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SOCIAL STATES OF BELIEF AND THE DETERMINANT OF
THE EQUITY RISK PREMIUM IN A RATIONAL BELIEF
EQUILIBRIUM

MORDECAI KURZ*

Abstract. We review the issues related to the formulation of endogenous uncertainty in
Rational Belief Equilibria (RBE). In all previous models of RBE, individual states of belief
were the foundation for the construction of the endogenous state space where individual
states of belief were described with the method of assessment variables. This approach
leads to a lack of “anonymity” where the belief of each individual agent has an impact on
equilibrium prices but as a competitor he i ignores it. The solution is to study a replica
economy with a finite number of types but with a large number of agents of each type. This
gives rise to “type-states” which are distributions of beliefs within each type. The state
space for this economy is then constructed as the set of products of the exogenous states
and the social states of belief which are vectors of distributions of all the types. Such an
economy leads to RBE which do indeed solve the problem of anonymity. We then study
via simulations the implications of the model of RBE with social states for market volatility
and for the determinants of the equity risk premium in an RBE. Under i.i.d. assessments
one . uses the law of large numbers to induce a single social state. of belief and we show
that the RBE of such economies have the same number of prices as in rational expectations
equilibrium (REE). However, the RBE | may exhibit large fluctuations if agents are allowed
to hold extreme beliefs. Establishing 5% boundary restrictions on beliefs we show that the
model with a single social state of belief cannot explain all the moments of the observed
distribution of returns. We then introduce correlation among beliefs and this: leads to the
creation of new social states. We next show that under correlation among beliefs the model
simulations reproduce the values of four key moments of the empirical distribution of returns.
The observed equity premium is then explained by two factors. Fu-st mvest,ors demand a
higher risk premium to compensate them for the endogenous increase in the volatility of
returns. Second, at any moment of time there are both rational optimists as well as rational
pessimists in our financial markets and such a distribution leads automatically to a decrease
in the riskless rate and to an increase of the risk premium. We show that correlation among
beliefs of agents leads to fluctuations over time in the social distribution of beliefs and
such fluctuations add to endogenous volatility and lead toa hlgher equilibrium equity risk
premium.
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1. The state space and the emergence of endogenous
uncertamty :

The role of the rnarket mechanism in the optimal allocation of risk bearing
has been one of the most extensively studied problems. in economics. - The
theory of general equilibrium, as developed by Arrow and Debreu [3] and by
Arrow [4], provided an extremely fertile framework for the examination of the
behavior of markets for uncertain- prospects in general and the markets for -
insurance and risky securities in particular. The rapid development of the
field of finance is a noteworthy example of the impact of this framework of
analysis. Yet, despite these impressive achievements important foundational
questions regardmg the nature of social uncertainty remain unresolved. This
paper explores alternative equilibrium concepts in which a central role is pla.yed
by Endogenous Uncertainty, a concept which was defined in [31] and explored
in a sequence of recent papers (see [29, 30, 22, 23, 25, 28, 27, 24, 36]). In order
to explore the emergence of endogenous uncertainty, it would be useful first
to review some of the problematics arising out of the treatment of uncertainty
in the Arrow Debreu [3] model, the role pla.yed by securities in Arrow’s [4]
equlhbnum and the modlﬁcatlons of the theory by Radner [40, 39, 38].
As is well understood the full generallty of the Arrow-—Debreu for mulation

enables the 1ncorporat10n of uncertamty merel} by a remterpretatron of the
* symbols employed. In the orlgmal Arrow-Debreu [3] paper terms like “risk” or

“uncertainty” are not even mentioned. In his explicit treatment of uncertainty
Arrow [4] defines the exogenous “state space” and explicitly introduces mar-
kets for state contmgent claims on commodity bundles and the utility of such
uncertain commodities. He notes that the treatment of the uncertain case is
entirely analogous to the case of cerfamt} except for the enlarged dimension
of the commodlty space (whrch equals the number of physical commodities
multzplzed by the number of exogenous states”) Motivated by markets for
insurance, Debreu [14] uses the broader terrmnology of “events” to identify
subsets of states but his formal treatment requires the tradlng of a complete
set of state contlngent commodities. Apart from the formal 1nterpretat10n of
the concept of a comrnodrty the uncertamty 1nterpretatlon raises only one
issue of substance w1th respect to the assumptlon of convexrty of preferences ,
‘ Smce in the case of uncertalnty convexxty 1mplxes risk aversxon, both the ex-
istence of competltlve equlllbrmm in the Arrow—Debreu theory as well as the
optlmalrty theorem m [4] are proved under the assumptlon of unlversal r1sk
aversion. ‘ 8 R '

: 1And assuming expected utlllty maximization with preferences which are state mdepen-
dent.
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It is clear that the crucial step taken in the Arrow=Debreu formulation of
uncertainty within general equilibrium theory is the introduction of the con-
cept of “the state” into the theory. This concept, however, is the cornerstone
of the theory of individual decision theory and subjective probability. In Sav-
age’s [42] treatment the concept of “the state of the world” is nothing more
than a formal description of what a decision maker is uncertain about. Con-
sequently Savage [42] defines the “world” to be “the obJect about which the

person is concerned” whereas “ a state™ (of the world) is defined as “ ... a
description of the world, leaving no relevant aspect undescribed.”?

Arrow learned mathematical statistics from Hotelling and Wald, and was
influenced by Savage’s approach to subjective probability. In some early papers
he does not even provide a definition of the concept of the “state” and takes it
to be both known as well as naturally applicable to the economic problem at
hand (e.g. [5, 4]). In later papers (e.g. [1] or [2]) he provides a precise definition
of the “state of the world” as “ ... a description of the world so complete that,
if true and known, the consequences of every action would be known.”3

In the context of decision theory the concept of the “state” is no more than
a tool for the formulation of the individual decision problem As such, it is
entirely sa.tlsfactory and mdlspensable In fact, it is hard to visualize how one
can formulate a stochastic dynamlc decision problem without a concept like a

state Moreover, the formulation of any decision problem as well as Savage’s -
theory of subJectlve probability neither require the “state” to be observable
nor need its description be commumcable to or be understood by other decxsxon
makers :

The generahty of the decxslon theoretic framework naturally led Arrow and
Debreu to adopt this framework for the formulation of the problem of choice
under uncertainty of every economic agent in a competitive economy. The
important theoretical step which they took was to endow all the ‘agents wzth the
same state space and to provide them with the market opportumty of trading
the uncertainty deﬁned by the state That means that the concept of “the
state” became a major tool of general equxhbnum analysm In contrast with
the context of the 1nd1v1dua.l dec1s10n problem where the sta.te of the world”
is merely an expression. of 1nd1v1dual uncertamty, in the general equllxbnum
framework “the state of the world” becomes a descnptlon of commod1t1es, it
1dent1ﬁes markets and becomes a basis for specifying contracts and property
rights. In such a framework the concept must satisfy the same marketablhty i
cnterla as navel oranges avallable in Palo Alto, Cahforma on November 29

2Gee [42, page 9].
3See [1, page 20).
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1997”: it must be precisely defined. comnionl'y observable and unequivocally
comprehended by all economic agents. These requirements clearly raise some
difficult practical problems of description.* However, the theoretical structure
of the exogenous state space enabled Arrow and Debreu to achieve a complete
integration of the theory of value.

It is noteworthy that the example of insurance motivated the Arrow-
Debreu approach to uncertainty. Indeed, for a description of commodities,
theconc‘ept,of “the state of the world” is extremely useful in characterizing -
markets for insurance. This is so since an insurance policy is a contract in
which the owner receives specified compensations if the state of the world be-
longs to an event such that the insured object meets a long list of described
conditions. In this case “the state of the world” description of the commodity
has the precise interpretation of the “sample space” in probability models.
Insurance markets function well when the contingency conditions are unam-
biguous and their probability distributions are truly exogenous and cannot be
altered by the behavior of the insured.

Notwithstanding the importance of the integrated vision of the Arrow-
Debreu theory, it is evident that the construct of markets for claims which are
contingent on the exogenous states constitutes an unsatisfactory solution to
the problem of allocating risk in a market economy. Arrow [4] himself observes-
that outside the insurance framework ‘markets for commodlty claims which are

“contingent upon the exogenous states do not exist. Moreover, even the insur-
ance markets do not function as visualized in the theory More specifically, in
order to study insurance markets, Malinvaud [33 32] considers a large economy
with 1nd1v1dual risks for which a complete set of i msurance markets exists in the
form of insurance pools that are used for averaging individual risks. In a large
economy all risk . averse agents clearly purchase fair insurance, It is then shown
by Malinvaud that given such pools, in the equlhbna of these economies agents
trade only in certainty contracts individual uncertainty dlsappears from gen-
eral equlhbrlum conSIderatlons The 1mphcat10n of the Mahnvaud analysis is
that in a genera.l equlhbrlum context the main problems of allocatmg risk are
not associated with the allocation of 1nd1v1dual 1dlosyncrat1c risks but rather,
the allocation of collective risk bearmg for which the laws of large numbers are
not available. We argue in this paper that this conclusion continues to hold
when endogenous uncertainty is introduced. Whether exogenous shocks can. -
account for all observed social risks as reflected i in‘the economic ﬂuctuatlons :
of quantities and prices is ‘probably the central questron at hand It is evident -
that the list of observed varlables whxch are truly exogenous to the econormc :

4For a descrxptlon of the exogenous state see [14, page 98].
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universe is very short and the range of their variability and impact are much
too small to account for the observed variability of economic variables. Thus,
one must conclude that if the exogenous shocks are all that matters then the
most relevant components of the “state” are not commonly observable and
cannot provide a basis for contingent contracts.

- The non-existence of markets for contingent claims posed a problem to
general equilibrium theory. Arrow’s [4] celebrated solution has become the
foundation of modern general equilibrium theory of finance. He recognized
that without markets for contingent claims one must think of an economy as a
sequence of spot markets linked together by a market for securities which enable
the reallocation of incomes across the different state-date combinations. In
Arrow’s {4] formulation and in the extension by Radner [39], an equilibrium
consists of a set of market clearing spot price functions p; of commodities
associated ‘with each of the finite number of the state-date pairs (s,t), and
a set of market clearing prices of securities which pay different dividends in
different “states.” Since the equilibrium is established at the date ¢t = 0 which
we can think of as “the present,” such an equilibrium requires the agents to
know at t = 0 all prices p,(s) that would prevail at all future dates and all
states s. This assumption of “Rational Expectations” is the foundation of the
optimality theorem of Arrow [4]. It is also the basis-for most work in-finance
which seeks to show that Pareto optlmahty is obtamed whenever the set of
securities “spans” the set of exogenous states. ‘ ’

The rational expectations equilibrium concept of Arrow [4] and its exten-
sion by Radner [39] elevates the ‘exogenously spec1ﬁed “state” substantlalb
above Arrow s own deﬁmtlon (e-g- (1, page 20]). It is no longer just such a
complete descrlptlon that the consequences of all mdzmdual actions are known;
now the requlrement is that the knowledge of the exogenously specified state
enables every agent to know the consequences of all collectlve actions as well
and, in particular, to know all future prices in the economy. These ideas ex-
tend further to the treatment of genera.l equ1hbr1um with prlvate mformatxon
(e.g. see [38 37]) The agent s knowledge of the price maps pt( ) plays a
cruc1al role 1n the pubhc revela.tron of prlva,te 1nforma.t1on ‘ h

The assumptlon of ra.txonal expectatlons in the Arrow—Radner equxllbnum
is vxewed -almost umversally, as placing excessive and unreasonable demands.
on the agents: since the map p,(s) is not observable, how could the agents
know l,t,_at da,te 07 The term. “ratlona.l” in connection to the knowledge of
this map appears. to mean that agents know the structure of the economy
so completely (including technology and resources as well as preferences and

endowments of other agents) that for each exogenous state s the agents can
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carry out all general equilibrium calculations needed to deduce the map p;(s) ®
for all future dates. It is then natural to ask what if the agents do not know
the map since they do not have “structural knowledge.”® The: Arrow-Radner
equilibrium theory does not apply since agents cannot carry out, at date 0, the
kind of intertemporal planning which the theory calls upon them to do. The
needed extension of the theory to the case where agents do not have structural
knowledge has been recently proposed (see, for example, [30, 23, 25, 28, 27, 36]
all of which are included in the volume [21]) by the theory of Rational Belief -
Equilibrium (in short, RBE). The theory of RBE leads, in a natural way, to
the emergence of endogenous uncertainty (see [31]) which is that part of social
uncertainty (and hence economic fluctuations) which is propagated within the
economy: rather than being “caused” by exogenous shocks. We now explore
this connection in some detail. ‘
Recall that it was Arrow’s [4] and Radner’s [39] views that without mar-
kets for contingent claims at date ¢ = 0 an equilibrium for the economy is «a
sequence of market clearing spot prices of the reopened markets at the different
dates. But then at t = 0 agents are uncertain about future spot prices at
t=1,2,...,T. If we then follow Savage’s [42] dictate, then future spot prices
are part of the “world” about which all agents are uncertain. This means that
the state, which is a description of the world, should include future spot prices.
- Agents are therefore uncertain about their future utilities not only because of
the effect of exogenous random variables but also because they are uncertain
about those future spot prices that would prevail, at any conﬁguratlon of the
exogenous varxables However, if prices are part of “the state of the world”
‘then agents cannot view prices.as a known equilibrium map like p,(s). More- .
over, from the pomt of view of each agent the state space does not consist of
abstract and unknown objects but rather, in the case of M equilibrium prices,
the price state space is simply the set of integers {1,..., M} and in the case
of a continuum of 'prices, the space is the unit interval. With this enlarge-
ment of the “state space” we lower the concept of “the state of the world”
back to Wh‘ere'it is merely a terminology for the description. of what agents
are uncertain about. However, this change of the state space has far reach-
ing implications for the way we need to think about uncertainty in a generaI' :
equilibrium context and for our perspective on what social uncertainty is. .
~ Once agents view: prlces as random: variables they must form probablhty i
behefs about future pnces m the same: way they form behefs about exogenous

