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A. Mathematical proofs for results presented in the main text
I refer to equations presented in the main text using the equation numbers employed there. When
equations from the main text are reproduced in this appendix, I rely on their original numbers in the main
text.
IV estimation of the IGE of the geometric mean
I derive here Equation [12]. In doing so I use Equations [3] and [4] and the fact that, because
these are linear projections, it follows that 𝐸𝐸(𝑉𝑉) = 0, 𝐶𝐶𝐶𝐶𝐶𝐶(𝑉𝑉, ln 𝑌𝑌) = 0, 𝐸𝐸(𝑄𝑄) = 0, and 𝐶𝐶𝐶𝐶𝐶𝐶(𝑄𝑄, ln 𝑋𝑋) =
0. I also use that the relationship between 𝛽𝛽1 and the parameters in Equation [9] is provided by the
omitted-variable formula:

𝛽𝛽1 = 𝜚𝜚1 + 𝜚𝜚2

𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿)
.
𝑉𝑉𝑉𝑉𝑉𝑉(ln 𝑋𝑋)

The probability limit of the IV estimator in the general case can be derived as follows:
𝛽𝛽1̈ =
=

=

=
=

𝐶𝐶𝐶𝐶𝐶𝐶(𝜆𝜆1 ln 𝑌𝑌 + 𝑉𝑉, 𝐿𝐿)
𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑆𝑆 , 𝐿𝐿)

𝐶𝐶𝐶𝐶𝐶𝐶(𝜆𝜆1 𝜚𝜚0 + 𝜆𝜆1 𝜚𝜚1 ln 𝑋𝑋 + 𝜆𝜆1 𝜚𝜚2 𝐿𝐿 + 𝜆𝜆1 𝜅𝜅, 𝐿𝐿)
𝐶𝐶𝐶𝐶𝐶𝐶(𝑉𝑉, 𝐿𝐿)
+
𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑆𝑆 , 𝐿𝐿)
𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑆𝑆 , 𝐿𝐿)

= 𝜆𝜆1 𝜚𝜚1
=

𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑍𝑍 , 𝐿𝐿)
𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑆𝑆 , 𝐿𝐿)

𝐶𝐶𝐶𝐶𝐶𝐶(𝑉𝑉, 𝐿𝐿)
𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿)
𝑉𝑉𝑉𝑉𝑉𝑉(𝐿𝐿)
+ 𝜆𝜆1 𝜚𝜚2
+
𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑆𝑆 , 𝐿𝐿)
𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑆𝑆 , 𝐿𝐿) 𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑆𝑆 , 𝐿𝐿)

𝜆𝜆1 𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑆𝑆 − 𝑄𝑄, 𝐿𝐿)
𝐶𝐶𝐶𝐶𝐶𝐶(𝑉𝑉, 𝐿𝐿)
𝑉𝑉𝑉𝑉𝑉𝑉(𝐿𝐿)
𝜚𝜚1
+ 𝜆𝜆1 𝜚𝜚2
+
𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑆𝑆 , 𝐿𝐿)
𝜂𝜂1
𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑆𝑆 , 𝐿𝐿) 𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑆𝑆 , 𝐿𝐿)

𝜆𝜆1
𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿)
𝐶𝐶𝐶𝐶𝐶𝐶(𝑉𝑉, 𝐿𝐿)
𝜆𝜆1
𝑉𝑉𝑉𝑉𝑉𝑉(𝐿𝐿)
𝐶𝐶𝐶𝐶𝐶𝐶(𝑄𝑄, 𝐿𝐿)
+
− 𝜚𝜚1
�𝛽𝛽1 − 𝜚𝜚2
� + 𝜆𝜆1 𝜚𝜚2
𝜂𝜂1
𝑉𝑉𝑉𝑉𝑉𝑉(ln 𝑋𝑋)
𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑆𝑆 , 𝐿𝐿) 𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑆𝑆 , 𝐿𝐿) 𝜂𝜂1 𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑆𝑆 , 𝐿𝐿)

𝜆𝜆1
𝜂𝜂1 𝑉𝑉𝑉𝑉𝑉𝑉(𝐿𝐿)
𝐶𝐶𝐶𝐶𝐶𝐶(𝑉𝑉, 𝐿𝐿)
𝜆𝜆1
𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿)
𝜆𝜆1
𝐶𝐶𝐶𝐶𝐶𝐶(𝑄𝑄, 𝐿𝐿)
𝛽𝛽1 + 𝜚𝜚2 �
−
− 𝜚𝜚1
.
�+
𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑆𝑆 , 𝐿𝐿) 𝜂𝜂1 𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑆𝑆 , 𝐿𝐿)
𝜂𝜂1
𝜂𝜂1
𝑉𝑉𝑉𝑉𝑉𝑉(ln 𝑋𝑋)
𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑆𝑆 , 𝐿𝐿)

Focusing for now on the term in square brackets:

𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿)
𝜂𝜂1 𝑉𝑉𝑉𝑉𝑉𝑉(𝐿𝐿)
𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿)
𝜂𝜂1 𝑉𝑉𝑉𝑉𝑉𝑉(𝐿𝐿)
−
=
−
𝑉𝑉𝑉𝑉𝑉𝑉(ln 𝑋𝑋)
𝑉𝑉𝑉𝑉𝑉𝑉(ln 𝑋𝑋)
𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑆𝑆 , 𝐿𝐿)
𝜂𝜂1 𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿) + 𝐶𝐶𝐶𝐶𝐶𝐶(𝑄𝑄, 𝐿𝐿)
=

𝑆𝑆𝑆𝑆(𝐿𝐿)
1
−
𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿)
𝐶𝐶𝐶𝐶𝐶𝐶(𝑄𝑄, 𝐿𝐿) 𝑆𝑆𝑆𝑆(ln 𝑋𝑋)
𝑆𝑆𝑆𝑆(ln 𝑋𝑋)
𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿) +
𝜂𝜂1 𝑉𝑉𝑉𝑉𝑉𝑉(𝐿𝐿)
𝑆𝑆𝑆𝑆(𝐿𝐿)
2

[𝐴𝐴1]

𝑆𝑆𝑆𝑆(𝐿𝐿)
�
𝑆𝑆𝑆𝑆(ln 𝑋𝑋)

=

1
− 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿)�
𝑆𝑆𝑆𝑆(𝐿𝐿) 𝐶𝐶𝐶𝐶𝐶𝐶(𝑄𝑄, 𝐿𝐿)
𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿) +
𝑆𝑆𝑆𝑆(ln 𝑋𝑋) 𝜂𝜂1 𝑉𝑉𝑉𝑉𝑉𝑉(𝐿𝐿)

𝐶𝐶𝐶𝐶𝐶𝐶(𝑄𝑄, 𝐿𝐿)
2
𝑆𝑆𝑆𝑆(𝐿𝐿) 1 − [𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿)] − 𝜂𝜂1 𝑆𝑆𝑆𝑆(ln 𝑋𝑋) 𝑆𝑆𝑆𝑆(𝐿𝐿) 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿)
=
�
�
𝐶𝐶𝐶𝐶𝐶𝐶(𝑄𝑄, 𝐿𝐿)
𝑆𝑆𝑆𝑆(ln 𝑋𝑋)
𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿) +
𝜂𝜂1 𝑆𝑆𝑆𝑆(ln 𝑋𝑋) 𝑆𝑆𝑆𝑆(𝐿𝐿)
=

𝑆𝑆𝑆𝑆(𝐿𝐿)
�
𝑆𝑆𝑆𝑆(ln 𝑋𝑋)

=

=

1 − [𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿)]2
�
𝐶𝐶𝐶𝐶𝐶𝐶(𝑄𝑄, 𝐿𝐿)
𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿) +
𝜂𝜂1 𝑆𝑆𝑆𝑆(ln 𝑋𝑋) 𝑆𝑆𝑆𝑆(𝐿𝐿)

𝑆𝑆𝑆𝑆(𝐿𝐿)
�
𝑆𝑆𝑆𝑆(ln 𝑋𝑋)

𝑆𝑆𝑆𝑆(𝐿𝐿)
�
𝑆𝑆𝑆𝑆(ln 𝑋𝑋)

𝑆𝑆𝑆𝑆(𝐿𝐿)
=
�
𝑆𝑆𝑆𝑆(ln 𝑋𝑋)

𝐶𝐶𝐶𝐶𝐶𝐶(𝑄𝑄, 𝐿𝐿)
𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿)
𝑆𝑆𝑆𝑆(𝐿𝐿)
𝜂𝜂1 𝑆𝑆𝑆𝑆(ln 𝑋𝑋) 𝑆𝑆𝑆𝑆(𝐿𝐿)
−
�
�
𝐶𝐶𝐶𝐶𝐶𝐶(𝑄𝑄, 𝐿𝐿)
𝑆𝑆𝑆𝑆(ln 𝑋𝑋)
𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿) +
𝜂𝜂1 𝑆𝑆𝑆𝑆(ln 𝑋𝑋) 𝑆𝑆𝑆𝑆(𝐿𝐿)

1 − [𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿)]2
�
𝐶𝐶𝐶𝐶𝐶𝐶(𝑄𝑄, 𝐿𝐿)
𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿) +
𝜂𝜂1 𝑆𝑆𝑆𝑆(ln 𝑋𝑋) 𝑆𝑆𝑆𝑆(𝐿𝐿)

