1

= W

ut

-3

16
17
18
19
20
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Abstract. We prove that training neural networks on 1-D data is equivalent to solving convex Lasso problems
with discrete, explicitly defined dictionary matrices. We consider neural networks with piecewise
linear activations and depths ranging from 2 to an arbitrary but finite number of layers. We first
show that two-layer networks with piecewise linear activations are equivalent to Lasso models using a
discrete dictionary of ramp functions, with breakpoints corresponding to the training data points. In
certain general architectures with absolute value or ReLLU activations, a third layer surprisingly creates
features that reflect the training data about themselves. Additional layers progressively generate
reflections of these reflections. The Lasso representation provides valuable insights into the analysis
of globally optimal networks, elucidating their solution landscapes and enabling closed-form solutions
in certain special cases. Numerical results show that reflections also occur when optimizing standard
deep networks using standard non-convex optimizers. Additionally, we demonstrate our theory with
autoregressive time series models.

1. Introduction. Training deep neural networks is an important optimization problem.
However, the non-convexity of neural nets makes their training challenging. In this paper, we
show that for low-dimensional data, e.g., 1-D or 2-D, training a deep neural network can be
simplified to solving a convex Lasso problem with an easily constructable dictionary matrix.

Neural networks are used as predictive models for low-dimensional data in acoustic signal
processing (5; 20; 21; 27; 32; 34), physics-informed machine learning problems, uncertainty
quantification (9; 10; 36; 40; 41; 43), and predicting financial data (Section 5). In (33; 15; 16),
the problem of learning 1-D data is studied for two-layer ReLLU networks, and it is proved
that an optimal two-layer ReLLU neural network precisely interpolates the training data as a
piecewise linear function for which the breakpoints are at the data points. Recent work in
(22; 23; 26) also studied 2-layer ReLU neural networks and their behavior on 1-D data.

However, even for low-dimensional data, the current literature still lacks analysis on the
expressive power and learning capabilities of deeper neural networks with generic activations.
This motivates us to study the optimization of 2 and 3-layer networks with piecewise linear
activations and deeper neural networks with sign and ReLU activations. For 1-D data, we
simplify the training problem by recasting it as a convex Lasso problem, which has been
extensively studied (12; 37; 38).

Convex analysis of neural networks was developed in several prior works. As an example,
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infinite-width neural networks enable the convexification of the overall model (2; 4; 17). However,
due to the infinite-width assumption, these results do not reflect finite-width neural networks
in practice. Recently, a series of papers (14; 15; 31) developed a convex analytic framework
for the training problem of two-layer neural networks with ReLLU activation. As a follow-up
work, a similar approach is used to formulate the training problem for threshold activations
with data in general d-dimensions as a Lasso problem (13). However, the dictionary matrix is
described implicitly and requires high computational complexity to create (13). By focusing on
1-D data, we can provide simple, explicit Lasso dictionaries and consider additional activations.
For example, we analyze networks with sign activation, which is useful in contexts such as
saving memory to meet hardware constraints (8; 25).

Throughout the paper, all scalar functions extend to vector and matrix inputs component-
wise. We write vectors as v = (v1,---,v,) and denote the set of n-dimensional, real-valued
column and row vectors by R™ and R, respectively. For L > 2, an L-layer neural network for
d-dimensional data is denoted by fr, (x;6) : R1*¢ — R, where x € R'*? is an input row vector
and 6 is the parameter set. The set § may contain matrices, vectors, and scalars representing
weights and biases. We let § € ©, where © is the parameter space. Let X € RN*? be a data
matriz consisting of N training samples X1, ---xy € R4 We consider regression tasks and
call y € R¥ the target vector. The (non-convex) neural net training problem is

1 s i
(1) min 2 [1/2. (X:0) = ¥I13 + = 0.

where 8 > 0 is a regularization coefficient for a subset of parameters 6,, C 6 that incur a weight
penalty when training. We denote ||, % = > qctu llgll%, which penalizes the total network

weight. The results can be generalized to other p-norm regularizations as well. L is the effective

reqularized depth, defined to be the usual depth L for ReLU, leaky ReLU, and absolute value

activations, but defined to be just 2 for threshold and sign activations. This is motivated by

the property that neurons with sign or threshold activations are invariant to the magnitude of

their neuron weights, so it does not make sense to penalize the inner weights (Remark H.1).
A central element of this paper is the Lasso problem

1 3
(1.2) min 5 |Az + €1 - y[5 + Bllzs

where z is a vector, £ € R, 1 is a vector of ones, and ﬂN > 0 (whose relation to 8 in (1.1) is
defined in Subsection 3.1). A is called the dictionary matriz, with columns A; € RV,

A neural net is trained by searching for 6 that optimizes (1.1). A neural net fr, (x;60) is
called optimal if 6 is a global minimizer in (1.1). Unfortunately, training is complicated by the
non-convexity of the optimization problem. However, for data of dimension d=1, we reformulate
the training problem (1.1) into the equivalent but simpler Lasso problem (1.2), where A is
a fixed matrix that is constructed based on the training data X and neural net architecture.
Moreover, the dictionary matrix columns A; correspond to piecewise linear functions we call
features that satisfy the following: 1) the value of the feature when evaluated on z,, is A; ,,
and 2) the function consisting of their affine combination, where the coefficients are elements
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of a Lasso solution, is equal to an optimal neural net. The set of features for a given network is
a dictionary. We call a collection of dictionaries a library when referring to the features from
multiple depths.

We explicitly provide the elements of A, making it straightforward to build and solve the
convex Lasso problem instead of solving the non-convex training problem. This reformulation
allows for exploiting fast Lasso solvers based on the proximal gradient method and Least Angle
Regression (LARS) (12).

Whereas in the training problem (1.1), the quality of the neural net fit to the data is measured
by the Iy loss as || fr (X;60) —y|[3, our results generalize to a wide class of convex loss functions

Ly : RY — R. With a general loss function, (1.1) becomes 1911%1 Ly(fr (X;0)) + §‘|9w”i, This
€
is shown to be equivalent to the generalization of (1.2), namely mign Ly(Az+E1—y)+ (2.
z

The Lasso problem selects solutions z that generalize well by 7penalizing their total weight
in /3 norm (37). The l; norm typically selects a small number of elements in z to be nonzero.
The Lasso equivalence demonstrates that neural networks can learn a sparse representation of
the data by selecting certain features to fit y.

The Lasso representation also elucidates the solution path of neural networks. The solution
path for the Lasso or training problem is the map from 8 € (0,00) to the solution set. The
Lasso solution path is well understood (37; 38; 12), providing insight into the solution path of
the ReLU training problem (29).

This paper is organized as follows. Section 2 defines various neural network architectures.
Section 3 describes our main theoretical result: neural networks are solutions to Lasso problems.
One important consequence is that deep networks with ReLU and absolute value activations
learn geometric reflections in the data. The next sections describe applications of the Lasso
equivalence. Section 4 uses our theory to find explicit optimal neural networks for examples of
binary data, and Section 5 uses the Lasso formulation to improve training of neural networks
that predict financial time-series. Appendix F examines the relationship between the entire set of
optimal neural nets given by the training problem versus the Lasso problem, while Appendix G
applies the Lasso model to examine neural net behavior under minimum regularization, finding
closed-form solutions. Appendix H presents experiments that support our theoretical results,
and shows examples where neural networks trained with Adam naturally exhibit Lasso features.

1.1. Contributions. Our contributions can be summarized as follows:

e Training various neural network architectures on 1-D data is equivalent to solving Lasso
problems with finite, explicit and fixed dictionaries of basis signals that grow richer with
depth (Theorems 3.12, 3.7 and 3.17). We identify dictionaries for various architectures
in closed form (Lemma B.2).

e Features with reflections of training data appear in libraries for simple 3-layer and deeper
architectures with ReLU (Theorem 3.5) or absolute value activation (Theorem 3.2).
Experimentally, training these networks using the Adam optimizer leads to the same
reflection features that we prove and matches our theoretical results on the global
optima (Appendix H). In contrast, no reflection features are generated for the sign
activation for any depth.

e Although the sign activation does not produce reflection features, its features become
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richer for depth 3 networks compared to depth 2. Accordingly, for certain binary
classification tasks, we analytically observe that optimal 3-layer sign activation networks
generalize better than their 2-layer counterparts in the sense that their predictions are
more uniform. Moreover, the Lasso problem yields closed-form expressions for these
neural networks (Corollaries D.2 and D.4)

e After depth 3, the libraries freeze for networks with ReLLU activation that have the same
number of biased neurons in the middle and final layers (Lemma 3.8), and for networks
with sign activation that have a constant number of neurons per layer (Theorem 3.17).
But, the libraries grow when the width expands to twice as many neurons in the middle
layer as the final layer for networks with ReL.U activation (Theorem 3.12), and a tree
structure for networks with sign activation (Theorem 3.17).

e A similar Lasso equivalence extends to neural networks trained on 2-D data in the
upper half plane (Theorem C.3).

1.2. Notation. Assume 1-D training data is ordered as x1 > x5 > --- > x. The indicator
function of a logical statement z is 1{z}. Let [n] = {1,2,...,n}. For a matrix Z, let Zg be the
submatrix of Z corresponding to indices in S. The number of nonzero elements in a vector z is
||z||o. Let 1,0 € RV be the all-ones and all-zeros vectors, respectively.

A network that uses ReLU activation is a "ReLU network" or "ReLU-activated network,"
and a feature in a Lasso problem that is equivalent to a ReLU network is a "ReLU feature."
Similar terminology holds for other activations and architectures.

2. Neural net architectures. This section is devoted to defining neural net terminology
and notation to be used throughout the rest of the paper. Let L > 2 be the depth of a neural
network (which has L—1 hidden layers). We assume the activation ¢ : R — R is piecewise
linear around 0 , i.e., of the form

(2) arx+b- ifx<O
o(x) =
atz+bt  else

for some a~,a’,b”,b" € R. As shorthand, "piecewise linear" will mean "piecewise linear
around 0." We focus on the piecewise linear activations of ReLU, leaky ReLU, absolute value,
sign, and threshold functions. The ReLU activation is o(x) = (x)4+ := max{x, 0}, and absolute
value activation is o(xz) = |z|. The leaky ReLU generalizes ReLU and absolute value as
o(z) = (a™1{z > 0} + a~1{z < 0})x where a™ # a~. ReLU, leaky ReLU and absolute value
activations will be referred to as "continuous piecewise linear." The threshold activation is
o(z) = 1{z > 0}, and the sign activation is o(x) = sign(x), where sign(z) is —1 if x < 0, and 1
if > 0. Note sign(0) = 1.

For Z € R™™ s € R™, let 05(Z) = o(Z)Diag(s). When the columns of ¢(Z) are neuron
outputs, the i column of os(Z) € RNX™M represents a neuron scaled by an amplitude parameter
s; € R. Amplitude parameters are (trainable) parameters for only the sign and threshold
activations, and are to be ignored by interpreting them as 1 for ReLU, leaky ReLLU, and absolute
value activations.

Next, we define some neural net architectures. The parameter set is partitioned into
0 =0, U6, U{}, where 0y is a set of internal bias terms, and & is an external bias term. We

4
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define the elements of each parameter set below. We define neural nets by their output on row
vectors x € R4, Their outputs then extend to matrix inputs X € RV*? row-wise.

2.1. Standard networks. The following is a commonly studied neural net architecture.
Let L > 2, the number of layers. Let mg = d,myr_1 =1 and m; € N for [ € [L — 2], which are
the number of neurons in each layer. For [ € [L — 1], let W) ¢ Rmu-1xmu g) ¢ R b ¢
RIX™ ¢ ¢ R, which denote weights, amplitude parameters, internal biases, and external bias,
respectively. Let XM = x € R4 be the input to the neural net and X+ e R1*™ he viewed
as the inputs to layer [ 4+ 1, defined by

(2.1) XD = g (XU)W(” + b(l)) .

Let o € R™L | which is the vector of final layer coefficients. A standard neural network is
fr (x;0) = € + X(Wa. The regularized and bias parameter sets are
Ow={a, W sl : ] ¢ [L—1]} and 6= {b®:1e[L - 1]}, respectively.

The ultimate goal is analyzing the training problem for standard networks, but this appears
to be challenging. However, by changing the architecture to a parallel structure defined next, we
show that the training problem simplifies to the Lasso problem. These alternative architectures
allow neural nets to be reconstructed more tractably from a Lasso solution than with a standard
network. In the parallel architecture, my is the number of neurons in the final layer and for
i € [my], we define the disjoint unions 6,, = U () and 6, = U 9,()1).

i€[mg] i€[mg]

2.2. Parallel networks. A parallel network is a linear combination of standard networks in
parallel, as we now define. Each standard network is called a parallel unit. Let L > 2,mg =
d,mp_1=1and my e Nforl e [L]—{L—1}. Forie [mg],l € [L—1],let WD ¢ Rmi-1xm
s e R plid) ¢ R>™u ¢ ¢ R, which are the weights, amplitude parameters, and biases of
the i*" parallel unit. Let X1 = x € R4 be the input to the neural net and X (@lt1) ¢ RIxm
be viewed as the input to layer [ 4+ 1 in unit ¢, defined by

(2:2) X = g (XEOWED 4 b)),

mp,
Let oo € R™L. A parallel neural network is fr, (x;0) =& + ZXU’L)OQ. The regularized and
i=1

bias parameter sets are 953) = {ai,s(i’l),W(i’l) lell— 1]} ,HIEi) = {b(“) :lell— 1]}, for
i € [myp]. We view parallel units as functions XX : R1*4 — R and with abuse of notation
write X (1) (x) € R as the output of X (L) evaluated on a sample x. For a training dataset
X € RV*? we denote the evaluations of the functions X(»X) on the training data as X %) (X).
This paper primarily focuses on parallel architectures. However, a parallel network can be
converted into a standard network (Remark A.1).

3. Main results. In this section, we show that non-convex deep neural net training problems
are equivalent to Lasso problems, that is, their optimal values are the same, and given a Lasso
solution, we can reconstruct a neural net that is optimal in the training problem. We say that

5
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a neural network model is equivalent to a Lasso model to mean that the optimal models are
convertible to each other. We note that the optimal solutions may not be unique. Discussion
of the relation between the solution sets of the Lasso and non-convex training problems with
respect to a specified straightforward reconstruction is given in Appendix F. Further analysis
of all possible reconstruction maps between the models is an area of future work. Analysis of
the span or uniqueness and the generalizing abilities of different optimal or stationary solutions
to the training problem is also an area for future work.

Unless otherwise stated, for the rest of this paper assume the data is 1-D. Define B = g in

(1.1),(1.2) for 3-layer symmetrized networks (defined below). For all other networks, let 3 = 3.

3.1. 2-layer networks with piecewise linear activations and deep networks with con-
tinuous piecewise linear activations. A deep narrow network is a parallel network where the
number of neurons in each parallel path is equal to 1, i.e., my=---=myp_1=1. In other words,
a deep narrow network has mj, parallel units, each of which has one neuron in every layer,
i.e., my, neurons across units in each layer, adding up to Lmy, total neurons. For a 2-layer
network, the parallel and deep narrow networks are the same as the standard network. A
symmetrized 3-layer network is a parallel network with continuous piecewise linear activation
where m;=2 (which means each i*" unit out of mjs parallel units has 2-D weight vectors W (1)

and W2 for the first and second layer, respectively) and the parameter space © enforces the
(0] _
7=

constraint )W Wg’l)) for I € [2],i € [m3]. Therefore a symmetrized 3-layer network has

2mg neurons in the "middle" layer. A symmetrized network extends the expressibility of a deep
narrow network network by expanding its width. For other architectures, see Subsection 3.2.

In this section, we focus on the architectures discussed above to derive explicit, simple
features that provide some of the first steps towards intuitively understanding the representation
power of neural networks. We reformulate the training problem for 2-layer networks and for
deeper depths with absolute value, ReLLU and leaky ReLLU activations into a convex Lasso
problem. In general, our convexification approach and proofs provide a framework to analyze
neural networks with more arbitrary widths. Additional results are deferred to Appendix B
due to space, and proofs are deferred to Appendix H.3.

We first discuss networks with absolute value activation, as the symmetry of |z| significantly
simplifies the features. However, absolute value activation models are equivalent to ReLU
activation models, as long as a skip connection is present. A 2-layer network with a skip
connection is fzklp (;0) = fr (x;0)+wz if x € R (or more generally, zklp (x;0) = fr (x;0)+xw)
where w € R? is a trainable parameter in 6.

Lemma 3.1. The training problem for a 2-layer network with skip connection and ReL U
activation remains equivalent if the activation is changed to absolute value, and there is a map
between the solutions for either activation.

By Lemma 3.1, the absolute value activation is of interest to analyze as it can map to ReLLU
when skip connections are incorporated. Next we define some terms used to state our results.