5For. thxs reason the a.ssumptlon is sometlmes ca.lled “condmonal perfect foresxght 7

6We have mtroduced this term earlier (see [29]) in order to dlstmgulsh knowledge about
the state af the economy which is considered “information” ‘and: knowledge about the funce
tioning of the economy which‘we call “structural knowledge e S
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variables. Since Savage [42], Arrow [4] and Radner [39] allow agents to have
different probability beliefs about what they are uncertain about, it follows
that if an equilibrium concept is to permit agents to be uncertain about fu-
ture prices, then equilibrium prices at each date must depend upon what agents
expect future equilibrium prices to be! Formally, suppose that in an economy
with K agents we denote by y; = (y},...,y5) the date ¢ vector of conditional
probabilities of the K agents about all equilibrium events after date ¢ condi-
tional:upo_n'the entire past. y, is the “state of belief” in the economy and y} is
the state of belief of agent k. The decision functions of the agent at each date
take the general form

= Fk(p(i), S(t)s yé)’

where z(;) = (20,21,...,2) denotes the entire history of a variable z. Market
clearing conditions establish equilibrium prices p; at each date t as

= (¥4, (1)) (1.1)

and in the special and useful case of finite memory equilibria, (1.1) takes the
simpler form ‘

99(yt73t) " (1.2)

The map (1.1) whlch is unknown to-the agents in an RBE corresponds to the
Arrow-Radner price map pi(s) which is assumed to be known to the agents.

The crucial difference is the emergence of the state of belief which becomes part
of the enlarged state space for the economy. In either case (1.1) or case (1.2) the
fluctuations of prices over time are in part due to fluctuations of the exogenous
shocks s; and in part to the fluctuations in the state of beliefs y,.

In a dynamic economy consisting of a sequernce of markets, economic risk
is an intertemporal phenomenon in the sense that what agent's perceive as risk
is directly linked to the fluctuations of the economy over time and against
such variability they wish to insure themselves. Endogenous uncertainty is
then that component of economic fluctuations which is due to the impact of
the agent’s beliefs on the variability of prices or other endogenous variables.
This effect 1s generated both by the time variability of the states of beliefs
of the agents as well as by the structure of the maps (1.1) or (1.2). Since
the agents do not know the true equilibrium map between states (y¢,s;) and
prices and since they do not observe states of beliefs, they can learn something
from an exarmnatxon of the data generated by the economy. ‘One of the main
conclusions of [29] is that there is no basis to expect that agents will learn
the true structure of the maps (1. 1) or (1. 2) and what is the true proba,blhty
distribution of exogenous shocks. For this reason the agents form probability
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beliefs about prices and exogenous states knowing that the ezogenous state
space is a partition of the price stale space. . ,

The emergence of endogenous uncertainty in economies where agents do
not have structural knowledge points to the observation that in such economies
“expectations matter” and have real effects on equilibrium allocations. The
theory of Rational Beliefs establishes the limits within which individual condi-
tional probability beliefs ' may vary if they satisfy the basic rationality principle
that such expectations are compatible with the data generated by the economy.
An RBE is an equilibrium in which agents do not have structural knowledge
and hold rational beliefs. .

In what sense should endogenous uncertainty, as defined above, be taken
to be “endogenous” and “stochastic”? Observe that endogenous uncertainty
is generated by variations in the state of beliefs of the agents each of whom
selects a rational belief from a set of probability beliefs which satisfy the ax-
ioms of rationality. Since the selection of a rational belief is an endogenous
phenomenon and their adopted beliefs cause aggregate risk and fluctuations,
the uncertainty which is induced by these selectlons is endogenous in the
sense that it is generated within the economy rather than caused by exogenous
shocks. In the development below we employ the techmque of a Markov model
in which each agent uses a privately generated stochastic assessment variable
(for details on this approach see [27]). On the basis of this realization the
agent determines whxch of a finite number of transition matrices to use on
that date. This leads to a tracta.ble modeling of the aggregate states of belief
since the md1v1dual state of behef is fully descnbed by the realization of his
private assessment vana,ble

" The present paper aims to explore alterna.tlve ways of deﬁnmg the ex-
panded state space of an economy with endogenous uncertainty. 'One may
represent the states of belief in the economy either as vectors of the states of
beliefs of the individual agents or as distributions of individual states of belief.
Such two descriptions are obv1ously closely related but we note that the RBE
concept used in all the papers cited above defines the states of behef using the
first of these two alternatives.. We explain below that with a finite number of
agents such an RBE lacks a deszred property of * anonyrmty in the sense that
the behef ofan agent has an 1mpa.ct on equlhbnum pnces but, asa competltor,

"he is. requzred to ignore it. Needless to say, lack of anonymlty is a umversal
problem which is common to all competltwe rnodels ‘with a ﬁmte number of
v agents ‘The mterest in the second a.pproach is based on the fact that it has
two lmportant 1mphca.txons On the one hand it leads toa concept of an RBE ~
which possesses the anonymity property and thus demonstra.tes that ina large ‘
economy the belief of any one agent does not matter for aggregate behavior.
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On the other hand, this view of equilibrium explains how the distribution of
beliefs affects aggregate behavior and why in applications it is important to
focus on the properties of this distribution. Our exploration is carried out
both analytically in Section 3 as well as via simulations in Section 4 of this

paper.

2. Ratlonal Belief Equlhbrla (RBE) W1th mdlvrdual
states of belief

2.1. A family of OLG models with a finite number of equilibrium
prices

Some of the papers mentioned earlier (i.e. [25, 28, 27, 24, 36]) use a standard
two period OLG model with a single consumption good but vary in the struc-
ture of securities which are available. Nevertheless, the construction of the
expanded state space which includes the vector of individual states of belief
is the same in all of them. Since the aim of the present paper is to show how
an endogenous state space can be constructed so as to depend only on soctal
states of belief and not on individual states of belief, we select one of these
models and follow its development This enables us to explain why RBE with
mdrvxdual states of belief lack anonymlty In Section 3 we show how the use
of “socxal states of beliefs” leads to RBE which have the anonymity property.’
We note that in OLG models with a single, homogeneous, consumption
good old agents do not need to optimize by allocatlng a budget over alterna-
tive consumption vectors. As a result, equilibrium prices do not depend upon
the entire history of the economy and under our assumptlons ‘such RBE have
a finite number of equilibrium prices. Since we aim to study the construc-
tion of the state space, we consider the assumption of a single consumption
good as a convenient simplification. Our construction continues to hold in an
economy with an infinite number of equilibrium prices but is techmcally more
demandlng We now outlirie the basic model. '
The agents in the economy live for two periods. At any date there are
K young agents denoted by k = 1,2,...,K. There are also K old agents
in each generation but only the young receive an endowment QF e Ry ini-
txa.lly assumed constant 4 The assumption of a constant endowment stream
represents, as usua.l in OLG models, the labor supply of each young agent

7Both Kurz and Wu [28] as well as Kurz and Schnelder [27] assume the endowment to
be constant over time. On the other hand, Nielsen [36] and Kurz and Beltratm [24] assume,
for their modelmg purposes that {Qf, t=12,..}isa stochastxc process for each k. In
the analytical discussion of Section 3 we assume endowment to be constant but adopt the
Kurz and Beltratti [24] framework in the simulations of Section 4. ‘
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Each young person is a copy of the old person who preceded him where
the term “copy” refers to the utilities, endowments and beliefs. Hence, ours
is a model of “dynasties” and we assume that there is a finite number of such
dynasties. In addition to a competitive market for the consumption good, two
types of financial assets are traded at each date in competitive markets in the
economy. The first asset is the common stock of an infinitely lived firm and
at date 1 the supply (equal to 1) of the stock is distributed among the old
at that date. The infinitely lived firm is assumed to be simple’ it generates
ezogenously a stochastic sequence {R; € Ry, t =1,2,...} of dividends in the
form of positive quantities of the perishable homogeneous commodity. We as-
sume that the process {R; € Ry, t =1,2,...} is a finite state Markov process
which will be specified below. The second asset is a zero net supply real short
term bond which is issued at ¢ and pays at ¢ + 1 one unit of the consumption
good 8 The notation which we employ in this paper is as follows:’

- the consumptlon of k when young at ¢; ‘
:cff_l the consumption of k¥ when old at ¢ + 1. This 1nd1cates that & was
born at date ¢;. ;

% — stock purchase of young agent k at #;

B’c bond purchase of young agent k at t;

QF - the endowment of k when young; |

p§ — the prlce of consumptlon goods at date t;

P, - the price of the common stock at date ¢;

q: — the price of the vbo‘n_‘d‘ at date ¢;

st = (R, p§, Pi, q:) € S is the state from the point of view of the agents; . .

B(A) - the Borel subsets of any measurable set A in a- Euchdean space..
We turn now to specify our basic a.ssumptxons '

2.1.1. Assumption. For each k, u*(-) is a strictly increasing and quasi-
concave function. : o

We restrict attention to a Markovian economy along the lines of [27). Thus -
we assume that {Rt, t—l 2 ..} is an exogenous dividend process where

R e DCR;.

' 8We note that Nielsen’s [36] economy has a pure fiat money used by young agents as a
store of value to tra.nsfer income from ¢ to ¢+ 1. Kurz and Wu (28] follow Svensson [44] and”
Henrotte [19] in using Pn_ce Contingent Contracts (in short, PCC) which enable an agent
to contract for the delivery of a unit of the common stock at future dates contingent upon
the prices which prevail at these future dates. -
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2.1.2. Assumption. D is a finite set with |D| positive quantities; the process
{R:, t =1,2,...} is a stable Markov process on D with probability measure IIp -
defined on (D, B(D*)) with a stationary measure mp. '

The price process {({, Pi,q:) € P*, t =1,2,...} is of interest. The mea-
surable set P* € R} of the appropriate space of feasible prices is of central
importance in the analysis below. A belief of agent £ is a probability on
sets of sequences {(Ri,pf, Piyqs) € D x P*, t =1,2,...} and, as in [27], we
characterize such beliefs with the technique of private assessment variables.
An assessment variable y* is a random variable or a parameter that agent &
perceives at . The probability of assessment variables is part of the identity
of the agent in the sense that it is selected by the agent as part of his model
of the market. It is thus clearly allowed to be stochastically interdependent
with other economic variables. Putting it differently, the agent has a theory
about the market mechanism which is represented by the probability belief
Q* and this belief entails some assessment which will represent the state of
belief of the agent. The value of an assessment variable may depend upon
market observables and would thus summarize the state of belief of the agent
although it will have a random component. The probability belief Q is then a .
joint probability of the observed market data. and the assessment variable. We
stress that the assessment is a description of the agent s perceptzon and may
be,conmd,ere}d a parameter of his belief.” He alone can und}ers’_tvandv its mean-
ing, it cannot be observed or comprehended by anyone else and should not
be confused with “information” or “data” with respect to which our standard
rationality of belief conditions apply As explamed in [27] the method of pri-
vate a.ssessment variables is introduced to aliow us a tractable description of
non-stationarity in the dynamics. Given yF the agent selects one from among
a finite number of Markov matrices to apply at ¢ and hence, for any infinite -
sequence of yf, his effective belief is the conditional probability of Q* given the
sequence. The domain of y* is Y* and is assumed to be a finite subset in R.
QF is then a probability on the space ((D x P* x Y*)®, B((D. x P* x Y*)*)).
In sum we have the following. el

2.1.3. Assumptlon., For all k the system..
(D x P“‘ x Y")°° | ((D « P* x Y’°)°°) Q" T)

is statzonary and ergodzc Y" isa finite subset in R wzth |Y"| elements and
under Q" agent k believes tbaf the process {(R,,p,,Pt,qt,y, t= 1 2,. . } zs:
a Markov process.. The. non-statzonarzty induced by each assessment sequence.
y* € (Y*)* is a selection, at each date, of a Markov transition function
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(a matriz if the .;et of prices is countable) which is determined by the value
taken by yf. Kurz and Schneider [27, Section 4] provides details.

Since the effective belief of the agent is the conditional probability of Q*
given yF, and this may be time dependent, Assumption 2.1.3 (of stationarity
of the joint system) means that the description of the variables y* erhausts all
the time dependency which the agent perceives.