𝐶𝐶𝐶𝐶𝐶𝐶(𝑄𝑄, 𝐿𝐿)
𝑆𝑆𝑆𝑆(𝐿𝐿) 𝜂𝜂1 𝑆𝑆𝑆𝑆(ln 𝑋𝑋) 𝑆𝑆𝑆𝑆(𝐿𝐿) 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿)
−
�
�
𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑆𝑆 , 𝐿𝐿)
𝑆𝑆𝑆𝑆(ln 𝑋𝑋)
𝜂𝜂1 𝑆𝑆𝑆𝑆(ln 𝑋𝑋) 𝑆𝑆𝑆𝑆(𝐿𝐿)

1 − [𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿)]2
𝑆𝑆𝑆𝑆(𝐿𝐿)
𝐶𝐶𝐶𝐶𝐶𝐶(𝑄𝑄, 𝐿𝐿)
𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿)
�−
𝐶𝐶𝐶𝐶𝐶𝐶(𝑄𝑄, 𝐿𝐿)
𝑆𝑆𝑆𝑆(ln 𝑋𝑋)
𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑆𝑆 , 𝐿𝐿)
𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿) +
𝜂𝜂1 𝑆𝑆𝑆𝑆(ln 𝑋𝑋) 𝑆𝑆𝑆𝑆(𝐿𝐿)

1 − [𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿)]2
𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿) 𝐶𝐶𝐶𝐶𝐶𝐶(𝑄𝑄, 𝐿𝐿)
.
�−
𝐶𝐶𝐶𝐶𝐶𝐶(𝑄𝑄, 𝐿𝐿)
𝑉𝑉𝑉𝑉𝑉𝑉(ln 𝑋𝑋) 𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑆𝑆 , 𝐿𝐿)
𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿) +
𝜂𝜂1 𝑆𝑆𝑆𝑆(ln 𝑋𝑋) 𝑆𝑆𝑆𝑆(𝐿𝐿)

[𝐴𝐴2]

Finally, substituting Equation [A2] into Equation [A1]:

𝛽𝛽1̈ =

𝜆𝜆1
𝜆𝜆1
𝑆𝑆𝑆𝑆(𝐿𝐿)
𝛽𝛽1 + 𝜚𝜚2
�
𝜂𝜂1
𝜂𝜂1 𝑆𝑆𝑆𝑆(ln 𝑋𝑋)
+

1 − [𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿)]2
𝜆𝜆1 𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿) 𝐶𝐶𝐶𝐶𝐶𝐶(𝑄𝑄, 𝐿𝐿)
� − 𝜚𝜚2
𝐶𝐶𝐶𝐶𝐶𝐶(𝑄𝑄, 𝐿𝐿)
𝑉𝑉𝑉𝑉𝑉𝑉(ln 𝑋𝑋) 𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑆𝑆 , 𝐿𝐿)
𝜂𝜂1
𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿) +
𝜂𝜂1 𝑆𝑆𝑆𝑆(ln 𝑋𝑋) 𝑆𝑆𝑆𝑆(𝐿𝐿)

𝐶𝐶𝐶𝐶𝐶𝐶(𝑉𝑉, 𝐿𝐿)
𝜆𝜆1
𝐶𝐶𝐶𝐶𝐶𝐶(𝑄𝑄, 𝐿𝐿)
− 𝜚𝜚1
𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑆𝑆 , 𝐿𝐿) 𝜂𝜂1 𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑆𝑆 , 𝐿𝐿)

3

𝜆𝜆1
𝜆𝜆1
𝑆𝑆𝑆𝑆(𝐿𝐿)
= 𝛽𝛽1 + 𝜚𝜚2
�
𝜂𝜂1
𝜂𝜂1 𝑆𝑆𝑆𝑆(ln 𝑋𝑋)
−
=

𝜆𝜆1
𝜆𝜆1
𝑆𝑆𝑆𝑆(𝐿𝐿)
𝛽𝛽1 + 𝜚𝜚2
�
𝜂𝜂1
𝜂𝜂1 𝑆𝑆𝑆𝑆(ln 𝑋𝑋)
𝛽𝛽1̈ =

1 − [𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿)]2
𝐶𝐶𝐶𝐶𝐶𝐶(𝑉𝑉, 𝐿𝐿)
�+
𝐶𝐶𝐶𝐶𝐶𝐶(𝑄𝑄, 𝐿𝐿)
𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑆𝑆 , 𝐿𝐿)
𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿) +
𝜂𝜂1 𝑆𝑆𝑆𝑆(ln 𝑋𝑋) 𝑆𝑆𝑆𝑆(𝐿𝐿)

𝜆𝜆1 𝐶𝐶𝐶𝐶𝐶𝐶(𝑄𝑄, 𝐿𝐿)
𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿)
�𝜚𝜚1 + 𝜚𝜚2
�
𝑉𝑉𝑉𝑉𝑉𝑉(ln 𝑋𝑋)
𝜂𝜂1 𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑆𝑆 , 𝐿𝐿)