For a piecewise linear function f : R — R, x is a breakpoint of f (alternatively, f has a
breakpoint at x) if f changes slope or is discontinuous at xz. A breakpoint is a "kink" in the
graph of f. For a,b,c € R, the reflection of a about b is R, p) = 2b — a. A double reflection is
a reflection of a reflection, i.e., is of the form R(R(a,c),b) or R(bﬁ(a’g)). The generalized reflection

6
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Figure 3.1: Example features, not including reversed directions, for deep narrow networks with

absolute value activation. Top row: 3-layer features. The top left feature contains a breakpoint

at the reflection of zj, (red) across z;, (yellow), which is denoted as R(ch z;)) (red encircling
271

yellow). Other breakpoints are colored similarly. Bottom row: an example of a 4-layer feature,
which contains a double reflection of z;, (blue) reflected across ;, (red), then reflected across

xj, (yellow), which is denoted as R ( - (blue encircling red, encircling yellow). All
(g% 5o )01
lines have slopes £1, and z;,,%;,, T, are training data.

of a and ¢ about bisa+c—b= R(b ate), the reflection of b about the average of a and ¢. When
T2

a = ¢, the generalized reflection of a and ¢ about b is the reflection of a about b. A breakpoint
that is of the form R(zjl,%) for training data x;,,x;, is called a reflection breakpoint and
a feature with a reflection breakpoint is called a refiection feature; and similarly for double
reflections. Networks with absolute value activation can be modeled as Lasso problems with
reflection features, as stated next.

Theorem 3.2 (Lasso equivalent of deep absolute value networks). A deep narrow network of
arbitrary depth with o(x) = |z| is equivalent' to a Lasso model with a finite set of features. Its
dictionary matriz for 2 layers is A; j = |x;—x;|. For 3 and 4 layers, its library includes features

whose i element is |lv; —xj,| — |2j, — ;|| and ’sz‘—%\—\%r%H—ijs—wjl\—\xjr%\ ’
respectively, over all training samples x;, xj,Tj,,2j,. A similar pattern holds for deeper
networks. The 2-layer features have breakpoints exactly at training data. The libraries for 3

and 4 layers additionally include reflection and double reflection features, respectively.

Theorem 3.2 implies that an absolute value network learns to model data with a discrete
and fixed dictionary of features. Figure 3.1 plots these features for L=3 and L=4. It illustrates

1See Section 3 for the definition of model equivalence.
7
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Figure 3.2: Lasso and Adam-trained deep narrow networks with absolute value activation.
For L=3, the breakpoint at 2 is not a training point; it is the reflection of x2=0 across x1=1.
For L=4, the breakpoint at 6 is not a training point; it is x2=0 reflected about x3=—1 to —2
(which not a training point) and then reflected across z1=2. Similarly the 5-layer network
contains more complex reflections.

that the breakpoints of the L=3 features occur at training data reflections, averages, and
reflections about averages. The bottom row plots a possible feature for 4 layers, which shows
breakpoints at reflections and double reflections. Even with just one neuron per layer (per path
for parallel networks), adding a third layer in neural networks with absolute value activation
adds features to the dictionary, and adds new locations of breakpoint to those features, namely
at reflections R, ) of data points about themselves. Adding a fourth layer creates double
reflections. In Figure 3.2, standard 3,4, and 5-layer networks are trained with Adam. We
make =107 close to zero, and also solve the Lasso problem as 3—0 (Appendix G). The
Adam-trained networks closely match the Lasso solutions. Moreover, the 5-layer networks
suggest that features continue to gain more complex reflections with depth. Simulations details
are given in Appendix H.

Theorem 3.2 describe a subset of the library for L > 3 layers. The full library for 3 layers is
defined in Theorem 3.12 and the features are explicitly described in Lemma B.2. Our approach
lays a foundation to enumerate the full library for L > 4 layers as an area of future work.

In contrast, as will be shown in Theorem 3.17, the sign activation dictionary has no reflection
features at any depth, which may limit its expressibility (28). A similar argument applies to the
threshold activation. Reflection features allow neural networks to fit functions with breakpoints

8
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Figure 3.3: Examples of capped ramp functions in Definition 3.3. If a,a1,a2€{x1, - -, 2N},

these functions are Lasso features for 3-layer deep narrow networks with ReLLU activation.

at locations in between data points. The reflection breakpoints for absolute value networks
suggest that they can learn geometric structures or symmetries from the data. Moreover, as
the depth increases, this dictionary expands, which deepens its representation power.

With intuition from absolute value networks, we next discuss ReLLU networks. Since
reflection features appear in 3-layer networks with absolute value activation and ]w\:w,
we might expect reflections to also appear in 3-layer ReLLU networks with twice as many neurons
in the middle layer as the absolute value network. This is indeed the case, as shown below.
First, we define parameterized families of functions from R to R that will be used to describe
features for ReLLU networks.

Definition 3.3. Let a1 € [—00,0),as € (—00,00]. The capped ramp functions are

0 ifr <aq as—ar  ifr<ay
Rampy, ,,(x) =Sz —a1  ifar <z <as, Ramp, ,,(x)=Sax—z ifar<z<as
as —ai1 ifx > ao 0 if x > a9

provided that a1 < ao, and otherwise llifa,mp;'w2 = Rampg, 4, = 0. In particular, the ramp
functions are ReLU} (z) = Ramp ., = (z — a); and ReLU, (z) = Ramp_, , = (a — x)4.

In Definition 3.3, the parameters a,a;,as are the breakpoints of ramp and capped ramp
functions. This is illustrated in Figure 3.3. Using these features, we state our results on Lasso
equivalence for ReLU networks.

Theorem 3.4 (deep narrow ReLU network representation capability stagnates). A deep narrow
network of arbitrary depth with ReLU activation is equivalent to a Lasso model with a finite
set of features. Its library contains only ramps and capped ramps, and beyond 3 layers, ReLU
features do not change as the network deepens.

In contrast to absolute value activation, for deep narrow networks, the ReLLU library never
gains reflection features. However, a symmetrized ReLU architecture creates reflections.

Theorem 3.5 (wider ReLU networks do not stagnate and generate reflections). A three-layer
symmetrized network with ReLU activation is equivalent to a Lasso model with a finite set of
features, including those with breakpoints at reflections.

Figure 3.5 plots ReLU features. A 2-layer ReLLU network learns ramp features. Extending
9
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Figure 3.4: Lasso and Adam-trained 3-layer symmetrized ReLLU networks. Most crucially, the
breakpoint at 2 is not a training point; it is the reflection of x4 = 0 across x3 = 1.

the depth to one more layer without changing the width creates a deep narrow 3-layer network,
which additionally learns capped ramp features. Extending both the depth and width enables
creating a 3-layer symmetrized network, which learns an additional host of features, including
generalized reflection features shown in the bottom row of the figure. The generalized reflections
xj+x,—x; are reflections when j=Fk. Reflection features appear in Adam-trained ReLU networks
as predicted by the Lasso formulation, as shown in Figure 3.4. Details of this simulation are
given in Appendix H. Next, we formally define a feature function and its properties.

Remark 3.6. Theorem 3.12 and Definition B.3 below show that the training problem is
equivalent to a Lasso problem with solution (z*,&*) and a dictionary matriz whose i column A;
maps to a parallel unit function XL : R — R such that X1 (X) = A; and 3, 27X D) (z) +
&* is the same function as an optimal neural net. In this section we define a feature as described
in Section 1 to be a parallel unit function X (&:1) corresponding to A; such that z; # 0.

In addition to ReLLU and absolute value networks, leaky ReLLU networks are also equivalent to
Lasso models. Moreover, we can upper bound the size of the libraries.

Theorem 3.7. A deep narrow network of any depth L > 2 and piecewise linear activation is
equivalent to a Lasso problem with a finite set of features. The number of features is O(N?) for
ReL U activation and O(NT=12ELY) for leaky ReLU and absolute value activations.

In particular, the number of features is finite and at most polynomial in the number of training
points and exponential in the depth. However, the number of features is an overestimate and
in fact saturates for certain activations and architectures, as seen in the next result.

Lemma 3.8. Training a deep narrow ReLU metwork with an arbitrary number of layers
(L > 2) is a Lasso problem where features are ReLU or capped ramp functions with breakpoints
at data points. The number of features is O(N?).

Adding only one neuron per layer limits the expressibility of ReLLU networks. In contrast
to absolute value, ReLU networks rely more heavily on wider layers for expressibility.
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Definition 3.9. For a, 8,a™,a~ € R such that a™ # a~, let the normalized midpoint be

B a™ max{«, 8} — a” min{a, B}

at —a—

(3.1) Ma,g =

Note mq g is the midpoint aziﬁ between « and g if o(z)=|z|. If o(x)=(x)4, or if o(z)=|z| and
a=f3, then m, g=a. We use the normalized midpoint to define bias parameters for features.
Recall that X(F) denotes a parallel unit, which is a standard network (Subsection 2.2). Let
X(Z):X(LZ),WU):W(U), and bO=b®D . The output X of each layer can be interpreted as
a feature extracted by that layer. This motivates the following definition.

Definition 3.10. A bias parameter b®) is a data feature bias if bO=—XO (xq)WO for some
column vector xo€{x1, -+, xn}"™. The bias parameter b®) is a first-layer midpoint feature
bias if b= — Maj WO for some J1,71 € [N] and it is in a 3-layer deep narrow network

1
with a non-monotone, continuous piecewise linear activation (such as o(z) = |x|.)

In the simplest case when L=2, a data feature bias is of the form b = —wz,,. These bias
parameters are used to define a deep library.

Definition 3.11 (Deep Library). Consider a 3-layer syn}metm‘zed or L-layer deep narrow
network. The deep library is the set of all network outputs X)(X) defined in (2.2) with data
or midpoint feature biases and all elements of W) being £1.

The deep library contains a finite number of standard networks evaluated on the training data.
The next result shows that a neural network learns features in the deep library.

Theorem 3.12 (complete Lasso libraries for general activations). Consider a deep narrow
L-layer network where Le{2,3} and with activation o which is ReLU, leaky ReLU, absolute
value, sign, or threshold if L=2, and ReL U, leaky ReLU or absolute value if L=3. Consider
a Lasso problem whose dictionary is the deep library and where £=0 if o is sign or threshold.
Suppose (z*,£*) is a solution, and let m*=||z*||o. This Lasso problem is equivalent to the
training problem for the metwork, provided my > m*.

The notion of equivalence between optimization problems is defined in the beginning of Section 3.
Definition B.3 defines a map to reconstruct an optimal neural network from a Lasso solution
(Lemma B.4). The map is especially straightforward for 2-layer networks (Definition B.5).
These results are given in Appendix B due to space. The next theorem generalizes Theorem 3.5
to leaky ReLU activations.

Theorem 3.13. The training problem for a 3-layer symmetrized network with monotone
activations such as ReLU is equivalent to a Lasso problem with solution (z*,&*) and whose
dictionary contains the deep library, provided mp > m™*, where m* = ||z*||o.

Theorem 3.13 states that the deep library is a sub-dictionary for symmetrized networks.
Finding the full dictionary for a symmetrized network is an area of future work. Theorem 3.12
shows that instead of training a neural network with a non-convex problem and reaching a
possibly local optimum, we can simply solve a straightforward Lasso problem whose convexity
guarantees that gradient descent approaches global optimality. Figure H.3 shows an example
where a network trained with Lasso achieves a better function fit than training with the non-
convex problem. In previous work (13), a similar Lasso formulation is developed for networks

11
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Figure 3.5: Example ReLU features, excluding reverse directions. Bottom row: 3-layer
symmetrized ReLU features with breakpoints at generalized reflections of z;, (yellow) across
xj, (red) and zj, (blue) z;,4+xj,—x; (yellow encircling purple). Lines have slopes +2, 1 or 0.

with threshold activation but requires up to 2V features of length N in the dictionary for a
2-layer network. In contrast, with 1-D data, Theorem 3.12 shows that at most 2N? features
are needed for a 2-layer network.

Remark 3.14. Note that when the network is 2 layers, the equivalent Lasso dictionary only
contains features with breakpoints at training data, leading to a prediction with breakpoints
only at data locations. In contrast, when the network has 3 layers there can be breakpoints at
reflections of data points with respect to other data points due to the reflection features. As a
result, for activations such as absolute value and ReL U with symmetrized networks, the sequence
of dictionaries as the network gets deeper converges to a richer library that includes reflections.

Our approach lays the foundation to further analyze the evolution of feature libraries over
expanding depth and widths as an area of future work. For 2-layer networks, the dictionary
(Theorem 3.12) is simple, as described next.

Corollary 3.15 (2-layer libraries). Let Ay, A_ € RVN with (AL)in=0(zi—2n), (A_);n=
o(xn—1x;). We can write the dictionary matrix for 2-layer networks as A=A for absolute
value and sign activations, and A=[A{, A_] € RN*2N for ReL U, leaky ReL U, and threshold

activations.

In Corollary 3.15, Ay and A_ contain features X(?(X) where W) =1 and W) = —1,
respectively (Definition 3.11). Figure 3.6 illustrates A for the ReLLU and sign activations.
Using the notation of Definition 3.11, the 3-layer deep narrow absolute value features are

12
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Figure 3.6: Generic shape of A, € RV*N defined by A, , =o(z; —x,), where o is ReLU
(left) and sign activation (right). Each i*" curve represents a feature. The points (z’, n, Aﬂ,n)
are plotted in 3-D, with A, represented by the curve height and color. Here, n € [N] but
each curve interpolates between integer values of n.

of the form X(3)(:c):’|x—mj1|—|azj2—3:j1H, and for 4 layers, include features of the form
X®(z)=
which highlights their reflection and double reflection breakpoints. Figure 3.5 shows a subset
of the ReLU library, with generalized reflection features for 3-layer symmetrized networks.
Figure 3.5 illustrates general feature shapes not including mirrored directions. In Figure B.1,
we choose distinct training samples x;, x;, zy€{—1,0, 2} and numerically compute all possible
deep library features for 3-layer, symmetrized ReLLU networks using Definition 3.11. Since the
features X (1) (x) are continuous with respect to x;, xj, xj, the features for non-distinct x;, x;, xj,
can be extrapolated by merging adjacent training points. The numerically plotted features are
consistent with Figure 3.5. In addition to graphical representations, Lemma B.2 in Appendix B
gives examples of simple, explicit expressions for features defined in Definition 3.11.

So far, we have emphasized deep ReLLU and absolute value networks as having reflection
features. Next, we show that in contrast, deep networks with sign activation do not have
reflection features, even if they have many neurons per layer, suggesting the importance of
choice of activation. The results for sign activation can be similarly extended to threshold
activation (13).

[lo—zj, |—|@j—aj || = ||2j5—2j |~ |25 —25 ]| ’ These features are plotted in Figure 3.1,

3.2. Deep neural networks with sign activation. In this section, we analyze the training
problem of an L-layer deep network with sign activation, which need not be a deep narrow
network. The formal statements of a few results are deferred to Appendix C due to space.
Proofs in this section are deferred to Appendix H.4.

We say the vector he{—1,1}" switches at n > 1 if hy, # hy,_1. For n € N, let the switching
set H™ be the set of all vectors in {—1,1}" that start with 1 and switch at most n times.
For a set of vectors Z, let [Z] be a matrix whose set of columns is Z. The next result relates
the switching set to the Lasso dictionary matrix in Theorem 3.12.

Lemma 3.16. The dictionary matriz for a 2-layer network with sign activation is [H(l)].

We will show in Theorem 3.17 that the training problem (1.1) for deeper networks with sign
activation is also equivalent to a Lasso problem (1.2) whose dictionary is a switching set.

We now consider another architecture. While each unit of the parallel neural network is a
standard network, every branch of a tree network is a parallel network. A detailed definition
is given in Appendix C.1 due to space. Parallel and tree nets have the same architecture for
L = 3 layers. For L > 3, a rectangular network is a parallel network (Subsection 2.2) with
mi = -+ =mp_s. A deep narrow network is a special case of a rectangular network. Now
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magenta, and red dots for 7 = = € [%, 1] ,Br = %, and fr = 5 < %, respectively.

we state the main result of this section: networks with sign activation are equivalent to Lasso
models with libraries that increase until depth 3 and then freeze for rectangular networks but
continue multiplying geometrically for tree networks.

Theorem 3.17. Consider a Lasso problem whose dictionary is the switching set H) ¢ =0,
and with solution z*. Let m* = ||z*|lo. This Lasso problem is equivalent to the training problem
for a neural network with sign activation, mp > m*, and mp_o = K when it is a rectangular
network, and HlL:_ll my = K when it is a tree network.

Similar to Remark 3.6, we can formally define features for rectangular and tree networks as
parallel units and subtrees, respectively.

Corollary 3.18. The features defined and described in Remark 3.6 also apply to arbitrarily
deep parallel networks with sign activation, and analogously for tree networks.

Features for sign activation are step functions that take on the value A; ,==+1 at x,, (where
A, is the corresponding column of the dictionary matrix) and remain at that value until the
next data point x,41. They only switch value at data points, and do not have breakpoints at
reflections. The green graph in Figure B.2 illustrates an example of a sign activation feature.

Theorem 3.17 generalizes Theorem 3.12 for sign networks. By Lemma 3.16, for L=2,
1=d=m=L—2, so the sign activation dictionary is also H(™mz-2)=H®)  Adding a third layer
to a parallel network with sign activation expands the library to encompass features with up
to my switches. But no new features enter the library if the depth increases beyond 3. This
limited library suggests that the representation power of sign activation networks may stagnate
after three layers, unless the architecture is changed. Indeed, for a tree architecture, the library
continues to expand, and the features have as many breakpoints as the product of the number
of neurons in each layer.

An explicit and efficient reconstruction of an optimal 3-layer neural net with sign activation
is described in Lemma C.1 in Appendix C. It is drawn in Figure B.2. Reconstructions for other
architectures are given in Appendix H.4. The Lasso dictionary for deep neural nets in previous
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abuse of notation, in this figure (only), 5 = /7.

work (13) uses a dictionary that depends on the training data. However, Lemma 3.16 and
Theorem 3.17 show that networks with sign activation have dictionaries that are invariant to
the training data. So to train multiple neural nets on different data, the dictionary matrix A
only needs to be constructed once.

Our theory for 1-D data provides a lens to analyze higher dimensional data. Using a similar
approach, Theorem C.3 in Appendix C gives an example of 2-D data for which a neural net
can be recast as a Lasso model. Extending this to more general data and higher dimensions is
an area for future work. The next remark summarizes the expansion of libraries over depth.

Remark 3.19. The dictionary for an architecture discussed in Theorem 3.12, Theorem 3.17
or Theorem C.3 is a superset of any dictionary with the same architecture but shallower depth.

This section analyzed the equivalence of neural networks with sign activation and Lasso models.
While their features do not contain reflections, they are straightforward binary features that
elucidate how depth increases the representation power of 2 versus 3-layer networks. For
example, Corollary C.2 in Appendix C uses the Lasso problem to bound the training loss for
2-layer networks with sign activation between those of depth 3. The next section leverages the
sign activation features to show that in a case of binary, periodic data, 3-layer networks have a
solution path indicating better generalization properties than 2-layer networks.

4. Solution path for sign activation and binary, periodic labels. This section examines
solution paths of Lasso problems for 2 and 3-layer neural nets with sign activation and 1-D data
where the target vector y is binary. Such data appears in temporal sequences such as binary
encodings of messages communicated digitally (24), neuron firings in the brain (18), and other
applications, where x,, represents time. These real-world sequences are in general aperiodic.
However, in the special case that the target vector is periodic and binary, the Lasso problem
gives tractable solutions for optimal neural networks. This offers a step towards analyzing
neural network behavior for more general, aperiodic data, which is an area for future work.
We call the binary, periodic sequence a square wave, defined as follows. For a positive even
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Figure 5.1: Comparison of neural autoregressive models of the form x; = f(z;-1;60) + €

using convex and non-convex optimizers and the classical linear model AR(1) for time series
forecasting. The horizontal axis is the training epoch. The dataset is BTC-2017min from Kaggle,
which contains all 1-minute Bitcoin prices in 2017 (1). The non-linear models outperform the
linear AR(1) model. Moreover, SGD underperforms in training and test loss compared to the
convex model which is guaranteed to find a global optimum of the NN objective.

integer T' that divides N, define a square wave to be h™) € {—1,1}" that starts with 1 and is
periodic with period T'. If the real line is split into a finite number of regions by binary labels,
the square wave represents the labels of a monotone sequence of points, with the same number
of samples in each region. The black dots in Figure 3.7 plot an example of a square wave.
Consider training a 2-layer neural net with sign activation when y = h”. When 8 > T, an
optimal neural net is the constant zero function. When 3 < L, we can find an optimal neural

net fo (X;60) which is is periodic over [%, N — %] with period T, and has amplitude 2% less
than that of y. Theorem D.1 gives the entire Lasso solution path and Corollary D.2 gives a
closed form expression for the resulting optimal neural net. Theorem D.3 and Corollary D.4
give the solution path and an optimal neural net when L = 3. Only one parallel unit is
active in this network, and so it is also a standard neural net. The neural net has output
fa(z;0) (X) = (1 —pr)4+y. If 5> N, then the optimal neural net is the constant zero function.
These results are in Appendix D due to space.

Figure 3.7 illustrates the solution path of f7, (X;#) when y = h(™) . It suggests that as the
regularization increases, the 2-layer network focuses on preserving the boundary points of the
data (first and last T points) to closely match the target vector. Therefore the network will
generalize well if noise occurs in the middle of the data. In contrast, if noise occurs uniformly
over the data, the 3-layer network will generalize well.

We verify our theoretical predictions for optimal neural nets in Theorem D.1 and The-
orem D.3 by solving the Lasso problem on sample training data with target vector h(™).
Figure 3.8 illustrates the training data in the bottom plot and neural net predictions for each
B in the rows of the top plot. The 2-layer network is biased towards predicting strongly in the
first and last intervals, suggesting worse generalizability than the 3-layer network. In addition,
the 3-layer net changes more uniformly with 5 than the 2-layer net, making it easier to tune 5.
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5. Application: Time-series modeling. In this section, we apply the Lasso problem for

neural networks to an autoregression problem. Suppose at times 1,--- ,7 + 1 we observe data
points x1,--- ,x7+1 € R that follow the time-series model
(51) Ty = f(xt_l;G) + €,

where f : R — R is parameterized by some parameter  and ¢; ~ N(0, 02) represents observation

noise. The parameter 6 is unknown, and the goal is find 6 that best fits the model (5.1) to the

data 1, -+ ,zp41. For example, the auto-regressive model with lag 1 (AR(1)) is a linear model
T

f(x;0) = ax where § = {a} is chosen as a solution to gmélz (f (x4;0) — 2441)* . For a more
€
t=1
expressive model, instead of f(z;60) = azx suppose we use a 2-layer neural network

(5.2) > (230) =) |rw; + bl o,
=1

which has m neurons and absolute value activation. The parameter set is § = {w;, b, a5} .

Here, we show how to find a neural network model f¥N (z4;6) (5.2) that represents the
T-quantile of the distribution of z;41 given the observation z;, where 7 € [0, 1], by using the
quantile regression loss L:(z) = 0.5|z] + (7 — 0.5)z and choosing 6 that solves the neural net
(NN) quantile regression (QR) training problem

T
1 NN /.. . B 2

(5.3) min ;LT (f2" (24;0) — 2441) + §||9wH2-

Problem (5.3) can be solved by converting it to an equivalent Lasso problem. Figure 5.1 shows

that using the Lasso model to predict Bitcoin price reaches a lower loss than training with the

non-convex model. More details are found in Appendix E.

6. Conclusion. Our results show that deep neural networks with a variety of activation
functions trained on 1-D data with weight regularization can be recast as convex Lasso models
with simple dictionary matrices. This provides critical insight into their solution path as the
weight regularization changes. The Lasso problem also provides a fast way to train neural
networks for 1-D data. Moreover, the understanding of the neural networks through Lasso
models could also be used to explore designing better neural network architectures.

We proved that reflection features can emerge in the Lasso dictionary when the depth is 3
or deeper. This leads to predictions that have breakpoints at reflections of data points about
other data points. In contrast, for networks of depth 2, the breakpoints are only located at
a subset of training data. We believe that this mechanism enables deep neural networks to
generalize to the unseen by encoding a geometric regularity prior.

Our analysis of various architectures provides a foundation for studying more complex
network topologies. The 1-D results can extend to sufficiently structured or low rank data in
higher dimensions. Generalizing to higher dimensions is also an area of future work. Building
on a similar theme, (30) showed that the structure of hidden neurons can be expressed through
convex optimization and Clifford’s Geometric Algebra. The techniques developed in this paper
can be combined with the Clifford Algebra to develop higher-dimensional analogues of the
results.
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621 Appendix A. Detailed results for Section 2.
622 Remark A.1 (Parallel to standard architecture conversion). Let W) = [W(l’l) X -W(ml’l)].

623 Forl > 1, let bO = (bWV ... bml)) . For 1 > 1, let W) = blockdiag (WD ... Wmid)),
624 And let o, & be the same in the standard network as the parallel one.

625 Appendix B. Detailed results for Subsection 3.1. Proofs are defered to Appendix H.3.
626 Definition B.1. Define the function Wy g : R = R parameterized by o, B € R as

a— ife<a

T—o ifa<zx<
627 Was(z) = fasz<f

Rapy =z B <2< Rp)
v = Rap  ifr2Rap):

628 Lemma B.2 (Examples of the Deep Library). ReLU features XI)(z) are those plotted in
629 Figure 3.5. As shown in the figure, symmetrized ReL U network features contain generalized

630 reflections of the form xi+xj—xy. We now describe features for other activations. Let L € {2,3}.
631 If L=2: for b = —z, W),

. - Wl = —
632 XE) (z) = oley — ) Z,fw !
o(x—xj) if W =1
633 If L=3:
634 if o(x) = ReLU(x) and my = 1: for b = —z; W),
635 ifW® =1:

ReLU™ 2w = 1
636 X (z) = mm{%u%}( )

ReLU" () fWh =1

max{% 7Ij2}

637 ifW® = —1;
+ ; 1 = _
638 XD (z) = Rampy,, o, (@) W 1 1
Ramp,. .. () f WO =1,
90 ifa(a) = fal andmy = 1: fora € {a,, 2],
w (z) ifbM) = —gW1)
N min{ij,R(z. a)},a
640 X (z) = o " 1
w () if b = —aW),
min{R R },a
(“’zh) (“’%)
641 B.1. Reconstruction results. In this section, let (z*,£*) be a solution to the Lasso problem.
612 We give a map to efficiently and explicitly reconstruct an optimal neural net from (z*,£*)
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Figure B.1: Figure for Appendix B. Deep library features for a 3-layer symmetrized RelLU
network. Each row corresponds to a different set of weights W e{—1,1}1%2, W@ e{—-1,1}2x1.
Each column corresponds to a different ordering of x;, xj, 5. The generalized reflections of x;,
(yellow) across zj, (red) and zj, (blue) are degzicted by yellow encircling purple.
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by leveraging the structure of the deep library (Definition 3.11). Proofs are deferred to
Appendix H.3.

Definition B.3 (Reconstructed parameters). The reconstructed parameters for a parallel
network are constructed as follows. For each i column A; of the dictionary matriz such that
zF #0, let X L) pe the parallel unit X @) corresponding to that column in the deep library. Let
a=z" and £=£*. For sign and threshold activation, let all amplitude parameters be 1. Finally,
unscale parameters (Definition H.17).

A reconstructed network is a network with reconstructed parameters.
Lemma B.4. A reconstructed parallel network is optimal in the training problem.
Recall that each 2-layer feature corresponds to W e{—1,1},bM=—WMDz, for some nc[N].

Definition B.5. Consider a 2-layer ReLU, absolute value, or leaky ReLU network. Let
R*7(2)=sign(z)\/]z]. For we{—1,1},b€{~x, : n€[N]}, let R*"*79(a)=(a, aw, —awb).
Let RV (2)=R*w5=9 (R*7%(2)). Define the 2-layer reconstruction function R(z) which outputs
a vector whose it element is R"?(z;), where (w,b) = (W(l), b(l)) corresponds to the it" feature.

For a 2-layer network, let w;=W&D b, =bEDeR and w, b, a be vectors stacking together
all w;, b;, a; respectively. The reconstructed parameters are (o, w,b) = R(z*) and £ = £*.

Appendix C. Detailed results for Subsection 3.2. Proofs are deferred to Appendix H.4.

C.1. Tree network definition. Let L > 3,mg, -+ ,mp € N. Given [ € {0,--- ,L — 2}, let
u be an [-tuple where if [ = 0, we denote u = () and otherwise, u = (ug,--- ,u;) such that
u; € [mr—;] for i € [l]. For an integer a, denote u @ a as the concatenation (ug,--- ,u;, a). For

l € [L —1], and u of length , let a(W, s p(W w) ¢ R except let w1 ur-1) ¢ RY. For
all u of length L — 1, let X(#1:u-1) — x € R4, For u of length I € {0,---,L — 2}, let
XM e R be defined by

mp_i
(C.1) XMW = Z O g(uai) (X(u@i)w(‘@i) + b(“@i)) (v,
=1

A tree neural network is fr, (x;0) = £ + X® . Visualizing the neural network as a tree, X(?)
is the “root," u = (uq,---u;) specifies the path from the root at level 0 to the u;™® node (or
neuron) at level I, X(W represents a subtree at this node, and (C.1) specifies how this subtree
is built from its child nodes X(®9)  The leaves of the tree are all copies of X1, -ur—1) —

X. Let U = f:_02[mL_l]. The regularized and bias parameter sets (Subsection 2.1) are
91(3) = {a(“),s(“),w(“) u€eEU,u; = z} ,Oéz) = {b(“) uEeEU,u = z} For tree networks, let
a= (oz(l), . ’a(mL)) e R™L.

The rest of this section includes additional results. The reconstruction defined below uses
the unscaling operation (Definition H.17).

Lemma C.1. Consider a 3-layer sign-activated network. Suppose z* is optimal in the Lasso
Ve <. < Ifjl)m.
Let Wg’l):l, bﬁf’”: — T, VV%ZA’Q):(—I)”+1 and b-9=— 1 {m(i) odd}. Let all amplitude

23

problem, and mp, > ||z*||p. Let §&=0. Let a=z*. Suppose A; switches at IY
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(Xw(z,l) +1- b(lvl)) =X — -TI;T)]-

J

f2(X:0) = X% @i oy (0 (XWED 4 1 b00) W2 4 1 p02) )

j=1 Jj=m '
-2 0 —-11 - Qg '

(o) %=
) 5(173) v ‘Zl‘ = f3 (X, 9)

m3

Figure B.2: Figure for Appendix B. Output of an optimal 3-layer neural net with sign activation
reconstructed from a Lasso solution z* using Lemma C.1 . The pulse colors correspond to
network operations. The alternating 4, — represent W2 = (1,—1,1,—1,---). The red
and green pulses illustrate 2 and 3-layer dictionary features, respectively (Theorem 3.12,
Theorem 3.17), while the other colors represent multiplication by weights and amplitudes.

parameters be 1. Let T={i : z70}. If i ¢ T, set s'D a;, WD bl to zero. These parameters
are optimal when unscaled (Definition H.17).

In the next result, we only consider networks with sign activation. The number of neurons
in each layer [ of a 2 and 3-layer network is denoted by m; and my, respectively.

Corollary C.2. Consider a 3-layer sign-activated network. There exists an equivalent 2-layer
network with ml, = myms neurons. Let p’iﬁ be the optimal value of the training problem
(1.1) for L layers, regularization  and sign activation. Then, for 2-layer nets trained with
my > MMy Neurons, pi_s 3 < Pi_o 5 < PL_g.m, -

Corollary C.2 states that a 3-layer net can achieve lower training loss than a 2-layer net,
but only while its regularization (§ is at most m; times stronger.
24
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C.2. Example of 2-D data. The next result extends Theorem 3.17 to 2-D data on the
upper half plane. We consider parallel neural nets without internal bias parameters, that is,
b @ (they can be thought of as set to 0). Proofs are located in Appendix H.6.

Theorem C.3. Consider a Lasso problem whose dictionary is the switching set HF) ¢ =0,
and with solution z*. Let m* = ||z*||o. This Lasso problem is equivalent to the training problem
for a sign-activated network without internal biases that is 2-layer or rectangular, satisfies
myp > m*, mp_o = K, and is trained on 2-D data with unique angles in (0,7).

The next result reconstructs an optimal neural net from the Lasso problem in Theorem C.3.

The unscaling operation is used (Definition H.17).

0
1
parameter set for the training problem in Theorem C.3 when L = 2 is the unscaled version of

0= {ozi:z;‘, st =1, W(i’l):Rg (x(i))T, £=0: z;‘;zéO}, where z* is optimal in the Lasso problem.

-1 . . . .
Lemma C.4. Let Rg = 0 > be the counterclockwise rotation matriz by 5. An optimal

Appendix D. Detailed results for Section 4. Proofs in this section are deferred to
Appendix H.8. Given a square wave of period T, let k:% be the number of cycles it has. There
is a critical value Se=max,¢c|N |ATy| such that when 3>f,, z* = 0 is optimal in the Lasso

problem (12). Let BT:%- Theorem 3.12 specifies the Lasso problem for a 2-layer network with
sign activation. We will use the N x N dictionary matrix A with A;, = o(z; — ), as defined
in Corollary 3.15. The Lasso solution z* € RY is unique, by Proposition G.3.

Theorem D.1. Consider the Lasso problem for a 2-layer net with sign activation and square
wave target vector of period T. The critical value is B. =T. And the solution is

(1—pBr), ifief{l,2k—1}

else
—3Br ifie {1,2k -1}
—1)* (1 —287)  else

if Br >

S o=
N[

(D.1) 2. =
if Br <

N[ =

A~ =

fori € 2k — 1] and 2} =0 at all other n € [N].

Corollary D.2. For a square wave target vector with period T, there is an optimal 2-layer
neural network with sign activation specified by

fa(%;0) =0, if Br > 1
(— (1 - Br) ifﬂ:<xN7% X
fo(x;0) =<0 ifo_%§x<x% if§§5T§1

K1—5T z'fafzx%
(—(1—/6’T) ifa:<xN_%
fo (z;0) = (—1)* (1 —287) ifa:%(i+1)§:n<x%i, i € [2k — 2] ifBTgé
1—Br ifx>xr
225
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Theorem D.3. Consider the Lasso problem for a 3-layer network with sign activation and
target vector a square wave of period T and ms > 2% —1. Then B, = N and A; = —hD for
some i. The solution to the Lasso problem is z; = — (1 — 1), and z), = 0 at all other n.

Corollary D.4. Let xg = oco. For a square wave target vector with period T, there is an
optimal 3-layer neural net with sign activation specified by f3 (x;0) = (1 — Br)L(—=1)0= 4f
rr, Sz <xr_g forie 2k — 1], and f3(x;0) = —(1 = Br)4+ if x <xp_T.

2 2 2

Consider the 2-layer network in the left plot of Figure 3.7. When g — 0, the network
interpolates the target vector perfectly. As Br increases to % (red dots) from 0, the magnitude
of the middle segments decrease at a faster rate than the outer segments until at S = %, the
net consists of just the outer segments (magenta dots). As 7 increases to 1 from 3 (blue dots),
these outer segments decrease until the neural net is the zero function.

In Figure 3.8, the training data is chosen randomly from a uniform distribution on
[—100, 100]. Suppose we use the neural net as a binary classifier whose output is the sign of
fr (z;0), where the network is "undecided" if fr (z;0) = 0. The red, blue and white indicate
classifications of —1, 1, and "undecided," respectively. For 5 < (., the 3-layer net always
classifies the training data accurately, but the 2-layer net is undecided on all but the first and
last interval if 5 > (3./2. When used as a regressor, for each /3, the magnitude of the 3-layer
net’s prediction is the same over all samples, while the 2-layer net is biased toward a stronger
prediction on the first and last intervals. In this sense, the 3-layer network generalizes better.

Appendix E. Detailed results of Section 5.
The neural net (NN) autoregression training problem is

T
1 NN 2 f 2
(E.1) rerg(gT;(z (26:0) = 2e1)” + 5 10ull3

This model represents predictors of x;y1 from z;. By Theorem 3.12; this non-convex
problem is equivalent to the convex Lasso problem (1.2) where A; ; = |z; — x| and y; = j41.

We now compare solving the autoregression (E.1) and quantile regression (5.3) problems
directly with 5 trials of stochastic gradient descent (SGD) initializations versus using the
Lasso problem (1.2). We also compare against the baseline linear method f(z;6) = az + b
(AR1+Dbias), where we include an additional bias term b. We test upon real financial data for
bitcoin price, including minutely bitcoin (BTC) price (BTC-2017min) and hourly BTC price
(BTC-hourly). We consider the training problem on 7-quantile regression (Appendix E) with
7=0.3 and 7 = 0.7. For each dataset, we first choose T data points as a training set and the
consecutive T data points as a test set. The numerical results are presented in Figure 5.1. We
observe that cvxNN provides a consistent lower bound on the training loss and demonstrates
strong generalization properties, compared to large fluctuation in the loss curves of NN. More
results can be found in Appendix H.12.

We first build a network f2N (;6) (5.2) with m known, or planted neurons. We use this net-

work to generate training samples w1, ..., 27,1 based on (5.1) with f(z;60) = f¥N (x;60) where
z1 ~ N(0,0?). Using the same model f3'N (z;6), we also generate test samples z{%, ... 2f=t

in an analogous way. We use 7' = 1000 time samples. Then, we try to recover the planted
neurons based on only the training samples by solving the NN AR/QR training problems.
26
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In Figure H.6, we present experiments based on the selection of m planted neurons and
noise level o2. More results can be found in Appendix H.12. The neural net trained with Lasso
is labeled cvxNN, which we observe has lower training loss. This appears to occur because
different trials of NN (neural net trained directly without Lasso) get stuck into local minima.
The global optimum that cvxNN reaches also enjoys effective generalization properties, as seen
by the test loss. The regularization path is the optimal neural net’s performance loss as a
function of the regularization coefficient 8. Figure H.7 plots the regularization path for 0% = 1
and m = 5. The regularization path taken by cvxNN is smoother than NN, and can therefore
be found more precisely and robustly by using the Lasso problem.

Appendix F. The solution sets of Lasso and the training problem.

We have shown that training neural networks on 1-D data is equivalent to fitting a Lasso
model. Now we develop analytical expressions for all minima of the Lasso problem and its
relationship to the set of all minima of the training problem. These results, which build on the
existing literature for convex reformulations (29) as well as characterizations of the Lasso (12),
illustrate that the Lasso model provides insight into non-convex networks. We focus on 2-layer
models with ReLU, leaky ReLU and absolute value activations, although our results can be
extended to other architectures by considering the corresponding neural net reconstruction.
Proofs are deferred to Appendix H.11.

We start by characterizing the set of global optima to the Lasso problem (1.2). Suppose
(z*,£*) is a solution to the convex training problem. In this notation, the optimal model fit y
and equicorrelation set £3 are given by

y=Az+¢1, & ={i: Al -y) =8},
where y is unique over the optimal set (39; 38). The equicorrelation set contains the features

maximally correlated with the residual y —y and plays a critical role in the solution set.

Proposition F.1. Suppose 3>0. Then the set of global optima of the Lasso problem (1.2) is

(F.1) ®°(8) = {(2,€) : 2 £0 = sign(z;) =sign (A] (¥ ~ ) ) , 5 = 0¥i ¢ 5, Az + €1 =3}

The solution set ®*(/3) is polyhedral and its vertices correspond exactly to minimal models,
i.e. models with the fewest non-zero elements of z (29). Let R be the reconstruction function
described in Definition B.5. All networks generated from applying R to a Lasso solution are
globally optimal in the training problem. The next result gives a full description of such
networks. The 2-layer parameter notation defined in Subsection 3.1 is used.

Proposition F.2. Suppose 8 > 0 and the activation is ReL U, leaky ReLU or absolute value.
The set of all 2-layer Lasso-reconstructed networks is

R(®(B)) = { (W,b,a,&)  a; #0 = sign(a;) =sign (A (y — ¥)) , b = —a; ,
(F.2) { N ( ) Vil

Viail

w; =

= Vi ¢ €5, F2 (X30) = y}.

27
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Proposition F.2 shows that all neural nets trained using our Lasso and reconstruction share
the same model fit whose set of active neurons is at most the equicorrelation set. By finding
just one optimal neural net that solves Lasso, we can form R(®?) and compute all others.

The min-norm solution path is continuous for the Lasso problem (38). Since the solution
mapping in Definition B.3, Appendix H.3 is continuous, the corresponding reconstructed
neural net path is also continuous as long as the network is sufficiently wide. Moreover, we
can compute this path efficiently using the LARS algorithm (12). This is in contrast to the
under-parameterized setting, where the regularization path is discontinuous (29).

What subset of optimal, or more generally, stationary, points of the non-convex training
problem (1.1) consist of Lasso-generated networks R(®(/3))? First, R(®(3)) can generate
additional optimal networks through neuron splitting, described as follows. Consider a single
neuron aos(wz + b) (where a,w,b € R), and let {v;}?; C [0,1]" be such that > 1" ;v = 1.
The neuron can be split into n neurons { Yoo (\/’%wx + ﬂb) }?:1 (42). For any collection
O of parameter sets 6, let P(©) be the collection of parameter sets generated by all possible
neuron splits and permutations of each 6 € ©. Next, let C(/3) and C (B) be the sets of Clarke
stationary points and solutions to the non-convex training problem (1.1), respectively.

Proposition F.3. Suppose L = 2,8 > 0, the activation is ReLU, leaky ReLU or absolute
value and m* < m < 2N. Let OF = {0 :Vi € [m],3j € [N] s.t. b; = —zjw;}. Then

(F.3) P(R(®(8)) = €(8) nOF =C(8)n 6.

Proposition F.3 states that up to neuron splitting and permutation, our Lasso method gives
all stationary points in the training problem satisfying b; = —z;w;. Moreover, all such points
are optimal in the training problem, similar to (19).

Since optimal solutions are stationary, a neural net reconstructed from the Lasso model is
in C(8) C C(B). However, C(B) ¢ ©F. This is because there may be other neural nets with
the same output on X as the reconstructed net so that they are all in C(3), but that differ in
the the unregularized parameters b and &, so that they are not in ©F. For example, if 3 is
large enough, the Lasso solution is z = 0 (12), so the reconstructed net will have e = 0, which
makes the neural net invariant to b. In this section, we analyzed the general structure of the
Lasso solution set when 8 > 0. Next, we analyze the Lasso solution set for specific activations
and training data when g — 0.

Appendix G. Solution sets of Lasso under minimal regularization. One of the insights
that the Lasso formulation provides is that under minimal regularization, certain neural nets
perfectly interpolate the data.

Corollary G.1. For the ReLU, absolute value, sign, and threshold networks with L = 2 layers,
and sign-activated deeper networks, if my > m*, then fr (X;0) —y as f — 0.

Proofs in this section are deferred to Appendix H.7. In Corollary G.1, m* depends on L and
the activation and is defined in Theorem 3.12 and Theorem 3.17. The Lasso equivalence and
reconstruction also shed light on optimal neural network structure as regularization decreases.
The minimum (11) norm subject to interpolation version of the Lasso problem is

(G.1) mign llz||1 s.t. Az+ &1 =y.

28
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Loosely speaking, as 8 — 0, if A has full column rank, the Lasso problem (1.2) "approaches"
the minimum norm problem (G.1), where £ = 0 for sign and threshold activations. The rest of
this section describes the solution sets of (G.1) for certain networks.

Proposition G.2. Let L = 2. Suppose o is the absolute value activation. Let z* be a solution
to (G.1). Then, we have 2z} < 0. Moreover, the entire solution set of (G.1) for z* is

(G.2) {o" +t sign(=)) (1,0, ,0,1)7| — 27 <t < |24}

Proposition G.3. For a 2-layer network with sign activation and 8 > 0, the Lasso problem
(1.2) has a unique solution. Furthermore, the minimum norm solution in (G.1) is z* = A~y .

Given an optimal bias term £*, if A is invertible, then z* = A~!(y — £*1) is optimal in
(G.1). Appendix H.8 explicitly finds A~! for some activation functions. The structure of A~}
suggests the behavior of neural networks under minimal regularization: sign-activated neural
networks act as difference detectors, while neural networks with absolute value activation, whose
subgradient is the sign activation, act as a second-order difference detectors (see Remark H.41).
The next result shows that threshold-activated neural networks are also difference detectors,
but for the special case of positive, nonincreasing y,. An example of such data is cumulative
revenue, e.g. Yn = » .., r; where r; is the revenue in dollars earned on day 1.

Proposition G.4. Let L = 2. Suppose o is threshold activation and y; > -+- > yny > 0. Then

Yn — Yn—1 ifn <N -1
Zn =\ YN ifn=N

0 else

is the unique solution to the minimum norm problem (G.1).

The next result gives a lower bound on the optimal value of the minimum weight problem
for ReLU networks. If we can find z with a /;-norm that meets the lower bound and a ¢
such that Az + {1 =y, then we know z,¢ is optimal. In this section, for n € [N — 1], let

Ly = % be the slope between the n* and n + 1** data points. Let py = 0.

Lemma G.5. The optimal value ||z*||1 of the minimum norm problem (G.1) for deep narrow
networks with ReL U or absolute value activation is at least max,e(n_1] |ftn|-

When L=2, the next result gives a solution to the min-norm problem. For i€[N], let (24);
and (z_); be the Lasso variable corresponding to the features ReLUj,‘i and ReLU_, respectively.
In other words, z; corresponds to A, and z_ corresponds to A_ as defined in Corollary 3.15.

Lemma G.6. The min-norm problem (G.1) for L=2,0=ReLU has optimal value ||z*||;=
27]:]:_11 |t —pn11]. An optimal solution is (24 ), 1 =pn—Hnt1 for n€[N—1], z_=0, and {=yN.

Lemma G.7. For a 3-layer symmetrized ReLU network and training data as shown in
Figure 3.2, the optimal value ||z*||1 of the minimum norm problem (G.1) is at least 1.

Lemma G.7 can be generalized to more complex sets of training data.

Appendix H. Numerical results. The following simulations support our theoretical results.
29
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Figure H.3: Figure for Appendix H. Training objective (left) and function fit (right) for a
neural net using the convex Lasso problem versus the non-convex training problem using STE.

In Figure 3.2, a deep narrow, absolute value network is trained. In Figure 3.4, a 3-layer
symmetrized ReLU network is trained. Both neural nets have standard architecture, my=100,
and are trained with Adam with the non-convex problem. The learning rate is 5(1072), weight
decay is 1074, and f=10""~0. When 8—0, the Lasso problem approaches the minimum norm
problem (G.1). For each L€3, 4,5, the neural net reconstructed from the single feature in the
left plot with corresponding Lasso parameter z; = 1 and £* = 0 is optimal in the minimum
norm problem (G.1) by Lemma G.5 and Lemma G.7. This network is used to initialize a subset
of the neurons in the non-convex training. All other weights are initialized randomly according
to Pytorch defaults. The figures show that the networks trained with the non-convex problem
closely match the Lasso solutions. The networks exhibit breakpoints at data points and their
reflections not in the training data. The standard architecture in the non-convex model shows
the applicability of the Lasso formulation. SGD gives similar results as Adam.

In addition to training ReLLU networks under minimal 3, we train neural networks with
threshold activations and larger 5. We label N = 40 1-D data samples from an i.i.d. distribution
x € N(0,1) with a Bernoulli random variable. We use =103 to train a 2-layer neural network
with threshold activation using the Lasso problem (1.2) and a non-convex training approach
based on the Straight Through Estimator (STE) (3). As illustrated in Figure H.3, the convex
training approach achieves significantly lower objective value than all of the non-convex trials
with different seeds for initialization. Figure H.3 also plots the predictions of the models. We
observe that the non-convex training approach fits the data samples exactly on certain intervals
but provides a poor overall function fitting, whereas our convex models yields a more reasonable
piecewise linear fit. In particular, the neural net trained with the non-convex problem fits the
data in Figure H.3 poorly compared to Figure 3.4 and Figure 3.2. This may occur because in
Figure H.3, the data set is larger and more complex, and STE training is used because of the
threshold activation, and 3 is larger instead of being close to zero.
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Supplementary Material.
Definitions and preliminaries.

H.1. Activation function. A function f is bounded if there is M > 0 with |f(x)| < M for
all z. If o(x) is piecewise linear around zero, o(z) is bounded if and only if a= = a™ =0, e.g.
o(zx) is a threshold or sign activation. We call f symmetric if it is an even or odd function, for
example absolute value. The activation o(z) is defined to be homogeneous if for any a > 0,
o(ax) = ao(x). Homogeneous activations include ReLU, leaky ReL.U, and absolute value, and
don’t have amplitude parameters. We say o(x) is sign-determined if its value depends only on
the sign of its input and not its magnitude. Threshold and sign activations are sign-determined.

H.2. Effective depth.
Remark H.1. Plugging (2.2) into itself shows that in parallel network, for l€[L—2],

X(@',Hz)zas(ml) (U <X(i,l)w(i,l+1)+b(i,l)) S(i,l)w(i,l+1)+b(i,l+1)) '

Similarly, plugging in (C.1) into itself shows that in a tree network, for 0 <1< L —3,

mry,—| mr—i—1
XMW= 3" om0 oy | 60904 37 a(u@z@j)g(X<u@i®j>w<u@i@j)+b<u@ieaj>)s(ueaieaj)w<u@i>
i=1 j=1

The inner parameters of a parallel network are sV for I<L — 2 and W@ for <L — 1.
In a tree network, they are (s“@l, e su@mL—l) , (a“@l, x -oz“@mL—l) for u of positive length,
and (w“@l, o -w“@mL*l) for u of any length. Suppose o is sign-determined. Then f1,(X;0)
s tnvariant to the value of the inner parameters, so they would be driven to 0 by weight
reqularization. We define the minimum value in (1.1) as an infimum which is approached as the
norms of the inner parameters approach 0. Therefore the inner parameters are not reqularized
(the effective depth is 2), and we optimize for their directions rather than their magnitudes.

Parallel and tree networks with data dimension d > 1.

For convenience, we will omit § when writing fr, (X;6). This does not change the training
problem because we can write (1.1) as gm%?} ?JHGM\%—&— Hgin {Ly (fr.(X)—£1+£1)} and apply the

change of variables/functions ¢'=0—{¢}, fr.(X;60)'=fL(X;0)—£1 and Ly(z)'=ming L, (z+£1).
The loss function absorbs & while preserving its convexity. We begin by assuming the data is
d-dimensional and consider the general training problem

min Ly (2 (X:0)) + 2r(0)

with a general regularization of the form r(6)=>""*% pi0 o) (r(i’l) (0(“)))]:, where 00D is a
parameter such as W) and 7 is a regularization function such as 7 (W(”)) = HW(”) Hp.
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Assume (%) is nonnegative and positively homogeneous, i.e., for any a > 0, r(i’l)(aW):
ar(™)(W)>0. The training problem (1.1) is a special case of the general training problem.

Definition H.2. A simplified neural network with sign-determined activation is

mr,
fr60) =€+ XD gL

=1

(H.1) KD _ (XWWW n b@kl)) e[l -1

L) = {ai,s(i’L_l)} ,Géi) = {b(i’l),W(i’l) :lel - 1]} for i € [my]

for a parallel network, and

fr( §+Z (XD +601) s

(H.2) () _ ZmL L alu®i) (X(“@Z +0M90) if1<I< L3
= sz U, (udi) ( (uepi) + b(u@z ) Zfl -1 -9

053) = {a(’),s(l)} 01()) = {a<u),b(u) rueld,u = z} fori € [mp]

where u has positive length for o™ e Gl(,i), for a tree network.
In other words, a simplified network has amplitude parameters only in the last layer.
Lemma H.3. The simplified neural network is equivalent to the original neural network.
Proof. By Remark H.1, it suffices to onl§lz regularize the outermost L=2 layers. For parallel
networks, apply a change of variables W' = g(i=DW () for 2<]<I—1. This removes s}
from 6 for [<L—2. Similarly for tree networks, for u of length 1 <! < L—2 and i € [mp_;_1],
let (@)= (089 (a0 (W) (note wWeR). This removes w® and s from 6. |
Henceforth, tree networks are assumed to have sign-determined activation and sign-

determined networks are assumed to be simplified.
Let D ={L—L+1,---,L}. By Lemma H.3, the training problem’s regularization is

(H.3) Z 3 ( (9<” ))

i=11€D
where 0L =q; and D) =W D for [< L in parallel networks with homogeneous o, () =q; and
9li-L=1) —4(i:L=1) in parallel networks with sign-determined o, and -2 =q(®) and L1 =g(®)
in tree networks. Similar to the parallel network in Subsection 2.2, extend the standard (2.1)
and tree (C.1) network definitions row-wise to the cases where the input is X € RV,

Lemma H.4. Let XD eRN pe X(0:L) for a parallel network or o (X(i) + b(i)l) for a tree
network, where the input is X € RNX. The training problem is equivalent to

my, my,
(H.4) min Ly (Z aif((i)> +8 Z 76,5 (i)
i=1 i=1

0€O:r(; 1) (00:0)=1,1eD—{L}
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Proof. By the AM-GM inequality on (H.3), a lower bound on the training problem is

(H5) min £y (fr (X;6)) + 5 I (g(m) ‘

i=11€D

Consider the minimization problem

(H.6) min L, (fL (X;0)) + 8 Z H ra <0(i,l)>

0€O:r(; ) (00D )=11eD—{L} i=11leD

Problem (H.6) is an upper bound on (H.5). Given optimal {0(“)} in (H.5), the rescaled pa-
rameters 9(i7l)/:9(i’l>/r(i,l) (9(“)) for eD—{L} and (L) =g (0.L) [Tepr®V (9(“)) (and rescaled
bias parameters) achieve the same objective in (H.6). Hence (H.6) and (H.5) are equivalent.
Given optimal {#(*Y} in (IL.6), the rescaled parameters H(i’l),:\e(i’L)]%G(i’l) (and rescaled bias
parameters) achieve the same objective in the training problem, which is therefore equivalent

o (H.6). Simplifying (H.6) gives (H.4). [ |

Lemma H.4 applies to networks without any weight constraints, i.e., it excludes 3-layer
symmetrized networks. A L-layer symmetrized network is a parallel network with homoge-
neous activation such that my_3=1 and the elements of WD have the same magnitude
for le{L—2,L—1}. In a symmetrized network, the last two layer’s weights are vectors:
WL=2)cRlixmi—2 gnd WHL-DeRmL-2  The constraint on the weight magnitudes is en-
coded in ©. A 3-layer symmetrized network and a deep narrow network are special cases of a
symmetrized network.

Lemma H.5. Let r(®:) (W(i7l)) = HVV(“)H2 forl € {L—2,L—1}. The rescaled problem for
a symmetrized network is equivalent to

(H.7)
mr,
min Ly (fr(X;0))+ 8 Z 7,z ()
H€@:r (i) (WD )=1 for lE[L—S];)WS.Z’”‘:l for le{L—2,L—1},j€[my _3] i=1
2_ _B
where 8 = s

Proof. Since my_3 = 1, we have WtL=2) cR1xmi—2 and WEHL—D)eR™ML-2 The constraint
states that for [e{L—2, L—1}, Wgz’l)‘ = .= ‘W%’QQ . For le{L—2, L—1}, given WD b(:D)

and «; in apply a change of variables W(i’l)/:. /WD and b(i’l)/:, /2 T3 b and
Lo, to the parameters in (H.4) to arrive at (H.7). [ ]

mr—2

o =
Henceforth, assume 7(; 1) (@) = |ov.

Definition H.6. Define the rescaled training problem as

mr, mr,
(H.8) Iaréiél Ly (Z} aiX(’)> + ,BZ; v
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If the network is symmetrized, 3= B and © includes the constraints that r(&) (W(i’l))

mp_z
=1 forl € [L-3] and ’Wgu)’ =1 for | € {L—2, L—1}. Otherwise, =8 and e (9(“)) =1 for
1 € D—{L}. X9 is defined as in Lemma H.4.
For 3-layer networks with Iy regularization (r(! (W(i’l)) = |[W0GD||y), © constrains the

absolute value of all elements of all inner layer weights to be 1 in the rescaled training problem.
The rescaled training problem is equivalent to both symmetrized and non-symmetrized networks.

Lemma H.7. The rescaled training problem (H.8) is equivalent to the training problem for
all the architectures and activations discussed above.

Proof. Follows from Lemma H.4 and Lemma H.5. |
Lemma H.8. A lower bound on the rescaled training problem is the dual problem
_ * t. T~ < 2
(H.9) max Ly(A) st gleaéc))\ X‘ < B,

where X = X and f*(x) := maxy {z"x — f(x)} is the conver conjugate of f.

Proof. Find the dual of (H.4), by rewriting (H.4) as
(H.10) Igrélélﬁy(z)-i-m‘a”l, s.t. z:;ain .

mr

The Lagrangian of problem (H.10) is L (A, 0) = Ly(z) + B]|a|1 — Az + Z ATX @ ;. Minimize
i=1

the Lagrangian over z and a and use Fenchel duality (7). The dual of (H.10) is

(H.11) max — Ly (A) st max ’ATX(i) < B,i € [my].

AERN 0cO

In the tree and parallel nets, X is of the same form for all i € [mr]. So the my constraints
in (H.11) collapse to a single constraint. Then we can write (H.11) as (H.9). [ ]

For a parallel network, the dual problem (H.9) is

_ TA(L)‘ < B
(H.12) max — Ly(A) st rgleaé(‘)\ X< B,

where XM=X. Henceforth, all regularizations are ls-norm: e.g., for a parallel network,
@) (W(i’l)) = HW(“)HQ, denoting the square root of sum of squares of W(1’s elements.

Deep narrow and symmetrized networks with d=1. In this section, we assume the data is
1-D and find the maximizers of ‘)\TX(L)‘ in the dual constraint (H.12). To this end, assume the
elements of W) are +1. Note that b1 is a scalar and X(+D=¢ (X(Z)W(l)+b(l)1) RNV,
The next remark refers to the leaky ReLU slopes a™ and a~ defined in Section 2. Let KC(f)

and Z(f) be the sets of breakpoints and zeros of a function f, respectively.
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Remark H.9. Let b=b(E=1 g, =X DwWE-1), gn(D)=0 (a,+b), and g(b)=SN_, )\ngn(b):l
ATX@D) . Let T=\UN_, K (gn) D K(g). Then g(b)=S"N_ Mpa(an+b)=ab SN | A+
25:1 Anana for b large enough (with a=a™ ) and for b small enough (with a=a™). So a~=a™=0
or Zﬁ[:l An=0 if and only if g is bounded, if and only if g has a (finite) mazimizer and min-
mmizer. In this case, assuming g is not a constant function, I contains a mazximizer and
minimizer of g.

Henceforth, assume AT1=0 if a=£0 or a™#£0. Suppose b®), ... bL=Y are scalar-valued. We
call bO=p®" optimal if b e arg maxy,() maxXy+1) - - Maxy(r—1) ZnN:1 )\an(lL) . The next

result refers to the normalized midpoint defined in (3.1).

Lemma H.10. Let o be leaky ReLU. Let o, B € R with a#f. Let f(x)=0 (x+a) —oc (z+0).
For s € {—,+}, let gs(x)=0(sx). Then, if o is monotone,

(H.13) K(gs(f)) € {—a, -5}

Otherwise if o is not monotone,

(H.14) K(gs(f)) € {—a, =B, maz}.

Proof. Since f, g is piecewise linear,

(H.15) K (gs(f)) c K(f)U Z(f).

Moreover if f(x) has the same sign for all x, then observe that

(H.16) K (gs(f)) =K(f)-

Let G(f) = {(z, f(x)) : x € K(f)}. We find that

(H.17) G(f) = {(— max{a,ﬁ},a_(a—ﬁ)) , (— min{a,ﬁ},a+(a—ﬁ))} .

In particular, K(f)={—a,—5}. Observe that f has constant value (an in particular, sign)
beyond its breakpoints. If o is monotone, then sign(a™)=sign(a™), so (H.17) implies

sign (f(z)) =sign (a*(a—p)) for all z, so (H.16) implies (H.13). If o is not monotone, linearly
interpolating between the points in G (f) (H.17) shows that f changes sign exactly when
x=mq.g, so (H.15) implies (H.14). [ ]

Lemma H.11. Let o be piecewise linear if L=2 and leaky ReL U otherwise. Letle{L—1, L—2}}
Consider the bias bW, Let my_o=1. If o is monotone there is either a data feature bias that
is optimal. If o is not monotone there is either a data feature bias or a midpoint feature bias

b(L*Z):mX(sz) - W2 (if I=L—2) that is optimal.
n(L—2) % (L—1)
Proof. Remark H.9 implies that Ui:[:l K (X#)) contains an optimal b(*~1_ The break-
point of X%L)za (X%Lil)W(L_l)—kb(L_l)) as a function of b(Z=1) is b(L_l):—XgLLfl)W(L_l).
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Therefore for some n(E~Ye[N], the data feature bias b(L*I):—X;L(L_}%W(L*l) is optimal.

Plugging in this optimal b(Z=1) back into X,(lL) gives
al L
o (L— & (L—1 _
=S (10K i)
n=1

For L > 2, expanding X(L=1) gives
(H.18)

ATX- i hao (o (KE-DWE2 1502 g (K02 w2 50-2) ) wie=).

Since my_s=1, we have b(L=2)eR. Applying Lemma H.10 with z=b(‘~2), a:X%L72)W(L_2),
ﬁ:XgL_l)W(L*Q), s=W =1 and a similar argument as Remark H.9 gives the result. |

Lemma H.12. Let L > 2. Consider a deep narrow ReLU network with L layers. For every
l€{2,---,L}, a data feature bias is optimal for layer L—I+1, and with this optimal bias, if
I<L, there exists N1, No€[N] such that for all n€[N], either XF=0 or

(H.19) X0 = & (o (X{IWED4pED) o (X 4bE0)).

Proof. We prove by induction on .
Base case: suppose [ = 2. Then the claim holds by (H.18) in the proof of Lemma H.11.
Now, suppose the claim holds for I=k€{2,---, L—1}. Applying argument similar to the proof

of Lemma H.11 to (H.19) shows that a data feature bias b(L—’“)z—Xff;_’“,g)W(L—@ is optimal
for b(E=H+1) when I=k+1. Plugging in this optimal b5 into X&) in (H.19) for I=k and
expanding XLk =g (X(L_k_l)W(L_k_l)+b(L_k_1)) shows that for some s(!), 5(2)6{—1, 1},

either X%L) =0 or

X%L) — (8(1) (U (8(2) (0 (X;I,Jfkfl)W(L—k—l)+b(L—k—1)) v (X;%;_k;)l)w(L—B)+b(L—k—1))))
. (3(2) o (Xil(/;jcl;l)W(Lfkfl)_|_b(L7k71)) . (X;L(L—ijnw(kkq)+b(L7k71)))))) ))
c {8(2) (U ( K (L—k—Dypr(L—k-1) b(L—k—l)) g (Xgﬁ_k;l) + b(L—k—l))) 7
(

p EX(L—k—l)W(Lkl) 4 b(Lfkfl)) g (X%—gl) i b(L*k*U)) 7

n(L—1)

Ne) (U (X(%*k—l)W(L—k—l) I b(szH)) . (XELL(EEU n b(Lfka)) ,0}.

n

So (H.19) holds for i=k+1. Finally if (H.19) holds for [=L—1 then by a similar argument
as the proof of Lemma H.11, a data feature bias for b(*=+1) is optimal when I=k+1=L. By
induction, the result holds. |

Lemma H.13. Let L > 2. Consider a deep narrow ReLU network with L layers. For
l € [L — 1], suppose bW is a data feature. For every l€{2,---, L—1}, there exist Ny, No€[N]
such that for all x,
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(H.20) XD () e {ReL U;tNl (x), Rmnp;tN1 N, (CC)} .

Proof. We prove by induction on [. Base case: for [ = 2, X (z)=0 (mW(l)er(l)) =

o ((v—z,0) WD) :ReLU}C}V((ll)> (). Now, suppose the claim holds for I = 1,--- ,k<L—1. Then
X0+ () =0 (x<k>w<k>+b<k>) =0 ((x;“_xgg)) w(k)) 50 either

there exist Ny, Nje {Nl,n(k)} , s€{+, —} such that for all z,

X*EHD) (3)=0 ((ReLUUfC'EN1 (a:)—ReLU;tNl (xn(k))) W(k)) € {ReLUi,N{ (x), Rampch{ . (x)}, or
there exist Ny, Nj € {Nl,Ng,n(k)} ,s € {+, —} such that for all z,

XE+D () =0 <<Ramp§fN1 ay, (T)—Rampz o (%(k))) W(k)> =Rampg ., 2, (#). By induc-
tion, the result holds. |

Lemma H.14. Consider a deep narrow network. Let L > 2. For alll € [L — 1], there exist
nE=D € [N] and a l-tuple (ag, a1, -- ,a;) such that for alll € [L — 1],

l

—* S (L—1 _

(H.21) pL=D" — fE:QiXELM_)i)VV(L )
=1

is optimal. Note that optimal bW, - b= can be found sequentially, by computing b®*
as a function of b=D" and so on. Moreover, there are O (2LL!) options for DM Additionally,
for all le[L — 1], under such optimal b ... b=V for all n € [N],

(H.22) X (L) = (X%L—l)’W(L—l))
where
l
(H.23) X = aoX0 + 3 aX(G.
=1

Proof. We prove (H.21), (H.22) and (H.23) by strong induction on .
Base case: suppose [ = 1. Then (H.21), (H.22), (H.23) hold by Lemma H.11 and its proof.
Now, suppose (H.21), (H.22) and (H.23) hold for I=1,---,k<L—1. By Equation (H.22) for

=k, X%L_kﬂ)(x) is locally a linear combination of the k+1 terms Xfﬁ;ﬁ:[ll)) , X;%L_fl‘;'l)7 e

,X;L(L_f,:;l), and hence so is X&), So the breakpoints of X&) as a function of b(L—(k+1))
are linear combinations of the k41 terms, which proves (H.21) for I=k+1. Plugging in this
breakpoint b(E=*=1 into X P proves (H.22) and (H.23) for [=k+1. Therefore (H.21), (H.22)
and (H.23) hold for all l€[L—1].
Now we prove that the number of options for b is O (QLL!). By Equation (H.23) for
I=L—1, as a function of b, X;Lfl)l has breakpoints at —XgLil*l)W(L_l_l) for ie{n, n(L=1),
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- n(L_l)}, which totals to [4+1=L breakpoints. A piecewise linear function f has up to plus
or minus one as many zeros as breakpoints, and the zeros become breakpoints in o(f). So by

Equation (H.22), XEHY a5 a function of b has breakpoints at O(2L) places. Then by
Equation (H.23) for [=L-2, XEHY" a5 a function of b() has breakpoints at O(2(L—1)(L))
places. And by Equation (H.22) for [=L—2, X%L_kw) as a function of b() has breakpoints
at O (22L(L — 1)) places. By repeating this argument for [=L—1,---, 1, X,&L) as a function of
b has breakpoints at O (ZLL!) places. |

Recall the deep library defined in Definition 3.11. Note that any a in the deep library is of
the form a = XX (X), with a,, = XL (z,).

Lemma H.15. For L € {2,3} the mazimization constraint in (H.12) is equivalent to: for all
vectors a in the deep library,

|\a| < 3
(H.24) . L _
1°'A=0ifa"#0o0ra #0.

Proof. Lemma H.11 gives (H.24). Now, if the activation is symmetric, then X (1) is invariant
under the sign of the components of W), Next, recall z; > --- > an and sign(0) = 1. If
the activation is sign, then for all n € [N — 1], with W) = 1 and b() = —z,, we have
XE=2)(X) = o(X — zp,) = (11, 1%, ,.x) = —0(zns1 — X); while for WM = —1 and
b = z,.1 we have X(L=2) (X) = o(xps+1 — X). And for WO =1 and bM = —zx, we have
X®(X) = 1 while for W = —1 and b® = z; we have X®(X) = 1. So for L = 2 with
symmetric or sign activation, (H.24) is unchanged if W) € {—1,1} is restricted to be 1. MW

Lemma H.16. Let A be a matriz whose set of columns is the deep library. Replace the
mazimization constraint in (H.12) with (H.24). The dual of (H.12) then is

(H.25) Hfligﬁﬁy(AZ‘Ffl)‘i‘BHZHl’ where £ =0if c; = cy = 0.

Proof. Problem (H.12) can be written as

(H.26) —min £5(A) st AT1=0ifa” #0ora® #0, and NTA| < 517,
AER

The Lagrangian of the negation of (H.26) with bidual variables z, ¢ is

(H.27) L(\z,8) = Ly(N) — A'(Az +€1) — B||z|1, where € =0if a~ =a™ =0.

Equation (H.27) holds because the constraint [\TA| < f17 i.e., ATA — 517 < 07, —\TA —
B1T < 0T, appears in the Lagrangian as AT A (z(l) — z(z)) - p1T (z(l) + z(z)) with bidual
variables z(1), z(?) | which are combined into one bidual variable z = z(*) — z(2). This makes
zM) 4+ 22 = ||z||;. Changing variables z' = —z,£ = —¢ gives (H.27). Since £L* = L (6),
infy L(\, z,€) = =L, — f|z|); and negating its maximization gives (H.25). [ ]
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Definition H.17 (Parameter unscaling). Let v; = |az|% For ReLU, absolute value, or leaky
ReL U, parameter unscaling is the following transformation. For symmetrized networks, first
change variables as WD = %W(i’l) and bV = ﬁb(”) forl e [2], o) = 2a;. Then, for
g‘)
variables as b@)" = @D (i)' For tree networks, change variables as b = b® (v;)! foru e U
with length | such that u; = i. For sign and threshold activations, parameter unscaling is the

transformation o} = sign(a;)\/|oi| and sGL=D" = |ai| for parallel nets, and s =/ ||

for tree nets.

all architectures, change variables as ¢ = sign(q)~y; for q € 6y’ . For parallel networks, change

H.3. Proofs of results in Subsection 3.1 .

Proof of Lemma 3.8. The Lasso equivalence follows from a similar argument as the proof
of Theorem 3.12. The Lasso features follow from Lemma H.12 and Lemma H.13 with [ = L.l

Proof of Theorem 3.7. By the proof of Lemma H.14 and a similar argument as Theorem 3.12,
the training problem is equivalent to a Lasso problem. Moreover Lemma H.14 and choice
of n(M, ... p=b ¢ [N] give the number of possible b® for given W ... WE=1) a9
O (NE=12LL1). Note that by (H.22) and (H.23), b determines all other b(®). Finally, there
are 2% possibilities of W) € {—~1,1}. The ReLU result follows from Lemma 3.8. [ ]

Proof of Theorem 3.12. By Lemma H.16, problem (H.25) is a lower bound on the training
problem (1.1), where the Lasso features are all vectors in the deep library. Let (z*, £*) be a Lasso
solution. From Definition 3.11, it can be seen that Az*+&*=3" 2 A; +&=5 . o X (1) (X)) 4-¢*
=fr (X;0) and ||z*||1=||e||1. Therefore a reconstructed neural net achieves the same objective
in the rescaled training problem, as (z*,£*) does in the Lasso objective. Parameter unscal-
ing (Definition H.17) makes them achieve the same objective in the training problem (see
Remark H.20). Therefore the Lasso problem in Theorem 3.12 is equivalent to the training
problem. |

Proof of Lemma B.4. By Theorem 3.12 and its proof, the reconstructed neural net achieves
the same objective as the Lasso problem, which is equivalent to the training problem. So the
reconstructed neural net is optimal. |

Proof of Theorem 3.13. By considering each component of b) separately in the proof of
Lemma H.11, we see that optimal bias parameters for a symmetrized network can include data
features. The Lasso equivalence follows from a similar argument as the proof of Theorem 3.12.1

Proof of Theorem 3.5. Follows from Theorem 3.13 and evaluating the features. See proof
of Figure 3.5 below. |

Proof of Theorem 3.2. For Le{2,3}, apply Theorem 3.7, Theorem 3.12 where o(z) = |z|
and Lemma B.2. For L=4, continue the same line of argument as Lemma H.11 by plugging
in b(L_Q)I—XEL€;_22)>W(L_2) into (H.18), expanding X2 =4 <X(L_3)W(L_3)+b(L_3)), and
observing that the breakpoints of M'X(L) as a function of b&—3) include data features, and
hence these can be optimal bias parameters. Plugging in these data feature biases in to
X® gives the features and reflections. Continue repeating a similar argument for L > 4.

The reconstruction and Lasso equivalence follows from a similar argument as the proof of
Theorem 3.12. ]
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Remark H.18. In the proof of Theorem 3.2 for L > 4, we only used one of the possible
forms of an optimal b£=2) specified by Lemma H.11 for absolute value activation, and we only
specified one of the possible forms of a breakpoint in MX@D) gs q function of bE=3) . So q
4-layer network may have additional features not specified.

Proof of Theorem 3.4. Follows from Lemma 3.8 and Theorem 3.12 where o(x) = ()4 is
monotone. |

Proof of Corollary 3.15. Follows from Theorem 3.12 for L = 2. [ |
Remark H.19. For by,b2 > 0,

by —by —x if v < by — by
r—(by—b2) ifbr—ba<z<b
bi +by—x if b1 <x < by + by
x—(b1+b2) ifz>s1b1+bo
= Whi—bsbs -

|2 — b1| — ba| =

Proof of Lemma B.2, Figure 3.1, Figure 3.5. Follows from direct computation of Equa-
tion (2.1) and application of Remark H.19. In particular, for ReLU symmetrized networks,
it can be verified that for W) = (=1,1), W® = (=1, -1); W = (=1,1), W® = (1,1);
WO = (1,-1), W® = (=1, -1); and W = (1, 1), W® = (1,1), the deep library features

can contain reflections. Note ReLLU symmetrized features are consistent with Figure B.1. 1

Remark H.20. For sign-determined activations, by Remark H.1, the inner weights can be
unregularized. So, reconstructed parameters (as defined in Definition B.3) that are unscaled
according to Definition H.17 achieve the same objective in the training problem as the optimal
value of the rescaled problem.

Proof of Lemma 3.1. Since |z|=2(z)4++z, we have > "% ’XW G 4D | o+ Xw+¢
=322 (X\?\/'("’l)—i—b(i’l))Jr i+ X (w— 1" WD) — 5772 bEDa;+€. Given a solution
W(i’l)*, b(i’l)*, a;*, £ w* to the training problem for absolute value activation with skip con-
nection, the parameters W(i’l):W(i’l)*, b(i’l)*:b(i’l)*, a; = 20", E=" =Y b(i’l)*ai*,w:w*
-y WD % achieve the same ob jective in the training problem for ReLLU activation with
skip connection. Conversely, since (z )+:‘x|+x we have > (XW("’l)—i-b(i’l))Jr a;+Xw+€
=152 |IXWED+bED] 04X (w+i 372 WD) +1 5772 bV a;+£. Given a solution
W(“)*, b("’l)*, a;*, £, w* to the training problem for ReLU activation With skip connection, the
parameters WD =W@D" pE)*=pED" o, = tai", =45 b0 q,*

w:w*—i—% o WD o,* achieve the same ob jective in the training problem for absolute value
activation with skip connection. Therefore the problems achieve the same optimal value and
we have given a map between the solutions. |

Deep neural networks with sign activation.
In this section, we assume o(x) = sign(z). First we discuss parallel architectures.
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Definition H.21. Define the hyperplane arrangement set for a matriz Z € RN*™ gs
(H.28) H(Z) := {0 (Zw +b1) : w € R™, b€ R} C {—1,1}".

Let Sy be the set of columns of X. Let {Sl}lL:_ll be a tuple of sets satisfying S; C H([S;-1])
and |S;| = my. Let Appq,(X) be the union of all possible sets Sg_1.

In Definition H.21, since my_1 = 1 in a parallel network, Sz, _1 contains one vector. The set H(Z)
denotes all possible {1, —1} labelings of the samples {z;}}¥ ; by a linear classifier. Its size is upper
bounded by |H(Z)| < 222;(1) (Ngl) <2r (@)T < 2N, where r := rank(Z) < min(N, m)
(11; 35).

Lemma H.22. The lower bound problem (H.12) is equivalent to

_ T
(H.29) max L3 (N), S't'heAI?i)i(X)‘)\ h| < g.
Proof. For | € [L], there is S;_1 C H (X"~) with X = [S;_;]. Recursing over [ € [L]
gives {XH) : 0 € ©} = Af,4,(X). So, the constraints of (H.12) and (H.29) are the same. W

Remark H.23. Without loss of generality (by scaling by —1), assume that the vectors in
H(Z) start with 1. Under this assumption, Lemma H.22 still holds.

Lemma H.24. Let A = [ALp,, (X)]. The lower bound problem (H.29) is equivalent to
(H.30) min Ly (Az) + §|z]]1.

Proof. Problem (H.29) is the dual of (H.30), and since the problems are convex with feasible
regions that have nonempty interior, by Slater’s condition, strong duality holds (7). |

Remark H.25. The set Ar par consists of all possible sign patterns at the final layer of a
parallel neural net, up to multiplying by —1.

Lemma H.26. Let A be defined as in Lemma H.24. Let z be a solution to (H.30). Suppose
my, > ||z|lg. There is a parallel neural network satisfying fr (X;60) = Az which achieves the
same objective in the rescaled training problem as z does in (H.30).

Proof. By definition of Ay pq, (Definition H.21), for every A; € A (X), there are tuples
{W(ivl)}lL;ll , {b(“)}lL;I1 of parameters such that A; = X&), Let 7 = {i: z; # 0}. Fori € Z,
set o = z;. This gives a neural net fr (X;0) =5, 7 a; XL = Az with IZ| < mp. [ ]

Remark H.27. Lemma H.26 analogously holds for the tree network by a similar argument:

by construction of ALiyee, there is a neural net satisfying fr(X;6) = Az.

Proposition H.28. For L-layer parallel networks with sign activation, the Lasso problem
(H.30) problem and the original training problem are equivalent.

Proof. By Lemma H.24, the Lasso problem is a lower bound for the training problem. By
the reconstruction in Lemma H.26 (see Remark H.20), the lower bound is met with equality.l
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Definition H.29. Recall the set H defined in (H.28). Define a matriz-to-matriz operator

(H.31) JN(Z) = | | H(Zs)
|S|=m

For L = 2, let Apee(X) = H(X) and for L > 2, let ALee(X) be the set of columns in
Jmr-1) o... 0 J(mQ)(H(X)),

The columns of J (m)(Z) are all hyperplane arrangement patterns of m columns of Z.

Lemma H.30. For L > 3, the lower bound problem (H.9) for tree networks is equivalent to

* T
(H.32) max — L3(A), st heAnLlizi(X) IAMh| < B

Proof. Let u be a tuple such that u; = 1. First suppose u has length L — 2. For all nodes 1,
{o (Xwlt) 4 p(uti]) : wutd) ¢ Re p(1+i) ¢ R} = H(X) independently of any other sibling
nodes j # 4. So every X is the linear combination of msy columns in H(X), with the choice
of columns independent of other u of the same length. Next, for all u of length L — 3, the set
of all possible o (X 4 p(1F9)1) is J(m2) (3(X)). Repeating this for decreasing lengths of u
until u has length 1 gives X = o (X(i) + b(i)l) = AlLtrec(X). [ |

H.4. 1-D data. In this section, we assume the data is 1-D. We will refer to a switching set
and a rectangular network defined in Subsection 3.2 and Subsection 2.2.

Lemma H.31. Let mi,ma € N,k € [mima]. A sequence {h;} in {—1,1} that starts with 1
and switches k times is the sum of at most ma sequences in {—1,1} that switch at most my
times, and the all-ones sequence.

Proof. Suppose h; switches at i < --- < ig. Let Q = {mil-‘ < mg. For ¢ € [Q], let {hZ(Q)}

be a sequence in {—1,1} that starts with (—1)47! and switches precisely at i € {I1,--- , I;}

satisfying ¢ = j mod mg, which occurs at most m; times. Let s; = Zj hgq). Then s; =
1{Q odd} € {h1,h; — 1}. For i > 1,

Si—1+2 if hz@l = -1, h9 — 1 for some q

i

8; =14 s;-1 —2 if hl(-q_)l = 1,hl(-q) = —1 for some ¢

S; else.
So {s;} is a sequence in {0, —2} or {—1,1} that changes value precisely at i1, ..., i,. Therefore
{s;} is either {h;} or {h; — 1}. [ ]

Lemma H.32. Let p,m € N. Let z € {—1,1}V with at most pm switches. There is an
integern < m, w € {—1,1}", and a N xn matriz H with columns in H®) such that z = o(Hw).

Proof. For x € {—1,1},0(z) = o(x — 1). Apply Lemma H.31 with my =p,m; =m. ®

Lemma H.33. H(X) consists of all columns in H),
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Proof. First, 1 = 0(0) = o(X - 0) € H(X). Next, let h € H(X)—{1} € {-1,1}¥. By
definition of H(X), there exists w,b € R such that h = Xw + b1. Note hy = 1 (Remark H.23).
Let ¢ be the first index at which h switches. So z;w +b < 0 < z;_qw + b, which implies

ziw < x;—qw. For all j > 4, z; < z; so hj = o(zjw +b) < o(zw+b) = o(h;) = —1, so
hj = —1. So h switches at most once.

Now, let h € {—1,1}" with h; = 1. Suppose h switches once, at index i € {2,---,N}.
In particular, h; = —1. Let w = 1,b = —2;_1. Then at j <7, zjw +b=2; —x;_1 > 0 so

hj =0 (zjw+0b)=1. And for j >4, zjw+b=x; —x;—1 <0so h; =—1. Soh e H(X). W
Proposition H.34. The set Ap—3 por contains all columns of H(m),

Proof. Note Ap—3par = Ux H (X(l)). From Lemma H.33, any possible column in X®)
switches at most once. Apply Lemma H.32 with p = 1,m = m; (so that mp = m; switches),
to any column z of X, |

Proposition H.35. For a rectangular network, Ap pqr(X) is contained in the columns of
H(m)

Proof. Let W) € R™1 For any w,b € R, since the data is ordered, o (Xw+b1) €
{—1,1}" has at most 1 switch. Then X(1) = o (XW(l) +1-bW) has m; columns each with
at most one switch. Therefore X(!) has at most m; + 1 unique rows. Let R be the set of the
smallest index of each unique row. We claim that for all layers [ € [L], the rows of X) are
constant at indices in [N] — R, that is, for all i € [N] — R, the i*® and (i — 1)*® rows of XU are
the same. We prove our claim by induction. The base case for [ = 1 already holds.

Suppose our claim holds for I € {1,---,L — 1}. Let WD ¢ R(mxm11) " The rows of
X® are constant at indices in [N] — R, so for any w € R™ b € R, the elements of the vector
X®Ow 4 b1 are constant at indices in [N] — R. This held for any w € R™, so the rows of
XD = XOWHD 1. b+ are again constant at indices in [N] — R. By induction, our
claim holds for all I € [L]. So X(¥) has at most |R| < m; + 1 unique rows and hence has
columns that each switch at most m; times. [ |

Proposition H.36. For a rectangular network, Ar per(X) contains all columns of H(m)

Proof. Let z € {—1,1}V with at most min{N — 1,m;} switches. By Proposition H.34,
there exists a feasible X1 = o (XW(I) +1- b(l)) e RV*™ and W) ¢ R™*™ such that z
is a column of X = ¢ (X(l)W(z) +1- b(z)). Now for every [ € {3,...,L — 1} we can set
WO =1, to be the mxm identity matrix and b(®) = 0 so that X) = ¢ (X(l_l)W(l)) = XxX01-1),
Then X&) = X contains z as a column. Therefore z € AL par(X). [ |

Lemma H.37. Let K = HZL:? my. The set Apye.(X) consists of all columns in HE).

Proof. For l € [L], let Aj = Ajyree(X). Let pi, = H;:ll my. We claim for all [ € {2,--- | L},
A; consists of all columns in H®). We prove our claim by induction on [. The base case when
[ = 2 holds by Lemma H.33. Now suppose Lemma H.37 holds when [ =k € {2,--- ,L — 1}.
Observe A C Agi1, so if pp > N — 1, then Lemma H.37 holds for [ = k£ + 1. So suppose
pr < N — 1. Then Ay, contains all vectors in {—1,1}"V with at most py switches.

Let h € Apyi. The set Ay, contains all columns in J™)([4;]). So, there exist w €
R™ b € R and a submatrix Z = [Ag]s where |S| = my, and h = 0(Zw + b). Each of the at
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most my, columns of Z has at most pg switches, so the IV rows of Z change at most mypr = pr+1
times. So Zw + b changes value, and hence h = o(Zw + b) switches, at most py11 times.
Conversely, by Lemma H.32 with p = py, m = my, the set Ay, of all columns in J) ([A;])
contains all vectors with at most pymy = pry1 switches. So our claim holds for Il = k + 1. By
induction, it holds for [ = L layers. |

H.5. Proofs of results in Subsection 3.2.

Proof of Lemma 3.16. The result follows from the definition of A, the assumption that the
data is ordered and that the output of sign activation is ¢ is 1 for sign activation. |

Proof of Theorem 3.17. For the parallel network, apply Proposition H.28 and then apply
Proposition H.34 for L = 3, and Proposition H.35 and Proposition H.36 for L > 3. For
tree networks, by Remark H.27 the training problem is equivalent to Lasso lower bound with
dictionary Ar, tree given by Lemma H.37. [ |

Proof of Corollary 3.18. Follows from Theorem 3.17, Lemma H.26 and Remark H.27. M

Proof of Lemma C.1. By Theorem 3.17 and Lemma H.4, it suffices to show the param-
eters without unscaling achieve the same objective in the rescaled problem (H.4) as Lasso.
First, |Z| < mg and by Theorem 3.17, m® < my so the weight matrices are the correct

size. Let S,gi) be the number of times A; switches until index n. Since 1 > --- > xy, we

(42 i i i ; L (,3) —
get Xg’j) = O'(XW( D 41 bl ’1))%]. =0 <:Irn—a:1](i>_1) = —0o (57(1) —]). So Xg 3 =

S,(Li) m(®)
o (X(i’2)W(i’2) + b(“)l) = o | YD Y @)1t - {m@ odd} -
! g=1 j=5P+1
(i) _ s o) — < (i3) _
a(—2-1{5n odd}) = (1) = A, So, f5(Xi0) = £+ Y, X0 = Az And,
llalli = ||z7||1 = ||z*||1. So the rescaled problem and Lasso achieve the same objective. [ ]

Remark H.38. For a rectangular network, a reconstruction similar to Lemma C.1 holds by
setting additional layer weight matrices to the identity.

Proof of Corollary C.2 . By Remark 3.19, p2:3ﬁ < pEZQﬁ. Let (%) and a®) denote 6
and a for a L-layer net. Since the training and rescaled problems have the same optimal
value, to show pz:%@ < pz=3,m1ﬁ’ it suffices to show for any optimal 8, there is ) with
fo (X; 0(2)) = f3 (X; 9(3)) and Ha(2) Hl <my Ha(?’)”l. Let z* be optimal in the 3-layer Lasso
problem (1.2). Let m} = ||z*||o and let z € R™3 be the subvector of nonzero elements of z*. Let
m = mimj. By Lemma C.1 and its proof, there are WD ¢ RIxm p(i1) ¢ RIxmi Wii2) ¢
{1,-1,0}™, b2 € R such that XEAWE2) 4 b0:2)1 € {—2,0}Y and f3 (X;0) =
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*
My

i zio (XW)WW) +1- bm)) =Yz (X(i’Z)W(i’Q) +1-b0? 4 1) =
n=1

i=1
mj
e (0 (XWm) 1. b(m)) W2 4 1.2 4 1) —
i=1
ZlW(l’Q) m;
ol X [W(Ll) . .W(m}l)] +1- [b(m)’ . )b(m}l)} : +1 Zzi (1 + b(z}?)),
) i=1
(WD . Wm.1))eRixm (b(l,l)’m bmD))eR1xm ngw(ms ) N :
—_————
a®
which is fo (X; 0(2)) with m neurons. And ||a(2)H1 <my|z*|; = m1HOé(3)||1- [ |

H.6. Proofs of results for 2-D data.

Proof of Theorem C.3. Lemma H.24 holds for any dimension d, so the Lasso formulation
in Theorem 3.12 and Theorem 3.17 similarly hold for d > 1 but with a different dictionary
AL par and matrix A.

Let 2/, = /x(™ and order the data so that 2} >z > ...x/y. Let X' = (2 ---2/y) € RV,
Let w € R? with /w € [%,%’T] Let w = /w. Note wx(™ > 0 if and only if xl, €
[w' — Z,w'+ Z]. Since 2], < m for all n € [N], this condition is equivalent to z], > w’ — %,
ie n < max{n € [N]:a), >w' —Z}. So {o(X'w):w € [5,%]} = HY U {-1}. Similarly

202
{o(X'w) :w’ € [-3,5]} is the "negation" of this set. Therefore, the L = 2 training problem
is equivalent to the Lasso problem with dictionary H(). Proposition H.36 holds analogously
for this training data, so for L > 2, the dictionary is H(™z-1). |

Proof of Lemma C.4. Observe n < i if and only if x(" W& > 0 and so
o (XWEV) [1F, -1% ]
= A;. Thus fr—o(X;0)=>, a0 (XW(i’l)) =Az* so 0 achieves the same objective in the
rescaled training problem (H.8), as the optimal value of Lasso (1.2). Unscaling (Definition H.17)
optimal parameters of the rescaled problem makes them optimal in the training problem. H

Solution sets of Lasso under minimal regularization.

Remark H.39. For each optimal z* of the Lasso problem, minimizing the objective over &
gives the optimal bias term as £ = (y - 11Ty) - (A - 11TA) z*.

Remark H.40. For a neural net with L = 2 layers and sign activation, by Theorem 3.12 the
Lasso problem has an objective function f(z) = 3||Az —y||3 + B|z|1 where A € RV*N. By
Lemma H.43, A is full rank, which makes f strongly convex. Therefore the Lasso problem has a
unique solution z* (7). Moreover, for any Lasso problem, z* satisfies the subgradient condition

0 €6f(z) = AT(Az* —y) + B0||z*||;. Equivalently,

Loria s {—sign(zy)} ifz, #0
—A, (Az _Y)E{[—l,l] ifz:;:()j n € [N].
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H.7. Proofs of results in Appendix G. Let e™ € RN be the n' canonical basis vector,
that is e = 1{i = n}.

Proof of Proposition G.2. We analyze the solution set of Az + £1 = y. We note that
(I-11T/N)Az = (I -117/N)y.. As z* is optimal in (G.1) , this implies that (I —
117 /N)Az* = (I — 117 /N)y. This implies that (I — 117 /N)A(z — z*) = 0. As 1 > x5 >

- > xy, we have A (e(l) + e(N)) x 1. As A is invertible by Lemma H.44 in Appendix H.8,
this implies that there exists ¢ € R such that z — z* =t (e(l) + e(N)). It is impossible to have
zizy > 0 from the optimality of z*. Otherwise, by taking ¢t = —sign(2}) min{|2]|, |2;;|}, we have
llzlli = ||z*]|1 — 2min{|z7], |2}|} < ||z*||1. Therefore, we have ziz* < 0. We can reparameterize
z = z* + tsign(z}) (e 4 eM)). Tt is easy to verify that for ¢ such that —|2%| <t < |2}|, we
have ||z||1 = ||zy||1, while for other choice of ¢, we have ||z||; > ||z, ||1. Therefore, the solution
set of (G.1) is given by (G.2). [ ]

Proof of Proposition G.3. Follows from Remark H.40 describing the Lasso objective. M

Proof of Proposition G.4. By Lemma H.45, for n € [N — 1], 217 = yp — yn—1 > 0 and
2%y = yn > 0. So z* achieves an objective value of [z*||; = y; in (G.1). Now let z
be any solution to (G.1). Then Az = y. Since the first row of A is [17,07], we have
yi = (A2 = 172, < a4 | < 2l < 27 = 1. S0 2]l = [lzs = g1, leaving z_ = 0 = 2.
Therefore z, = A~y = z' . Applying Lemma H.45 gives the result. |

Proof of Corollary G.1 . By Lemma H.43, Lemma H.44, Lemma H.45 and Lemma H.46,
the dictionary matrix for the 2-layer net is full rank for sign, absolute value, threshold and
ReLU activations. The dictionary matrices for deeper nets with sign activation are also full
rank by Remark 3.19. Let u = AT(Az* —y). By Remark H.40, as 8 — 0, we have u — 0, so

Az —y = (AAT)"1Au — 0. So as 8 — 0, the optimal Lasso objective approaches 0, and by

Theorem 3.17 and Theorem 3.12, so does the training problem. So f1, (X;0) — LmaN y. |

Proof of Lemma G.7. It can be verified that as shown in Figure 3.5, the Lasso features for
a symmetrized network all have slope magnitude 0, 1, or 2. However, only monotone features
contain a segment with slope magnitude 2, and the training data (z,,y,) in Figure 3.4 is not
monotone. There is a "left branch" consisting of {(x5,y5) = (—1,1), (z4,y4) = (0,0)} and a
"right branch" consisting of {(x2,y2) = (3,1), (z1,¥1) = (4,2)}. Let z*,£* be a Lasso solution
that fits the data exactly: Az*+¢&* =y. Let Z~ (Z1) be the set of indices ¢ where the i feature
is monotone and has negative (positive) slope over the left (right) branch. Let Z° be the set of
indices corresponding to features that are not monotone. Let m™ and m™ be the magnitude
of the slopes of the left and right branch, respectively. Then 23, 7 [2f| + > ,c70 [2]| > m™
and 23, 7+ |2f| + Yieq0 |2f| = mT. Note Z7,Z%,Z° are all pairwise disjoint. Therefore
2] > mEme =1, ]

Proof of Lemma G.5. Since ReLU and absolute value activations have slopes +1 or 0, and

the weights of deep narrow networks are +1, the features X(L)(a:) have slopes +1 or 0. Observe
fL(X50) 41— fL(X30)

y = fL (X;0) =& 1+Az" =14, 2fA;. Foranyn € [N—1], || = ’$n+1_$n e
>z (Anyri—Ani) *X(L) (@ng1)—XE) (@)
wn+1 mn 22 Tn+1—Tn
< Xl [Fe )X | < 57 ) = 7)) o
46
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Proof of Lemma G.6. Let n € [N —1]. Let S ={i € [N]: i > n, (2 ) #0},S, ={ie
[N]:i<n,(2-); #0}. Observe S, =S —{n+1}if (24),,, #0and S, ; = S, otherwise.
Similarly, S, ; = §,FU{n+1}if (z_),; #0and S, | = S,; otherwise. Now, ReLUJr has slope
1 after x; and ReLU, has slope 1 before Ti, SO flp = ZZE$+ (z4); + Zzesn (2-); Therefore

ltn — ptns1| = ‘ (24) n+l + (2 n—‘,—l‘ < ‘ (24) n+1‘+‘ n—i—l‘ So Zﬁtrl |t — piny1] < [|2" || —
[z = [z | < lz"[l1-

Now, for any n € [N — 1], (Az+&1), — (Az+€1), =30 (21); (A i—Aspiy,) =
Zz‘]\il (Z+)i ((lﬁn*xi)-r - ($n+1*$i)+) = Zé\in-i-l (fi—1= i) (T — Tpt1) = (Tn—Tnt1) fn=Yn —
Ynt1. And (Az+ E)N=E6+ 0 (24); (o — @), =yn+ D0, (24), (0)=yn. So Az+El=y.
And ||z]ly = SN tn—fins 1, which exactly hits the lower bound on ||z*||;. Therefore z, € is
optimal. |

Remark H.41. By Lemma H.44, the absolute value network “de-biases” the target vector,
normalizes is by the interval lengths x; — x;11, and applies E (which contains the difference
matriz A) twice, acting as a second-order difference detector. By Lemma H.43, the sign
network’s dictionary inverse contains A just once, acting as a first-order difference detector.

Inverses of 2-layer dictionary matrices.
In this section, we consider the 2-layer dictionary matrix A as defined in Corollary 3.15.
Define the finite difference matrix

o
—
|
—
o
o

(H.33) A= |00 00 pN-IxN-
00 0 -1 -1
0 0 o --- 0 1

Multiplying a matrix on its right by A subtracts its consecutive rows. Define the diagonal
matrix D € RV*N by D;; = T fori e [N —1] and Dy y = xl_lxN. For n € N, let

€Ti—

11 1 -1 111 1
11 1 - 011 - 1
t
(H.34) A%S): 1 -1 1 -1 7A7(1): 001 - 1 c R"<",
-1 -1 —-1 --- 1 0 00 1

Remark H.42. The dictionary matrices for sign and threshold activation satisfy A = AE{;)
and Ay = Ag\t,), respectively.
H.8. results about 2-layer dictionary matrices.

Lemma H.43. The dictionary matriz for o(x)=sign(z) has inverse A~ =3

Proof. Multiplying the two matrices (see Remark H.42) gives the identity. [ |
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This manuscript is for review purposes only.



1411

1412

1413

1414

1415

1416

1417

1418
1419
1420

1421

1422

1423

1424

1425

1426
1427
1428
1429
1430
1431

Lemma H.44. The dictionary matriz A for absolute value activation has inverse A~! =
0

%PEDE, where P =

(@j—xi)—(j—zip1)=Tip1—z;i i i>]
(wi—x))—(Tig1—2j)=m; — xi11 i i<y
And for all j € [N], A1+ An; = (x1 — z;) + (v; — xn) = 21 + xn. Therefore,

Proof. For i € [N —1],j € [N], Az’,j—AiJrLj:{

-1

DEA — | ° A, : %EDEA -
-1/-1 -
Applying the permutation P makes %PEDEA =Iso Al = %PEDE. |
0
Lemma H.45. The inverse of A for threshold activation is A_T_l = A (:)
00 -
Proof. Multiplying the two matrices (see Remark H.42) gives the identity. |

Lemma H.46. The submatriz [(Ay)i:N2:n, (A)1:N1] € RNXN of the dictionary matriz for
ReL U activation has inverse ELDE_ | where

Proof. For i € [N —1],j € [N],

0 ifi>j
(Ap)ij — (Ag)itr; = e
! ! (@i —xj) = (@ip1 —2j) =2 —wipn i<
and (A—)i,l — (A—)i-i-l,l = (.CCl — xz) — (a;l — xi-i—l) = Tip1 — T;. Observe that DE_A =
-1

- ~1 |, and applying E gives I. |
-1

Solution path for sign activation and binary, periodic labels.

In this section we assume the neural net uses sign activation, and d = 1. Recall (™ as the
n* canonical basis vector (Appendix H.7). Note that in Figures 3.7 , .4, nd 115, y = h(™),
N =40,T = 10, and vectors v = (v1,- -+ ,vy) are depicted by plotting (n,v,) as a dot.

Remark H.47. A neural net with all weights being 0 achieves the same objective in the
training problem as the optimal Lasso value and is therefore optimal.
48
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In this section, we will find the critical value 8. defined in Appendix D. Then for 8 < S,
we use the subgradient condition from Remark H.40 to solve the Lasso problem (1.2). Note
when L = 2, (An)T = (L1.n, —1p41.n) switches at n + 1.

H.9. L =2. Assume the network has 2 layers.
Lemma H.48. The elements of ATA € RV*N are (ATA);; = N —2[i — j|.
Proof. 1 <i<j <N then (ATA); j=3717) AipAjut Sl AicAjit S, AirAjk

= YA WM+ S (D4 X0 (- 1D(=1)=( = D)= (= 1=i+ 1)+ (N —j+1)=N+2(i—j)
=N—-2[i—j|. Since ATA is symmetric, if 1 < j < i < N then (ATA);; = (ATA);; =
N +2(j —i) = N —2|i — j|. So for any i,j € [N], (ATA);; = N —2[i — j|. u

Remark H.49. By Lemma H.48, AT A is of the form

(H.35)

N N-2 N-4 2 0 =2 6-N 4-N 2-N
N-2 N N -2 4 2 0 8—N 6-N 4-N
N—-4 N-2 N 6 4 2 10-N 8—N 6-N

ATA=| : : :
6-N 8—N 10—-N 2 4 6 10-N 8—N 6-N
4—-N 6-N 8—-N 0o 2 4 ..~ 8-N 6-N 4-N

2—-N 4-N 6-N -2 0 2 ..~ N—-4 N-2 N

T

40 'y

0.5

MM nwﬂnm i

-1

20

-20

Figure H.4: Left: Column 10 of AT A for N = 40. Right: Vector h(™) for T = 10.

Remark H.50. Forn € [N], (ATy), =" yi— Zﬁim_l Vi-

Definition H.51. For a,b € Z, let Quot(a,b) € Z and Rem(a,b) € {0,--- ,b — 1} be the
49
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quotient and remainder, respectively, when a is divided by b. The modified remainder is

b ' b
rem(a, b) Rem(a, b) z.f Rem(a, b) > 0 -
b if Rem(a,b) =0
The modified quotient is
quot(a, b) — a —rem(a, b) _ Quot(a, b) z:f Rem(a,b) > 0
b Quot(a,b) —1  if Rem(a,b) = 0.

The quotient and remainder are modified to handle vector indices starting at 1 instead of being
zero-indexed.

-1 if rem(T,n) <T/2

Remark H.52. The square wave has elements h,(lT) = {1 l
else.

Remark H.53. Since hT) is periodic and zero mean, for i,n >0, ZJ T4l h(T)j =0.

Lemma H.54. The vector ATh'T) is periodic with period T. For n € [T,

. T
(ATh(T>) — 2" mss o
n T—n else

Proof. By Remark H.50, Remark H.53, and periodicity of h(*), for n € [T7],j € [2k — 1],

( T/2

— i < T

JT+n G+1)T Z 1 2;1 1+ 1Z:T/2 ifn<s
TR (). _ (T).— i=n =1+
(a) =S s Y e
i=3T+1 i=n+jT+1 Zl _ Z 1+ Z 1 else.
Z**-l—l i=n+1
Simplifying gives the result. |

Lemma H.55. Let ¢, = quot (n, %) €{0,---,2k —1}. Then

(H.36) (ATh(T)) =2(—1)""rem <n, Z) — 1{gy odd}T.

n

Proof. Follows from Lemma H.54. |

Corollary H.56. Suppose z = e(?) +e(N_%). Then forn < % andn > N — %, %(ATAz)n =
(ATh™) And if T <n < N —% then (ATAz), =2T.

Proof. By Lemma H.48, for n € [N], (ATAz), =2 (N ‘n — 7‘ — ‘n N + %D )
Simplifying and applying Lemma H.54 gives the result. ]
Lemma H.57. Ify = h'T) then the critical B (defined in Section 4) is B =T .
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Proof. By Remark H.47, 8. = max |ATy| = m?% ‘(ATh ) ‘ = [ |
€

Lemma H.58. Lety = hD. If By > 1 5 then the solution to the Lasso problem (1.2) is
s =30 ), (e3) 1 ).

Proof. By Lemma H.57, 8. = T. By Lemma H.57, if 7 > 1 then z* = 0 as desired. Now
suppose % <Br <1 Let§=1-pr,g=Al(Az* —y). By Corollary H.56 and Lemma H.54,

(5 —1) (ATh(T>) — 26 € [-B,0] if n < %
g=1 (07— (A"hx),) = (B~ 6~ (A"h™),) €[-6.8] ifg<n<N-T .
(5 —1) (ATh<T>) = —267(N —n) € [-B,0] if N — % <n

where the second set inclusion follows from (ATh(T))n € [0, 5] by Lemma H.54 so that
—B < g < B.—fB < B. Therefore, |[AT (Az* —y)| < B,andatn € {n:z" #0} = %,N — %},

we have Al (Az* —y) = —BT% = —f = —psign(z;). By Remark H.40, z* is optimal. [ |
Lemma H.59. Let a,b,c,d € Z;,d € R,r =1—rem(b—a,2). Then
(H.37)
b (b—a+1)d o
; . a r b—(a+r)+1)d o) o — if r=0
517 femit) =1 ((emadyr (-1 I el T2,
= 2 c—ad—>5%=  else.

Proof. We have

b b
> (=1 (= jd) = (=1)(c—ad)yr+ > (=1)? (¢ — jd)
Jj=a j=a+r
= (-D*c—adyr+ (=1 Y (e—jd) —(c—(j+1)d)
a+r<j<b—1
j—(a+r) is even
Simplifying gives (H.37). [ ]
Lemma H.60. Let LZZ, y:h(T), 0<,8<%. Let wbdryzl_%ﬁTawcycleZQﬁT_l- Let Zhdry =

Whdry (e( )—{—e(N Z)) s Zeycle=Weycle Z?ﬁ?(—l)le(%l) Then 2*=2zpgry+Zcycle Solves the Lasso

problem (1.2).

Proof. We show z* is optimal using the subgradient condition in Remark H.40. By
Corollary H.56,

1

2Whdry

(ATh(T))n ifnﬁ%ornZNf%
e T T
51
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| 1l I

ATAzbdry (left) and — A Azgycle (right).

Figure H.5: Examples of

wa

Next,

1 2k—2
(H.39) (AT Azeyre)n = Y _ (—1) (N —2

Weycle

T

See Figure H.5. If n<L or n>N—7 then there is s € {—1,1} such that for all 2<j<2k-2,
n—j% = s(n—j 2) Applylng Lemma H.59 to (H.39) and simplifying gives (AT Azcycle)n=
Weycle (N —8kT+2sn). Comparing with Lemma H.54 gives

Jj=2

1

Weycle

. < T
(H.40) (AT Azeyere)n = 2 {" ifn <3 — (ATh(™),,.

N—n ifnZN—%

( N)ext suppose % <n<N - % Let ¢, = quot (n7 2) Tp = rem( ) Then
H.41

w;de (AT Azeyete)n = :2(—1)J’ <N 2 (n - jg» " jigjl(—nj <N +2 <n - g:g)) .

Applying Lemma H.59 to (H.41) and simplifying gives

1 N—2n+42T+2~ 22k 2 42 T=2 (T—rem (n, %)) if ¢, is even

T
»2
ST N+2n— (1+qn)T—2k S=teT=T+2rem (n, L) if g, is odd

—— (ATAzyo), = {

Weycle

=(2 — 1{g, odd})T+2(—1)%"1rem < g) — (AThy ),

where the last equality follows from Lemma H.55. Combining with (H.40) gives

(ATh(T))n ifn< % ornZN—%

H.42 ATA n — Weycle *
(H42) (A" Aeyelo)n = ey {QT—(ATh(T))n if T <n<N-%.

Add (H.38) and (H.42) and plug in y = h(™) to get
52
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(H.43)

e T T
1501 (AT Az),= {(wcydeJﬂwbdry)(ATY)": (1-5r) (ATy)n if n<5 or n>N—5

(wbdry+wcycle)2T—wcycle(ATY)n:ﬂ+ (1_2/8T) (ATY)n if %Sn < N_%

1502 Therefore,
1 + (AT fn<lon>N-1%
1503 (H.44) ——AT(Az—-y), = 5 ) Y)i} 2 RV
B 1+E(A Yo if5<n<N-3.
1504 By Lemma H.57, 8. = T. By Lemma H.54, 0 < é(ATh(T))n = i(ATy)n < 1, and
1505 é(ATy)n = 1 when n is an odd multiple of % Since 0 < 8 < %, we have wygry > 0 and
1506 Weyere < 0. Therefore %AT(AZ —¥)n = —sign(z}) when z} # 0, ie n is an integer multiple of
1507 L. And for all n € [N], %AT(AZ —¥)n| < 1. By Remark H.40, z* is optimal. [ ]
1508 The nonzero indices of zpqry and zcycle partition those that are multiples of %
1509 Proof of Theorem D.1. By Lemma H.58 and Lemma H.60,
% (1 — ﬁT) (e(%) + e(N_%)> if g > %
1510 z* = + ST ) u
Zbdry T Zcycle if0<pgr<s.
1511 Proof of Corollary D.2. Note that unscaling (defined in Section 2) does not change the

1512 neural network as a function. The reconstructed neural net (Definition B.3) before unscaling is

1513 fo(2;0) =N | 2*o(z—a;). For $<Br<, fo(2;0) =3 (1-Br), <a (x—mg) +o (x—a:N_%».

1514 We can compute fo (z;0) similarly for fr < % [ |
1515 H.10. L = 3 layer nets.
1516 Theorem D.3. Since y=hT) switches 2k—1 times, by Theorem 3.17, A;=h™) for some 1.

1517 Since y=—A;, and for all n € [N],||A,|2=N, we have icargmax,,c y|ALy|. By Remark H.47,
1518 Be=maxnen |ALy|=yT A;=N. So if $>f, then z*=0, consistent with z;=— (1-pr),.

1519 Next, z* satisfies the subgradient condition in Remark H.40, since for n € [N], |A;";(Az* -y) } I
1520 = ‘Ag(ziAi - Al)} =(z—1) ‘AZAi‘ = gAZy < gargmaxneN ‘Agy‘ =< . Since z} <0,
1521 wheni=n, AT(Az* —y) == —ﬁsign(z}). By R,entllark H.40, z* is optimal. [ |
1522 Corollary D.4. Follows from the reconstruction in Lemma C.1. |
1523 The solution sets of Lasso and the training problem.

1524 H.11. Proofs for results in Appendix F.

1525 Proposition F.1. The result is almost a sub-case of that given by Mishkin and Pilanci

1526 (29) with the exception that the bias parameter £, is not regularized. Therefore optimality

1527 conditions do not impose a sign constraint and it is sufficient that 1T (Az + &1 —y) = 0 for £ to

1528  be optimal. This stationarity condition is guaranteed by Az + £1 = y. Now let us look at the
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parameters z;. If i € £(3), then z; = 0 is necessary and sufficient from standard results on the
Lasso (38). If i € £(B) and z; # 0, then A (y —y) = Bsign(z;), which shows that z; satisfies
first-order conditions. If z; = 0, then first-order optimality is immediate since |A (y —y)| < 3,
holds. Putting these cases together completes the proof. |

Proposition F.2. This result follows from applying the reconstruction in Definition B.3 to
each optimal point in ®. The reconstuction sets a; = sign(zi)m . From this we deduce
sign(o;) =sign (AZ-T(y — y)) . The solution mapping determines the values of w; and b; and in
terms of «;. Finally, the constraint fs (X;6) =y follows immediately by equality of the convex
and non-convex prediction functions on the training set. |

Lemma H.61. Suppose L = 2, and the activation is ReL U, leaky ReLU or absolute value.
Suppose m* < m < 2N. Since m < 2N, we can let @Lassostat — [9 . 35 € [N] s.t. b; =
—zjw;} C O. Let 0% € lassostat o (3). Then 0* is a minima of the Lasso problem.

Proof. We can ignore ¢ since its derivative and reconstruction are straightforward, and it
does not interact with any other parameters. We denote vector-vector operations as being
performed elementwise.

Since m* < m, a neural net reconstructed from Lasso is optimal in the training problem.
Let F() and FY (z) be the objectives of the non-convex training problem (1.1) and Lasso
(1.2), respectively. The parameters 6 are stationary if § € C(f), i.e., 0 € IF(0).

Let ©L2s°= {0 : Jje[N] s.t. |wi|=|as|, bi=—zjw;} C OLassostat By g gimilar argument as
the proof of Theorem 3 in (42), since 0€0F(0*), we have |w;|=|c;| for all neurons i. Therefore
0*c@l2s° Thus for a*€f*, observe that #*=R*“*=?(a*). Let F(a)=F (R0~ (ar)).

Since 0€0F(0*) at (a*)= (Ro"w’b_’g)_1 (6*), we have F(a*)=F(0*). Perform the follow-
ing operations elementwise. The chain rule gives OF(a*)=0F(6*)0R*"">%(a*)30. Let
R (o) = sign(a)a?. At z*=R®~? (a*), we have F%°(z*)=F(a*). The chain rule gives
OF L2550 () =9 F (a*)OR(2*)>0. Since the Lasso problem (1.2) is convex, the result holds. M

Proof of Proposition F.3. Observe that R(®(3)) C C() N@Lassostat C ¢(g) N @lassostat ¢
R(®(pB)), where the first and last subset inequality follow from Theorem 3.12 and Lemma H.61,
respectively. Therefore all subsets in the above expression are equal. Observe that
P (@Lasso,stat) :@P and so P (C(B) N @Lasso,stat) :C(ﬂ) NP (@Lasso,stat) :C(ﬁ) N @P and sim-

ilarly P <C’(6) N @Lasso’swt> :C’(ﬁ) N OF. Now apply P to all subsets above. [ |

Numerical results.

H.12. Autoregression figures. In all figures except for the regularization path, the hori-
zontal axis is the training epoch.

54

This manuscript is for review purposes only.



train loss test loss test loss (Zoomed in)
1) T
—— NN trial 1 NN trial 1 0.0081 —— NN trial 1
10°] NN trial 2 . r!al NN trial 2
NNtrial3 | 1° :: tr!ali o007] —— NNtrial 3
—— NN trial 4 N trfaM : —— NN trial 4
10-1] NN trial 5 | 101 ra NN trial 5
NN trial 5
---cvxNN 0.0064 ~7" cvxNN
=== cvxNN . s
AR(L)4bi AR(1)+bias
_ 2] jas || |\ -HLSSNINECIEY
1072 M At A‘_‘ ______________ 10 WPV W v v .
: : : : : : : : : : : 10,005+, : : : : :
20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
m =2
train loss test loss test loss (Zoomed in)
, 0.0070] m ,
—— NN trial 1 NN trial 1 —— NN trial 1
1001 NNtrial2 | o] rfal 0.0065 NN trial 2
NN trial 3 NN trial 2 NN trial 3
NN trial 4 NN tr!a: 3 D.00601  NNtrial4
1071 NN trial 5 | 10-1 NNtrial 4 s ] NN trial 5
=== cvxNN NN;:\Irll\laIS === cvxNN
T ;\FI’\)((l)+b' D.0050 AR(1)+bias
10-24 10-24 ias -feyyeraews o
_________ e N e 0.0045 1
0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
m = 5.
train loss test loss test loss (Zoomed in)
m T 1N | | |
—— NN trial 1 —— NN trial 1
: 0.008
100 NN trial 2 . NN trial 1 NN trial 2
NN trial 3 | 10°] NN trial 2 NN trial 3
—— NN trial 4 NN tr!a:3 0.007{ —— NN trial 4
10-1] NN trial 5 | ;-1 :m :r!al ‘51 NN trial 5
--- cvxNN erl\la --- cvxXNN
-== CVX . 0.006+ AR(1)+bias
1072 [N Y el 10-24 AR(1)+bias | | ——-—mmmmtoooS
0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
m = 10.

Figure H.6: Planted data. o2 = 1.

55

This manuscript is for review purposes only.



1071

105

103_

10

108

105

104

train loss test loss
X 05 x 102
5x 10 5 % 102
4.9 x 102 —— cvxNN 4.95 x 102 —— cvxNN
NN trial 14 § x 102 NN trial 1
48 x102 ~—— NN trial 3.85 % 102 —— NN trial 2
—— NN trial 34 b % 102 —— NN trial 3
47 x 102 NN trial 4" % i NN trial 4
—— NN trial 47D % 10 —— NN trial 5
46x1021 . i . A7 % 1021 . i i .
0
10~ 103 102 101 10 104 103 1072 101 10°

Figure H.7: The regularization path. Here, 02 = 1, m = 5.
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Figure H.8: Regression with L2 loss.
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Figure H.9: Regression with quantile loss. 7 = 0.3
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Figure H.10: Regression with quantile loss. 7 = 0.7
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