Given that Q¥ is jointly stationary on ((D x P~ x Y")°°) the standard theo-
rems of dynamic programming apply when each agent knows (Ry, p¢, Pi,qi, y! )
in the sense that he observes (R, pS, P,, q;) while he perceives the parameter y*
which is generated privately. With this in mind we turn to the formulation of
the optimization problem of the agents. The problem of agent & when voung
is then as follows:

2%, Equ[uf (@, ol (se)) | s vt (2.1)

subject to

Pf"’}k‘*’Ptok‘*'QtBk = pQ* (2.2)

0 (P + Pt+1Rt+1) + Bfpip: = pipaTaa (Sea1)-

The market clearing conditions for this model are then

Zef =1, t=1,2,. ..

k=1

= (23)

dYoBf=0, t=12,..

k=1

It follows from (2.2) and (2.3) that when markets clear,

pf:t}+Pt= 2, - t=1,2,..
ptxt Pt+pth7 t= 7‘27'-"

where z}, z2, and Q are the aggregates defined by
—-Z:z: z—12 o “Q'—'Z‘Qk‘ .
. o k=t o s, :
Under the Markov assumptxon, the demand functlons of all generatlons take

the form

—"cpc(Rt,pt, Pt7 qta Y. )
Sog(Rt, 1 ,ph 9ty Yy )
Blc (PB(Rt,PuPtaqtayt)
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An equilibrium requires that conditions (2.3) be satisfied, hence

Z = Sps(fzt’pfal)tvqhyf) =1

=1

K | (2.4)
Z = (Pg(Rt’pf’ Ph Gt yf) =0.

k=1

Using the notation y; = (y1,3%,...,45) €Y =Y x Y2 x--- x Y* we can
solve (2.4) and write the equilibrium map in the form

21
P, | =& (Ri,y:) fort=1,2,.... (2.5)
qt

Solutions of the form (2.5) are also derived by Nielsen [36], Kurz and Schnei-
der [27], and by Kurz and Wu [28]. In all these models an RBE has the
property that the vector of private assessment variables influences prices and
consequently the state space for equilibrium analysis is (D X Y) which is dif-
ferent from the state spaces (D x P* x Y*) of the individual agents. Note that
the number of distinct equilibrium prices cannot exceed M = |D| K, IY"I.
Indeed, there exists a finite collection {(pf,P,-,q,-) eR,i=12,...,.M } of
equilibrium price vectors such that ‘ '

P
P | =9 (R,y) fori=1,2,...,M. (2.6)
q;

To cbmplete the model we specify the true joint distribution of private
assessments y; and dividends as a probability IIpy on the measurable space
((D xY)®, B((D x Y)*)). This is an important part of the formulation and
we need to explore the restrictions on this measure and, correspondingly, on
the beliefs of the agents. First consider the vector y; of private assessments.
The probability of each yf is determined by agent k¥ and hence, each agent
knows his own distributi()n;- The probability of the signal as perceived by
agent k is the marginal measure of Q* on Y* and we denote it by Q% (where
Qz is the marginalj_. measure of Q on a subspace (Z°°,B(Z°°))) Given IIpy,
the implied probability of y* is H(Dy)yk . It must then be true that

 Opyy,, =Qys fork=1,2,..,K. (27)
The specification of Hpy imp‘liésf that agents may condition on prices and
dividends when forecasting their own future signals. More important is the
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fact that the specification permits the private assessments to be correlated with
each other and such correlation may be affected by the observed prices and
dividends. Each agent does not know other agent’s assessments and does
not know the structure of this correlation and cannot take this structure into
account in his own optimization. This leads to the emergence of an important
market externa.hty ‘

The fact that assessment signals are entzrely private yet correlated is the
result of social communication through which agents interact with each other.
In addition agents observe the same data and such common observations act
as correlating devices. To put it differently, y;i and yi may be positively or
negatively correlated and, in general, jointly distributed with observed data in
the economy such as prices and dividends, because agents ¢ and j communicate
with each other and may influence each other’s models. This correlation plays
a central role in an RBE as demonstrated in [27] and in [24], in the study of the
volatility of asset prices. Therefore, it would have been desirable to formulate
the structure of social communication as part of the model. We have not done
so and the assumption of a fixed structure of communication (implied by IIpy)
is a simple representation of the impact of social communication on economic
fluctuations. Our assumption is then the following.

2.1.4. Assumption. Under Ilpy the process {(R.,u:), t=1,2,...} is a
Markov process and the dynamical system ((D xY)>, ﬁ((D xY)*), Hpy, T)
is stable and ergodic with a stationary measure mpy. We denote by mp and
by my the corresponding D and Y marginal measures.

2.1.5. Lemma. The price process {(p§, P, q1), t =1,2,...} is a stable and
ergodic process on the finite state space D x Y with probability Ilp and a
stationary measure mp. The probability Ilp on ((P*)°, B((P*)*)) is defined
by the probability Hpy together with the equilibrium price map (2.6). The
measure mp is also obtained from mpy and the map ®* in (2.6).

To simplify we use the notation (p¢, P,q) = ®*(R,y) to mean (p¢, P, q;) =
®*(R;,y:) for all ¢t. Now, for any set A € B(D*) define -

@p(4) = {(2°, P,q) € (P)= : (" Pg) = O (R) fr RE 4 y € N

and mterpret (2 8) to 1dent1f y the set of prices assocmted with any glven set of
infinite sequences of d1v1dends It then follows from the equlhbrlum rnap (2 6)
that in equxhbnum we must have o

| Io(4) = TA(OH(4) for sl A € B(D%) @9
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and therefore .
mp(A) = mp(¥p(4)) forall AcB(D®).  (2.10)

(2.6), (2.7) and (2.9)-(2.10) provide the tools for stating the rationality con-
ditions of the agents. Note that a belief Q; is a probability on the space
(D x P* x Y¥)®, B((D x P* x Y*)*®)) since the agent is not assumed to
know the map ®*. However, the data reveals that the empmcal distribution
of prices and dividends must conform to (2. 10) and this condition must be
satisfied by Q. The following is then unphed by the Conditional Stabxht)
Theorem (see [27]):

2.1.6. Lemma. Under the assumptions of Lemma 2.1.5 Q* is a rational
belief relative to Ilp if : :

1. H(DY)Yk = Q’;,k .
2. Qp(A4) = Qp(2p(4)) = mp(A) for all A € B(D>).

3. Q’;; =mp.

Using Lemma 2.1.6 we can define a Rational Belief Equilibrium as follows:

2.1.7. Definition. {Hp, , ‘

{(Q*, 6%, BF) fork=1,2,...,K andz—l 2,. M} and ‘
{05, Piyqi) fori=1,2,. M }} constitute a Ra.tzonal Belief Equzlzbmum
(RBE) of the heterogenous agent stock market OLG economy if

1. ‘Qk is a rational belief relative tollp fork=1,2,. ...K and Ip is defined
by Hpy and by the equilibrium map induced by (Q.Q%,...,Q%).

2. (0%, 6%,...,6%), (B ,BE,..., Bk are optimal agent allocations for
k=12 K. T

3. TK 65 =1 for allt and all i.

4. Ek_ B" =0 for all t and all i,

2.1.8. Theorem.‘ Under Assumptzons 2.1. 1—-2 1. 4 there ea:zsts an RBE?

$A' comment on multlple a.nd sunspot equlhbna is warranted at thxs pomt The deﬁmtlon
of an'RBE does not address dlrectly the issue of multxple equilibria. Keep in mind that
we are modeling the economy as‘a dyna.rmcal system in whlch infinite random draws are
assocnated ‘with deﬁmtwe sequences ‘of realized economic: allocatlons This meéans that if
at any- date the economy can have multlple market clearmg outcomes, then as part of the
dynamics postulated there is a procedure for selectmg a partzcular one of them whichi, in~
turn, generates the data observed in the economy. This; indirectly, addresses also the issue
of sunspot equilibria. Such ethbna requu‘e ‘a devxce for alternating random selections from
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2.2. The problom'of anonymity of an RBE:

We say that an RBE la.cks anonymity if efjuilz’bfz’um prices depend upon indi-
vidual states of beliefs. Consider the special case D = {RH RL} K =2, with
Y* = {0,1} for k = 1,2 which we use in the simulations below. Members of
D identify the state of the dividend process while members of Y x Y2 identify
the individual states of belief of the agents. The equilibrium map (2.6) implies
that the state spa.ce has 8 members and we think of V = {1,2,....8)} as the

price state space. Although the equxhbrlum map of thxs RBE tal\es the formi

Di ; .
qi =<I>"(R,-,y,»1,yi2), i=1727'--’8v (211)
q:

we can define an equivalent map @ between the indices of the price states
{1,2,...,8} and the vectors of dividend states and states of belief as follows:

Bi=RY y=1 ygi=1

1
2} Ry=R" y=1 y3=0|
3| Ry=RY yi=1 yi=1|
4] _ g |Ba= =R yl=1 y2=0] (212)
o ‘Rs = RL», yé_,_:l yg_f-_-;;l o
6 Re=R' yl=1 y2=0
71 Rr=Rl yh=1 yi=1]|
8 RngL ys=1 y3=0

We fur‘ther assume below that the marginal distributions of the assessments
y! and y? are ii.d. with P{yf =1} = q for k'=1,2. Rationality of beliefs
implies that the agents have two pairs of matrices (Fi, Fy) and (Gl, Gz) such
that the beliefs Q! and Q? are chara,ctenzed as follows

, T o " adopt Fy 1f y.t =1

 Q for agent 1: { adopt Fy if y} =0, |
o - (2.13)
adopt Gy if 'yt =1

,. 2 | . : v'.j
Q lfor ggent 1,., { a,dopt Gz lf Z‘It “0

among multlple ethbna of some underlymg econorny over: txme If such an equlhbnum 1s' E
to be realized then this selection must be part of ‘the: descnptxon of the dynamlcal system. ,
Moreover, a formal coordination- among agents-is feasxble only if one of the: observable
exogenous variables provides the needed signal for joint action‘and all agents interpret this
public signal in exactly the same way. In that case we must interpret the fluctuations of the "
economy. which are due'to the publlcly observed sunspot variable as ezogenously ‘caused..
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The implied rationality conditions are o3 Fy + (1 — oq)F; = T and
a;G1+(1—a3)G, =T whereTis a Markov matrix which defines the stationary
measure. It is then clear that RBE defined by (2.11) or (2.12) lacks anonymity
since a change in the state of belief of an agent causes the equlhbrmm price
to change. It i is a.lso clear that the equilibrium concept adopted here requires
the agents to ignore their effects on equilibrium prices.

In a finite economy all competitive equlhbrla fail to be anonymous and
hence the problern above is no different from the correspondmg problems which
arise in equilibria with finite number of agents. The traditional tool to explore
anonymity has been the “replica economy” and this is the motivation for our
adoption of this tool here. The rest of this paper is an examination of the
consequences of this approach.

3. Rational Belief Equilibria with social states of belief

3.1. Anonymity in a large replica economy

We start by reconsidering the RBE concept defined in Section 2 to highlight
the decreased effect of each individual’s belief on the equilibrium outcome
as the economy becomes large. The implication is that equilibrium prices are
functions of the social distribution of beliefs rather than functions of the vectors
of individual states of belief. This means that in large economies endogenous
uncertainty impa,cts"a.g»g_rega.te economic fluctuations via the distribﬁ,tion of
beliefs in the economy. Such distributions define the “social states of beliefs”
which are determined by the structure of correlation among the individual
beliefs. | .
Consxder the model of Sectlon 2 and restnct attention to the ﬁnancml»
structure used in [24] which consists of one stock a.nd one bond. Suppose,
however, that each one of the K agents in the model is now consxdered to be a
“type” with N replicas and that instead of 2K agents (K young and K old) we
now have 2K N agents. As is standard, the economy becomes large if N is large.
The N replicas have the same utility, endowment and belief but not necessarily
the same realized assessment. Hence, for all n = 1,2,...,N, y*" € Y* where
y*™ is the i.1.d. assessment of replica agent n of type k and the central question
of interest is the joint dlstrlbutlon of the assessments: Since the beliefs of the
agents are determined by the yhn the N agents of type k may not hold the
same conditional behef In the extreme case these may be perfectly correlated -
so that all of them take the same value in Y*. Indeed one way to mterpret
the results of a anall economy (con31stmg of, say, two agents) is to observe
that they apply to-a large economy in which the V assessments are perfectly
correlated. This suggests two different types of correlations in society. The first
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is a correlation among (yic l,yt ye ,y,k'N) which is “within type” correlation

that determines the distribution of assessments of type k a.gents} We define
each such possible distribution as a “type-state.” The second is the correlation
among the type-states themselves which, in turn, determines the aggregate
social states. Why are the correlations “within” a type and “across” types not
the same? Without a formal model of social communication to explain this
assumption we can suggest that one must visualize agents of the same type as
associating with each other in a different manrier than agents of different types”
and communicating with each other via different and more complex channels
than the pubhc channels used by agents of different types

To be concrete suppose that for all k, Y* = {1,2,...,L} and y&™ are i.i.d.
marginelly with probabilities (ctk1, - - ., axr) hence the model of Section 2 has
|D|LAN individual states. It follows from the optimization (2.1)-(2.2) that
the demand functions of agent (k,n) have the form

0:" = o5(Re 15, PGy ™), - By™ = @y(Re, b5, Prygi ™). (3.1)

(3.1) points out that all agents of type k with the same realized assessment have
the scime,,demand for securities. Consider any individual state i of the | D|LXN
states. Denote by s;(k,£) the number of agents of type k with assessments
taking the value £ in state ¢. It follows from (3.1) that the marl\et clea,rmg
condxtxons in the RBE of Section 2 take the exact form

ZZS(“) ,,p,,P,,q,,e)_1 z‘=1,2,~3‘,»...,|D|LNf*'

k=1 =1

K L ' : | |
. ZZ 3:(k e) k(R”pz, ,,q,,l) _ O, z: 1"‘2’3,‘.‘” , ID|LNK.

k=1 =1

(3.2)

Now, each type has only L diﬁefent demand functions henee variability:
in (3.2) is caused by the different distributions (type-states) of the assessments
of the N agents of type k. To see that the number of distinct dxstrlbutlonsl

{ ’(JI:[ .6 l=1,2,. L} is dramatlcally less tha.n LI‘_N , consider the case

L = 2. For each k there are 2N permutatlons of the assessments but the set of
dlstmct values that may be taken by s,(k Z) is {0 1,..., N} with at most N + 1

'dlstnbutlons {(0 1), (l/N (N —1)/N) (n/N (N-—n)/N) , (L,O)}.

Jomtly for all the K types ‘there are only (N + 1)1‘ distinct dxstrlbutlons
For L = 3 the number of dlstmct dlstrxbutxons (ie. three tuples) for each'{

& is ZT_O(T + 1) and for any L this number is MNL = En—o ETL 1__0 .

0 ZT_O(T +1). The implication is that the number of distinct prices
in (3 2) is the relatxvely small number of |D| MNL)K rather than ID|LKN nd



Social states of belief and the determinant of the equity tisk premium ... 189

hence, for large N most of the equations in (3.2) are redundant We thus arrive
at the followrng ~

3.1.1. Observation.‘ Even in a finite economy the number of distinct equi-
librium prices is much smaller than the number of individual states and hence
the equzlzbrmm map in terms of individual states such as (2.11) or (2.12) is
generically not znvertzble The number of distinct prices is determined by the
number of dzstznct vectors of type—states of belzefs and ezogenous states..

Under the assumptlon that the assessments of all agents are independent,
Observation 3.1.1 implies that a finite rephca economy tends to anonymity as
the number of replicas increases since the effect of the belief of each agent on
the type-states becomes small. Consequently, in the case of independence a
finite but large economy is approximately anonymous and we may as well as-
sume that the agent neglects the minimal effect his belief has on the type-states
and thus on prices.. This conclusion is completely analogous to competitive
equilibria of a replica economy.

Now' suppose that N is large. In the ‘case of independence within and
_across types 'the” zero—one law implies that with probability 1 the assessments -
of type k have only one limit distribution (o, .. .yaxr) and hence at any date
the type-state of belief of type k agents is represented by the constant vector
(akl, ,akL) Slmllarly, there is only one joint dlstnbutlon for all types If
the state space D of the exogenous process has a dimension |D| then it follows
that with probability one the system of equations (3.2) is reduced to 2|D|
independent equations implying that there are, at most, ID| distinct price
vectors assoaated with a constant vector of distributions of beliefs.. This is
the case of a czngle social state of belief in the limit economy and our ﬁrst task
below i is to explore the nature of endogenous uncertamty in such an economy.
The case of correlation among the beliefs of the agents leads to very different
economies and since such correla.tlon is central to the conclus1ons of this paper
we comment on this issue now. '

Extensive work has explored i in recent years the 1rnphcat10ns of alternatwe ‘
patterns of economic 1nteractlons and the main conclus1on of this literature
is that relatlvely srmple local 1nteract10ns are suﬁicrent to mduce a limiting
behav1or Wh]Ch is a random variable rather than a constant “Asan 1llustratlon
of an exphcxt analysxs of such mtera.ctlons the reader rnay consult the procedure '
used by Brock. [12] in Wthh he utlhzes the results of Kac [20] to derive the‘
limiting behav1or of the system leen the extensrve amount, of 1nteract10n~
among partxcxpants in ﬁnancxal markets, one must therefore conclude that

 10Gee, for example, [12 10 11, 9, 16, 15, 18] For arelated approach see [7, 8 43).
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the assumption of independent assessments is an extreme one and the case of
correlation among beliefs of agents is the norm.

In the case of correlation we do not have general convergence results but
even if the limit distributions exist, one cannot ensure anonymity. This is
because the assessment of some agent may become an atom and consequently
we can only make the follpwing, self_—eyident, comment:

3.1.2. Observation. - Assume the ezistence of limit distributions of beliefs
across all types in the case of correlation. - * The replica’ economy tends to
anonymity as N becomes large if the limit distributions do not have an atom
concentrated on the assessment of any one agent.

When correlation among assessments is present, both the limit distribu-
tions (type-states) of each type as well as the joint distribution over all types
are random variables. In the applications below we make the following as-
sumption.

3.1.3. Assumption. There is aﬁnite-numb'er‘ of type-states of beliefs in the
economy.

Assumption 3.1.3 holds in any finite economy. It would also be satisfied in
an infinite economy in which the limit random variables

| _{3‘(]';[) e=1,2,...,L f‘k‘=_1,2,..'.,1(}“ |

~are well-defined random variables and with probability 1 take only a finite
number of values. Anonymlty holds if these limit random variables are not
correlated with the assessment of any one agent. The thrust of Assump-
tion 3.1.3 is that only a finite number of market clearing conditions in (3.2)
are applicable to an RBE with social states. This is because almost all market
clearing conditions in (3.2) apply to individual states ¢ that occur with prob-
abilities which tend to zero as N goes to infinity and hence are ignored. We
now formulate the concept of “social states of belief.”

3.2. Socxal states of behef as dlstrlbutlons

The concept of social states of belzef 3 lnsplred by concepts of collective risk
developed in [33, 32] and in [6], can now be defined in a natural way. Let-

'S,‘(k,g)

Mf be the number of distinct distributions {——N—, =1,2,. L‘ for

~each k. In the finite e‘CQnoﬁly o‘ne‘.c‘(‘)rr'lputesf thesé ‘di'stnbutlons, for ea,_ch of the
vectors of individual states ¢ but in the infinite economy one takes the limit as
N goes to infinity and ignores individual states with zero probability. We now:
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introduce notation to describe members of this set of distributions. Thus, for
each of the M} distributions we use the following notation:

¢** = the proportion of a.genté of 'type k with assessment variables taking the
value £.

3.2.1. Definition. A type—state of agents of type k is a distribution of
the form (¥ = (¢¥,¢%2,..., () such that (F* are nonnegative numbers and
YE 8 = 1. Let S& = {¢*: (* is a type state for type k}. Then S§ has
M} members. A social state of belief in the economy is a vector of
distributions ¢ = (¢*,¢%,...,¢K), (% e Sk.

The set of possible social states of belief is then
Sp = {C ¢= (41,62,..-,4"’), ¢k e Sg}, and this set has M = ?:1 .Mf
members. We then define naturally: ' .

3.2.2. Definition. A social state for the economy is a pair consisting of a
dividend state and a state of belief in the economy. It consists of a |D| + KL
tuple

(&) = (d, ¢, 2. ¢K),  deD, CeSa

- Denote by M the number of possible social,sta,tes‘ and we know that M =
|D|Mp. Now, list the M social states by the index s and this set is then
defined by

§=1{(ds ¢, ..., CK), dieD, (FeSy, s=12,...,M}. " (33)

Since the y*™ are not observable and the agents do not know the equilibrium
map, one may think of social states as a listing of the inder s of the states
in (3.3) and define the price state space to be

S={1,2,...,.M}. (3.4)

The difference between the state spaces in (3.3) and (3.4) is analogous to the
distinction between the maps (2.5) and (2.6). In sum, we have the following
‘observation: ' ‘

3.2.3. Observation. Given the market clearing conditions (3.2) then with
probability 1 there are at most M distinet social states. They induce at most
M different aggregate excess demand functions and hence there are at most M
distinct equilibrium prices. R
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It then follows that we may rewrite the system (3:2) in the form

K L

‘chktﬁa (Rs’Ps,Pqusve)=1; ‘s=112v"'aM

k=1 =1 o
K L | (3.5)
Z C“ " (Rs, 95, Psyqs,£) = 0, s=1,2,...,M.

k=1 =1 ‘ o

The interpretation of (3.5) leads to the final clarification of the nature of an
equilibrium with social states of belief. Conditional on their assessments agents
carry out the optimization in (2.1)-(2.2) leading to demand functions which
depend upon the private value of their own assessment variable. These private
assessments are then aggregated into distributions (¢1,¢2,.. ., ¢(¥) which con-
stitute social states of belief. Equilibrium prices and dividends are then maps
defined on the social state space and are written in the form (R,, p¢. P;, ;)

In the redefined economy what matters in equilibrium is the distribution
of beliefs rather than the belief of any one agent. However, the distribution
of beliefs in socxety may exhlblt a complex structure even if the assessment
of each a.gent is i.i.d. As a result, the aggregate 1mphcatlone of our approa,ch'
depend decisively upon the structure of correlation among a,gents ‘1t is gener-
ally difficult to study. ana.lytlcally the impact of different correlatlon structures
on the long term volatility of the implied equlhbrla and the appropriate tool
to carry out such an examination is the method of mmulatlon Accordingly,
the simulation work of the next section aims to exhlbxt ‘how the model of an
RBE with social states helps the understandmg of the factors which determine
asset price volatility in general and the equit; y premium in particular. More
specxﬁcally, we focus on the effect of the correlation structure within the model
on the volatility characteristics of the equlhbrmm The five measures of un-
certainty and volatility that we focus on are: (i) the equity premium, (ii) the
riskless rate, (iii) the standard deviation of the risky returns, (iv) the standard
deviation of the riskless rate and (v) the va.nance of the pnce/ dividend ratio.

'4 Market volatlhty and correlatlon among so<:1al states' |
of behef SImulatlon ana.lySIS ‘

In order to proceed to the SImulatlon results we need ﬁrst to reformulate
the above model to conform to the gro_w,th‘assumptlons of [24] In order to
accomplish this we briefly review the assumptions made in [24].
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1. A brief review of the [24] assumptions

The OLG model used in [24] aims to approximate the model of Mehra and
Prescott [35]. Accordingly, [24] assumes an economy with two agents and no
replica: K =2, N=1, L =2, Y* = {1,0} for k¥ = 1,2 with the time
1

additive utility function ¢!~ and a constant discount factor 5. Also,

= Yk
the model conforms to the real growth assumptions made in [35]. Under these

assumptions {R;, t = 1,2,...} satisfies
Rt+l = dth-

The growth rate process {d;, t = 1,2,...} is then assumed to be a stationary
and ergodic Markov process on the state space {dH ,dL} with a transition

matrix
6 1-—¢
LA )

35] assumes that d¥ = 1.054, d¥ = .982, and ¢ = .43. Since this implies that
over time agents experience a rise in the level of dividends, it requires us to

‘redefine the budget constraints. We revise the assumption that Q* is constant
: X ,

and instead assume that w* = 7{— for k£ = 1,2 are constant over time. This
3

in accord with the assumption often used (see [35]) that the growth rate of

the output of the economy as a whole is a stationary Markov process with

. k
a transition matrix (4.1). Now denote by oF = the bond/ dividend ratio

Rz
of agent k and by p; = % the price/dividend ratio at date ¢. Normahzlng

by setting p¢ = 1 for all t and using the notation introduced, the budget
equations (2.2) are now written as

= [w* — p:bf — q:bf] R,
xfix = [05(pe41 + 1)desr + BF]R:.

The Markov assumptions imply that given assessments (y,,yt), the market .
clearing conditions are 6!(p;, ¢, dy, yt) + 02(pt, q,,d,,yt) "= 1 and
b (pe, Grs diy yl) + 03(pr, g1, i, y2) = 0. Tt is then clear that the 1mphed equlhb-
rium map has the exact form specified in (2.11), with an index map such as
(2.12) and a price state space S = {1,2,...,8}. [24] also assumes that the
marginal distributions of the assessment variables of the two agents are i.i.d.
with the probability of 1 being a; and a3, respectively. '
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Denote by Q*(j | s,y*) agent k’s conditional probability of price state j
given price state s and the value of y* (but ignoring his effect on prices). The

first order conditions can then be written in terms of price states for k = 1,2

and 7,s =1,2,...,8 as follows
— (W* - 9"ps = 834:)7"ps

B 2(9"(?1 +1)d; + bk)"""(.v] +1)d;Q%(j | 5,9%) = 0,

Jj=1
— (w* = 6%p, — bEq,) ™ q,

, 8 .
+Be > (65(ps + 1)d; + b)Y QH(j | 5,9%) = 0.

=1

Once (Q*,w*) are specified for k = 1,2 one computes the demand functions

(6%,b%) as a function of the 8 prices. In the equilibrium

6! +6*=1 fors=1,2,...,8

4.3
bl+bz-0 fors=1,2,...,8. (43)

(4.2) and (4 3) conmstitute a system of 48 equa,tlons in prices and quantities
which are the basis of the simulation results of [24].
4.2, .R’eforl\nul‘at,i_on,of the model to a replica economy with large N
We now make use of the conclusions of Section 3.1. It follows from (3:5) that
for any N the first order conditions (4.2) remain the same and consequently
the implied demand functions are entirely determined by the type of an agent
and the value of hvs assessment variable. Since in the simulations below we
assume that K = 2 and L = 2, there are two pairs of demand functions
gk = ok(R,p,q,y*") and ¥ = ©E(R,p,q,y*") for n = 1,2,...,N and for
k=1,2. _

We also assume that the marginal distributions of y*" are i.i.d. with pa-
rameters a; and a,;. We have noted: that mdependence among the assessments
- of each type implies that for large N the type-state is almost surely constant
at (al, 1 — @;): Hence we can express the correlation among the assessments- .
of a type by specifying the type-states to be a. random variables w1th distri--
butlons to be spec1ﬁed ‘Size limitations in the simulations below lead us to -
make sunphfymg assumptions on the _]omt distribution of the two type—~states
in the model below: : :

1 For each ‘type there are only three possxble type-states.
2 The marglnal distribution of the type-states is i.i.d.
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3. In most calc*dlations‘ we set a; = a, = .57 as will be motivated later. We
use the a; notation for general discussion.

More specifically, in all simulations we assume that for both types the support
of the distribution of the type-states is :

(.85, 15), (.57, .43), (.25, 75)} for k=12

This reflects the idea that correlation within each type resnlts\'in probability
being placed not only on the type-state (.57, .43) which is sure to occur
without correlation, but also on two other states. We shall also assume that
marginal distributions of the two type-states are i.i.d. with probabilities

(5(1 - X1)7 Xy 5(1 - Xl))
(5(1 - X2)7 Xaqs 5(1 - Xg))'

These assumptions are compatible with Assumptions 2.1.4 and 3.1.3 and with
the standing assumption that the marginal distribution of y*™ for each k and
n is i.i.d. The special assumption of i.i.d. type-state marginals is justified by
the technical fact that the representation of correlation among social states is
simplified by i.i.d. marginals of the type-states.

In all cases considered below we have 2 dividend: states, 2 a,gent types '
and 3 type-states for each agent type. This. 1mp11es that there are 18 pos51b1e :
equxhbnum prices and 9 social states of belief. The equilibrium map is deﬁned ‘
by the following: prices 1-9 are »

. (@7, (57, 43), (.25, .75))

1. (d, (85, .15), (85, .15) 6

2. (d¥, (.85, .15), (.57 7, 43)) 7. (d%, (.25, .75), (.85, .15)) |
3. (d¥, (.85 15), (25, .75)) 8. (7, (.25, .75), (.57, 43))  (4.4)
4. (d¥, (.57, 43), (.85, .15)) 9. (d¥, (.25, .75), (.25, .75)):

5. (d” (.57, .43), (.57, .43))

Prices 10-18 are deﬁned similarly but Wlth dL replacing d. Turmng to the -
stochastic structure of the joint process of dividend growth'and social states of
belief we assume that it is a stable Markov process. As in- [24], we specify the -
stationary measure by selectmg the followmg 9 x 9 matnx to be the transition
among the 9 soc1a1 states of belief: - i '




1 2
a],al’

2, a],
8, a5,
a: ; a,,2 R
as1 ,‘ asz,
a61 ’..va:asz,
a, a7,

2, o2,

3, a5,

An Explicit Form of the Matrix A on Page 195

1 1 2 3 4 3 4
-2'(1 X)) -8, -a;, 8, a;, X, "8 "3,

1

(I x)-2 -2, 2, 8, %, -a] -2,
1
(XD -3 -2, 8], &), 3, -9 -3,

1 1 .2 3 4 3 4
5(1 ‘Xl)'a4 —a,, 3, a,, Xl -a, -a,,

1 1 2 3 4 3 4
‘2'(1 -%) -3 -a5, a5, ag, X, —a5 -2,

1 1 2 .3 4 3 4
-2-(.1 —xl)—as a8 , 85, 8, X, ~a ~a,

1
il X)) -2 -85, al, a), %, -a’ -a},
1
il “X1) -8 a5 , a3, ag, X, -8 ~as ,
: |

s X1 89 <8, a5, 8, X, -5 -8,

1

2
1
2
1
2
1

2
1

2
1

2
1

2

2
1

2

1

=(1-x,) ‘axl ‘313’ X2 ‘312 “314 , 31] +a12+a13 """114 —_Z'(XI *X2)
2 2 1

(1t) =2 2 %, a5 -2y, 2 v +a +a) - (¥, +X,)

(1-%,) -2y -8y, X, -a; -a;, a; +a] +a; +a§‘-%(x1 %)

3

=(1-%x,) —a: —af, X2 -af -a:, a: <fra42+a4 +a:~-;-()(l +%3)
310 -as -2, 3, -af o, a)vad va) a2, 1)
=(1.-x,) ~a, -a;, X, -a} —a;-; ap +a. +a, +a‘;~%(‘xl +%s)
30 -0 22, sty -at 2t o vt ad vaf - Lo, oy
1 -x) ol a3, 1, -al e, o +al o+ -y 1)

7 %) 25 -85, %y a5 a5, ag vagva) al - (x4 1)







196.. L : S M. Kurz

where

_ 1 3 4 3 4
ai—[an a’ }/2(1_)(1)_0' _a a,, a,-, Xy — 4 —a,

%(1-x,) - ol - a, xz-a?—a:-*, al +al+adtaf - Jo(x, +x,)]-

The marginals of this matrix conform to the specified marginal i.i.d. of the
type-states. Apart from the parameters x, and X, Which are determined by
the agents, the matrix A has 36 parameters which specify the joint distribution
and hence the correlation among the social states of belief. These are not free
parameters and we specify below the restrictions on them. To allow for the
possibility of a dividend effect on the distribution of assessments we employ a
second matrix B which has the same structure as A except that it is defined by
parameters b. As in [24], the stationary measure is identified by the 18 x 18
Markov transition matrix of the form:

_[ 44 (-oa
*= [0 5o B |

where A and B are 9 x 9 matrices as defined above. Each is characterized by
the 36 parameters a = (a!, a?, a3, a*) where @’ = (al,dl,... .4, §=1,2,3.4,
and b = (b',0%, 8% b*) where b/ = (&,b3,...,4)), j = 1,2,3,4. The first 9
rows of the matrix T are identified with d7 and the 9 specified states of belief
while the second 9 rows of I' are identified with d¥ and the 9 states of belief.
With this identification I' satisfies the requlred properties: the marginal of
T on the dividends.is the matrix (4.1) and the marginals on the type-states -
are as specified. The simulation model would be completed once we specify
the beliefs of the two types of agents. The rationality conditions are similar
to [24]. _

An inspection of the matrices A, B and I reveal that there are feasibility
conditions which must be satisfied by the parameters a and b. More specifically
there are 90 inequality constraints which the parameters must satlsfy and these
are as follows: fori=1,2,...,9

m+ﬁ$%0—n) 48 < 51— x)

taf<y, B+ b < xy.

al +af < S(1-x,) BB <si-x) ()

Cdtd<x, B+b<x, |
draltadtal2o(atx)  HEE R L+ )
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In addition we have the 8 conditions which specify that the rows of A and B
sum up to 1.
The marginal distributions of y'™ and y*>" are i.i.d. with P{y - 1} =ap

for k = 1,2. This means that as in (2.13) the agents have two pairs of matrices
(F1), (G2) such that the conditional beliefs Q1 nand Q2n glven the assessments
as follows:

Fd ifym=1
Fy? if gy =0,

G’J 1f y2"»— 1

Ql,n' s’yl,n = Q'2,n ] S, y2,ﬁ \ _
AN e (0 sy")= G;J lfyfn=0

forn =1,2,...,N where Cl”j is the (s,7) element of matrix C,. Rationality
of beliefs requires

C!1.F1 + (1 - al)Fz =T and a2G1 + (1 - az)Gz =T. (46)

The matrices (Fy,F2,G1,G;) are defined by two sets of 18 parameters
= (A1, Agy- -+, A1s) and g = (p1, fig, .. ., p1s) which will be interpreted later.

To describe how they are constructed we mtroduce the notation for the row -

vectors of A and B:
Al = (a}, vva?, Sy a}-_}f_'a;‘? + a? _+~af} - 3(X1»+ Xz)‘)’
B’ = (b, b,..., b} + 0% + b3 + b} — §(x1, +X,))

With this notation deﬁﬁ? the 4 matrix 'fu_ncti'onsv of ’,a,vvecto,r' z = (z, .2'2 ’, ceey218)
of real numbers: . ’

7 A? . -21031 ,
. 2| ‘ -
Ai(2) = 24 . Bi(z)= 'z}‘fB‘
_29A9 _leBg
"11'* 45;1 Al | [1- (1; 45)‘?1031-'_ | (4.7)
1 — ¢22A2 1"‘ (1 - ¢)zll 32
Aj(z)=|1-¢" |, Biz)= 4
1-¢z9 ..... A —(1¢)218
‘ A? |——5B°%
S I S ¢ -] i ¢ |
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Using (4.7), define the matrices-

-

oo ey a-aa) ]
A= a-gmm  eB0) |

CgA(w) (1-9)Alw) |
| (1-9)Buw)  $BY(n) . |

Gl(ﬂ) =

and (Fz,Gs) deternlined by (4.6). The selection of the vectors (A, p) is re-
stricted by 108 mequahty constraints which deﬁne the feasible region. These
constraints are as follows:

1 1
As <= s <= fors=1,2,...,9
$ - Be=3
As < 1 < L for.s = 10,11 18
— —_— rs = 10,11,...,
A, < 1 < 1 § 1,2,....18 8
s S — 8 S — rs=1,2,..., .
T pe S = o (4.8)
. C¥1+¢—-1 02+,¢—1 - ) .
Ay > —— § = ————— fors=1,2,...,9
oy # das
' a — ¢ a2—¢

(1 — ¢)a1 lls i (1 — ¢)a2 R for s = 10, 1‘1,..‘.. , 18,

To motivate this construction note that the intensity parameters )\, and
#s ate multiplied by the rows of A and B and hence are proportlonal changes
of the cond1t10na.l probabilities of the two sets of nine states (1,2 2,...,9) and

(10,11,. 18) relative to the statzonary measure represented by T. Smce As

" and: ps are the factors of proportlonallty by which the probability beliefs of
the agent deviate from the stationary probabilities in T, we refer to the pa-
rameters A,, 4, as “intensity” parameters. It should be clear that up until now
the assessment variables of the agents had no economic meaning. They at-
tain meaning only when the agents specify how they interpret these variables
in generating conditional probablhty behefs For example, A, > 1 implies
increased probablhtles of states (1,2,. 9) in F1 relatlve to T of an agent
of type 1 given that he is in state s. Thls means that the a.ssessment vari-
ables induce more “optimism” or pessrrmsm about the prospects of prices
(1,2,...,9) at t + 1 relative to I'. To see why, suppose that A >'1 and that at
some da.te t state s =1 occurs so that (pl,ql) is realized. In that case type 1
agents with assessments ¥:™ =1 use matrix F} to. forecast pnces at t+1 and
by (4.7) they are more optmnstxc. (relative to I' ) about the probabilities. of
((P1y@1), (P2, G2)s- -y (e, q9)) at t+ 1. The'equilibriur‘rr map (4.4) shows that -
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conditionally on (p;,q1), 85% of type 1 agents are then optimistic about the
prospects of the first 9 prices.

We observe that conditionally upon (py,¢1) (i.e. in state 1), 15% of type 1
agents have an assessment y,l "™ = 0 and consequently use matrix F, to forecast
prices at t + 1. If A; > 1 it follows from (4.7) that they are more pessimistic
(relative to I') about the probabilities of the nine prices ((p1,q1), (p2,¢2),----
(pa,qo)) at t + 1. The converse applies when A, < 1. We also note that the
possible dependence of the deviations (,\,;p,) from I' on the state s is very
important since this is a way for the agents to condition beliefs on prices.
Formally, if A; or p; vary with s then we say that the impact of the assessment
variables on the forecasts of the agents is price dependent. This fact is central
to the interpretation of our results below.

We note in summary that a simulation model requires the specification of
108 parameters: 36 for matrix A, 36 for matrix B and 36 intensity parameters
(A, p). However, these belief parameters are restricted by the following 242
rationality conditions: ‘

1. 98 equality and inequality restrictions (4.5) on the matrices A and B.

‘2. 36 direct rationality condltlone (4.6) on the structure of the matrices
(Fly F27 Gl’ G2)

3. 108 inequality restrictions (4.8) on the choices of (1, u).

The simulations focus on the factors which generate endogenous uncertainty in |
the replica RBE with types and the determinants of the equity risk premium.
There are four such factors:

1. Deviations over time of the intensity parameters (A, p) from 1 reflecting
the non-stationarity of beliefs of the agents. Hence, aggregate volatility
may be caused by the fact that the conditional probabxhty beliefs of the
agents may vary over time.

2. Correlation of assessments within types represented by the existence of
~type-states other than the type-state (o, 1 — ai).

3. Correlation among type-states (i.e. across types) represented by the vec-
tors (a b) of pa.rameters inducing a joint distribution of the assessments
whlch 1s Markov and not i.i.d. ‘

4. Price dependency of the zntenszty varzables As and Ks-
The objective of the parameter specification below is to study the configura-
tions which generate equilibrium volatility and equity premia. These specifi-
cations do not represent illustrations of parameters which generate volatility
and premia but rather, they are the only configuration which we found to
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generate vola,tilit;;and premia in the range observed in the U.S. economy and
hence their interpretation provides an explanation of the volatility and premia
which arise in the real economy. Some discussion of the results is provided
below.

4.3. Simulation results

As in [24], the focus of the simulation results is the equity premium and related
statistics. We thus report in each table the following key variables:

p — the long term mean equity risk premium; historically around 6%,

or — the long term standard deviation of the risky returns on equity; histori-
cally about 18%,1!

F _ the long term riskless rate on one period loans; historically .5%-1.0%,

oF - the long term standard deviation of the short term I‘lSkleSS rate; histor-
ically about 6%,

o2 — the long term variance of the price/dividend ratio; observations on ol
do not correspond to the economic concept due to tax and accounting

distortions in reported earnings.

‘The historical estimates vary depending upon definitions, data sources and
~ periods. of estimation. We disregard these fine details and focus on the order
of magnitudes mvolved

4.3.1. Ratlonal expectations equlllbrla

To enable companson with results obta,med under ratlonal beliefs we report -
in Table 1 (on the next page) the results for rational expectatlons equilibria.
The results are in accord with the standard results which gave rise to the
equity premium puzzle debate: a very high riskless rate over 5%; a very low
equity premium of less than .5% and a very low standard deviation of the risky
returns on equity around 4.1%. We also report here the extremely low variance
of the price dividend/ratio which we consider to.be an important indicator.
Price vola,tlllty is the primary phenomenon assoc1a.ted with endogenous uncer-
tainty and hence we are mclmed to pay partlcular attentlon to it. Table 1also

shows. that the results are not sensxtlve to parameter values in the realistic

range. This conclusion- does not hold for RBE where the results are sensitive
to parameter values (see [24])

1 This corrects the confusmg practice in [24] and [25] of reporting the variance of the risky’

returns as Wa, .,Th_us, they report the variance as 3.42% instead of 342%.
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Since we focus in this paper on social states and on the effects of corre-
lation, we restrlct ourselves to the ﬁxed set of parameters 7 = v = 3.25,

pr=p=

Table 1: Rational Expectations Equilibria with selected variables

V=275 | 2=275 | 72=325 | 7.=2.75
By = By = | Be=92 Py = 96
p A1% 41% - 44% - 44%
=27 || 516% - 5.15% 5.12% 5.11%
By=.92 |o 4.04% 4.04% 4.07% 4.06%
oF 83% 82% 85% 84%
o2 .0049 .0049 .0056 ©.0056
P 41% - .41% 44% 44%
7 =275 | rF 5.14% 5.13% 5.11% 5.09%
By =.96 |o, 4.04% 4.04% 4.06% 4.06%
or 82% 82% 84% 84%
a? .0049 .0049 0056 0056
p 44% 44% 49% .49%
v =3.25|rF 5.12% 5.11% 5.08% 5.06%
B=.92 |o, 4.07% 4.06% 4.09% - 4.05%
or| .85% 84% 87% 8%
o? .0056 .0056 .0065 .0064
p 44% 44% 49% 49%
7 =325|rF 5.11% 509% | . 5.06% 5.05%
P=96 |o. | 4.06% 4.06% 4.09% 4.08%
or|  .45% 84% 87% 836%
o2 |  .0056 .0056 .0064 0064

4.3.2. Rational Belief Equilibria I: a constant, single, social state of

belief and no correlation with x, = x, =1

We start the study of the equlty ‘risk premmm by assumlng a constant social
state of belief hence xl = x2 = 1. This economy should be considered to be the:
limit of a rephca. economy ‘under the assumption of no correlation among the
assessments of the agents and no price dependency in the intensities (X, z) of
deviation from the Markov matrix I'. Under the assumption of independence,
“the single social state of belief is ((c, 1—a1); (e, 1=a3)) and the two social

states are.

{(@, (a, 1 =), (a5, 1 = ),

(d , (o, 1-—01) 73 1"&2))}
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It follows from the equilibrium map (4.4) that in such RBE there are only
two prices which are associated with these two social states and this is the
same number of prices as in the rational expectations equilibria reported in-
Table 1. This means that in such RBE endogenous uncertainty does not lead
to the emergence of additional prices but rather, it changes the two rational
expectations equilibrium prices. Indeed, we shall shortly see that it can induce
dramatic increases in the volatility of equilibrium prices. We call such an effect
a volatility- amplzﬁcatzon effect. B

Under the assumption of no price dependency we must have /\ = A0,
ps = p° for all s and given this assumption let us adopt the convention of
selecting A° > 1 and p°® > 1. We can then interpret the model to be one in
which a proportion o4 of agents of type k are always relatively (to I') optimistic
about the states of high prices in the next period and a proportion (1 — ay)
of agents of type k are always relatively pessimistic. The beliefs of individual
agents fluctuate over time between optimism and pessimism but over the long
run every agent is relatively optimistic a fraction oy of the time and relatively
pessimistic a fraction (1—a;) of the time. The para.metenzatlon of the model is
then reduced to the fQur parameters (ay, A°), (a2, 40) and we need to consider
the effect of the feasibility restrictions (4.5), (4.6) and (4.8).

Note that as we vary the four parameters (a;, A%), (g, u°) over the feasible
region we reach boundary points at which some of the inequalities in (4.5)
or (4.8) are satisfied with equality. It can be checked that at these boundary
points some probabilities in the matrices Fy, F3, Gy, or G, become zero. More
specifically, we adopt in this section the following rules:

. For each o select vthe‘ largest feasible A°,

: (4.9
2. For each a3 s_elect‘th»e largest feasible u°. )

To illustfate, suppose that we select a; = 5 and a; = 4. A single social state
of belief 1mp11es that we must select X, =x,=lal=a=ad=b =¥ =

B=0,a'=b=11 follows from (4. 8) that we must also have the following
four restnctlons : ‘ . c

1 ’ ; 17" :
A°<-——23256 o p < = =12.3256
6 R
i Ee 1
,\° <——=1744 pl< —— = 1;.7544
A_¢ e s T v17¢
A“ < —1--_2000 N T p < —1.— _2500

In this case the bmdmg constramt is 1. 7544 Other constramts will be binding
if we wanted to select the smallest feasible A® or u°.
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To see the meaning of the criteria'specified in (4.9) keep in mind that under
the above specifications the matrices Fy, F5, Gy and G, are in effect all 2 x 2
matrices. Hence, a zero probability in, say, the matrix F; means that given
that some state of low or high prices is obtained at date ¢, the agent who uses
the matrix Fj is certain that at date t + 1 high or low prices will be realized.
This is a rather extreme belief. Note also that given the rationality condition
o Fy + (1 — oq)F; = T, an extreme optimism about high prices when using
F, must be associated with extreme pessimism when using F,. Note also that
some boundary restrictions apply only to the first 9 states and others only to
states 10-18 (see (4.8)). Hence, under the criteria (4.9) we know that a positive
fraction of the agent will hold conditional probabilities with zero entries some
of the time. ‘

Table 2 reports the volatility results for RBE simulated under several con-
figurations of the parameters (oq,\%) and (ag,u®) derived under the crite-

ria (4.9). -

Table 2: RBE with a single, constant social state of belief

X, =x,=1) derived under (4.9) and no correlation

XN=1754 | A=1.754 | \°=1.666 | 0= 1.428

a; =.5 a; =57 a; = .6 a; =.7

I 0 .98% - 4.94% 3.92% 2.88%
w0 =1.754 | rF 6.05% - 3.55% - 3.17% 3.711%
ay=.5 |0, 16.34% - 23.51% 16.41% 13.32% -
op | 14.01% - 19.65% 12.37% 9.59%

o2 | 4.5417 9.8228 4.4648 12,7414

| p 4.94% 10.00% 7.69% 6.14%
10 =1.754 | rF 3.55% 43% 45% 1.25%
=57 |o. | 23.51% 31.00% 21.70% 18.00%
op | 19.65% 24.30% 15.88% 12.87%

o2 9.8228 16.7917 8.1316 5.4623

p 3.92% 7.69% 5.23% - 3.96%.

p° =1.666 | rf 3.17% 45% 1.46% 2.32%
oy =.6 o, | 16.41% 21.70% 13.43% 10.43%
or | 12.31% 15.88% 8.61% 6.15%

o? | 44648 8.1316 2.6852 1.3887

P) 2.88% 6.14% 3.96% 2.88%

po=1428 | rF | 371% 1.25% 2.32% - 3.10%
ap =7 or 13.32% 18.00% 10.43% 7.75%
o | 9.59% 12.87% | - 6.15% - 3.91%

o2 | 27414 5.4623 1.3887 ° 5543
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There are two important conclusions that can be drawn from the table. First,
it shows that although the RBE with a single social state has only two prices,
which is the same number as in the REE, the two equilibria are dramatically
different. The crucial difference between them is found in the fact that in
the RBE, half of the agents have optimistic probability beliefs relative to T’
about the prospects of ((p1,41), (P2,92);-- - (P9, 99)) while half of the agents
have pessimistic beliefs (relatlve to T') about these prices. Thxs in contrast
with the REE in Wthh all agents hold T as their belief at all dates. Ta.ble
then demonstrates a new property of the model of the rephca economy with
types:. volatility does not necessarily emerge as a result of an increase in the
number of social states of beliefs but may arise as a result of the nature of the
distribution of beliefs in each social state. Compare this conclusion with the
observations made in the papers in the volume by Kurz [21] that endogenous
uncertainty is induced by the variability, over time, in the states of belief.
This idea is explained in detail in [22, page 32] and is based on RBE of models
with individual states of beliefs. One of the important results of the model
with types and social states is that volatility may be propagafed simply by
the social distribution itself and not by any variations over time m the soc1a,l
states of belief. . :

The second conclusion that we draw from Table 2 is that the amphﬁca.tlon
of volatlllty in RBE with a constant social state of belief can be very dramatic
if agents are allowed to adopt boundary beliefs. Indeed; these are the maximal
volatility measures and equity premia that this specification of the model can
generate. It is interesting, however, that both at low as well as high oy the
equity premium is low and the riskless rate is hlgh The la,rgest equity prermum :
is realized in the nnddle of the table where o and a; are close to .57 but in
those cells the standa."d deviations of both the rlskless rates as well as those
of the risky returns are much too large. As a; and a; move away from .57 the
volatility of both the riskless rate as well as the risky returns falls dramatically.
As a result of these facts there is no cell which ﬁts the hxstoncal record of all
four moments (p = 6%, rF = 5%, o, -.18%, or =6%). . . '

Under the axioms of the theory of rational beliefs agents may hold extreme
beliefs but this does not mean that such behefs must be observed in the market.
Indeed, we shall shortly argue that one may choose between two. alternatlve
hypotheses by 1mposmg restnctlons on behefs based on known facts about
the distribution of beliefs in the market. ‘The questlon then becomes which of
the two alternative hypotheses performs better under the stzpulated restrzctzons '
To motivate these restrlctlons we note that although hlgh degrees of optlmlsm
or pessimism are observed in the behefs ‘of investors in security ‘markets, it
is evident that certainty beliefs are rarely ‘encountered. We then propose to.
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restrict the beliefs of the agents so as not to permit them to hold boundary
beliefs. Formally we require

£>.05T;, g52.05T; k=12 (4.10)

where f% and g% are the (ij) elements of the matrices Fi and G. (4.10) spec-
ifies that any deviations from the stationary measure should not result in
probabilities which are 'lesvs than 5% of the corresponding probabilities in T
Observe that lower bound restrictions imply upper bound restrictions due to
the rationality conditions ey Fy + (1 — ) F; = T. We call the collection of
all such restrictions the 5% boundary restrictions on beliefs. It is clear that
under these restrictions the beliefs used in Table 2 are not allowed.

Table 3 presents the results for RBE with the same values of (o, a;) as in

Table 2 but under the 5% boundary restrictions on beliefs.

Table 3: RBE with a single, constant, social state of belief
(x, = X, =1) and with the 5% boundary restrictions
on agents’ beliefs

N=172 | =172 | =163 | =141
ap =.5 a; = .57 oy =.6 ay = .7
| r 1.12% 2.10% 1.85% 1.52%
p=172|7F | 505% 4.32% 14.33% 4.47%.
=5 |or | 10.16% 11.97% 10.09% 8.45%
| or | 7.02% 8.51% 6.63% 5.07%
o | 1.3487 2.0779 1.3026 7676
p 2.10% 3.23% 2.85% 2.38%
po =172\ rF 4.32% 3.47% 3.56% 3.79%
=57 |o. | 11.97% 13.87% 11.74% 9:92%
or| 851% 10.00% 7.93% 6.25%
o2 | 20779 2.9743 1.9493 1.2334
p 1.85% 2.85% - 2.45% 2.01%
=163 |F | 4.33% 3.56% 3.71% 3.96%
;=6 |o. | 10.09% 11.74% 9.70% 7.99%
| or| 6.63% 7.93% 5.99% 4.42%
o2 | 1.3026. 1.9493 111457 2668
| p | 1.52% 2.38% 2.01% | 1.62%
p=141rF | 447% | 3.79% 3.96% 4.20%
=1 |o 8.45% 9.92% 7.99% 6.41%
or | 5.01% 6.25% 4.42% 2.97%
o’ 7676 1.2334 2668 2720
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The results reported in Table 3 represent the largest possible volatility mea-
sures and equity premia that-can be generated by the RBE under the restric-
tion of no correlation and a constant social state of belief. One can see that
once the 5% restriction is imposed, the model cannot generate statistics which
are even close to the historical record: the equity premia are too low, the
riskless rates are too high and the volatility of the riskless rate is too low.

We remark that a comparison of the resulis of Tables 2 and 31 is complicated
by the fact that the 1mpact of the 5% restrxctlons varies across ‘the cells of the
table and each of those restrictions may affect different segments of the agents
and only part of the time. However, the results in Table 3 show that in order
for the RBE with a constant social state of belief to generate high volatility
and large equity premia it is necessary that some of the agents hold, some of
the time, conditional beliefs which are rather extreme.

One of the conclusions of this paper is that an equilibrium with a single
social state cannot generate data which match all four moments under exami-
nation. However, an' RBE with a constant state of belief is a relatively simple
model that can provide an intuitive explanation of the mechanism which gen-
erates equity premium in the model with types. This fact is compatible with
one of the aims of this paper which is to give an intuitive explanation of the
mechanism which generates an equity risk premium in an RBE. Thus, before

we proceed to study the model with correlation among the beliefs of agents, let
us pause to expla.m the results reported in Tables 2 and 3 and the partlcular
role played by the value of .57 taken by a;.

Note at the outset two facts about the equlllbnum model Wthh generate
the results in Tables 2 and 3. On the one hand, a cha.nge in oy results in a
change of the proportion of type k agents who are optimistic at any moment;
of time about future capital gains. Since the social state of belief is constant
this proportion is constant. On the other hand, the rationality conditions
a; F1(A)+(1—01)F;()) = I imply that as a, changes the intensity of optimism
and pessimism must change so as to compensate for the number of agents
who are optimistic or pessirnistie. “Intensity” is measured in terms of the
probability with which the agents forecast higher or lower prices. The volatility -
characteristics of the economy are then determined by the interplay between .
“the proportion of agents who are optimistic or pessimistic and the intensity of
their optimism/pessiinism The crucial variable that needs to be understood
in this. connection is’ ‘the behavior of the riskless rate. R e .

To explore the. behavxor of the riskless rate observe at the: outset that the->
mean risky rate of return on equity remains in the 6%-8% range for almost

all cells of Tables 2 and 3; the main determiinant of the: premium is there-
~ fore the equilibrium value of the riskless rate. Now consider the number and
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intensity of belief of those agents who expect at date ¢ a recession and hence
lower prices to be realized at date ¢ + 1. It is clear that as a; increases, the
number of such agents decreases. However the rationality conditions induce
a nonlinear relationship between the number of such agents and the level of
their intensity. The structure of this nonlinear relation has three parts:

1. For small o the rationality conditions limit the intensity of pessimists
and even if their number is larger than the optimists, the intensity of
the optimists is at a very high level. Since the intensity with which the
optimists want to borrow is relatively high in relation to the intensity with
which the pessimists want to lend, the results are high riskless rates, low
‘premia and low volatility.

2. As o4 increases the intensity of the pessimists rises and is maximized at
(.57, .57); it cannot increase beyond that point. Around .57 the intensity
of the pessimists dominates the rising number of optimists and the result
is a decline in the riskless rate and a rise in the premium. The rise in
the volatility of prices and risky returns in this region is a result of the
fact that the intensity of both sides is at the high level and this results
in more drastic changes of excess demand in response to fluctuations in
the realized dividend growth.

3. As a; increases beyond 57 the intensity of the pessimists remains con-
stant but their number declines. As the relative number of optimists
rises, their intensity declines, the level of volatlhty falls dramatlcally and
the riskless rate rises again.

In sum, the equity tlSk premium is the result of the interplay between the
number and intensity of beliefs of the optimists vs. the pessimists and hence
it is determined by the distribution of beliefs in the economy. For low a;
the intensity of the optimists has the stronger impact and for large oy their
number has the dominant impact. The nonlinearity induced by the rationality
conditions results in the middle region in which the intensity and number of -
the pessimists just outweighs the optimists, causing increased volatility and a
lowered riskless rate. This structure is made much more complicated in a world
of correlation in which there are more social states with more configurations =
of belief and intensities." . : -

The alternative model with which we propose to explain the data. isa model
where correlation among the beliefs of agents turns the social state of belief
into a random variable. Although the mechanism which genera.tes an equity
premium is more complicated, the insight provided by the model'with a single
state of belief remains correct. We turn now to this subject. :
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4.3.3. Rational Belief Equilibria II: the effect of correlation among
the beliefs of agents

Correlation among the beliefs of agents is a e()mplica,ted phenoniéﬁon due to
the fact that it may take several forms. Hence, in order to study the effect of
correlation we need to cla.rlfy the terms used to characterxze it. Here are the
basic terms which we use:

1. Correlatxon w1th1n types is charactenzed by the assumptxon that
- X; <1and x, < 1. Under the spec1ﬁca.t10ns above we have 3 tvpe—
states and hence 9 social states of belief.

2. Correlation across types is characterized by the fact that the matrices
A and B are not transition matrices of a joint process of i.i.d. random
variables. For each value of x, and y, the type-states are jointly i.i.d.
if the following are the values of the parameters in A and B (which are
then parameters of the matrix I'):

= b = .125,

X=X, =.5: For all s, al‘ ’
 al=b=.125 af=0b=.25

X; =X, =-2: For all s, al =b =16, a?=1b%= .08,
o d=b=108, al=tbi=.04.
Xy = Xq =.1: For all's, ol = b= 2025, ‘a"‘".—._— b? = 045’

1 2
; ai = 54 =.045, . a: = b4’_'—. 0l.

3. Price dependency is characterized by the fact that the parameters As
and y, are dependent 0w 8. R T

We comment on these by noting that the condltlons X, < 1 and X, <1 could
be associated with two situations. First, we may have a large but finite econ-
omy which is approximately anonymous in which the existence of multiple
type-states is a natural fact. The a.ssumptlon of three type—states is then an
assumption about the nature of correlatlon (in addition to bemg a computa-
tional simplification). Second, we ‘may have an infinite replica’ economy and
the individual assessments of the a,gents are not i.i.d. Our assumption that the
type-states are marginally i.i. d. makes sense only if there i is correlatlon among
the assessments within a type.: . : , S ;

The distinction between correlatlon a.mong the type—states and pnce de-

pendency is 1mportant _The correlation : among the type—sta.tes is'a statis- .
tical condition stipulating that the assessments are random vanables which

are statistically. correlated. Price dependency is not a condition of statlstxcal .
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correlation; ra,ther, it stipulates the commonality in the mterpmtatzon of the
assessments by the agents. :

The terms defined above show that in order to specify a model with correla-

tion, we need to specify feasible values of (x,, x,), (,b), and (X, p). It follows
from (4.5) that the parameters (a,b) depend upon (x;5x,) so that as we vary
(X;» X,) we must also vary (a,b) in accord with the feasibility conditions (4.5).
It is therefore impossible to isolate the net effect of varying (x,,x,). In the
analysis below we assume x, = X, = X, taking the three values .5, .2, and
.1. Correspondingly, we vary (a,b) in a reasonably similar manner but exact
comparability is impossible. We, therefore, focus only on simulations in which
(X;+X,) are fixed.
Parameter specifications. The basic specification takes the case a; = a; = .57.
The corresponding RBE under the 5% boundary restrictions on beliefs is the
“reference RBE.” This is motivated by our aim to examine what would be
the contribution of models of correlation. Hence, the reader should ‘keep in
mind the results for this reference case as reported in Table 3 (i.e. the case
with a3 = ay = .57, A; = p, = 1.72). We thus compare the reference RBE
~with RBE under the following specifications:

1. x takes the values .5, .2 and .1.
. The intensity variables are specified as follows:

(a) For RBE with i.i.d. assessments and without price dependency we
specify A; = p, = 1.72.
(b) For RBE with price dependency we specify
AM=dag=A3=46, I=A=X=1,
de=Xs=le=172,  do=Ay =46,
A2 = Az = Aig = Ais = hie = Az = Ais = 1.72,
pr =46,  p2 = p3 =172,
pa=ps=pe=1,
M = 46, . [1.8' = U9 = 1. 72
pro =46,  pu=pp =172
#13—#14—#15—-1 ; #16—#17—#18—172
3. The (a,b) parameters which are dependent upon x are specxﬁed in the
Appendix.

Table 4 presents the results for ¥ = .5. The reference RBE under x = 1 is
reproduced in Column 1. A comparison of Columns 1 and 2 of the table shows
that the reference RBE with a single social state of belief exhibits about the -
same volatility characteristics as the RBE with correlation within types but
with i.i.d. type-stateés. In Column 3 we see, however, that price dependency
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increases the prernium, reduces the riskless rate but also leads to a reduction in
volatility. The addition of correlation across type-states raises the premium
to 4.18% and restores some volatility.

Table 4: RBE with correlation among beliefs, with y =.5
and with the 5% boundary restrictions on beliefs

RBE RBE RBE RBE
(Reference) 1.i.d. - lid correlation
with a constant type states | type states | across types
social state of no price with price | with price
belief x, = x, = 1 | dependence | dependence | dependence
p 3.23% 2.87% 3.92% 4.18%
rF | 3.47% 3.63% 2.25% 2.10%
oy 13.87% 12.60% 10.92% 11.97%
oF 10.00% - 9.68% 6.51% 7.94%
ol 2.9743 2.4287 1.8498 2.0854

Altogether, the results reported in Table 4 do not match the data very well
and leads to the conclusion that if correlation is to generate more volatility,
we must explore parameter conﬁgurations which place less probability on the
social states of belief ((.57, .43), (.57, :43)). We thus explore the two other
cases x =.2 and x = .l Since a; = az = .57, these specifications imply that
the correlation among the assessments leads the proba.blhtxes to be “spread”
~ away from ((.57, .43), (.57, .43)) which is the constant social state of belief
that would be realized under i.i.d. assessments. For X =.2 and x = .1 most
of the probability is placed on the type-states (.85, .15) and (.25, .75).

Table 5 (next page) reports the results which are cur main results regarding
the effects of correlation: -
In Column 1 we repeat the “reference RBE” with a constant social state of
belief as in Table 3. : :
In Column 2 we report the results for RBE with three type—sta.tes which: are
iid. (hence with correlation within types) and without price dependence. It
is evident that these specifications contribute little by themselves. . '
In Column 3 we report the results for the effect of price dependence. . It is
clear that in conjunction with the correlation within types and the specification .
x < .2, price dependence has a strong effect. In Column 4 we report the added
effect of full correlation across types. It contributes about 1% to the premium
and substantlally contnbutes to the volatility of returns. .

- It is instructive to note that the introduction of correlation w1th1n types -
(i.e. x < 1) by itself contributes little to explaining volatility. However, as we
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add price dependency and correlation across types, the results reported in the
last two columns of Table 5 emerge as a result of a combined effect of all three
forms of correlation. This indicates a strong interaction effect among the three
factors of correlation involved.

Table 5: RBE II under correlation among beliefs, with x = .2
and x =.1 and with the 5% boundary restrictions on beliefs

RBE T | RBE RBE RBE

(Reference) _ iid. iid. correlation
with a constant type states | type states | across types
social state of no price with price | with price
belief x, = x, =1 dependence | dependence | dependence

3.23% p 2.7%% 5.02% 5.83%
347% . rF 1 3.61% 1.23% 66%
13.87% x=.2}o, 11.85% 11.73% 13.75%
10.00% oF 9.29% 7.72% 10.52%
2.9743 : ol 2.1450 12.3004 2.9487
3.23%.. : p | 2.76% - 5.42%. | . 6.54%
3.47% . rF | 3.58% 8% 25%

- 13.87% x=.11o, 11.59% | . 12.08% | - 15.84%
- 10.00% - lor | 9.13% . 820% | 12.81%
- 2.9743 o2 |  2.0566 2.5036 3.9960-

We now offer some intuitive explanation of the specification of the matrices A
and B which regulate the long term correlation across type-states.

We have already noted that variations of the parameter x induce changes
in the feasibility conditions (4.5) so that it is impossible to vary this parameter
while keeping constant the parameters (a, b) of correlation across type-states.
The main facts behind the selection of (a,b) is that the 9 prices associated
with the states of expanding dividends are higher than the 9 prices associated
with the states of declining dividends. In addition, within these two categories
of states the prices ((p1,41), (Ps:95); (P9, 90) (P10, G10), (P14, 014); (P18 q18)) are
the high prices while the “crash” prices are ((pi2, q12), (P16, 16))- Other prices
are “medium?” prices. The parameters a = (al, a?, a3, a*) are selected subject
to feasibility so that there is high probability of transition from the very high
prices to crash and medium prices. In addition, these parameters.aim to max-
imize transition probabilities from crash prices to very high prices and from all
other prices to medium and high prices. The parameters b = (b', b?, %, b*) are
selected to maximize transition probabilities to the very high prices, subject
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to feasibility. This para.meterlza,txon of the trans:tlon proba,blhtles contributes
to price volatility. However, keep in mind that the feasibility conditions leave
limited room for such selections so that the nature of these transition probabil-
ities and the implied correlations across type—states may be very different for
different values of x (see the specxﬁcatxons of the (a b) vectors for the different
values of x in the Appendlx) :

Recall that all simulations in Table 5 have been conducted under the 5%
boundary restrictions on beliefs. Cornp‘ar;n_gvthe results in Columns 2-4 with
the results in Column 1 or in Table 3, we conclude that the model with correla-
tion among beliefs of agents performs much better than the model with a single
state of belief. We have seen in Table 3 that the model with a single state of
belief could not generate a riskless rate which is smaller than 3%-4%. These
simulations were conducted under the assumption that A\, = A°, p, = u° for
all s which means that price dependency was not allowed whereas price depen-
dency is compatible with a single state of belief. We have sampled extensively
in the parameter space and can report that allowing price dependency has not
changed the essential results of Table 3: the riskless rate in all our simulations
was never below 3%. We conclude that under the 5% boundary restrictions
on beliefs the model with a single social state of belief cannot generate data
which will match the observed values of the four rnoments whxch we have been
examining. TR A R

In. contrast to the above conclusmn, under the same 5% boundary restric-
tions on beliefs, the model specification with correlation among the beliefs
of agents generates statistics which match all four empirical moments rather
well. The standard deviation of the risky returns is ‘somewhat smaller than the
historical record and the standard deviation of the riskless rate is somewhat
larger than the record. To gain more insight into these results let us examine
some variants of the case x = .1, a; = a; = .57 by perturbmg oy and oy over
the values .54, 57 .60. e

Table 6: RBE II under correlatlon among beliefs with x =.1
~"and with the 5% boundary restrlctlons on behefs '

lor=54|n =57 c1=6]|
e 4.87% | 5.80%-. | 5.05% |
Lo |eF| 158% | .82% | 1.32% |
ap=.54 |0, | 14.51% | 14.62% | 12.88%

i op | 11.31% | 11.94% | 10.28%
o | 277146 | 3.3381 | 2.4664
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‘al'-—-_‘ .54 Gy =.57 d] =.6

p | 583% | 6.54% | 5.65%
A 8% | 2% | .86%
57| 0y | 14.65% | 15.84% | 13.92%
or | 11.97% | 12.81% | 11.10%
o2 | 3.3459 | 3.9960 | 2.9654
p | 520% | 5.76% | 4.82%
AT 119% | 6% | 1.45%
a=.6 |o, | 13.02% | 14.00% | 12.06%
op | 10.35% | 11.07% | 9.29%
o2 | 25227 | 2.9908 | 2.0821

Q2

Table 6 shows that the results are rather sensitive to parameter values but there
is a significant region in the parameter space that can give rise to statistics
which are compatible with the empirical moments. Key variables that would
change the results in the table are the values of the probabilities (x,,X,)
and the social distribution of beliefs deﬁned in our models by the type-states
(.85, .15) and (.25, 75)

4.4. Understandmg how an equlty risk premlum is generated
under ratlonal belief -

Ever since the publication of the ‘paper by Mehra and Prescott [35] on the
equity premium, numerous theories were offered to explain the empirically ob-
served premium. For example, Mankiw [34] proposed to explain the premium
by the presence of nondiversifiable risks; Reitz [41] proposed to explain it by
the introduction of big crash states; Weil [45] and Epstein and Zin [17] suggest
that a non-expected utility model may be used to explain the data and Con-
stantinides [13) initiated a large literature on the use of habit forming utility
functions to explain the data. This paper complements the earlier paper by
Kurz and Beltratti and proposes the theory of rational belief as-an explanatlon
of the data. The model of an RBE with types offers an 1ntu1t1ve explanation
to which we now turn.

The basic assumption of the theory of rational belief is that agents do not
observe the social states and do not know the equlhbnum map The conse-
quence. of the ratlonahty axioms is that agents form beliefs about prices, not
about social states, and 1 may have: diverse beliefs about the probabilities of fu-
' ture prices. The important conclusmn of the theory is that if agents disagree
then their state of belief must fluctuate over time. To understand why, observe
that if agents disagree then they must deviate from the stationary measure.
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However, deviations from the stationary measure at one date must be com-
pensated by other deviations at other dates so that the time average of the
deviations tends to zero in order to satisfy the rationality axioms. These fluc-
tuations over time in the states of belief of the agents is the mechanism which
generates endogenous uncertainty in an RBE and is reflected in the volatility
of equilibrium prices and quantities. It then follows that the first component
of explaining the risk premium in an RBE is the presence of endogenous un-
_ certainty. All risk averse agents who perceive the extra endogenous volatility
of returns will require the compensation of an added risk premium in order to
be willing to hold the more risky equity. This argument is, however, insuffi-
cient since agents who disagree may be more or less optimistic with respect
to future events and thus require a higher or lower premium depending upon
their probability assessment. The first basic argument must be then supple-
mented by an explanation of how the diversity of beliefs by itself can add to
equilibrium equity premium.

When some agents are optmnstxc and some are pessnnlstlc, tla.dmg op-
portunities naturally become available but this need not have anythmg to do
with the equity risk ] premlum However, when such optlmxsm or pessimism is
defined Wlth respect to the future risky rates of return on equlty then it will
have an effect on the premium. For example, if at price vector 1 the level of
 pessimism a,bout future equlty returns of an agent 1ncreases he will select a
- portfolio w1th lower welght on equlty and higher welght on riskless debt and
this will tend to reduce the price of equity and i increase ‘the price of riskless
debt resulting in increased premium in state 1. The situation 1s substantially
complicated by the rationality conditions which hold that_ an agent who is
relatively optimistic at some date must be relatively pessimistic at some other
date. In a large economy with a single social state the proportions of opti-
mists and pessxmlsts are fixed and in the simulations above we allowed these -
proportions to vary across models. When the proportion of optimists changes,
the rationality conditions imply that the intensity of optimism and pessimism
must change. This shows that at any time both the proportion of pessimists
as well as their intensity matter to market equilibrium. We have observed in
Tables 2 and 3 that a simultaneous change in the proportions and intensities-
of the optlmxsts and the pessimists (via changes in o and (12) has a nonlinear
effect on market excess ‘demand and hence on the prermum “The 1mp11cat10n '
of this observation is that.the dlstnbutlon of behefs in the market at any date
is the. crucial factor which determmes the equity nsk prermum at tha.t date
This observa.tlon extends to the model. w1th correlatlon ' S

. In the general model with correla.tlon we: cannot, thmk of the. equlhbrlum
prexmum as’ bemg determmed by a.fixed proportlon of optnmsts and pes—
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simists. Since the social state of belief is a random variable these proportions -
vary but the observation made in the model with a constant state of belief
remains valid: at any date the risk premium is determined by the distribution
of beliefs at that date. But then, any parameter that has an impact on the
distribution of beliefs and on the frequencies at which the states of belief are
realized over time will have an effect: on the average premium of the econ-
omy. It is appropriate to think of time dependency and correlation among
the assessments of agents as belief externalities which affect the distribution
of beliefs in the following two ways:

1. Price dependence has the effect of changing the number of optimists and
pessimists given any price. For example consider price vector (p1,q)
defined in the models above by the social state (d¥, (.85, .15), (.85, .15)).
If \; is price dependent, it will have the following effect: if A\; > 1 then
in this first state 85% of type 1 agents are optimistic about high prices
the next period and if A; < 1 then in this first state 85% of type 1 agents
are pessimistic about hlgh prices the next period.

2. Correlation among type-states is an externahtv whlch can increase the
' frequency over time of states of beliefs which generate higher premium.
The externality also crea.tes new dlstnbutlons of belief which an agent
~ cannot deduce from his own belief. For example, although the simulations
in Tables 4-5 postulate RBE in whlch oy = ap = .57, the correlation
among beliefs leads to the emergence of social states of belief which are
different from ((.57, .43), (.57, .43)) but the agents do not know the
structure of this externality. - ' ’ .

Based on these comments we suggest that the exact interpretation of the pa-
rameterizations of (A4, B, A, 1) in the various models in Tables 4--6 is less impor-
tant than the function of these parameterizations in regulating the distribution
of the states of belief and the frequencies of their realization. Correspondingly,
all four moments of the distribution of the risky and riskless returns are deter-
mined by the frequencies of the realized states of belief. From this perspective
the reason why models of RBE can generate theoretical moments with high
volatility, low riskless rate and high equity premlum can be summarized as
follows

1 In the typical RBE there are relative pessimists at all dates and there
is always a range of parameter values where either the number or the
intensity of the pessimists dominate and have the impact of pushing the
riskless rate down and hence the premium up. The volatility in prices
“and returns is then a consequence of the fact that due to the rationality

* conditions the relative impact of the pessimists and optimists vary in such
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* equilibria across states and market prices naturally reflect these changes.
Although the simulated RBE with a single social state have the property
that the pessmusts are in the rmnonty and their mtensxty dommates the
bond market we cannot be certam of the generahty of this conclusion
since there are other forms of pessnmsm and optimism which we have
not studied. The general pr1nc1ple proposed by the theory of RBE is,
however, clear. At all dates there are, in the economy, optimists and
pessimists and. either the number or the 1nten51ty of the pessimists is
dominant: it pushes the riskless rate down and the equity risk premium

up.

The correlation among the beliefs of agents has a dual impact on an RBE.
First, it can change the relative number of optimists and pessimists at
each state by making the intensity parameters price dependent and this
allows the attainment of a low riskless rate and higher premium even when
the intensity of the pessimists is not extreme. Second, it can change the
stationary distribution and hence the long run frequency at which the
different price states are realized. This changes the relative probablhtles
of states with high premium and consequently the average premium over
time.

o

Let us close with a methodological note.- The 5% boundary restrictions on
"beliefs were not derived from axioms of. the theory of rational belief but rather
from empirical observations. Using this restriction we argued that the model

with correlation among the beliefs of agents is superior to a model with i.i.d.
assessments in which there i is a single, constant social state of belief. Since ,
not all ratxonal beliefs need to be observed in our economy, in future research
we may generahze this approach as follows. One needs to start by obtaining
more empirical information about the social distribution of beliefs. Given such
data one may then ask what could be the type configurations and the sets of
parameters characterizing the beliefs of the agents that would “rationalize”
the data. Given that the dlstnbutlon of behefs is approx1mately ratlona.hzed
one can then proceed to test if the rnodel w1th the specxfied farmly of behefs
can explam the observed volatlhty charactenstlcs of the rnarket

Appendlx Sl

'Spec1ﬁcatlon of the parameter (a b) in Tables 2- 5

ol =bl=R==0, at=k=1 fors=12...,9
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xX=.9:

= (.0001, .0001, .2498, .0001, .0001, .0001, .2498, .0001, .0001),
a? = a® = (.2498, .2498, .0001, .2498, .2498, .2498, .0001, .2498, .2498),
as = (.0003, .0003, .4998, .0003, .0003, .0003, .4998, .0003, .0003),
bl = 2498 B=5= 0001 bt = 4998 fors=1,2,...,9.

=.2:

(0001 0001, .25, .0001, .0001, 0001 25 0001 0001)

a2 = a® = (.1998, .1998, .1480, .1998, .1998, .1998, .1480, .1998, .1998),
as = (.0001, .0001, .0001, .0001, .0001, .0001, .0001, .0001, .0001),

Bl =.3998, B2 =103 =.0001, bf=.1998 fors=1,2,...,90.

=

x=.01:

= (.0001, .0001, .35, .0001, .0001, .0001, .35, .0001, .0001),
a2=a = (.0998, .0998, .0998, .0998, .0998, .0998, .0998, .0998, .0998),
a* = (.0001, .0001, .0001, .0001, .0001, .0001, .0001, .0001, .0001),
b =.4498, B =15 =.0001, b =.0998 fors=1,2,...,9.
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