1 − [𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿)]2
𝐶𝐶𝐶𝐶𝐶𝐶(𝑉𝑉, 𝐿𝐿)
𝜆𝜆1
𝐶𝐶𝐶𝐶𝐶𝐶(𝑄𝑄, 𝐿𝐿)
− 𝛽𝛽1
�+
𝐶𝐶𝐶𝐶𝐶𝐶(𝑄𝑄, 𝐿𝐿)
𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑆𝑆 , 𝐿𝐿) 𝜂𝜂1 𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑆𝑆 , 𝐿𝐿)
𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿) +
𝜂𝜂1 𝑆𝑆𝑆𝑆(ln 𝑋𝑋) 𝑆𝑆𝑆𝑆(𝐿𝐿)

𝜆𝜆1
𝐶𝐶𝐶𝐶𝐶𝐶(𝑄𝑄, 𝐿𝐿)
𝑆𝑆𝑆𝑆(𝐿𝐿)
� + 𝜚𝜚2
�𝛽𝛽1 �1 −
�
𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑆𝑆 , 𝐿𝐿)
𝜂𝜂1
𝑆𝑆𝑆𝑆(ln 𝑋𝑋)
+

𝐶𝐶𝐶𝐶𝐶𝐶(𝑉𝑉, 𝐿𝐿)
.
𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑆𝑆 , 𝐿𝐿)

IV estimation of the IGE of the expectation

[12]

1 − [𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿)]2
��
𝐶𝐶𝐶𝐶𝐶𝐶(𝑄𝑄, 𝐿𝐿)
𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿) +
𝜂𝜂1 𝑆𝑆𝑆𝑆(ln 𝑋𝑋) 𝑆𝑆𝑆𝑆(𝐿𝐿)

−1

I derive here Equations [26], [27] and [28] and the sign of 𝜕𝜕𝜕𝜕�𝑋𝑋 𝛼𝛼̈1 ln 𝑋𝑋� �𝐸𝐸�𝑋𝑋 𝛼𝛼̈1 �� /𝜕𝜕𝛼𝛼̈ 1 . I

assume, without any loss of generality, that 𝐸𝐸(𝑌𝑌) = 𝐸𝐸(𝑍𝑍) = 𝐸𝐸(ln 𝑋𝑋) = 𝐸𝐸(ln 𝑆𝑆) = 1 (see note 8 in the

main text) and that the instrument 𝐿𝐿 has been demeaned. I use Equations [16] and [17] and the fact that,

because these are linear projections, it follows that 𝐸𝐸(𝑊𝑊) = 0, 𝐶𝐶𝐶𝐶𝐶𝐶(𝑊𝑊, 𝑌𝑌) = 0, 𝐸𝐸(𝑃𝑃) = 0, and
𝐶𝐶𝐶𝐶𝐶𝐶(𝑃𝑃, ln 𝑋𝑋) = 0.

When resorting to the GMM-IVP estimator to estimate the IGE of the expectation with short-run

measures, estimation is based on the sample analog of the following population moment conditions
(where I assume only one instrument, L, is employed):
𝐸𝐸��𝑍𝑍 − exp(𝛼𝛼̈ 0 ) 𝑆𝑆 𝛼𝛼̈1 �� = 0
This means that 𝛼𝛼̈ 1 solves:

𝐸𝐸��𝑍𝑍 − exp(𝛼𝛼̈ 0 ) 𝑆𝑆 𝛼𝛼̈1 �𝐿𝐿� = 0.
𝐸𝐸(𝑆𝑆 𝛼𝛼̈1 𝐿𝐿) 𝐸𝐸(𝑍𝑍 𝐿𝐿)
=
𝐸𝐸(𝑍𝑍)
𝐸𝐸(𝑆𝑆 𝛼𝛼̈1 )

𝐸𝐸(𝑆𝑆 𝛼𝛼̈1 𝐿𝐿)
= 𝐸𝐸(𝑍𝑍 𝐿𝐿).
𝐸𝐸(𝑆𝑆 𝛼𝛼̈1 )

[26]

Using Equations [16] and [17] to substitute S and Z out in Equation [26] yields:

4

𝐸𝐸([exp(𝜋𝜋0 + 𝜋𝜋1 ln 𝑋𝑋 + 𝑃𝑃)]𝛼𝛼̈1 𝐿𝐿)
= 𝐸𝐸([𝜃𝜃0 + 𝜃𝜃1 𝑌𝑌 + 𝑊𝑊] 𝐿𝐿)
𝐸𝐸([exp(𝜋𝜋0 + 𝜋𝜋1 ln 𝑋𝑋 + 𝑃𝑃)]𝛼𝛼̈1 )

[exp(𝜋𝜋0 )]𝛼𝛼̈1 𝐸𝐸([exp(𝜋𝜋1 ln 𝑋𝑋)]𝛼𝛼̈1 [exp(𝑃𝑃)]𝛼𝛼̈1 𝐿𝐿)
= 𝜃𝜃0 𝐸𝐸(𝐿𝐿 ) + 𝜃𝜃1 𝐸𝐸(𝑌𝑌𝑌𝑌) + 𝐸𝐸(𝑊𝑊𝑊𝑊)
[exp(𝜋𝜋0 )]𝛼𝛼̈1 𝐸𝐸([exp(𝜋𝜋1 ln 𝑋𝑋)]𝛼𝛼̈1 [exp(𝑃𝑃)]𝛼𝛼̈1 )

