary probability of R = 1

1 . .
tends to ) which is generally less than 1. The explanation for this asymmetry
—a,

is that as a, —.5 the consensus states (1, 4, 5, 8) become absorbing states and the
disagreement states (2, 3, 6, 7) become transient states for any a, > 0. On the other
hand a, —.5 does not ensure that states (1, 4, 5, 8) become absorbing unless a, = .5.
Since in Case (c) the baseline parameter values are a, =.25 all i, it is seen that
increases in a, = a, have a stronger effect on price volatility than increases in
a,=a,.

A more complex regime structure arises when dividends provide useful informa-
tion and that is the case if ¢ +#.5. Consider the case ¢ =.6, a, =a, =.47,
a,=a;=.02 and A;=p, =16 and all j. In that case there are four regimes:
(R,1 = (Yzl = yzza dH)’ R/Z = (.}11 = yzz’ dL)’ R,S = (ytl ?éytzs dH)s R:l. = (Yzl 7 ytZ, dL))- Prices
are now driven by the interaction of two independent Markov factors: the distribu-
tion of beliefs as parametrized by R and by dividends. The result is a Markov
process in which the regimes of agreement (R}, R;) are the high variance regimes and
the regimes of disagreement (R}, R,) are the low variance regimes. The level of

15

iR

I——Pm:e --- Dividend |

Diagram 2
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prices and their variances change with dividends: in the low variance regimes each
regime is characterized by a single price. The value of the stock is lower when the
dividend is higher. In the high variance regime of agreement prices are negatively
correlated with current dividends while the variance of prices is positively correlated
with current dividend. A typical time series of 300 equilibrium prices is plotted in
diagram 2.

It is obvious that other patterns can be constructed which will result in more
complex volatility regimes. In particular, interesting complexity may result from the
interaction between the dividend process and the process R'. However, the relatively
simple cases presented here explain the nature of the non-stationary mechanism
which the generating sequences play in the economy. They constitute the mechan-
ism which drives the endogenous propagation of diverse price volatility regimes while
the probability structure of these generating processes are the quantitative tools for
describing the time variability of the volatility regimes. The variability over time of
the variance of asset prices is a well documented empirical phenomenon and has
given rise to the GARCH family of statistical models which describe such price
movements (see, for example, Hamilton (1994) Chapter 21). The theory presented
here provides a micro-economic explanation for these empirical observations.
Equally important, the available empirical evidence provides a strong support for
the theory advanced here.

7 Summary and conclusions

The methodological and the substantive results of this paper are interrelated. We
have attempted to show that the method of gencrating variables, expressing the
private signals which agents receive or perceive, is a useful tool for the study of stable
and non-stationary processes. With the aid of such variables a rational belief is
viewed in this paper as a stable joint system of generating and observable variables
where the rationality conditions place restrictions on the marginal measures. We
also show that the use of generating variables enables us to study the structure of
a large family of RBE and prove the existence of an RBE for any economy which has
a consistent price state space. This implies the existence of diflerent RBE for an
economy with the same exogenous physical characteristics.

The use of generating variables provides a powerful tool for the study of the effect
of correlation among agents on price volatility. The results of this paper are central
to the study of RBE in that they show that heterogeneity of beliefs has aggregate
implications only to the extent that these beliefs are correlated in some way. If beliefs
of agents are uniformly dispersed on the set B(/T) and if the mechanisms for
individual selection of probability distributions at each date are “independent”
across agents then we should expect heterogeneity of beliefs to have little or no
aggregate economic impact. On the other hand, our simulation results show that the
effect of correlation across agents on the volatility of asset prices can be very
dramatic and can be the dominant factor in the fluctuations of such prices. The
mechanism which generates this cffect works through the clustering of beliefs in
states of different level of agreement. In states of consensus the conditional forecasts
of the agents fluctuate, to some degree, together and for this reason asset prices
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tend to be more volatile. In states of disagreement the conditional forecasts fluctuate
in diverse directions tending to cancel each other’s effect on aggregate demand and
resulting in reduced price volatility.

Appendix
(A.I) Proof of Theorem 2

Let Cy be the cylinders in #(X ®). To evaluate stability we need to consider cylinders
of the form (C x Y*) where CeCy. Observe that for such cylinders one considers

1
convergence only on the cylinders in X* since ﬁzN U exp=(THx, y)) =

N Z?:ol 1.(T*x). Hence, define

N-1
Ki= {xeX“' lim 1 > 1:(T*x) ex1sts}
N—-w k=0

We then have K, y« = KZ x Y®. Lemma 1 implies that for each cylinder (C x Y®)
there exists a set B.eZ(Y™) such that IHKEx Bs)=1 and for any yeB,,
IIKE x Be| Z)(x, y) = 1. Stability for 17 almost all y requires a set Be Z(Y “) such
that IIK} x B|.%)(x,y) = 1 independent of C. By an argument similar to the one
used in Proposition 2 of Nielsen (1996) it follows that such a set exists if Y is
countable. This proves that (X, #(X*), [, T) is stable for IT almost all y with
a stationary measure which we denote by m'". This establishes the stability part of
(a). Now let GeC be defined by G = A x Y™ where AeC,. Stability (proved in (a))
requires

hm—Zl (T*x) = m™(A)(x) 1T, ae. (Al)

N—*oo

However, 1 (T*x) =1 G(T"(x v)) hence

— Z 1 (T*x)= Z 1,(TH(x, y)). (A2)

Now take limits on both sides of (A2). Since the joint system is stable and ergodic, the
limit of the right hand side of (A2) exists and is independent of (x, y) IT a.e. Hence,
modify (A1) to have

n™(A)(x) = m'"(4) independent of (x, y) IT a.e.

The limit of the right hand side of (A2) is m(4 x Y*) = m (A). Hence, on Cy the two
measures m'” and my agree and this implies that m"(S) = my(S) for all S in #(X *).
This proves (b).
To prove that (X, B(X ), [T, T) is ergodic for ITa.a. y we recall again that Cy is
a generating field of (X *). Hence, it follows from the proof of Lemma 6.7.4 of Gray
(1987) that it is sufficient to prove that for any cylinder 4eCy
N-1

11m% Z (T * AN A) = m"(A) T A). (A3)

N—-w k=
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To show (A3) note that for I7a.a. y we have

I(r- *AnA)= f 1w ()T (dx) = | IA(T"x)I'Iy(dx). (A4)
A A
Hence
1 N- 1 N—-1
lim — L IT(T *AnA)=lim — Y [1(T*x)IT(dx). (AS)
N+ k=0 N—=w k=0 A

By the bounded convergence theorem we have

) 1 N-1 ) . 1 N:l
lim — 3 (T *AnA)= f( lim N Y lA(T"x)>Hy(dx). (A6)
N—-w k=0 A \N-x» k=0
But by (A1), (A2) the limit on the right hand side of (A6) is m'((4) and is independent
of x Ta.e. and hence 1T, a.e. as well. Hence we can conclude that for [Ta.a. y
N—-1

lim — Y (T %4 nA) = m"(A)IT(A) (A7)

N-w k=0

and this proves (A3). Conclusion (c) is immediate. [

(A.Il) Proof of Theorem 4

To prove the existence of an RBE for any (Q, IT) which has a consistent price state
space we need to prove that (23) in the text has a solution. Our argument is brief at
times since it is similar to the existence proof of Kurz and Wu (1996). We translate
the agent’s maximization to the price state space by writing the utility in (19a) for
a belief Q*(j|i, y*) as
M
UMx M x2) = Z x1* X201, v9), i=1,...,M. (192)

l s

We use the notation g = (ql,...,qM)eRM“‘ "1 where q, = (p5, D,1>-- - Pn)ERN !
and the vector (x)¥, )eR"" ! denotes the choices of young traders in state i. The

homogeneity of (19b)-(19¢c) with respect to prices leads us to select the standard
simplex

N
A= {qleﬂ%’i“|p§+ Y piy=1 } and hence ge = A x A x --- x A (M times).
r=1
(A8)

The budget correspondence of young traders in state i is then written, for
k=1,2,...,K as

pix + 0% p, < plo

R R
0 <x2f=0¢(p; + pid))

}qu. (A9a)

The correspondence (A9a) is sufficient to allow a trader to select his consumption
and portfolio when young so as to maximize (19a): the consumption when old (i.e.
the vectors x*) are determined by the choices when young. We do introduce the
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optimization of the period 1 old which is rather trivial, but useful. Their budget
set is
BiMay 06) = { ViR, Ipys <04 (p, + pid)), 0520}, gea. (A9b)

J

The following is standard:

Lemma 3. The budget set correspondences of the young and the period 1 old are
non-empty and for each q they are convex and compact valued, and continuous on the
interior of =.

We now encounter the usual problem where demand correspondences are not
defined on the boundary of the simplex. We denote by & our real economy and
introduce a sequence of economies &" where for each n the economy 6" is bounded in
a cube nW. W is a compact cube centered on the zero vector and all the original
budget sets are then intersected with nl¥ to create new budget sets which are
compact subsets of n/¥ even when some prices equal 0. These budget corresponden-
ces are non-empty, convex and compact valued, and continuous at all price vectors in
Z. A construction of the economies ” requires complex additional notation. Since
this is a standard procedure we avoid this added notation (for details see, for
example, Kurz(1974b, sections 6-7)). Thus, when we say below that “a variable takes
the value +nin 6™ we mean that it is on the boundary of the restricted budget set of
the agent in &".

Our notation for the demand correspondences of the young fork = 1,..., K and
i=1,..,M is xi*eql, 0fepl, f=1..N, ¢=(% ¢",....0%). og)=
(@},....0%). For period 1 old agents we use the notation viepq, 0%,
@*"q) =(p3*..., p3). Thus, define the demand correspondences

@H(g, ") = {(x%,09eR, x RV|(x!*,6%) maximizes (19a’) on (A10a)

Bi(g,0")} geintE.
@7*(q, 0%) = {y*eR, | y* maximizes (19a') on B> g, 05)} g,eint A, (A10b)
It then follows from the thcorem of the maximum and from Lemma 3 that

Lemma 4. The demand correspondences (p"(q), p*q)) for k=1,2,...,K are non
empty, convex and compact valued, and upper hemicontinuous on int 5. In each of the
uniformly bounded economies &, the vector of demand correspondences (¢*(g), ©**(q))
is non-empty, convex and compact valued, and upper hemicontinuous on the entire price
space =

The market clearing conditions stipulate that the aggregate consumption of the
young and the old at date ¢ has to add to the total supply. That is, let w; =YK ok
then we require that

K K
Yoxt4 Y xF=w +d 1 fori,j=1,...,M. (A1)
k=1 k=1

Now let x} = 3%, x!*, y,;=YX_, y* We construct an RBE in which all dates are
symmetric hence date | material balance requires that X} + y, = w; + d;- 1. Compar-

Copyright © 2001 All Rights Reserved



518 M. Kurz and M Schneider

ing with (A11) we can conclude that in equilibrium ¥§_, x2* = y, holds at all dates.
We summarize this observation by

Lemma 5. Forall q,iandj, X, pix?* = K_| p&yk. Also, in equilibrium 3 | x5 =

iV
Y Y=y
By Lemma 5 we can reformulate the equilibrium condition (A11) to require

K K
Y x4 Y Y=o, +d;, foralli=1,2,...,M. (A12)
k=1 k=1

Next, the financial markets must clear and since all stocks have unit supply we
require that

K
Y oi=1 foralli=1,2,...,M. (A13)

(A12)(A13) is a system of M(N + 1) market clearing conditions. Now use the
notation introduced earlier to define the excess demand correspondences for
i=1,...,Mby

K

K
Ciolg) = Z (P’i‘o(CI)‘*‘ Z (PIZk(Qi) —(w; +d; 1)
k=1 k

=1
(A14)
& :
Lf= Y ol —1,  j=1...N.

k=1
We shall prove that any g satisfying 0e{ (g) = ({0(9), {ia(@hs - - Ep(@ fori=1,.... M
is an equilibrium price system. A standard calculation shows that Walras’ Law
applies:

Lemma 6. Under Assumption 4, q;-{,(q)=0fori=1,2,...,M, that is,

M
Piliol@ + 2. Piylifl@) =0 (A15)
=1

Recall that we use the notation (x} €R, xfje R, y;eR) for the aggregates over k. We
now use the notation (x, 0, y)eR¥M®™*2) for the entire array

x,0,9) = ((x%, 039, k=12, .K, i=12...,M). (A16)

Define the maps g, by
w(x,0,y) = {geA| pix! +y;—w,—d; ) +p-(0—1)is maximized over A}

i=

M
and p(x,0,y) = X w(x,0,y). Finally, define the map ¥'by
i=1

P((x, 0, y),q) = {(q) x w(x,6,).

It follows from Lemma 4 that in ", ¥ is a non-empty, convex and compact
valued, and upper hemicontinuous correspondence from nW x = into itself. It
follows from the Kakutani fixed point theorem that it has a fixed point (x*, 0*, y*,q*)
in nW x = (Note: as our practice, we do not designate the variables in & by n).
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Hence we conclude that
g*eu(x*, 0%, y¥) (Al7a)
(x*, 0%, y*)el(g®). (A17b)
Condition (A17a) states that for any (p¢, p,)e A

PR+ yF— o, —d 1)+ pE(0F - 1) > P+ y*—w,—d; 1)
+p;(6F — 1). (A18)

Condition (A17b) states that (x*, 0%, y*) are individually optimal in £” relative to g*
and hence satisfy the budget constraints (A9a)-(A9b). But then by Lemma 6 we have
that for all i

Pix{* +yF —w,—di D)+ p (0~ 1)<0  forall (55, p)ed. (A19)

(A19) implies that
x*4+y*—~w,—d-1<0 fori (A20a)
g*-1<0 all i. (A20b)

Lemma 7. For large n, the fixed point (x*, 0%, y*, q*) in &" satisfies (p°", p) > 0 for all
(i, ).

Proof. Suppose that p* =0 for some i. g*eA implies pi*¥ 4+ p¥-1=1 and hence
pf-1=1.But then (A9b) and Assumption 4 imply that in &, y¥ is unbounded and in
&"isequal to +n. Hence for large n such that the cube is larger than Max,(w, +d,- 1),
(A20a) is violated. This proves p{* > 0 for all i. A symmetric argument shows that
p; > 0 since dividends are strictly positive in all states. [J

The argument up to now has then demonstrated that for large enough n there
existsan RBE in £" with (p°*, p*) » 0. We complete the existence proof by noting that
there exists a convergent subsequence of the equilibria in ¢” which is an equilibrium
in & with positive prices. To see this note that by the material balance which is
satisfied in 6", all real equilibrium quantities are in a compact set since

0 <x/*<Max/ow,+d1), 0<y*<Max(w,+d,-1),
0 <x<Maxw;+d,-1) foralli,jand k.

Also, ge Z. Hence a convergent subsequence exists. To prove that the limit prices are
positive note that since pi*yf=pf-1+ pi*d;-1and pi* +pi*-1=1hold for all n it
follows from the strict positivity of the dividends that p5* > Oin the limit for all j. The
positivity of the limit p¥ follows from the same argument since when all pi* >0, the
convergence of prices to zero will generate unbounded demand. Finally, the
sequence of §* is in a compact set by Assumption 6.0 and hence converges. []

Remark. We note that the technical Assumption 6.0 is used in Lemma 3 and in the
last step of the proof. Under the assumption of non-negative dividends some assets
may have zero value in states in which the beliefs of all the agents place positive
conditional probabilities only on subsequent states in which dividends are zero. This
conclusion would complicate the argument and would require some condition on
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the distribution of beliefs to ensure that prices of some assets remain positive in each
state. Subject to such a additional technical condition the assumption of strictly
positive dividends is not essential for the validity of Theorem 4. The assumption of
no short sales is standard for existence proofs in finance.
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