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Abstract—We consider distributed optimization methods for
problems where forming the Hessian is computationally challeng-
ing and communication is a significant bottleneck. We leverage
randomized sketches for reducing the problem dimensions as
well as preserving privacy and improving straggler resilience in
asynchronous distributed systems. We derive novel approxima-
tion guarantees for classical sketching methods and establish tight
concentration results that serve as both upper and lower bounds
on the error. We then extend our analysis to the accuracy of
parameter averaging for distributed sketches. Furthermore, we
develop unbiased parameter averaging methods for randomized
second order optimization in regularized problems that employ
sketching of the Hessian. Existing works do not take the bias of
the estimators into consideration, which limits their application
to massively parallel computation. We provide closed-form for-
mulas for regularization parameters and step sizes that provably
minimize the bias for sketched Newton directions. Additionally,
we demonstrate the implications of our theoretical findings via
large scale experiments on a serverless cloud computing platform.

Index Terms—sketching, distributed optimization, randomized
algorithms, convex optimization, regularized least squares, second
order optimization, large scale problems, differential privacy

I. INTRODUCTION

E investigate distributed sketching methods for solving

large scale optimization problems, including regular-
ized linear regression as a special case. A standard model that
we consider in this work is the least squares problem given
by

z* = argmin || Az — b||3 + \||z||3 (D

where A € R"* is the data matrix and b € R” is the target
vector. Here, A € R is the coefficient for the squared ¢5 norm
regularization on the parameters z € R?. We consider the
setting where the data matrix A is large and thus distributing
the computation among multiple computing nodes is desirable.
We consider both underdetermined and overdetermined linear
regression problems in the regime where the data does not fit
in main memory. Such linear regression problems and linear
systems are commonly encountered in a multitude of problems
ranging from statistics and machine learning to optimization.
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Fig. 1. Distributed computing model. There is a single central node and ¢
worker nodes. The worker nodes only communicate with the central node.

Being able to solve large scale linear regression problems
efficiently is crucial for many applications.

We focus on a centralized distributed computing model.
Namely, we assume a single central node and multiple worker
nodes that operate in parallel. This model is visualized in
Figure|l} The worker nodes only communicate with the central
node, i.e., no communication among worker nodes is assumed.
The algorithms that we study in this work typically involve
worker nodes computing an estimate solution based on a
sketch or subsampled form of the data, which is then com-
municated to the central node. The central node averages the
estimates from the worker nodes. We will establish theoretical
results for the approximation error of the resulting estimate.

In the proposed scheme, the workers compute their lo-
cal estimates by solving smaller subproblems. The way the
subproblems are constructed is through random sketches or
subsamples. Rather than considering the entire data A,b,
worker nodes perform computations on sketched data SA, Sb
where S € R™*"™ is a random sketching matrix with m < n.
Applications of randomized sketches and dimension reduction
to linear regression and other optimization problems have
been extensively studied in the recent literature including [1]],
[2], 1310, [4)], [S], [6]. In this work, we investigate averag-
ing the solutions of sketched sub-problems. The setting for
overdetermined problems was also studied in [2]]. In addition,
we consider underdetermined regression problems where the
number of data samples is less than the dimension of the
unknown parameter and investigate the properties of averaging
for such problems.
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We extend our results to problems beyond least squares
regression through iterative randomized optimization methods
including Newton Sketch [7]], [3] and introduce their dis-
tributed variants. We focus on the communication-efficient
setting where we avoid the communication of approximate
Hessian matrices of size d> and communicate only the approx-
imate solutions of size d, where d is the parameter dimension.
Averaging sketched solutions was proposed in the literature in
certain restrictive settings [8]]. The presence of a regularization
term requires a more detailed analysis, as we will show that
naive averaging leads to biased estimators of the solution (see
Theorem [4.3). We note that this bias is with respect to the
randomness of the sketching matrices; the input data are not
assumed to be sampled from a probability distribution. Al-
though the bias is often overlooked in the literature, we show
that one can re-calibrate the regularization coefficient of the
sketched problems to obtain unbiased estimators. We show that
having unbiased estimators leads to better performance without
imposing any additional computational cost. Furthermore, we
show that our bias correction method empirically works for
many other non-Gaussian sketches, including row sampling.

Another important advantage of the proposed scheme is
in asynchronous distributed computing. Employing parame-
ter averaging enables asynchronous updates, since a running
average of available parameters can approximate the result
without requiring all worker nodes to finish their tasks. In
other words, an important advantage of randomized sketching
in distributed computing is the independent and identically
distributed nature of all of the computational tasks. Therefore,
distributed sketching offers a resilient computing model where
node failures and stragglers as well as additions of new
nodes can be easily handled, e.g., via generating additional
data sketches. An alternative to averaging that would offer
similar benefits is the asynchronous stochastic gradient descent
(SGD) algorithm [9], [10]. However, the convergence rates
of asynchronous SGD methods necessarily depend on the
properties of the input data such as its condition number [9],
[L1O]. In contrast, as we show in this work, distributed sketching
has stronger convergence guarantees that do not depend on
the condition number of the data matrix. Moreover, sketching
provably preserves the privacy of the data (see Section [V)),
making it an attractive choice for massively parallel cloud
computing.

Although the main focus of this paper is on distributed
computing and parameter averaging, we provide improved
theoretical results for classical, i.e., non-distributed, sketching.
Novel solution approximation results including exact charac-
terizations of the expected error and exponential concentration
are derived for the single sketch estimator as well. Table [I|
summarizes the classes of problems studied in this work. The
last column of the table contains references to the theorems
and lemmas for each result. We first focus on Gaussian
sketches for the ease of exposition and leave extensions to
other sketches (e.g., row sampling, leverage sampling and
Hadamard) to the appendix.

A. Cloud Computing

The methods considered in this paper can be used various
distributed computing environments, including both conven-
tional server-based systems and serverless systems. Serverless
computing is a relatively new approach to distributed systems
that offers computing on the cloud without requiring any
server management from end users [[L1], [12], [L3]. Functions
in serverless computing can be thought of worker nodes
which have very limited resources and a lifetime, but also are
very scalable. It is possible to launch thousands of serverless
computing jobs within a few seconds. The methods that we
introduce in this paper are particularly suitable for serverless
computing platforms, since the algorithms do not require peer-
to-peer communication among different worker nodes, and
have low memory and compute requirements per node. In
addition, we present novel exact expressions for the expected
error of distributed averaging estimators. These are most useful
when the number of nodes ¢ in the distributed computing
system is large, which is readily achieved by serverless com-
puting. In Section we provide a large scale evaluation
of our methods on the serverless computing platform AWS
Lambda.

Data privacy is an increasingly important issue in cloud
computing, one that has been studied in many recent works
including [14], [15], [16], [17]. A remarkable benefit of
distributed sketching methods we consider is privacy preser-
vation. To be more precise, let us consider a setting where the
center node computes sketched data Sy A, Sib, k =1,...,¢q
locally where S € R™*™ are the sketching matrices and
A e R" 4 b e R"™ are the data matrix and the output vector,
respectively, for the regression problem min, || Az—b||3. In the
distributed sketching setting, the central node sends only the
sketched data to worker nodes for computational efficiency,
as well as data privacy preservation. In particular, the mutual
information and differential privacy can be controlled when we
reveal S; A and keep A hidden. Furthermore, one can trade
privacy for accuracy by choosing a suitable sketch dimension
m (see Theorem [5.2).

B. Notation

We use hats & to denote the estimator for a singg sketch
and bars Z to denote the averaged estimator Z := % Ly Bk
where 7 is the estimator for the k’th worker node. Stars
are used to denote the optimal solution x*. The data matrix
and target vector are denoted by A € R"*¢ and b € R",
respectively. We use f(-) to denote the objective of the
optimization problem being considered at that point in the
text. The letter e is used for error while ¢ is used as the
differential privacy parameter. For instance, to analyze the
concentration of the approximation error, we typically show
5 —EH <.
The notation oy, (-) denotes the smallest nonzero singular

value of its argument. O(-) is used for the big-O notation.
All the expectations in the paper are with respect to the
randomness over the sketching matrices, and no randomness
assumptions are made for the data. We use S € R™*" to
denote random sketching matrices and we often refer to m

high probability bounds for the event
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TABLE I
SUMMARY OF THEORETICAL RESULTS. THE DATA MATRIX IS A 2 R" 9 AND THE OUTPUT VECTOR IS b 2 R".

Problem Sketch Type Method and Theorem
miny KAz bk% Gaussian Distributed randomized regression: Theorem ‘ 2.8l [2.11
Gaussian Distributed Iterative Hessian sketch: Theorem |3.2
Other Distributed randomized regression: Lemma A.Sl A.4l A5 _Theorem
minx kzk3 s.t. Az = b Gaussian Right sketch: Theorem [2.13
miny kAz k3 + A1kzk3 Gaussian Distributed randomized ridge regression: Theorem

Convex problems with Gaussian Distributed Newton sketch: Theorem@]
Hessian (Htlzz)T Ht1=2 (step size for unbiasedness)

Convex problems with Gaussian Distributed Newton sketch: Theorem

Hessian (Htlzz)T Htlz2 + A1lg (regularization coefficient for unbiasedness)

as the sketch size. For non-iterative distributed algorithms, we
use S € R™*™ for the sketching matrix used by worker node
k. For iterative algorithms, Sy , € R™*" is used to denote the
sketching matrix used by worker £ in iteration . We assume
the sketching matrices are scaled such that E[STS] = I,,. We
omit the subscripts in Sy, and S for simplicity whenever
it does not cause confusion. The notation m & d is used to
denote that there exists a positive finite constant ¢ such that
m > cd. We denote the thin SVD decomposition of the data
matrix as A = UXV7T,

For regularized problems, we use \; for the regularization
coefficient of the original problem, and A for the regulariza-
tion coefficient of the sketched problem. For instance, in the
case of the regularized least squares problem, we have

o* = argmin | Az — b3 + A3,

& = argmin || SAz — Sb||3 + Xa|[3 )

We will derive expressions in the sequel for the optimal
selection of the coefficient A\ which we denote as A3.

C. Related Work

Random projections are a popular way of performing ran-
domized dimensionality reduction, which are widely used in
many computational and learning problems [18], [S], [19],
[20]. Many works have studied randomized sketching methods
for least squares and other optimization problems [21], [22],
(L, gel, (70, 121, [23].

Sarlés [24] showed that the relative error of the single Gaus-
sian sketch estimator in (2)) in the unregularized case A\; =
A2 = 0 is bounded as f(%)/f(z*) < (1 + Cdlog(d)/m)?
with probability at least 1/3, where C' is a constant. The
relative error was improved to f(&)/f(x*) < (1+Cd/m) with
exponentially small failure probability in subsequent work [6].
In contrast, we derive the expectation of the error exactly and
show exponential concentration around this expected value in
this paper. As a result, we obtain a tight upper and lower
bound for the relative error that holds with exponentially high
probability (see Theorem [2.§).

The work [2]] investigates distributed sketching and averag-
ing for regression from optimization and statistical perspec-
tives. The most relevant result in [2], using our notation,
can be stated as follows. Setting the sketch dimension m =
O(pd(logd)/e) for uniform sampling, where p is row coher-
ence u := n/rank(A) max; ¢; and ¢; is the ¢’th row leverage

score, and m = O(d/¢) (with O hiding logarithmic factors) for
other sketches, the inequality f(z) — f(z*) < (e/q+¢€2) f(z*)
holds with high probability. According to this result, for large
g, the cost at the averaged solution f(Z) will be upper bounded
by €2 f(z*). In this work we prove that for Gaussian sketch,
f(z) will converge to the optimal cost f(z*) as g increases.
We also identify the exact expected error for a given number
of workers ¢. In addition, our results on regularized least
squares regression improve on the results in [2] for averaging
multiple sketched solutions. In particular, in [2], the sketched
sub-problems use the same regularization parameter as the
original problem, which leads to biased solutions. We analyze
the bias of the averaged solution, and provide explicit formulas
for selecting the regularization parameter of the sketched sub-
problems to achieve unbiasedness.

We show that the expected difference between the costs
of the averaged solution and the optimal solution has two
components, namely variance and squared bias (see Lemma
[A-T). This result implies that for the Gaussian sketch, which
we prove to be unbiased (see Lemma [2.1)), the number of
workers required for a target error € scales as 1/e. Remarkably,
this result does not involve condition numbers. In contrast,
for the asynchronous Hogwild algorithm [10], the number of
iterations required for error e scales with log(1/¢€)/e and also
depends on the condition number of the input data, although
it addresses a more general class of problems.

One of the crucial results of our work is developing bias
correction for averaging sketched solutions. Namely, the set-
ting considered in [23] is based on a distributed second order
optimization method that involves averaging approximate up-
date directions. However, in that work, the bias was not taken
into account which degrades accuracy and limits applicability
to massively parallel computation. We additionally provide
results for the unregularized case, which corresponds to the
distributed version of the Newton sketch algorithm introduced
in [7].

D. Overview of Our Contributions

o We characterize the exact expected error of the averaged
estimator for Gaussian sketch in closed form as

E[f@) - f@) 1 d
f(z*) gm—d—1
where 2 =1 7_, 2, is the averaged solution and &), =
arg min,, || Sk Az — Si.b||3 is the output of the k’th worker

3)

Q
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node. In addition, we obtain a similar result for the error

hybrid sketch. We now briefly describe each of these sketching

of the averaged estimator for the least-norm solution in  methods:

the underdetermined case n < d.

For both the single sketch and averaged estimator, we

show that the relative error %ﬂz) is concentrated

around its expectation given in with exponentially ) ) o
1) Gaussian sketch [24]]: Entries of S € R™*" are i.i.d.

high probability. This provides both an upper and lower
bound on the performance of sketching, unlike previous
results in the literature. Moreover, it offers a guaranteed
recipe to set the sketch size m and number of workers q.
We show that for Gaussian distributed sketch, the ex-

and sampled from the Gaussian distribution. Sketching a
matrix A € R™*? using Gaussian sketch requires com-
puting the matrix product SA which has computational
complexity equal to O(mnd).

pected error of the averaged estimator E[f(z)] — f(z*) 2) Banc{omized Hadamard sketch [25)]: The sketch matrix
matches the error lower bound for any unbiased estimator in this case can be represented as § = PH D where P €
obtained via Fisher information. In addition, we provide a R is for uniform sampling of m rows out of n rows,
lower bound for general, possibly biased sketching based H € R"*" is the Hadamard matrix, and D € R™*" is a
estimators. diagonal matrix with diagonal entries sampled randomly
We consider the privacy preserving properties of dis- from th§ Rademachgr distribution. Multiplicgtign b'y D
tributed sketching methods, in which only random projec- to obtain DA requires O(nd) scalar multiplications.
tions of the data matrix A need to be shared with worker Hadamard transform can be implemented as a fast trans-
nodes. We derive conditions on the (g,d)-differential form with complexity O(nlog(n)) per column, and a
privacy when S is the ii.d. Gaussian sketch matrix. total complexity of O(ndlog(n)) to sketch all d columns
Combined with our results, we show that the approxima- of D A. i i )

tion error of this distributed privacy preserving regression 3) Uniform sampling [26]: Uniform sampling randomly
algorithm scales as O(1/¢2). selects‘m rows out of t.he N TOWS .of A where the
We analyze the convergence rate of a distributed version probability of any row being selected is the same.

of the iterative Hessian sketch algorithm which was 4) Leverage score sampling: Row leverage scores of a
introduced in [3] and show that the number of iterations matrix ‘~4 are glvden by £ = HW”% fori =1,....n
required to reach error ¢ with g workers scales with where 4; € R denotes the #'th row of U. The
log(1/€)/ log(q). rr}atrlx U is the matrl‘x whose colun%ns are the left
We show that # = argmin, || SAz — Sb|2 + Ao||z|2 is singular vectors of A, Le., A = UXV". There is only
not an unbiased estimator of the optimal solution, i.e. one nonzero element in every row s; € R of the
E[A(# — 2*)] # 0 when Ay = A; and provide a closed sketching m'atrlx S anq the prol?ablhty that the j’th
form expression for the regularization coefficient A5 to entry of s; is nonzero is proportional to the leverage
make the estimator unbiased under certain assumptions. score £;. More precisely, the rows s1,..., s, are sam-
In addition to Gaussian sketch, we derive bias bounds pled iid. such t?at Pls; = ex//mpr] = pk’;zv vk
for uniform sampling, randomized Hadamard sketch and where pj, = z;‘fkl Note that we have E[S"S] =
leverage score sampling. Analysis of the bias term is E[ 2, sisT] =m  }_ prerel /(mpi) = I,. Naive
critical in understanding how close to the optimal solution algorithm for computing leverage scores runs in O(nd?)
we can hope to get and establishing the dependence on time while the approximation algorithm in [27] runs in
the sketch dimension m. Moreover, we utilize the derived O(ndlog(n)) time.

bias bounds and find an upper bound on the error of the 5) Sparse Johnson-Lindenstrauss Transform (SJLT) [28]:
averaged estimator for these other sketching methods. The sketching matrix for SJLT is a sparse matrix where
We discuss averaging for the distributed version of New- each column has exactly s nonzero entries and the
ton Sketch [7] and show that using the same regulariza- columns are independently distributed. The nonzero
tion coefficient as the original problem, i.e., Ao = Ay, entries are sampled from the Rademacher distribution.
as most works in the literature consider, is not optimal. It takes O(snd/m) addition operations to sketch a data
Furthermore, we derive an expression for choosing the matrix using SJLT.

regularization coefficient A3 for unbiasedness. 6) Hybrid sketch: The method that we refer to as hybrid

We provide numerical simulations that illustrate the prac-
ticality and scalability of distributed sketching meth-
ods on the serverless cloud computing platform AWS
Lambda.

sketch is a sequential application of two different sketch-
ing methods. In particular, it might be computationally
feasible for worker nodes to sample as much data as
possible, say m’ rows, and then reduce the dimension
of the available data to the final sketch dimension m
using another sketch with better error properties than

E. Preliminaries on Sketching Matrices uniform sampling such as Gaussian sketch or SJILT. For

instance, a hybrid sketch of uniform sampling followed
by Gaussian sketch would have computational complex-
ity O(mm/d).

We consider various sketching matrices in this work includ-
ing Gaussian sketch, uniform sampling, randomized Hadamard
sketch, Sparse Johnson-Lindenstrauss Transform (SJLT), and
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F. Paper Organization Algorithm 1: Distributed Randomized Regression

Sectior ) deals with the application of distributed sketching Input: Data matrixA 2 R" 9, target vectob2 R".

to quadratic problems for Gaussian sketch. The algorithms ¢, \workerk = 1:::::qin paralleldo

in Section[I are non-iterative. In Sectidn]lll we consider Obtain the sketched data and sketched outBu& and
distributed sketching algorithms for iterative algorithms and Sh.

show how thgse ideas are applied to second order optimization  gq)ye R = argminy kS Ax  SxbkZ and sendky to
for unconstrained convex problems. In Secfiof IV, we present the master node.

our results on bias correction for randomized sketching in
regularized problems. Secti¢n| V deals with the privacy pre-
serving property of distributed sketching. Section VI provides
an overview of applications and example problems where
distributed sketching methods could be applied. Section VII
presents numerical results and Section VIII concludes the main
part of the paper. Section A of the appendix gives theoretical Proof of Lemma 2.1: Suppose that the matrik is full
results for randomized Hadamard sketch, uniform samplingglumn rank. Then, fom d, the matrixAT ST SA follows
and leverage score sampling. We give the proofs for thkewishart distribution, and is invertible with probability one.
majority of the lemmas and theorems in the appendix alompbnditioned on the invertibility oAT ST SA, we have

with additional numerical results.

end for
Master node: returnx =
(Master node: returrx =

o1 Rk
oa Rk, optional)

1
i
A

2=(ATSTSA) !ATSTSb

[1. DISTRIBUTED SKETCHING FOR QUADRATIC =(ATSTSA) 'ATSTS(AX + 1)
OPTIMIZATION PROBLEMS =x +(ATSTsA) ATSTSK ;
In this section, we focus on the regularized Least Squargfiere we have de net = b Ax . Note thatSA andSE
optimization problem are independent since they are Gaussian and uncorrelated as a

4 result of the normal equations’ b’ = 0. Conditioned on the
realization of the matriXSA and the evenATSTSA 0, a

We study various distributed algorithms for solving problemgimple covariance calculation shows that

of this form based on model averaging. Some of these algo- 1

rithms are tailored for the unregularized case= 0. 2 N X ;af (x )(ATSTSA) * : (6)

x = argmin kAX bk3 +  1kxk3:

Multiplying with the data matrixA on the left yields the
A. Closed Form Expressions for the Expected Error of Gaugistribution of the prediction error, conditioned &#A, as
sian Sketch

We begin with a non-iterative model averaging based algo-
rithm, which we refer to as distributed randomized regressi
This algorithm is for the unregularized case = 0. Each of
the worker nodes computes an approximate solutiprand
these are averaged at the master node to compute the 2 _ f(x) TaT 1ATY]
solutionx. This method is outlined in Algorithm 1. The theo—rﬁkA(k X ke SAI= m Elr(AATSTSA) “ADL:
retical analysis in this section assumes that the sketch matrixigxt we recall that the expected inverse of the Wishart matrix
Gaussian, which is generalized to other sketching matricesgm ST S A satis es (see, e.g., [29])
Section A. Although computing the Gaussian sketch is not m
as efcient as other fast sketches such as the randomized E[(ATSTSA) 1=(ATA) lﬁ:

Hadamard sketch, it has several signi cant advantages over m

other sketches: (1) exact relative error expressions can f#9ging in the previous result and using the tower property
derived as we show in this section, (2) the solution is unbias&l, €xpectations and then noting tha¢ A(ATA) *AT) = d

(3) a differential privacy bound can be provided as we show fiveé Us the claimed result. .
Section V, and (4) computation of the sketch can be trivially To the best of our knowledge, this result of exact error
parallelized. characterization is novel in the theory of sketching. Similar

We rst obtain a characterization of the expected error fdPOIS to those that we used in this proof were used in [30],
the single sketch estimator in Lemma 2.1. however, the exact context in which they are used and the end

Lemma 2.1For the Gaussian sketch with >d + 1, the result are different from this work. The expected error of the
estimator® satis es single sketch estimator appears in [31] as well. Furthermore,

d existing results (see e.g. [5], [2], [19]) characterize a high
_— probability upper bound on the error, whereas the above is
m d 1(5) a sharp and exact formula for the expected squared norm of

the error. Theorem 2.2 builds on Lemma 2.1 to characterize
wheref (x) := kAx bk3 andx =argminy f (x). the expected error for the averaged solution

Ak x) N O;%f (x JA(ATSTSA) AT = (1)

%Fhen we can compute the conditional expectation of the
squared norm of the error

EKAR  x k3] = E[f (®)] f(x)="f(x)
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Theorem 2.2 (Expected error of the averaging estimatomesult provides both an upper and lower bounds on the relative

Let Sx, k = 1;:::;9 be Gaussian sketching matrices, thearror with exponentially small failure probability. We begin
Algorithm 1 runs in time O(md?), and the error of the with the single sketch estimatdr and extend the results to
averaged solutiox satis es the averaged estimatar= % N 08

E[ff (x)] f(x) 1 d _ The next theorem states the main concentration result for

Fx) “gm d 1 (8) the single sketch estimator. Both upper and lower bounds are
given for the ratio of the cost of the sketched solution to the
Consequently, Markov's inequality implies thé&% optimal solution. The full proof is given in the Appendix.
holds with probability at least 1 q;m d__ forany > Theorem 2.4 (Concentration bound for the single sketch

0 estimator®): Suppose that the sketch size is such that d.

Then, the optimality ratio o with respect to the optimal

Theorem 2.2 illustrates that the expected error scalés@s ' - ]
solutionx is concentrated around its mean as

and converges to zero ag! 1  as long asm d+2.
This is due to the unbiasedness of the Gaussian sketch. Other  f (%) d
sketching methods such as uniform sampling or randomize f(x) m d 1

Hadamard sketch do not have this property, as we further .
investigate in Section A. whereCy; C, are positive constants.

Remark 2.3:In Algorithm 1, the worker nodes are taskedroof sketch:Our proof technique involves the concentration
with obtaining the sketched daB A and the sketched output®f Gaussian quadratic forms f&b conditioned onSA. We
Scb. We identify two options for this step: leverage that the errdeA(&  x )k3 is a Gaussian quadratic

Option 1: The master node computes the sketched d4fgen conditioned orBA as shown in (7). In particular, we
ScA:Sch k = 1:::::q and transmits to worker nodes Use the concentration result given in Lemma 2.5 for quadratic

This option preserves data privacy, which we discuss |A'M ©f Gaussian random variables. _
Section V. Lemma 2.5 (Concentration of Gaussian quadratic forms,

Option 2: The worker nodes have access to the ddggl): Let the entries ofz 2 R™ be distributed as i.i.d.

A:b and compute the sketched d&gA and Scb. This N (0;1). ForanyG 2 R™ ™ and > 0,

option does not preserve privacy, however, parallelizesP "Gz E[Z"Gz]> 2kaFp7+2ka2 e : (10)

the computation of the sketch via the workers.

It provides insight to compare the result in Theorem 2.2 Then we note that after applying Lemma 2.5, the conditional

against the baseline where the master node computes a sketgrectation of the error is given BkA(®  x )k3jSA] =
of size mg. Note that the error performance of the singlé(n’:i) tr((UTSTSU) 1). Next, we focus on the trace term
big sketch would in fact outperform the distributed sketctr((UT STSU) ') and relate it to the Stieltjes transform [33].
case. The error of the single sketch 4@% while the  De nition 2.6 (Stielties Transform)We de ne the Stieltjes
error of the distributed averaging case %ﬁ Since Transform for a random rectangular mat@&2 R™ ¢ such
T maag g the error of the single big sketch casdhatd m as
is smaller. It is important to point out that whenm d,
the errors are asymptotically the same, i@(-%). In addi- ms(2) :

< 1 Cie C2'm (9)

%tr(STS zl) ! (11)
'm

tion, there are many advantages for the distributed averaging 1 X 1

case over the single sketch case including parallelization of =z —eTa o
the computations of sketches and sub-problems, lower cost di., i(8'S) z
subproblems per worker node, and hence faster run time. In T . . :
the single sketch case, solving the corresponding linear syst'ék%f[e. iS(TSSS) denotes tha'th eigenvalue of the symmetric
is of complexity O(mqc?), while it is O(md?) per node in M& ”Xd > hiah probability bound for th q
the distributed sketch case. We derive a high probability bound for the trace term aroun

We note that Algorithm 1 is robust against straggling nodét;ex'pectation by Ievgraging the poncen'trati'on _Of th? empirical
and failures since the nal output does not rely on any speci §t|7elgjels transform to its expectation, which is given in Lemma
.7 below.

set of node outputs. This is re ected in the last line © _ TeT 1
Algorithm 1 where we average only the available set of node -éMma 2.7:The tracetr((U' S"SU) 7) is concentrated

outputsA . The observation here is that rather than waiting fé"und its mean with high probability as follows
the output of allg nodes, we can simply collect the available . ToT 1 TaT .
set of outputs and average them. The algorithms given in theP Jr((UTSTSyY) ) Er((UTSTSU) ]
remainder of the paper satisfy this property as well since they 1 e Lzm%zi o M 2=2. (13)
are all based on averaging i.i.d. node estimates.

(12)

forany ; > 0.
B. Exponential Concentration of the Gaussian Sketch Estimgne proof of Lemma 2.7 is provided in the Appendix. Com-
tor bining the concentration of the Stieltjes transform with the
In this subsection, we show high probability concentratioconcentration of Gaussian quadratic forms completes the proof
bounds for the error of the Gaussian sketch. Importantly, oof Theorem 2.4.
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bounds can be obtained depending on whether the estimator
is restricted to be unbiased or not. Lemma 2.9 and 2.10
provide error lower bounds for all unbiased and general (i.e.,
possibly biased) estimators, respectively. The proof of Lemma
2.9 is based on Fisher information and CéarRRao lower
bound while Lemma 2.10 additionally employs the van Trees
inequality. We refer the reader to [31] for details on these
single sketch lower bounds.

Lemma 2.9 (Unbiased estimators, [31]For any single
sketch unbiased estimator * obtained from the Gaussian
sketched dat&A andSh, the expected error is lower bounded
as follows

d
E[f (% f(x f(x)——: 15
F@ o) ) —— (15)
We note that the expected error of the single sketch estima-
tor that we provide in Lemma 2.1 exactly matches the error
lower bound in Lemma 2.9. Therefore, we conclude that no
Fig. 2. Histograms of the optimality ratib(x)=f (x ) for both Gaussian Other unbiased estimator baSEd. ona Smgle skesshSbcan
sketch and randomized Hadamard sketch. The vertical lines indicate @ehieve a better expected relative error.
empirical mean of the error. The dataset is synthetically generated withLemma 2.10 (General estimators, [31]For any single
n= 512;q =20 and the'sketch size @ = 100. The histogram is calculated ketch estimatoR, which is possibly biased, obtained from
over2500 independent trials. The plot at the top shows the performance of the : ;i
single sketch estimator, and the middle and bottom plots are for the avera§d@ Gaussian sketched d&8# and Sh the expected error is
estimator withqg = 4 andq = 10 workers, respectively. lower bounded as follows

_ EF R fx) f(x)o (16)
Next, we show that the relative error of the averaged m
estimator is also concentrated with exponentially small failure We now provide a novel generalized lower bound that
probability. applies to averaged estimators obtained via distributed
Theorem 2.8 (Concentration bound for the averaged esfiketching. Theorem 2.11 states the main lower bound result
mator x): Let the sketch size satisfy & d.grhen, the ratio for the averaged estimator. P
of the cost for the averaged estimator 1~ 9_ #, tothe ~ Theorem 2.11For any averaged estimator= ¢ |, R«,
optimal cost is concentrated around its mean as follows ~Where eactRy is based on Gaussian sketched data; Sb,

£ (x) 1 q k=1;:::;q, the expected error is lower bounded as follows
- - Ca(q)*m ; ; ; oy -
) qm d 1 < 1 qGe (i) for unbiased estimators satisfyirig[R¢] = X
a9 el fo) S 9 ay
whereCy; C, are positive constants. q
The above result shows that the relative error of the average@) for general (i.e., possibly biased) estimators
estimator using distributed sketching concentrates consider- f(x)d
ably faster compared to a single sketch. Moreover, the above E[f ()] f(x) —: (18)

: m’
bound offers a method to choose the values of the sketch size d .
m and number of workerg to achieve a desired relative error We note that the expected error of the averaged estimator

with exponentially small error probability. This concentratiogiven in Theorem 2.2 matches exactly the lower bound in

O(1=m'*%), e.g., when is a constant. We note that it mayWe observe that the lower bound matches the upper bound for
be possible to improve thé! dependence in future work. ~ largem, e.g., wherm d 1= O(m).

Figure 2 shows the histograms for the single sketrh ()
and averaged estimatog ¢ 4 and g = 10) for Gaussian D. Distributed Sketching for Least-Norm Problems
and randomized Ha(_jam_ard sk_etches. Thls_expenment demony, this section, we consider the underdetermined case where
strates that the optimality ratib(x)=f(x ) is concentrated n<d and applying the sketching matrix from the right, i.e.
around its mean and its mean and concentration improveoq1sthe features. We will refer to this method raght sketéh '
we increase the number of workegs Let us de ne the minimum norm solution

- H 2 - h-
C. Error Lower Bounds via Fisher Information X =argmhn kxky s.t.Ax = b (19)

We now present an error lower bound result for the Gaussi@ihe above problem has a closed-form solution giverx by
sketch. We rst consider single sketch estimators and théx’ (AAT) b when the matrixA is full row rank. We will
discuss the distributed sketching case. Two different lowassume that the full row rank condition holds in the sequel. Let
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us denote the optimal value of the minimum norm objective a
f(x )= kx k3 = b" (AAT) b Thek'th worker node will
compute the approximate solution

Algorithm 2: Distributed Iterative Hessian Sketch

Input: Number of iterationsT, step size .
fort=1toT do

2 =argmin kzk3 st.AS]z= b; (20) for workerk =1;:::;qin paralleldo
z Obtain the sketched da@ A.
where Sy 2 R™ 9 andz 2 R™. Then, the estimatey Compute gradienty = AT (Ax; b).
will be computed usingy = S 2 which is followed by SOIVeAt;k = argmin %kSt;kA K3+ g and
the communication of the estima# to the master node. send to master node.
The aperaged solution is computed at the master node as end for P
X = é -1 R«. We will assume that the sketch matricgs Master node: Updatex;s1 = X + % b "« and

are i.i.d. Gaussian in deriving the error expressions. Lemma sendx;s+; to worker nodes.
2.12 establishes the approximation error for a single right end for
sketch estimator. return Xt

Lemma 2.12For the Gaussian sketch with sketch siae
n+1, the estimator satis es

Ek® x K3 = d n f(x): reduces to directly solving the normal eq_uatic(rﬂsTA)x =
m n 1 ATb for = 1. However, the computational cost of this
direct solution is often prohibitive for large scale problems. To
remedy this, the method of iterative Hessian sketch introduced
2 N x ;PNu”(A)kAST(ASTSAT) i ]icn”[3] employs a randomly sketched HessianS! ST A as
ollows

Proof of Lemma 2.12:Conditioned orAST, we have

Noting that E[(ASTSAT) 1] = AAT__m taking the

1 — .
expectation and noting that Pi(a)) 2 d n, we obtain Xt = Xt (ATS{SA) AT (Ax: b);
) d n . S d n where S; corresponds to the sketching matrix at iteration
Ek®  x k3] = —————b (AAT) "b= —————f(x): Sketching reduces the row dimension of the data frorto
(21) m and hence computing an approximate Hes#drg S;A
is computationally cheaper than the exact HesstahA.

An exact formula for averaging multiple outputs in ri hP/Ioreover, for regularized problems one can chooséo be
9ing P P Imaller thard as we investigate in Section IV-A.

sketch that parallels Theorem 2.2 can be obtained in a S|m|farIn a distributed computing setting, one can obtain more

fashion: accurate update directions by averaging multiple trials, where

Elkx x k3] = }E[kkk x k3] = 1 dn (x ): each worker node computes an independent estimate of the

q gm n 1 update direction. These approximate update directions can be

Hence, for the distributed Gaussian right sketch, we establ@veraged at the master node and the following update takes
the approximation error as stated in Theorem 2.13. place

Theorem 2.13 (Cost approximation for least-norm prob- 1
lems): Let Sy, k = 1;:::;q be Gaussian sketching matrices, xu.1 = x¢ =  (ATS[ S A) AT(Ax¢ Db (24)

then the error of the averaged solutiorsatis es k=1
Eff(x)] f(x)_1 d n HereS;x is the sketching matrix for thk'th node at iteration
f(x) “gm n 1 (22) . The details of the distributed IHS algorithm are given
_ o 9 fix ) in Algorithm 2. We note that although the update equation
Consequently, Markov's inequality implies that) 1) involves a matrix inverse term, in practice, this can be replaced

holds with probability at least 1 q;md o forany > with an approximate linear system solver. In particular, it

0. might be computationally more ef cient for worker nodes to

compute their approximate update directions using indirect

methods such as conjugate gradient.

ALGORITHMS We note that in Algorithm 2, worker nodes communicate
o . . their approximate update directions and not the approximate

A. Distributed Iterative Hessian Sketch Hessian matrix, which reduces the communication complexity

In this section, we consider an iterative algorithm for solvinffom O(d?) to O(d) for each worker per iteration.

IIl. DISTRIBUTED SKETCHING FORITERATIVE

the unregularized least squares problem in (4), whare We establish the convergence rate for Gaussian sketch in

0 with higher accuracy. Let us consider applying Newton'Sheorem 3.2, which provides an exact characterization of the

method to this problem expected error. First, we give the de nition of the error in
X =x (ATA) 'AT(Ax, b); (23 Deftonsd

De nition 3.1: To quantify the approximation quality of the
where > 0 is the step size. Note that, Newton's methoiteratex, 2 RY with respect to the optimal solution 2 RY,
terminates in one step since the Hessiah i\ and the update we de ne the error ag = A(xy X ).



DISTRIBUTED SKETCHING FOR RANDOMIZED OPTIMIZATION 9

To state the result, we rst introduce the following momembAlgorithm 3. Distributed Newton Sketch
of the inverse Wishart distribution (see the appendix).

Input: Tolerance

L= while gf ., "« =2 do
m d 1 2 for workerk = 1;:::;qin paralleldo
, = m°(m 1) ; (25) Obtain Sy H™2.
(m d(m d (m d 3 Obtain the gradieng.
Theorem 3.2 (Expected error decay for Gaussian sketch): Compute approximate Newton direction
In Algorithm 2, let us set = 1=; and assumeSy 's are " = arg min (3kStx H!¥ K%+ g7 ) and send
i.i.d. Gaussian sketches, then the expected squared norm of to master node.
the errorel* evolves according to the following relation: end for
1 Master node: Delgarmine step size, and update
kel K31= = =5 1 kel'ké: Xtsr = Xe+ 25 W ek
a 1 end while

Next, Corollary 3.3 builds on Theorem 3.2 to characterize
the number of iterations for Algorithm 2 to achieve an error
of . The number of iterations required for erroscales with \yhere the sketching matric& 2 R™ " are refreshed every
log(1=)=log(q). iteration. There can be a multitude of options for devising a
Corollary 3.3: Let Sy 2 R™ " (t = 1;:::;T, k = (distributed Newton's method or alistributed Newton sketch

outputsxy that is -accurate with respect to the initial errorthe GIANT algorithm [23] where worker nodes communicate

in expectation, that isﬂffé\:z% = whereT is given by lengthd approximate update directions to be averaged at
’ the master node. Another alternative scheme would be to
T= log(1=) : communicate the approximate Hessian matrices, which would
log() log % 1 require an increased communication loaddéfnumbers.
1

We consider Hessian matrices of the forid;, =
where the overall required communicationTigid real num- (H/=%)TH " where we assume that ™ 2 R" ¢ is a full
bers, and the computational complexity per worker is column rank matrix ansh  d. Note that this factorization is

O(Tmnd + Tmd? + Tdf): already availab_le in terms of scaled data matrices _in various
problems. For instance, in the Least Squares, we simply have
Remark 3.4:Provided thatm is at least2d, the term Ht1=2 = A. More generally, for functions of typé (Ax),
log 2 1 is negative. HenceT is upper-bounded by the Hessian takes the foria™ f °{Ax)A. The factorization
log(1 = ) He =( Htlzz)THtlz2 can be computed by simply considering
the factorization of °{Ax). For large scale data matricés

log(q) . . . .
Distributed iterative Hessian sketch (IHS) and its conve

gence analysis have been considered for the rst time in th{g's factorization could be computationally inexpensive as long

o : . .
work. Our technique leads to exact expected error expressi(‘;"r?f {Ax) is easy to factorize, e.g., diagorfdi{Ax). Please

re(zfer to Section VI for further details and examples including

for Gaussian sketches. A particular way that the expectF - . . . . L
. . veR istic regression and inequality constrained optimization.
error result can be viewed is through the lens of massweyg

parallel computing (wherg is very large). In this case, as The factorization of the Hessian matrix enables the fast

; construction of an approximation ¢i; by applying sketch-
ets larger, the error will converge to the expected errof. = . R
q9 g g P g g Sthl 2 which leads to the approximationd; =

[34] presents high probability bounds for the error of the! 192, 1=2 > ) .
distributed IHS algorithm, which we proposed and studidtH: )" StH¢ ™. Averaging for regularized problems with
in this work. Differently from our work, the result of [34] Hessian matrices of the forid; = (H™)"TH{™"+ 114 wil
assumes surrogate sketches. Surrogate sketches are de nee%%onS'dered in the next subsection.
modifying standard sketching techniques using determinantall "e update equation fadistributed Newton sketch for a
point processes. [34] also extends the result on distributed 19gstem withq worker nodes can be written as
to distributed Newton sketch. 1 1 -

Xts1 = Xt + 2= argmin ékS[;k Hi ™" ki+gf

B. Distributed Newton Sketch k=t

The update equation for Newton's method is of the for . .
Xis1 = Xt H, 19[, whereH, 2 RY ¢ andg 2 Rd IﬁRlote that the above update requires access to the full gradient

: : . . o . If worker nodes do not have access to the entire dataset,
denote the Hessian matrix and the gradient vector at iteratign . . I L .
then this requires an additional communication round per iter-

t respectively, and , is the step size. In contrast, NeWtonation where worker nodes communicate their local gradients
Sketch performs the approximate updates : . 9

with the master node, which computes the full gradient and
broadcasts to worker nodes. The details of the distributed

Newton sketch method are given in Algorithm 3.

(27)

1 =
Xts1 = X¢ + iarg mln(EkSth1 2 KB+g ) (26)
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IV. BIAS CORRECTION FORREGULARIZED PROBLEMS
A. Bias Correction for Regularized Least Squares

We have so far studied distributed randomized regression
for unregularized problems and showed that Gaussian sketch
leads to unbiased estimators. In this section, we focus on the
regularized case and show that using the original regularization
coef cient for the sketched problems causes the estimators to
be biased. In addition, we provide a bias correction procedure.
More precisely, the method described in this section is based

Fig. 3. Cost approximatio(f (x¢) f(x ))=f(x ) for Algorithm 3 against 5 non-jterative averaging for solving the linear least squares
iteration numbert for various step sizes in solving a linear least squares

problem on randomly generated data. The cyan colored dotted lines show d¥@Plem with ", regularization, i.e., ridge regression.
approximation when we make a search for the learning ratbetween0:05 Note that we have; as the regularization coef cient of the
and1. The blue line with circle markers corresponds o= 1= ; that leads original problem and » for the sketched sub-problems I$

to the unbiased estimator and the red line with square markers corresponds t(g 2 . ’

s = 1= » that gives the minimum variance. The resulting step size scaliig Chosen to be equal to;, then this scheme reduces to the
factors s are shown in the legends of the plots. The parameters used in thésmework given in the work of [2] and we show in Theorem
experiments are = 1000, d =200, m = 400. 4.3 that , = ; leads to a biased estimator, which does not

converge to the optimal solution.

We rst introduce the following results on traces involving

We analyze the bias and the variance of the update directiQng qom Gaussian matrices which are instrumental in our resullt.
for distributed Newton sketch, and derive exact expressions fol, amma 4.1 ([35]):For a Gaussian sketching matt the

Gaussian sketching matrices. First, we establish the nmati%ﬂowing asymptotic formula holds
for update directions. We will let ; denote the optimal

(a) g= 10 workers (b) g=2 workers

Newton update direction at iteratidn lim- Eftr(( UTSTSU+ o) Hl=d  s(d=m; »);
C=(( Htl:Z)THtlzz) lg, (28) where 3(d=m; ;) := .
_ o 2+td=m 1+ ( o+d=m 1)2+4 d=m
and Iet’\t;k denote the approximate update direction returned 2 ,d=m :
by worker nodek at iterationt, which has the closed form

Lemma 4.2For a Gaussian sketching matt®x the follow-

expression ) -
P ing asymptotic formula holds

AN

= = 1 1 - —_— . .
w= s (HT)TSLSwH™ a0 (29) lim E[UTSTSU+ 1) = s(d=m; )l
, . where 3(d=m; ;) is as de ned in Lemma 4.1.
Note that the step size for the averaged update direction W|IIWe list the distributed randomized ridge regression method

be calculated as; = 1 . Theorem 3.5 characterizes hov‘fn Algorithm 4. This algorithm assumes that our goal is to

the updaj[e di_rections need to l?e_ scaled tq obtain an unbia§8 e a large scale regression problem for a given value of
update direction, and also a minimum variance estimator. o jarization coef cient ;. Theorem 4.3 states the main

. - N . :
Theorem 3.5For Gaussian sketchey , assumingH; result of this subsection. In short, for the averaged result

is full column rank, the varianc&[kH; (" 1 ()k3lis to converge to the optimal solutior , the regularization

minimized when ¢ is chosen as s = - whereas the bias coef cient needs to be modied to,.

E[Ht1=2("t;k )] is zero when ¢ = Al where ; and » Theorem 4.3:Given the thin SVD decompositioh =

are as de ned in (25). U VT 2R" 9andn d, and assuming has full rank and
Figure 3 demonstrates that choosing= 1 s when s has identical singular values (i.ez= | 4 for some > 0),

is calculated using the unbiased estimator formujas 1=, there is a value of , that yields a zero bias of the single
leads to faster decrease of the objective value when the numBfgtch estimatoE[A(Rk  x )] asn tends to in nity if
of workers is high. If the number of workers is small, one() m>d or

should choose the step size that minimizes variance usifiy m dand 1 2 % 1

s = 1= 2 instead. Furthermore, Figure 3(a) illustrates thaind the value of , that achieves zero bias is given by
the blue curve with square markers is in fact the best one could d
1

hope to achieve as it is very close to the best cyan dotted line. 2= 1 *ﬁ;
We note that our bias correction result considers Gaussian m =
sketch. In [34], our bias correction result is extended twhere the matrixS, in R = argminy kS¢Ax  Scbk3 +
surrogate sketches. Surrogate sketches typically allow exagkxk3 is the Gaussian sketch.
expectation expressions to be obtained. The theoretical analFigure 4 illustrates the practical implications of Theorem
ysis for the Gaussian case requires identical singular value8. If , is chosen according to the formula in (30), then the
for the data matrix in deriving exact bias expressions. Thaveraged solutior gives a signi cantly better approximation
assumption is relaxed in [34] for surrogate sketches. to x than if we had used, = ;. The data matrixA in

(30)
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Algorithm 4: Distributed Randomized Ridge Regres- B. Distributed Newton Sketch for Regularized Problems

sion We now consider problems with squarégd-norm reg-
Set to the mean of singular values #f. ularization. In particular, we study problems with Hessian
Calculate , = %ﬁ matrices of the fornH, = (H™?)TH{ + 1l4. Sketching
for workerk =1;:::;q in paralleldo can be applied to obtain approximate Hessian matrices as
Obtain the sketched data and sketched outBus and H, = (S;H, 2)TS{H; ">+ ,l4. Note that the case, = 1
Skb. corresponds to the setting in the GIANT algorithm described in
SolveRy = argmin, kSyAx  Scbk3 + ,kxk3 and  [23] when the sketch is uniform row sampling. The theoretical
send®y to master node. result given in this section assumes Gaussian sketch. As we
end for P will show in the numerical results section, using the bias
Master node: returnx = % R=1 Ri correction formula improves the performance of other sketch

types as well in our experiments.

Theorem 4.5 establishes that should be chosen according
to the formula (31) under the assumption that the singular
values othlz2 are identical. We later verify empirically
that when the singular values are not identical, plugging the
mean of the singular values into the formula still leads to
improvements over the case of = ;.

Theorem 4.5Given the thin SVD decompositioHtl:2 =
U VT 2R" 9andn d Wherth1=2 is assumed to have
(a) Identical singular valueéb) Non-identical singular valuedull rank and satisfy = | 4, the bias of the single sketch

Newton step estimatdE[Htlzz("t;k )] is equal to zero
Fig. 4. Plots ofkx x kp=kx ko against the number of averaged workel@S N gO€s to in nity when » is chosen as
outputs for an unconstrained least squares problem with regularization using
Algorithm 4. The dashed blue line corresponds to the case wherés — L+ E 2 1 d=m . (31)

determined according to the formula (30), and the solid red line corresponds 2 ~ m 1+ 1 2+d=m '’
to the case where; is the same as ;. The parameters are as follows:

n = 1000, d = 100, 1 =5, m = 20, sketch type is Gaussian. (a) All _ 1=2\T7 4 1=2 1 A _

singular values ofA are 1. (b) Singular values oA are not identical and where 1:tz - (( Hlt:2 ) Ht + ol d) g[_ and tk '

their mean isl. ((Stk H{ TSk Hy “+  2lq) g, andSg is the Gaussian
sketch.

Remark 4.6 The proof of Theorem 4.5 builds on the proof
Figure 4(a) has identical singular values, and 4(b) shows the Theorem 4.3 (see the appendix). The main difference
case where the singular values Afare not identical. When petween these results is that the setting in Theorem 4.5 is
the singular values oA are not all equal to each other, we se§ych that we assume access to the full gradient, i.e. only the
to the mean of the singular valuesMfas a heuristic, which Hessjan matrix is sketched. In contrast, the setting in Theorem
works extremely well as shown in Figure 4(b). According t@ 3 does not use the exact gradient.
the formula in (30), the value of, that we need to use to
achieve zero bias is found to bg = 0:833 whereas ; =5.

The plot in Figure 4(b) illustrates that even if the assumption V. PRIVACY PRESERVINGPROPERTIES

that = | 4 in Theorem 4.3 is violated, the proposed bias We now digress from the error and convergence properties
corrected averaging method outperforms vanilla averaging dh distributed sketching methods to consider the privacy pre-
[2] where , = ;. serving properties of distributed sketching. We use the notion

Remark 4.4 (Varying sketch sized)et us now consider Of differential privacy for our privacy result given in De nition
the scenario where we have different sketch sizes for ede#- Differential privacy is a worst case type of privacy notion
worker node. This situation frequently arises in heterogenedi§ich does not require distribution assumptions on the data.
computing environments. Speci cally, let us assume that thehas been the privacy framework adopted by many works in

sketch size for workek is my, k =1;:::;q. It follows from the literature.
Theorem 4.3 that by choosing the regularization parameter forPe nition 5.1 (("; )-Differential Privacy, [36], [37]): An
worker nodek as algorithm ALG which maps(n  d)-matrices into some
rangeR satis es ("; )-differential privacy if for all pairs of
L(K)= 1 d 1 . neighboring inputsA andA° (i.e. they differ only in a single
mel+ 1= 2 row) and all subset§ R , it holds thatP (ALG(A) 2 S)
e P(ALG(A%) 2S)+
it is possible to obtain unbiased estimatdys k = 1;:::; Theorem 5.2 characterizes the required conditions and the

and hence an unbiased averaged resultNote that here sietch size to guarantde; )-differential privacy for a given
we assume that the sketch size for each worker satis es t@gtaset_ The proof of Theorem 5.2 is based on (the)_
condition ir; Theorem 4.3, that is, either, >d ormy,  d (ifferential privacy result for i.i.d. Gaussian random projec-
and 3 (d=my 1). tions from [37]. Note that Theorem 5.2 assumes a sketch size
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required for privacy. The sketch size depends on whether wmblem for this model can be formulated as minimizéx)
consider privacy against afl worker nodes or a single node.where

Theorem 5.2:Given the data matriA 2 R" ¢ and the X0
output vectorb 2 R", let A, = [A;b] 2 %‘ A+ f(x) = (yilog(p)+ (@ vy)log(l p))+ %kxkz;
De ne = In4=). Dene ¢ = mn(Ac)= n, and i=1

Bo := maxi;j jAc; j. Suppose that the conditions (35)
n 2 B2 andp 2 R" is de ned such thaty = 1=(1 + exp( &' x)).
g+ 1 3+ — and m>d+1 (32) g 2 RY denotes thé'th row of the data matrixA 2 R" ¢.
0 The output vector is denoted lyy2 R".
are satis ed and the sketch size satis es We can use the distributed Newton sketch algorithm to solve
n2 "2 _ this optimization problem. The gradient and Hessianffor)
m=0 @+D2(+ ) for privacy w.r.t. one node, or are as follows
, , (33) g=AT(p Y+ 1%
m n for privacy w.r.t.q nodes. H=ATDA + ilg:

qd+1)2("+ )2
(34) D is adiagonal matrix with the elements of the veqitt p)
as its diagonal entries. The sketched Hessian matrix in this
Then, for Gaussian sketch matricBg 2 R™ ", publishing ¢ase can be formed dSD2A)T(SD¥2A) + ,l4 where
the sketched matrice§cAc 2 R™ ("D, k = 1;:::59is  can be calculated using (31), and we can sé the mean
("; )-differentially private for any'> 0, > 1+In(4). of the singular values db 1=2A. Since the entries of the matrix
Remark 5.3:For xed values of , min, Bo, N'@andd, D are a function of the variabbe, the matrixD gets updated
the approximation error is on the order ©f = for ("; )- every iteration. It might be computationally expensive to re-
differential privacy with respect to aff workers. compute the mean of the singular valuesof2A in every
The work [38] considers convex optimization under privaciferation. However, we have found through experiments that it
constraints and shows thatifferential privacy (i.e. equivalent s not required to compute the exact value of the mean of the
to De nition 5.1 with = 0), the approximation error of their singular values for bias reduction. For instance, setting
distributed iterative algorithm is on the order®{-%), which the mean of the diagonals of the mati=2 as a heuristic
is on the same order as Algorithm 1. The two algorithmgorks suf ciently well.
however have different dependencies on parameters, which are
hidden in theD-notation. We note that the approximation error . ) L
of the algorithm in [38] depends on parameters that Algorithﬁ\' Inequality Constrained Optimization
1 does not have such as the initial step size, the step sizdhe second application that we consider is the inequality
decay rate, and noise decay rate. The reason for this is thatehastrained optimization problem of the form
algorithm in [38] is a synchronous iterative algorithm designed . 5
to solve a more general class of optimization problems. minimize,  kx  ckz
Algorithm 1, on the other hand, is designed to solve linear subject to kAxk; (36)

regression problems and offers a signi cant advantage due t% d d

A - . whereA 2 R" % andc 2 R® are the problem data, and2 R

its single roun_d cpmmunu_:atmn requirement. . Is a positive scalar. Note that this problem is the dual of the
Remark 5.4A similar privacy guarantee holds for the r'ghtl_asso roblem given by min kxk: + LkAx  ck2

sketch method discussed in Section II-D. In right sketch, WET o F;bove p?oblem ycgl’]l be talcklezd by the Zétandard log-

only sketch the data matrix and not the output vectdrx For . . .
. T : . . barrier method [39], by solving sequences of unconstrained
publishing AS, to be ("; )-differentially private, Theorem . .
barrier penalized problems as follows

5.2 still holds with the modi cation that we repladk®; with
AT. X X
minimize, log( & x+ ) log(a’ x + )
i=1 i=1
VI. APPLICATIONS OFDISTRIBUTED SKETCHING + 1kxkZ 2 1CTx+  qkek? (37)
Ttuls dSTCt'On dest;: ribes IS'O(Tel examtplel prott;]Iems vt\)/Ihere %Hereai represents théth row of A. The distributed Newton
tmhies s%c(t)igr?);r(e:a:onveefz?(;gle-mg tﬁ{:\: :rueaef% cie?ltli)/ rc; dgrrggsls tch algorithm could be used to solve this problem. The
by our methods in distributed systems. We present numeri§a dient and Hessian of the objective are given by

results on these problems in Section VII. g= AID]-Zn 1+2 1X 2 1C;
H =(DA¢)"(DAc)+2 1lg:

A. Logistic Regression Here A, = [AT; AT]" andD is a diagonal matrix with

We begin by considering the well-known logistic regreshe element-wise inverse of the vectbA.x 1., 1) as

sion model with squared;-norm penalty. The optimization its diagonal entriesl,, 1 is the length2n vector of all
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1's. The sketched Hessian can be written in the form gfreferably with better convergence properties (say, Gaussian)
(SDA)T(SDAL) + »lg. with dimensionm. Worker nodes loadn® rows of the data

Remark 6.1:Since the contribution of the regularizationmatrix A into their memory and then perform sketching,
term in the Hessian matrix i® 114, we need to plug® ; reducing the number of rows from®to m. In addition, we
instead of ; in the formula for computing . note that ifm®= m, hybrid sketch reduces to sampling and
if m® = n, then it reduces to Gaussian sketch. The hybrid
sketching scheme does not take privacy into account as worker
nodes are assumed to have access to the data matrix.

For the experiments involving very large scale datasets,
we have used Sparse Johnson-Lindenstrauss Transform (SJLT)
28] as the second sketching method in the hybrid sketch due

its low computational complexity.

C. Fine Tuning of Pre-Trained Neural Networks

The third application is neural network ne tuning. Let
fan () @ RY 1 RT represent the output of the.  1)'st
layer of a pre-trained network which consistslofayers. We
are interested in re-using a pre-trained neural network for, s
a task on a different dataset by learning a different nal layer.

More precisely, assuming squared loss, one way that we can |
formulate this problem is as follows B. Airline Dataset

2 ;3 We have conducted experiments with the publicly available
frn (81) 2 Airline dataset [40]. This dataset contains information on
W, =arg TUV'[‘ : Ewe b+ gkw kg ; domestic USA ights between the years 1987-2008. We are
N {(an)T F interested in predicting whether there is going to be a departure
| z } delay or not, based on information about the ights. More

Tun () precisely, we are interested in predicting whetbepDelay

> 15 minutes using the attributeSlonth , DayofMonth |,

whereW, 2 R" € is the weight matrix of the nal layer. DayofWeek, CRSDepTime, CRSElapsedTime , Dest,

The vectorsy; 2 RY i = 1;::::n denote the rows of the dataOrigin , and Distance . Most of these attributes are cat-

matrix A 2 R" 9 andb2 R" € is the output matrix. In a egorical and we have used dummy coding to convert these

classi cation problemC would correspond to the number ofcategorical attributes into binary representations. The size of

classes. the input matrixA, after converting categorical features into

For large scale datasets, it is important to develop ef ciehinary representations, becom@s21 10°) 774

methods for solving the problem in (38). Distributed random- We have solved the linear least squares problem on the

ized ridge regression algorithm (listed in Algorithm 4) coulgntire airline dataset: minimiz&Ax  bk3 using q workers

be applied to this problem where the sketched sub-problems AWS Lambda. The outputfor the plots a and b in Figure

are of the form 5 is a vector of binary variables indicating delay. The output

) b for the plots ¢ and d in Figure 5 is arti cially generated via

Wiy =arg n\},'[] KScfnn (A)WL  Sibkg + kWi kE b= AXyuh + Wherexyun is the underlying solution and
(39) is random Gaussian noise distributed\ag0; 0:01l ). Figure 5

and the averaged Fsolution can be computed at the masﬁré\(g)\\//vs that sampling followed by SJLT leads to a lower error.
1 e note that the convergence rate gets better for higher

(38)

node asWw, = % 9 W, . This leads to an efcient ; : )

. . g k=1 7L . 0
non-iterative asynchronous method for ne-tuning of a neuré{ﬁlugs ofm gnd m"”. Based on the run “m‘?s given |n_the
network caption of Figure 5, we see that the run times are slightly

worse if SILT is involved. Decreasing® will help reduce

this processing time at the expense of error performance.
The monetary cost incurred for this experiment on AWS
We have implemented the distributed sketching methods fioimbda is calculated as follows. Pricing for AWS Lambda (at

AWS Lambda in Python using the Pywren package [11]. Thie time of writing) is $0.0000166667 for every GB-second.

setting for the experiments is a centralized computing modgle have usedy = 100 serverless nodes each with 3GB

where a single master node collects and averages the outputsfofemory. The longest run of the experiments in Figure 5

the g worker nodes. The majority of the gures in this sectionakes 107.6 seconds. This corresponds to a monetary cost

VIlI. NUMERICAL RESULTS

plots the approximation error which we de ne #&&(x) of $0.00538 per serverless node and $0.538 for the entire
f(x))=f(x ). experiment.
A. Hybrid Sketch C. Image Dataset: Extended MNIST

In a distributed computing setting, the amount of data that The experiments of this subsection are performed on the
can be tinto the memory of nodes and the size of the largeishage dataset EMNIST (extended MNIST) [41]. We have used
problem that can be solved by the nodes often do not matthe "bymerge” split of EMNIST, which has 700K training and
The hybrid sketch idea is motivated by this mismatch and it isl5K test images. The dimensions of the images2&e 28
basically a sequentially concatenated sketching scheme whane there are 47 classes in total (letters and digits). Some
we rst perform uniform sampling with dimensiom® and capital letter classes have been merged with small letter classes
then sketch the sampled data using another sketching methtike C and c), and thus there are 47 classes and not 62.
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aym’=5m=5 10 byml=2m=2 10° a)A 2 R0’ 10° b) A2 R@ 101 @ 109

Fig. 7. Approximation error vs time for AWS Lambda experiments on
randomly generated large scale datasqts (200 AWS Lambda functions
have been used).

c)m®=5m=5 10° dyml=2m=2 1¢°

Fig. 5. AWS Lambda experiments on the entire airline dataset { :21
10%) with g = 100 workers. The run times for each plot are as follows (given
in this order: sampling, sampling followed by SJLT): a: 37.5, 43.9 seconds,

b: 48.3, 60.1 seconds, c: 39.8, 52.9 seconds, d: 78.8, 107.6 seconds. Here, -
cost refers to the training objectiveAx bk%. a) Random data b) Airline data

Fig. 8. Averaging for least norm problemBlot (a): The parameters are
n =50,d=1000, m = 200, m%=500. Plot (b): Least norm averaging
applied to a subset of the airline dataset. The parameters are2000,

d = 11588, m = 4000, m® = 8000. For this plot, the features include the
pairwise interactions in addition to the original features.

parameters used in the experiments are= 10%; m°® = 10°
for plot a, andm =8 10*>,m®=8 10" for plot b. We
observe that both plots in Figure 7 reveal similar trends where
the hybrid approach leads to a lower approximation error but

Fig. 6. Approximation error and test set classi cation accuracy plots for tl it i ;
EMNIST-bymerge dataset wherp= 100, m = 2000, s = 20 . The run Nekes longer due to the additional processing required for SJLT.
times on AWS Lambda for uniform sampling and SJLT 4fe5 and 66:9

seconds, respectively.

a) Approximation error b) Test accuracy

E. Numerical Results for Least Norm Problems

Figure 6 shows the approximation error and test accuracyFigure 8 shows the approximation error as a function of
plots when we t a least squares model on the EMNISThe number of averaged outputs in solving the least norm
bymerge dataset using the distributed randomized regresgiwablem for two different datasets. This section numerically
algorithm. Because this is a multi-class classi cation problemeri es the theoretical result for least norm problems using
we have one-hot encoded the labels. Figure 6 demonstrates thatright sketch method given in Section II-D. Note that the
SJLT is able to drive the cost down more and leads to a betteeoretical properties of this method are given in Theorem
classi cation accuracy than uniform sampling. 2.13. The dataset for Figure 8(a) is randomly generated with
dimensionsA 2 R0 1000 e observe that Gaussian sketch
outperforms uniform sampling in terms of the approximation
error. Furthermore, Figure 8(a) veri es that if we apply the

We now present the results of the experiments carried dutbrid approach of sampling rst and then applying Gaussian
on randomly generated large scale data to illustrate scalabikyetch, then its performance falls between the extreme ends of
of the methods. Plots in Figure 7 show the approximation erronly sampling and only using Gaussian sketch. Moreover, Fig-
as a function of time, where the problem dimensions are ae 8(b) shows the results for the same experiment on a subset
follows: A 2 R0 10’ for plot a andA 2 R@ 100 @ 10°)  of the airline dataset where we have included the pairwise
for plot b. These data matrices take U GB and 298 interactions as features which makes this an underdetermined
GB, respectively. The data used in these experiments wéirear system. Originally, we had74 features for this dataset
randomly generated from the student's t-distribution witand if we include allxjx; terms as features, we would have
degrees of freedom dE5 for plot a and1:7 for plot b. The a total of 299925 features, most of which are zero for all
output vectorb was computed according to= AXyupn + samples. We have excluded the all-zero columns from this
where 2 R" is i.i.d. noise distributed aNl (0; 0:1l,). Other extended matrix to obtain the nal dimensio2600 11588

D. Performance on Large Scale Synthetic Datasets
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