Let’s now define:

𝐸𝐸(𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 [exp(𝑃𝑃)]𝛼𝛼̈1 𝐿𝐿)
= 𝜃𝜃1 𝐸𝐸(𝑌𝑌𝑌𝑌) + 𝐶𝐶𝐶𝐶𝐶𝐶(𝐿𝐿, 𝑊𝑊) .
𝐸𝐸(𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 [exp(𝑃𝑃)]𝛼𝛼̈1 )

We may now write:

𝐸𝐸�𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 𝐿𝐿� 𝐸𝐸�𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 [exp(𝑃𝑃)]𝛼𝛼̈1 𝐿𝐿�
𝐹𝐹(𝛼𝛼̈ 1 ) =
�
� .
𝐸𝐸(𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 ) 𝐸𝐸(𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 [exp(𝑃𝑃)]𝛼𝛼̈1 )

−1

𝐸𝐸�𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 𝐿𝐿�
= [𝜃𝜃1 𝐸𝐸(𝑌𝑌 𝐿𝐿) + 𝐶𝐶𝐶𝐶𝐶𝐶(𝐿𝐿, 𝑊𝑊)]𝐹𝐹(𝛼𝛼̈ 1 ).
𝐸𝐸(𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 )

[𝐴𝐴3]

Let 𝐿𝐿 = 𝛾𝛾0 + 𝛾𝛾1 ln 𝑋𝑋 + 𝐿𝐿̈ be the population linear projection of L on ln 𝑋𝑋. Replacing L by this

expression in Equation [A3] gives:

𝛾𝛾0 + 𝛾𝛾1

𝐸𝐸�𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 �𝛾𝛾0 + 𝛾𝛾1 ln 𝑋𝑋 + 𝐿𝐿̈��
= �𝜃𝜃1 𝐸𝐸�𝑌𝑌 �𝛾𝛾0 + 𝛾𝛾1 ln 𝑋𝑋 + 𝐿𝐿̈�� + 𝐶𝐶𝐶𝐶𝐶𝐶(𝐿𝐿, 𝑊𝑊)�𝐹𝐹(𝛼𝛼̈ 1 )
𝐸𝐸(𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 )

𝐸𝐸�𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 ln 𝑋𝑋� 𝐸𝐸�𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 𝐿𝐿̈�
+
= �𝜃𝜃1 𝛾𝛾0 + 𝜃𝜃1 𝛾𝛾1 𝐸𝐸(ln 𝑋𝑋 𝑌𝑌) + 𝜃𝜃1 𝐸𝐸�𝐿𝐿̈𝑌𝑌� + 𝐶𝐶𝐶𝐶𝐶𝐶(𝐿𝐿, 𝑊𝑊)�𝐹𝐹(𝛼𝛼̈ 1 ).
𝐸𝐸(𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 )
𝐸𝐸(𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 )

Using now 𝑌𝑌 = exp(𝛼𝛼0 ) 𝑋𝑋 𝛼𝛼1 + Ψ to substitute Y out, we obtain:
𝐸𝐸�𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 ln 𝑋𝑋� 𝐸𝐸�𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 𝐿𝐿̈�
𝛾𝛾0 + 𝛾𝛾1
+
𝐸𝐸(𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 )
𝐸𝐸(𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 )
−𝛾𝛾1 + 𝛾𝛾1

= �𝜃𝜃1 𝛾𝛾0 + 𝜃𝜃1 𝛾𝛾1 𝐸𝐸(ln 𝑋𝑋 𝑌𝑌) + 𝜃𝜃1 𝐸𝐸�𝐿𝐿̈ [exp(𝛼𝛼0 ) 𝑋𝑋 𝛼𝛼1 + Ψ]� + 𝐶𝐶𝐶𝐶𝐶𝐶(𝐿𝐿, 𝑊𝑊)�𝐹𝐹(𝛼𝛼̈ 1 )

𝐸𝐸�𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 ln 𝑋𝑋� 𝐸𝐸�𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 𝐿𝐿̈�
+
𝐸𝐸(𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 )
𝐸𝐸(𝑋𝑋 𝜋𝜋1̈ 𝛼𝛼1 )

= �−𝛾𝛾1 𝜃𝜃1 + 𝜃𝜃1 𝛾𝛾1 𝐸𝐸(ln 𝑋𝑋 𝑌𝑌) + 𝜃𝜃1

𝐸𝐸� 𝑋𝑋 𝛼𝛼1 𝐿𝐿̈�
+ 𝜃𝜃1 𝐸𝐸�𝐿𝐿̈Ψ� + 𝐶𝐶𝐶𝐶𝐶𝐶(𝐿𝐿, 𝑊𝑊)� 𝐹𝐹(𝛼𝛼̈ 1 ),
𝐸𝐸(𝑋𝑋 𝛼𝛼1 )

where I have used exp(𝛼𝛼0 ) = 𝐸𝐸(𝑌𝑌)/𝐸𝐸(𝑋𝑋 𝛼𝛼1 ) and 𝛾𝛾0 = −𝛾𝛾1 ; the latter follows from the demeaning of L
and 𝐸𝐸(ln 𝑋𝑋) = 1.

As 𝐸𝐸�𝐿𝐿̈� = 0 and 𝐶𝐶𝐶𝐶𝐶𝐶�𝐿𝐿̈, ln 𝑋𝑋� = 0 by construction, second-order Taylor-series approximations

to 𝐸𝐸�𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 𝐿𝐿̈� and 𝐸𝐸�𝑋𝑋 𝛼𝛼1 𝐿𝐿̈� around the expectations of 𝐿𝐿̈ and ln 𝑋𝑋 are zero as well. We may then write:
5

−𝛾𝛾1 + 𝛾𝛾1

𝐸𝐸�𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 ln 𝑋𝑋�
≈ �−𝛾𝛾1 𝜃𝜃1 + 𝜃𝜃1 𝛾𝛾1 𝐸𝐸(ln 𝑋𝑋 𝑌𝑌) + 𝜃𝜃1 𝐸𝐸�𝐿𝐿̈Ψ� + 𝐶𝐶𝐶𝐶𝐶𝐶(𝐿𝐿, 𝑊𝑊)�𝐹𝐹(𝛼𝛼̈ 1 )
𝐸𝐸(𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 )

𝐸𝐸�𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 ln 𝑋𝑋�
− 1� ≈ {𝛾𝛾1 𝜃𝜃1 [𝐸𝐸(ln 𝑋𝑋 𝑌𝑌) − 1] + 𝜃𝜃1 𝐶𝐶𝐶𝐶𝐶𝐶(𝐿𝐿 − 𝛾𝛾0 − 𝛾𝛾1 ln 𝑋𝑋 , Ψ) + 𝐶𝐶𝐶𝐶𝐶𝐶(𝐿𝐿, 𝑊𝑊)}𝐹𝐹(𝛼𝛼̈ 1 )
𝛾𝛾1 �
𝐸𝐸(𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 )
𝜃𝜃1 𝐶𝐶𝐶𝐶𝐶𝐶(𝐿𝐿, Ψ)
𝐶𝐶𝐶𝐶𝐶𝐶(𝐿𝐿, 𝑊𝑊)
𝐸𝐸�𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 ln 𝑋𝑋�
− 1 ≈ �𝜃𝜃1 [𝐸𝐸(ln 𝑋𝑋 𝑌𝑌) − 1] +
− 𝜃𝜃1 𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , Ψ) +
� 𝐹𝐹(𝛼𝛼̈ 1 )
̈
𝜋𝜋
𝛼𝛼
1
1
)
𝛾𝛾1
𝛾𝛾
𝐸𝐸(𝑋𝑋
1
𝜃𝜃1 𝐶𝐶𝐶𝐶𝐶𝐶(𝐿𝐿, Ψ) 𝐶𝐶𝐶𝐶𝐶𝐶(𝐿𝐿, 𝑊𝑊)
𝐸𝐸�𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 ln 𝑋𝑋�
≈ 1 + 𝐹𝐹(𝛼𝛼̈ 1 ) �𝜃𝜃1 𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋, 𝑌𝑌) +
+
�
̈
𝜋𝜋
𝛼𝛼
𝛾𝛾1
𝛾𝛾1
𝐸𝐸(𝑋𝑋 1 1 )

𝜃𝜃 𝐶𝐶𝐶𝐶𝐶𝐶(𝐿𝐿, Ψ) 𝐶𝐶𝐶𝐶𝐶𝐶(𝐿𝐿, 𝑊𝑊)
1 + 𝐹𝐹(𝛼𝛼̈ 1 ) �𝜃𝜃1 𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋, 𝑌𝑌) + 1
+
�
𝐸𝐸�𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 ln 𝑋𝑋�
𝛾𝛾1
𝛾𝛾1
≈
𝐸𝐸(ln
𝑋𝑋
,
𝑌𝑌)
�
�,
1 + 𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝑌𝑌)
𝐸𝐸(𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 )

[𝐴𝐴4]

where I have used 𝐸𝐸(ln 𝑋𝑋 , 𝑌𝑌) = 1 + 𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝑌𝑌) and the fact that 𝐸𝐸(Ψ|x) = 0 entails that
𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , Ψ) = 0.

Substituting 𝛾𝛾1 out in Equation [A4] yields:

𝐸𝐸�𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 ln 𝑋𝑋�
𝐸𝐸(𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 )

≈ 𝐸𝐸(ln 𝑋𝑋 𝑌𝑌) �

𝜃𝜃1 𝐶𝐶𝐶𝐶𝐶𝐶(𝐿𝐿, Ψ) + 𝐶𝐶𝐶𝐶𝐶𝐶(𝐿𝐿, W)
�
𝐶𝐶𝐶𝐶𝐶𝐶(𝐿𝐿, ln 𝑋𝑋)
�.
1 + 𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝑌𝑌)

1 + 𝐹𝐹(𝛼𝛼̈ 1 ) �𝜃𝜃1 𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋, 𝑌𝑌) + 𝑉𝑉𝑉𝑉𝑉𝑉(ln 𝑋𝑋)

[27]

Computing now second-order Taylor-series approximations around 𝐸𝐸(ln 𝑋𝑋) = 1, 𝐸𝐸(𝐿𝐿) = 0, and

𝐸𝐸(𝑃𝑃) = 0 for the four expectations in 𝐹𝐹(𝛼𝛼̈ 1 ) gives:
𝐸𝐸�𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 � = 𝐸𝐸�[exp(ln 𝑋𝑋)]𝜋𝜋1 𝛼𝛼̈1 �

≈ exp(𝜋𝜋1 𝛼𝛼̈ 1 ) + 0.5 [𝜋𝜋1 𝛼𝛼̈ 1 ]2 exp(𝜋𝜋1 𝛼𝛼̈ 1 ) 𝑉𝑉𝑉𝑉𝑉𝑉(ln 𝑋𝑋)

𝐸𝐸(𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 𝐿𝐿) = 𝐸𝐸�[exp(ln 𝑋𝑋)]𝜋𝜋1 𝛼𝛼̈1 𝐿𝐿�

≈ 0 + 0.5 0 𝑉𝑉𝑉𝑉𝑉𝑉(ln 𝑋𝑋) + 0.5 0 𝑉𝑉𝑉𝑉𝑉𝑉(𝐿𝐿) + exp(𝜋𝜋1 𝛼𝛼̈ 1 ) 𝜋𝜋1 𝛼𝛼̈ 1 𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿)
≈ exp(𝜋𝜋1 𝛼𝛼̈ 1 ) 𝜋𝜋1 𝛼𝛼̈ 1 𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿)

𝐸𝐸�𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 [exp(𝑃𝑃)]𝛼𝛼̈1 � = 𝐸𝐸�[exp(ln 𝑋𝑋)]𝜋𝜋1 𝛼𝛼̈1 [exp(𝑃𝑃)]𝛼𝛼̈1 �

≈ exp(𝜋𝜋1 𝛼𝛼̈ 1 ) + 0.5 [𝜋𝜋1 𝛼𝛼̈ 1 ]2 exp(𝜋𝜋1 𝛼𝛼̈ 1 ) 𝑉𝑉𝑉𝑉𝑉𝑉(ln 𝑋𝑋) + 0.5 [𝛼𝛼̈ 1 ]2 exp(𝜋𝜋1 𝛼𝛼̈ 1 ) 𝑉𝑉𝑉𝑉𝑉𝑉(𝑃𝑃)
+ [𝛼𝛼̈ 1 ]2 𝜋𝜋1 exp(𝜋𝜋1 𝛼𝛼̈ 1 ) 𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝑃𝑃)
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≈ exp(𝜋𝜋1 𝛼𝛼̈ 1 ) + 0.5 [𝜋𝜋1 𝛼𝛼̈ 1 ]2 exp(𝜋𝜋1 𝛼𝛼̈ 1 ) 𝑉𝑉𝑉𝑉𝑉𝑉(ln 𝑋𝑋) + 0.5 [𝛼𝛼̈ 1 ]2 exp(𝜋𝜋1 𝛼𝛼̈ 1 ) 𝑉𝑉𝑉𝑉𝑉𝑉(𝑃𝑃)
+ [𝛼𝛼̈ 1 ]2 𝜋𝜋1 exp(𝛼𝛼̈ 1 ) 0

≈ exp(𝜋𝜋1 𝛼𝛼̈ 1 ) + 0.5 [𝛼𝛼̈ 1 ]2 exp(𝜋𝜋1 𝛼𝛼̈ 1 ) {[𝜋𝜋1 ]2 𝑉𝑉𝑉𝑉𝑉𝑉(ln 𝑋𝑋) + 𝑉𝑉𝑉𝑉𝑉𝑉(𝑃𝑃)}

𝐸𝐸�𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 [exp(𝑃𝑃)]𝛼𝛼̈1 𝐿𝐿� = 𝐸𝐸�[exp(ln 𝑋𝑋)]𝜋𝜋1 𝛼𝛼̈1 [exp(𝑃𝑃)]𝛼𝛼̈1 𝐿𝐿�

≈ 0 + 0.5 0 𝑉𝑉𝑉𝑉𝑉𝑉(ln 𝑋𝑋) + 0.5 0 𝑉𝑉𝑉𝑉𝑉𝑉(𝑃𝑃) + 0.5 0 𝑉𝑉𝑉𝑉𝑉𝑉(𝐿𝐿) + 0 𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝑃𝑃)
+ exp(𝜋𝜋1 𝛼𝛼̈ 1 ) 𝜋𝜋1 𝛼𝛼̈ 1 𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿) + exp(𝜋𝜋1 𝛼𝛼̈ 1 ) 𝛼𝛼̈ 1 𝐶𝐶𝐶𝐶𝐶𝐶(𝐿𝐿, 𝑃𝑃)

≈ exp(𝜋𝜋1 𝛼𝛼̈ 1 ) 𝛼𝛼̈ 1 [𝜋𝜋1 𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿) + 𝐶𝐶𝐶𝐶𝐶𝐶(𝐿𝐿, 𝑃𝑃)] .

Substituting these approximations in the expression for 𝐹𝐹(𝛼𝛼̈ 1 ):

exp(𝜋𝜋1 𝛼𝛼̈ 1 ) 𝜋𝜋1 𝛼𝛼̈ 1 𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿)
exp(𝜋𝜋1 𝛼𝛼̈ 1 ) + 0.5 [𝜋𝜋1 𝛼𝛼̈ 1 ]2 exp(𝜋𝜋1 𝛼𝛼̈ 1 )𝑉𝑉𝑉𝑉𝑉𝑉(ln 𝑋𝑋)
𝐹𝐹(𝛼𝛼̈ 1 ) ≈
exp(𝜋𝜋1 𝛼𝛼̈ 1 ) 𝛼𝛼̈ 1 [𝜋𝜋1 𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿) + 𝐶𝐶𝐶𝐶𝐶𝐶(𝐿𝐿, 𝑃𝑃)]
exp(𝜋𝜋1 𝛼𝛼̈ 1 ) + 0.5 [𝛼𝛼̈ 1 ]2 exp(𝜋𝜋1 𝛼𝛼̈ 1 ) {[𝜋𝜋1 ]2 𝑉𝑉𝑎𝑎𝑎𝑎(ln 𝑋𝑋) + 𝑉𝑉𝑉𝑉𝑉𝑉(𝑃𝑃)}

≈

𝜋𝜋1 𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿)
1 + 0.5 [𝜋𝜋1 𝛼𝛼̈ 1 ]2 𝑉𝑉𝑉𝑉𝑉𝑉(ln 𝑋𝑋)
≈
𝜋𝜋1 𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿) + 𝐶𝐶𝐶𝐶𝐶𝐶(𝐿𝐿, 𝑃𝑃)
1 + 0.5 [𝛼𝛼̈ 1 ]2 {[𝜋𝜋1 ]2 𝑉𝑉𝑉𝑉𝑉𝑉(ln 𝑋𝑋) + 𝑉𝑉𝑉𝑉𝑉𝑉(𝑃𝑃)}

1 + 0.5 {[𝜋𝜋1 𝛼𝛼̈ 1 ]2 𝑉𝑉𝑉𝑉𝑉𝑉(ln 𝑋𝑋) + [𝛼𝛼̈ 1 ]2 𝑉𝑉𝑉𝑉𝑉𝑉(𝑃𝑃)}
𝜋𝜋1 𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿)
.
2
1 + 0.5 [𝜋𝜋1 𝛼𝛼̈ 1 ] 𝑉𝑉𝑉𝑉𝑉𝑉(ln 𝑋𝑋)
𝜋𝜋1 𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝐿𝐿) + 𝐶𝐶𝐶𝐶𝐶𝐶(𝐿𝐿, 𝑃𝑃)

This is the result shown in Equation [28].

−1

In the main text I used that 𝜕𝜕𝜕𝜕�𝑋𝑋 𝛼𝛼̈1 ln 𝑋𝑋� �𝐸𝐸�𝑋𝑋 𝛼𝛼̈1 �� /𝜕𝜕𝛼𝛼̈ 1 > 0, which I prove next. Employing

integral expressions for expectations, Leibniz's rule for differentiation under the integral sign, and usual
derivative rules, we have:
𝜕𝜕𝜕𝜕�𝑋𝑋

𝛼𝛼̈1

𝛼𝛼̈1

ln 𝑋𝑋��𝐸𝐸�𝑋𝑋 ��
𝜕𝜕𝛼𝛼̈ 1
=

−1

=

𝐸𝐸�𝑋𝑋 𝛼𝛼̈1 �

𝐸𝐸�𝑋𝑋 𝛼𝛼̈1 � ∫𝑥𝑥>0

𝑑𝑑𝑑𝑑�𝑋𝑋 𝛼𝛼̈1 ln 𝑋𝑋�
𝑑𝑑𝑑𝑑�𝑋𝑋 𝛼𝛼̈1 �
− 𝐸𝐸�𