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Digital Communications: Pulse Shaping

• We have a long sequence of bits we want to transmit

• What analog waveform should I use?

• There are lots of options!

• For now we’ll look at on-off keying (OOK).

• We send a pulse for a ”1”, and nothing for a ”0”
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On-Off Keying

The sequence of bits might look like this:

One option would be to transmit a square pulses for a ”1”, and nothing for

a zero. This would look like:

This works, but the square edges use a lot of bandwidth, and will interfere

with adjacent signals in the spectrum.

What would be a better choice?
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Sinc Pulses

From sampling and reconstruction, a sinc pulse might seem to be a good

idea. It has a narrow, sharp spectral profile.

We can choose the sinc to be ”1” at the sample where it is centered, and

zero at all of the other samples. There is no intersymbol interference or ISI.

This is the first criteria Nyquist proposed for dealing with ISI

p(t) =




1 t = 0

0 t = ±kTb , k = ±1,±2, . . .

<latexit sha1_base64="ADqiDdQUCGJTemfvRev7fKJHWVc=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqObR4LGPdDZgBKRS0UKCEbqKBRYGETjC5m/udJ9BGxOoBpwn4ERspEQrO0EpNHJQrbtVdgK4TLycVkqMxKH/1hzFPI1DIJTOm57kJ+hnTKLiEWamfGkgYn7AR9CxVLALjZ4tDZ/TCKkMaxtqWQrpQf09kLDJmGgW2M2I4NqveXPzP66UY1vxMqCRFUHy5KEwlxZjOv6ZDoYGjnFrCuBb2VsrHTDOONpuSDcFbfXmdtK+q3k3Va15X6rU8jiI5I+fkknjkltTJPWmQFuEEyDN5JW/Oo/PivDsfy9aCk8+ckj9wPn8A3x+M9A==</latexit>

t
<latexit sha1_base64="j8WzS3Tj38lmMQNK/RB2ENGzEX4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V+wVtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUem4NgUK64VXcBsk68nFQgR2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz1JJI9R+tjh1Ri6sMiRhrGxJQxbq74mMRlpPo8B2RtSM9ao3F//zeqkJa37GZZIalGy5KEwFMTGZ/02GXCEzYmoJZYrbWwkbU0WZsemUbAje6svrpH1V9W6q3sN1pV7L4yjCGZzDJXhwC3W4hwa0gMEInuEV3hzhvDjvzseyteDkM6fwB87nDx4Sjak=</latexit>

Tb
<latexit sha1_base64="3/c9v2ieJCfFS+6P4vkM96ivhAw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKaI8FLx4rNG2hDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXR2nilCfxDxW/RBrypmkvmGG036iKBYhp71wdp/7vSeqNItlx8wTGgg8kSxiBJtcanRG4ahac+vuEmiTeAWpQYH2qPo1HMckFVQawrHWA89NTJBhZRjhdFEZppommMzwhA4slVhQHWTLWxfoyipjFMXKljRoqf6eyLDQei5C2ymwmep1Lxf/8wapiZpBxmSSGirJalGUcmRilD+OxkxRYvjcEkwUs7ciMsUKE2PjqdgQvPWXN0m3Ufdu697jTa3VLOIowwVcwjV4cActeIA2+EBgCs/wCm+OcF6cd+dj1Vpyiplz+APn8wePWI3l</latexit>

2Tb
<latexit sha1_base64="p2KFx5Kn3iHLNHwjc+bT3f9C9pE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lUtMeCF48V+gVtKJvtpl26uwm7G6GE/gUvHhTx6h/y5r9xk+agrQ8GHu/NMDMviDnTxnW/ndLG5tb2Tnm3srd/cHhUPT7p6ihRhHZIxCPVD7CmnEnaMcxw2o8VxSLgtBfM7jO/90SVZpFsm3lMfYEnkoWMYJNJ1+1RMKrW3LqbA60TryA1KNAaVb+G44gkgkpDONZ64Lmx8VOsDCOcLirDRNMYkxme0IGlEguq/TS/dYEurDJGYaRsSYNy9fdEioXWcxHYToHNVK96mfifN0hM2PBTJuPEUEmWi8KEIxOh7HE0ZooSw+eWYKKYvRWRKVaYGBtPxYbgrb68TrpXde+27j3e1JqNIo4ynME5XIIHd9CEB2hBBwhM4Rle4c0Rzovz7nwsW0tOMXMKf+B8/gCQ343m</latexit>

3Tb
<latexit sha1_base64="w0RavSb6nO85DFFOB/9Wpcl9TLw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkaI8FLx4rNG2hDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXR2nilCfxDxW/RBrypmkvmGG036iKBYhp71wdp/7vSeqNItlx8wTGgg8kSxiBJtcanRG4ahac+vuEmiTeAWpQYH2qPo1HMckFVQawrHWA89NTJBhZRjhdFEZppommMzwhA4slVhQHWTLWxfoyipjFMXKljRoqf6eyLDQei5C2ymwmep1Lxf/8wapiZpBxmSSGirJalGUcmRilD+OxkxRYvjcEkwUs7ciMsUKE2PjqdgQvPWXN0n3pu7d1r3HRq3VLOIowwVcwjV4cActeIA2+EBgCs/wCm+OcF6cd+dj1Vpyiplz+APn8weSZo3n</latexit>

4Tb
<latexit sha1_base64="W19SpGTSLB1f+DTZ4z6zn8ZKeeA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBiyUR0R4LXjxW6Be0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOZMG9f9dkobm1vbO+Xdyt7+weFR9fikq6NEEdohEY9UP8CaciZpxzDDaT9WFIuA014wu8/83hNVmkWybeYx9QWeSBYygk0mXbVHwahac+tuDrROvILUoEBrVP0ajiOSCCoN4VjrgefGxk+xMoxwuqgME01jTGZ4QgeWSiyo9tP81gW6sMoYhZGyJQ3K1d8TKRZaz0VgOwU2U73qZeJ/3iAxYcNPmYwTQyVZLgoTjkyEssfRmClKDJ9bgoli9lZEplhhYmw8FRuCt/ryOule173buvd4U2s2ijjKcAbncAke3EETHqAFHSAwhWd4hTdHOC/Ou/OxbC05xcwp/IHz+QOHtY3g</latexit>�Tb

<latexit sha1_base64="xsSHFSMOBXT42V7rWz083DR/dzc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AeA+MsA==</latexit>

0

<latexit sha1_base64="29pj0N4NPyduSE5gIfof+pTn4FI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoioj0WvHisYD+gDWWz3bRLN5uwOxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wucv8zhPXRsTqEacJ9yM6UiIUjGImJVW8HJQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+jOqUTDJ56V+anhC2YSOeM9SRSNu/Nni1jm5sMqQhLG2pZAs1N8TMxoZM40C2xlRHJtVLxP/83ophnV/JlSSIldsuShMJcGYZI+TodCcoZxaQpkW9lbCxlRThjaekg3BW315nbSvat5NzXu4rjTqeRxFOINzqIIHt9CAe2hCCxiM4Rle4c2JnBfn3flYthacfOYU/sD5/AF0h43T</latexit>

p(t)
<latexit sha1_base64="jFO+BYJbYbWzxfYeS5ht542AfOI=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiwbArojkGvHiMkBcmS5idTJIhs7PLTK8QlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/nbX1jc2t7dxOfndv/+CwcHTcNFGiGW+wSEa6HVDDpVC8gQIlb8ea0zCQvBWM72Z+64lrIyJVx0nM/ZAOlRgIRtFKj3EJL8ek3gsueoWiW3bnIKvEy0gRMtR6ha9uP2JJyBUySY3peG6Mfko1Cib5NN9NDI8pG9Mh71iqaMiNn84vnpJzq/TJINK2FJK5+nsipaExkzCwnSHFkVn2ZuJ/XifBQcVPhYoT5IotFg0SSTAis/dJX2jOUE4soUwLeythI6opQxtS3obgLb+8SppXZe+m7D1cF6uVLI4cnMIZlMCDW6jCPdSgAQwUPMMrvDnGeXHenY9F65qTzZzAHzifPxkaj9w=</latexit>

p(t � kTb)

Harry Nyquist, “Certain topics in telegraph transmission theory”, Trans. AIEE, Apr. 1928 4



Pulse Shaping: Sinc Pulse

Let fb = 1/Tb. The sinc pulse sinc(fbt) satisfies Nyquist’s first criterion for

zero ISI:

sinc(fbt) =

{
1 t = 0

0 t = ±kTb , k = ±1,±2, . . .

This pulse is bandlimited. Its Fourier transform is

P (f) =
1

fb
Π
( f

fb

)

<latexit sha1_base64="ADqiDdQUCGJTemfvRev7fKJHWVc=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqObR4LGPdDZgBKRS0UKCEbqKBRYGETjC5m/udJ9BGxOoBpwn4ERspEQrO0EpNHJQrbtVdgK4TLycVkqMxKH/1hzFPI1DIJTOm57kJ+hnTKLiEWamfGkgYn7AR9CxVLALjZ4tDZ/TCKkMaxtqWQrpQf09kLDJmGgW2M2I4NqveXPzP66UY1vxMqCRFUHy5KEwlxZjOv6ZDoYGjnFrCuBb2VsrHTDOONpuSDcFbfXmdtK+q3k3Va15X6rU8jiI5I+fkknjkltTJPWmQFuEEyDN5JW/Oo/PivDsfy9aCk8+ckj9wPn8A3x+M9A==</latexit>

t
<latexit sha1_base64="j8WzS3Tj38lmMQNK/RB2ENGzEX4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V+wVtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUem4NgUK64VXcBsk68nFQgR2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz1JJI9R+tjh1Ri6sMiRhrGxJQxbq74mMRlpPo8B2RtSM9ao3F//zeqkJa37GZZIalGy5KEwFMTGZ/02GXCEzYmoJZYrbWwkbU0WZsemUbAje6svrpH1V9W6q3sN1pV7L4yjCGZzDJXhwC3W4hwa0gMEInuEV3hzhvDjvzseyteDkM6fwB87nDx4Sjak=</latexit>

Tb
<latexit sha1_base64="3/c9v2ieJCfFS+6P4vkM96ivhAw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKaI8FLx4rNG2hDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1Pa2t7Z3SvvVw4Oj45PqqdnXR2nilCfxDxW/RBrypmkvmGG036iKBYhp71wdp/7vSeqNItlx8wTGgg8kSxiBJtcanRG4ahac+vuEmiTeAWpQYH2qPo1HMckFVQawrHWA89NTJBhZRjhdFEZppommMzwhA4slVhQHWTLWxfoyipjFMXKljRoqf6eyLDQei5C2ymwmep1Lxf/8wapiZpBxmSSGirJalGUcmRilD+OxkxRYvjcEkwUs7ciMsUKE2PjqdgQvPWXN0m3Ufdu697jTa3VLOIowwVcwjV4cActeIA2+EBgCs/wCm+OcF6cd+dj1Vpyiplz+APn8wePWI3l</latexit>

2Tb
<latexit sha1_base64="xsSHFSMOBXT42V7rWz083DR/dzc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AeA+MsA==</latexit>

0
<latexit sha1_base64="W19SpGTSLB1f+DTZ4z6zn8ZKeeA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBiyUR0R4LXjxW6Be0oWy2m3bp7ibsboQS+he8eFDEq3/Im//GTZqDtj4YeLw3w8y8IOZMG9f9dkobm1vbO+Xdyt7+weFR9fikq6NEEdohEY9UP8CaciZpxzDDaT9WFIuA014wu8/83hNVmkWybeYx9QWeSBYygk0mXbVHwahac+tuDrROvILUoEBrVP0ajiOSCCoN4VjrgefGxk+xMoxwuqgME01jTGZ4QgeWSiyo9tP81gW6sMoYhZGyJQ3K1d8TKRZaz0VgOwU2U73qZeJ/3iAxYcNPmYwTQyVZLgoTjkyEssfRmClKDJ9bgoli9lZEplhhYmw8FRuCt/ryOule173buvd4U2s2ijjKcAbncAke3EETHqAFHSAwhWd4hTdHOC/Ou/OxbC05xcwp/IHz+QOHtY3g</latexit>�Tb

<latexit sha1_base64="AgAHcr9pRndlFMOt8tokt56hU2A=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4sSRFtMeCF48VmrbQhrLZbtqlm03YnQil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9djY2t7Z3dgt7xf2Dw6Pj0slpyySZZtxniUx0J6SGS6G4jwIl76Sa0ziUvB2O7+d++4lrIxLVxEnKg5gOlYgEo2gl/7ra7If9UtmtuAuQdeLlpAw5Gv3SV2+QsCzmCpmkxnQ9N8VgSjUKJvms2MsMTykb0yHvWqpozE0wXRw7I5dWGZAo0bYUkoX6e2JKY2MmcWg7Y4ojs+rNxf+8boZRLZgKlWbIFVsuijJJMCHzz8lAaM5QTiyhTAt7K2EjqilDm0/RhuCtvrxOWtWKd1vxHm/K9VoeRwHO4QKuwIM7qMMDNMAHBgKe4RXeHOW8OO/Ox7J1w8lnzuAPnM8f+SqOHA==</latexit>�2Tb
<latexit sha1_base64="ZpytO0OQ8QS5cvvHBXVaEsuui8o=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi3W3iPZY8OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1L4IB8FlbVCuuFU3A1olXk4qkKM5KH/1h5IkERWGcKx1z3Nj46dYGUY4nZX6iaYxJhM8oj1LBY6o9tPs2hk6s8oQhVLZEgZl6u+JFEdaT6PAdkbYjPWyNxf/83qJCet+ykScGCrIYlGYcGQkmr+OhkxRYvjUEkwUs7ciMsYKE2MDKtkQvOWXV0m7VvWuq979VaVRz+Mowgmcwjl4cAMNuIMmtIDAIzzDK7w50nlx3p2PRWvByWeO4Q+czx+C4Y5n</latexit>�fb/2

<latexit sha1_base64="3N+cGB8/iVoUbRFF805OMV9Hvt0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU02KaI8FLx4rmLbQhrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4bu63n1BpnshHM0kxiOlQ8ogzaqzkR/3wqtYvV9yquwBZJ15OKpCj2S9/9QYJy2KUhgmqdddzUxNMqTKcCZyVepnGlLIxHWLXUklj1MF0ceyMXFhlQKJE2ZKGLNTfE1Maaz2JQ9sZUzPSq95c/M/rZiaqB1Mu08ygZMtFUSaIScj8czLgCpkRE0soU9zeStiIKsqMzadkQ/BWX14nrVrVu6l6D9eVRj2PowhncA6X4MEtNOAemuADAw7P8ApvjnRenHfnY9lacPKZU/gD5/MHGOCOMA==</latexit>

fb/2

<latexit sha1_base64="S2ctTTijQ38qMJDNGwhQaEIvjf4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU01EtMeCF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZemEph0HW/nNLa+sbmVnm7srO7t39QPTxqmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ7dzvPHJtRKIecJryIKYjJSLBKFrJ9y6iQTio1ty6uwD5S7yC1KBAa1D97A8TlsVcIZPUmJ7nphjkVKNgks8q/czwlLIJHfGepYrG3AT54tgZObPKkESJtqWQLNSfEzmNjZnGoe2MKY7NqjcX//N6GUaNIBcqzZArtlwUZZJgQuafk6HQnKGcWkKZFvZWwsZUU4Y2n4oNwVt9+S9pX9a967p3f1VrNoo4ynACp3AOHtxAE+6gBT4wEPAEL/DqKOfZeXPel60lp5g5hl9wPr4BFjCOLw==</latexit>

1/fb

<latexit sha1_base64="nX9nqSws43gdUo/mAO9U9tex2HU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AyeeM5g==</latexit>

f

<latexit sha1_base64="29pj0N4NPyduSE5gIfof+pTn4FI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoioj0WvHisYD+gDWWz3bRLN5uwOxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wucv8zhPXRsTqEacJ9yM6UiIUjGImJVW8HJQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+jOqUTDJ56V+anhC2YSOeM9SRSNu/Nni1jm5sMqQhLG2pZAs1N8TMxoZM40C2xlRHJtVLxP/83ophnV/JlSSIldsuShMJcGYZI+TodCcoZxaQpkW9lbCxlRThjaekg3BW315nbSvat5NzXu4rjTqeRxFOINzqIIHt9CAe2hCCxiM4Rle4c2JnBfn3flYthacfOYU/sD5/AF0h43T</latexit>

p(t)
<latexit sha1_base64="BiW31aDkWqO8VZyJfgBE5zBrE3I=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoioj0WvHiMYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1Pa2Nza3invVvb2Dw6PqscnHR2nitA2iXmseiHWlDNJ24YZTnuJoliEnHbD6V3ud5+o0iyWj2aW0EDgsWQRI9jkkl+PLofVmttwF0DrxCtIDQr4w+rXYBSTVFBpCMda9z03MUGGlWGE03llkGqaYDLFY9q3VGJBdZAtbp2jC6uMUBQrW9Kghfp7IsNC65kIbafAZqJXvVz8z+unJmoGGZNJaqgky0VRypGJUf44GjFFieEzSzBRzN6KyAQrTIyNp2JD8FZfXiedq4Z30/AermutZhFHGc7gHOrgwS204B58aAOBCTzDK7w5wnlx3p2PZWvJKWZO4Q+czx8uYY2l</latexit>

P (f)
<latexit sha1_base64="sKEVsJvHd/aSrs4sbDwbs9AGW84=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AeZOMsQ==</latexit>

1

Unfortunately, this pulse has infinite width and decays slowly, as well as

other issues as we will see shortly. 5



Sinc Pulse Filtered Waveform

This is an example using a sinc pulse to generate the analog waveform
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0.15 Beta = 0.00, Sinc

The waveform goes exactly through the samples, but there is a large

overshoot.

Note that you have to sample at exactly the right time. This is symbol

synchronization, which we will return to in a few classes.

6



Nyquist Pulse

Nyquist increased spectral width to make the pulse fall off more rapidly.

The Nyquist pulse has spectrum width 1
2(1 + β)fb, where 0 < β < 1.

<latexit sha1_base64="ZpytO0OQ8QS5cvvHBXVaEsuui8o=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi3W3iPZY8OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1L4IB8FlbVCuuFU3A1olXk4qkKM5KH/1h5IkERWGcKx1z3Nj46dYGUY4nZX6iaYxJhM8oj1LBY6o9tPs2hk6s8oQhVLZEgZl6u+JFEdaT6PAdkbYjPWyNxf/83qJCet+ykScGCrIYlGYcGQkmr+OhkxRYvjUEkwUs7ciMsYKE2MDKtkQvOWXV0m7VvWuq979VaVRz+Mowgmcwjl4cAMNuIMmtIDAIzzDK7w50nlx3p2PRWvByWeO4Q+czx+C4Y5n</latexit>�fb/2
<latexit sha1_base64="3N+cGB8/iVoUbRFF805OMV9Hvt0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU02KaI8FLx4rmLbQhrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4bu63n1BpnshHM0kxiOlQ8ogzaqzkR/3wqtYvV9yquwBZJ15OKpCj2S9/9QYJy2KUhgmqdddzUxNMqTKcCZyVepnGlLIxHWLXUklj1MF0ceyMXFhlQKJE2ZKGLNTfE1Maaz2JQ9sZUzPSq95c/M/rZiaqB1Mu08ygZMtFUSaIScj8czLgCpkRE0soU9zeStiIKsqMzadkQ/BWX14nrVrVu6l6D9eVRj2PowhncA6X4MEtNOAemuADAw7P8ApvjnRenHfnY9lacPKZU/gD5/MHGOCOMA==</latexit>

fb/2

<latexit sha1_base64="nX9nqSws43gdUo/mAO9U9tex2HU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AyeeM5g==</latexit>

f

<latexit sha1_base64="BiW31aDkWqO8VZyJfgBE5zBrE3I=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoioj0WvHiMYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1Pa2Nza3invVvb2Dw6PqscnHR2nitA2iXmseiHWlDNJ24YZTnuJoliEnHbD6V3ud5+o0iyWj2aW0EDgsWQRI9jkkl+PLofVmttwF0DrxCtIDQr4w+rXYBSTVFBpCMda9z03MUGGlWGE03llkGqaYDLFY9q3VGJBdZAtbp2jC6uMUBQrW9Kghfp7IsNC65kIbafAZqJXvVz8z+unJmoGGZNJaqgky0VRypGJUf44GjFFieEzSzBRzN6KyAQrTIyNp2JD8FZfXiedq4Z30/AermutZhFHGc7gHOrgwS204B58aAOBCTzDK7w5wnlx3p2PZWvJKWZO4Q+czx8uYY2l</latexit>

P (f)

<latexit sha1_base64="zjgZq7ABjhGlvEOVKRXJjYi7m+4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+EgGJQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6KYd3PhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+2rqlerevfXlUY9j6MIZ3AOl+DBDTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPzl+jbs=</latexit>

fb

<latexit sha1_base64="8cmGBHxt8I4OINh4em5jNz/U+ZI=">AAAB63icbVBNSwMxEJ34WetX1aOXYBG8WHZFtMeCF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+0dr6xubWdmmnvLu3f3BYOTpumzjVlLVoLGLdDYlhgivWstwK1k00IzIUrBNO7nK/88S04bF6tNOEBZKMFI84JTaXLqNBOKhUvZo3B14lfkGqUKA5qHz1hzFNJVOWCmJMz/cSG2REW04Fm5X7qWEJoRMyYj1HFZHMBNn81hk+d8oQR7F2pSyeq78nMiKNmcrQdUpix2bZy8X/vF5qo3qQcZWklim6WBSlAtsY54/jIdeMWjF1hFDN3a2Yjokm1Lp4yi4Ef/nlVdK+qvk3Nf/hutqoF3GU4BTO4AJ8uIUG3EMTWkBhDM/wCm9Iohf0jj4WrWuomDmBP0CfP6MhjfI=</latexit>�fb

<latexit sha1_base64="xsSHFSMOBXT42V7rWz083DR/dzc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AeA+MsA==</latexit>

0

<latexit sha1_base64="O0JY6TlwE5xPUL9VmgkNgXA1TdE=">AAACAHicbVBNS8NAEJ3Ur1q/oh48eFksQkUoSSnVY8GLxwrWFpoQNttNu3Tzwe5GKCEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJnnJ5xJZVnfRmltfWNzq7xd2dnd2z8wD48eZJwKQrsk5rHo+1hSziLaVUxx2k8ExaHPac+f3Mz83iMVksXRvZom1A3xKGIBI1hpyTNPnEBgktl51shr9qXjU4UvAs/3zKpVt+ZAq8QuSBUKdDzzyxnGJA1ppAjHUg5sK1FuhoVihNO84qSSJphM8IgONI1wSKWbzR/I0blWhiiIha5Iobn6eyLDoZTT0NedIVZjuezNxP+8QaqCazdjUZIqGpHFoiDlSMVolgYaMkGJ4lNNMBFM34rIGOtElM6sokOwl19eJQ+Nut2qt+6a1XaziKMMp3AGNbDhCtpwCx3oAoEcnuEV3own48V4Nz4WrSWjmDmGPzA+fwB1GJWl</latexit>

1

2
(1 + ω)fb

β is called the ”roll off factor”.

• β = 0 is a square spectrum, and a sinc p(t)

• β = 1 is a raised cosine

In general β is on the order of 0.25 to 0.5. This gives a somewhat broader

spectrum, but not double as β = 1 would. 7



Nyquist Pulse Spectrum

We want to choose P (f), and hence p(t), so that

• p(t) = 0 for t = nTb, so there is no intersymbol interference.

• p(t) = 1 for t = 0

So that it basically functions like a sinc. Can we do this?

If we sample the pulse p(t) at rate fb = 1/Tb, then

p(t) = p(t) IIITb
(t) = p(t)δ(t) = δ(t) .

since p(t) is zero at multiples of Tb, except at zero where it is 1.

Hence, if a pulse obeys these conditions, it will behave like a sinc once we

sample!

This is a little hard to see!

8



First Nyquist Criterion

If we sample some non-sinc waveform that meets the criterion

Not a Sinc!

Impulse Sampled
Signal

Sampling Function

Tb 2Tb 3Tb-Tb-2Tb-3Tb 0

Tb 2Tb 3Tb-Tb-2Tb-3Tb 0

Tb 2Tb 3Tb-Tb-2Tb-3Tb 0

1

1

1

No matter what the pulse looks like, if it is 1 at 0, and zero at the other

samples, it’s sampled signal is an impulse at the origin.

It’s spectrum is then flat.
9



First Nyquist Criterion (cont.)

The sinc does that because its spectrum is a rect.

However, we can get a flat spectrum without this!

What we want is that the Fourier transform of the sampled signal is

P (f) =

∞∑

k=−∞
P (f − kfb) = 1

The first term is the Fourier transform of the sampled signal p(t) IIITb
(t),

which equals the Fourier transform of δ(t), which is 1.

This is an interesting result! to see why this works, we need to look at how

the spectrum of the pulses overlap.

10



Nyquist Pulse Spectrum (cont.)

Since we are sampling below the Nyquist rate (1 + β)fb, the shifted

transforms overlap.

Nyquist’s criterion require the spectrum overlaps add to 1 for all f .

<latexit sha1_base64="nX9nqSws43gdUo/mAO9U9tex2HU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AyeeM5g==</latexit>

f
<latexit sha1_base64="zjgZq7ABjhGlvEOVKRXJjYi7m+4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+EgGJQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6KYd3PhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+2rqlerevfXlUY9j6MIZ3AOl+DBDTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPzl+jbs=</latexit>

fb
<latexit sha1_base64="xsSHFSMOBXT42V7rWz083DR/dzc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVrXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AeA+MsA==</latexit>

0
<latexit sha1_base64="8cmGBHxt8I4OINh4em5jNz/U+ZI=">AAAB63icbVBNSwMxEJ34WetX1aOXYBG8WHZFtMeCF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+0dr6xubWdmmnvLu3f3BYOTpumzjVlLVoLGLdDYlhgivWstwK1k00IzIUrBNO7nK/88S04bF6tNOEBZKMFI84JTaXLqNBOKhUvZo3B14lfkGqUKA5qHz1hzFNJVOWCmJMz/cSG2REW04Fm5X7qWEJoRMyYj1HFZHMBNn81hk+d8oQR7F2pSyeq78nMiKNmcrQdUpix2bZy8X/vF5qo3qQcZWklim6WBSlAtsY54/jIdeMWjF1hFDN3a2Yjokm1Lp4yi4Ef/nlVdK+qvk3Nf/hutqoF3GU4BTO4AJ8uIUG3EMTWkBhDM/wCm9Iohf0jj4WrWuomDmBP0CfP6MhjfI=</latexit>�fb

<latexit sha1_base64="3N+cGB8/iVoUbRFF805OMV9Hvt0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU02KaI8FLx4rmLbQhrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4bu63n1BpnshHM0kxiOlQ8ogzaqzkR/3wqtYvV9yquwBZJ15OKpCj2S9/9QYJy2KUhgmqdddzUxNMqTKcCZyVepnGlLIxHWLXUklj1MF0ceyMXFhlQKJE2ZKGLNTfE1Maaz2JQ9sZUzPSq95c/M/rZiaqB1Mu08ygZMtFUSaIScj8czLgCpkRE0soU9zeStiIKsqMzadkQ/BWX14nrVrVu6l6D9eVRj2PowhncA6X4MEtNOAemuADAw7P8ApvjnRenHfnY9lacPKZU/gD5/MHGOCOMA==</latexit>

fb/2
<latexit sha1_base64="ZpytO0OQ8QS5cvvHBXVaEsuui8o=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi3W3iPZY8OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1L4IB8FlbVCuuFU3A1olXk4qkKM5KH/1h5IkERWGcKx1z3Nj46dYGUY4nZX6iaYxJhM8oj1LBY6o9tPs2hk6s8oQhVLZEgZl6u+JFEdaT6PAdkbYjPWyNxf/83qJCet+ykScGCrIYlGYcGQkmr+OhkxRYvjUEkwUs7ciMsYKE2MDKtkQvOWXV0m7VvWuq979VaVRz+Mowgmcwjl4cAMNuIMmtIDAIzzDK7w50nlx3p2PRWvByWeO4Q+czx+C4Y5n</latexit>�fb/2

<latexit sha1_base64="kclyDUsEgQAKOFDxpHCSEWQiU0Y=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgxbAbRHMMePEYwcRAsoTZyWwyZh7LzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4kp3ImwoZ5K2LLOcdhJNsYg4fYjGNzP/4Ylqw5S8t5OEhgIPJYsZwdZJ7YsaivtRv1zxq/4caJUEOalAjma//NUbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/m1U3TmlAGKlXYlLZqrvycyLIyZiMh1CmxHZtmbif953dTG9TBjMkktlWSxKE45sgrNXkcDpimxfOIIJpq5WxEZYY2JdQGVXAjB8surpF2rBlfV4O6y0qjncRThBE7hHAK4hgbcQhNaQOARnuEV3jzlvXjv3seiteDlM8fwB97nD2rQjlg=</latexit>�2fb

<latexit sha1_base64="wyUM+DVTIq8nZRewIDXjL+JxyeA=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR7bHgxWMF0xbaUDbbTbt0swm7E6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfzsbm1vbObmmvvH9weHRcOTltmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ3dzvPHFtRKIecZryIKYjJSLBKFrJr5NoEA4qVbfmLkDWiVeQKhRoDSpf/WHCspgrZJIa0/PcFIOcahRM8lm5nxmeUjahI96zVNGYmyBfHDsjl1YZkijRthSShfp7IqexMdM4tJ0xxbFZ9ebif14vw6gR5EKlGXLFlouiTBJMyPxzMhSaM5RTSyjTwt5K2JhqytDmU7YheKsvr5N2vebd1LyH62qzUcRRgnO4gCvw4BaacA8t8IGBgGd4hTdHOS/Ou/OxbN1wipkz+APn8wcAz44h</latexit>

2fb

<latexit sha1_base64="29pj0N4NPyduSE5gIfof+pTn4FI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoioj0WvHisYD+gDWWz3bRLN5uwOxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wucv8zhPXRsTqEacJ9yM6UiIUjGImJVW8HJQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+jOqUTDJ56V+anhC2YSOeM9SRSNu/Nni1jm5sMqQhLG2pZAs1N8TMxoZM40C2xlRHJtVLxP/83ophnV/JlSSIldsuShMJcGYZI+TodCcoZxaQpkW9lbCxlRThjaekg3BW315nbSvat5NzXu4rjTqeRxFOINzqIIHt9CAe2hCCxiM4Rle4c2JnBfn3flYthacfOYU/sD5/AF0h43T</latexit>

p(t)
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k

p(t � kfb)

The result is the same as if we had used a sinc for p(t), and summed them

up. From the sampling perspective these do the same thing.

For parameter β with 0 < β < 1, the resulting pulse has a half bandwidth

Bβ =
1

2
(fb + βfb) 11



Nyquist Pulse Spectrum (cont.)

Nyquist chose a pulse with a “vestigial” raised cosine transform.

This transform is smoother than a trapezoid, so the pulse decays more

rapidly.

The Nyquist pulse is parameterized by β. Let fx = βfb/2.
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0

There are many other options that would work (linear, for example), but

this is what is typically used.
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Nyquist Pulse Spectrum (cont.)

Nyquist pulse spectrum is raised cosine pulse with flat porch.

P (f) =





1 |f | < 1
2fb − fx

1
2

(
1− sinπ

(
f− 1

2 fb
2fx

))
|f | − 1

2fb| < fx

0 |f | > 1
2fb + fx

The transform P (f) decays roughly as 1/t3, depending on the value of β.
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Example Nyquist Pulse Spectra

Nyquist pulse spectra for roll-off factors β of 0, 0.25, 0.5, and 1.
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Example Nyquist Pulses
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Note that the pulse falls off dramatically as β increases. This means less

computation for filtering on the transmit and receive side. But it costs

bandwidth!
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Overshoot

As β increases (and the bandwidth), the analog waveform is better

behaved. Here are plots for β = 0, which is a sinc, and β = 0.25
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A little less overshoot.

16



Overshoot (cont.)

Here are plots for β = 0.5 and β = 1.0

Time, Symbols
0 10 20 30 40 50 60 70 80 90 100

Am
pl

itu
de

0

0.05

0.1

0.15 Beta = 0.50

Time, Symbols
0 10 20 30 40 50 60 70 80 90 100

Am
pl

itu
de

0

0.05

0.1

0.15 Beta = 1.00

These are much better behaved! Typically β is chosen to be somewhere

between 0.25 and 0.5. 17



Decoding the Signals: Eye Diagram

At the receiver we have to find the symbols, and decide whether each is a

”1” or a ”0”. The difficulty of deciding is captured in an eye diagram.Time, Symbols
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This is a plot of each of the symbol waveforms superimposed, here over a

two symbol window. 18



Eye Diagram
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The open area in the middle is called the ”eye”. The larger it is (the more

open), the more reliable the decoding will be.

At each sampling time, we have to decide whether we’ve received a ”1” or

a ”0”. In this case we decide based on whether the sample is larger or

smaller than 1/2. 19



Eye Diagram (cont.)
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The height of the eye determines the sensitivity to noise and interference.

The width of the eye determine the sensitivity to timing and symbol

synchronization.

Sampling too early or late will produce errors.
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Eye Diagrams for Different Nyquist Pulse β’s
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As β increases, the eye opens, and detection becomes easier. However,

bandwidth also increases.
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Square Root Nyquist Pulses

So far the filtering with the Nyquist pulse happens before transmission. We

have to filter in order to generate the analog waveform.

Channel*p(t) Detect

We’ll want to filter at the end also, to exclude other signals and optimally

suppress noise (matched filter).

We can do this by using a ”square root” Nyquist pulse at both ends of the

system. This has a spectrum that is the square root of the normal pulse.

Channel*pSR(t) Detect*pSR(t)

The two together give the same effect on the eye diagram as a single

normal Nyquist pulse. 22



Square Root Nyquist Pulse for β = 0.5
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The square root pulse is a little narrower, and hence wider bandwidth. It

also is not zero at the other samples, so it will have ISI!
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Square Root Nyquist Pulse Eye Diagram
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The two pulses together give the same eye diagram as the single normal

pulse.
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Square Root Pulse Spectrum

The width of the square root pulse is wider than the normal pulse.
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These are very commonly used. Most RF systems use square root Nyquist

pulses. You’ll need to include the square root filter to make the eye diagram

look right.
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Matlab

In Matlab you can generate a normal Nyquist pulse with

>> p = rcosdesign(beta, symbol span, samples per symbol, ’normal’);

where symbol span is the filter length in symbols, and samples per symbol

is the oversampling factor. The total number of samples in the filter is the

product of the two.

A square root Nyquist pulse is generated with

>> p = rcosdesign(beta, symbol span, samples per symbol, ’sqrt’);

This is in the signal processing toolbox.
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Controlled ISI (Partial Response Signaling)

The second Nyquist approach embraces ISI. The interference is known if we

know the adjacent bits! We can achieve a lower bandwidth by using an even

wider pulse. Then ISI is be canceled using knowledge of the pulse shape.

Tb 2Tb�2Tb �Tb 0

1 1

p(t) is equal to 1 for t = 0 and t = Tb. The signal at time Tb depends on

both x(0) and x(Tb).

• If both are 1, then the output y(t) = 2

• if one is 1, and the other is 0, the output is 1

• if both are 0, the output is 0.

With an initial a0 we can subtract term by term, and recover {ak} 27



Partial Response Signaling (cont.)

This is called a duobinary pulse. The ideal pulse is the sum two shifted

sinc’s

p(t) =
sin(πfbt)

πfbt
+

sin(πfb(t− Tb))

πfb(t− Tb)t
=

sinπfbt

πfbt(1− fbt)

This makes sense, it will be 1 at 0 and Tb and zero elsewhere.

The Fourier transform of p(t) is

P (f) =
2

fb
cos

(πf
fb

)
Π
( f

fb

)
e−jπf/fb

The spectrum is confined to the theoretical minimum of fb/2.
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Duobinary Pulses

Suppose pa(t) satisfies Nyquist’s first criterion (zero ISI).

Tb 2Tb�2Tb �Tb 0

pa(t)1

t

Then

pb(t) = pa(t) + pa(t− Tb)

is a duobinary pulse with controlled ISI.

We can use any of the Nyquist pulses from the previous slides as a basis for

a duobinary pulse.
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Sinc Based Duobinary Pulses

For a sinc pulse, the duobinary pulse looks like

Tb 2Tb�2Tb �Tb 0

pb(t) = pa(t) + pa(t � Tb)

t

By shift theorem,

Pb(f) = Pa(f)(1 + e−j2πTbf )

Since Pb(fb/2) = 0, most (or all) of the pulse energy is below fb/2.

One issue with a duobinary pulse is that it has a non-zero DC value.
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Modified Duobinary Pulses

We can eliminate unwanted DC component using modified duobinary,

where pc(−Tb) = 1, pc(Tb) = −1, and pc(nTB) = 0 for other integers n.

pc(t) = pa(t+ Tb)− pa(t− Tb) =⇒ Pc(f) = 2jPa(f) sin 2πTbf

The transform of pc(t) has nulls at 0 and ±fb/2.

Tb 2Tb�2Tb �Tb 0

pc(t) = pa(t + Tb) � pa(t � Tb)
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Example Duobinary and Modified Duobinary Pulses
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Duobinary and Modified Duobinary Pulses Spectra
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Partial Response Signaling Detection, Duobinary Pulses

Suppose that sequence 0010110 is transmitted (first bit is startup digit).

Digit xk 0 0 1 0 1 1 0

Combined amplitude 0 1 1 1 2 1

Decode sequence 0 0 1 0 1 1 0

For the combined amplitude, recall that for the previous two inputs,

• If both are 1, then the output is 2

• if one is 1, and the other is 0, the output is 1

• if both are 0, the output is 0.

Note that the signal now has multiple levels (0, 1, and 2). We could also do

that directly, as we will see next week.
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Partial Response Signaling Detection, Duobinary Pulses

Partial response signaling is susceptible to error propagation.

If a nonzero value is misdetected, zeros will be misdetected until the next

nonzero value. The predicted next value with be the opposite of the current

value.

This stops when we get a 0 or 2, which can only occur one way.

The need for partial response detection can be eliminated by differential

encoding

• The input stream is preprocessed by subtracting adjacent samples,

• These sample differences are transmitted using dujobinary pulses

• The receiver can directly read out the data bits.

We will see return to the shortly.
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Pulse Shaping: Conclusion

• To transmit bits, we need to generate an analog waveform

• We would like to minimize intersymbol symbol interference (ISI)

• A sinc pulse would do this, but requires more computation, and

doesn’t produce a nice eye diagram

• Nyquist pulses trade off bandwidth, computation, and eye diagram

characteristics

• These can be extended to duobinary pulses to further reduce

bandwidth, and improve perforance
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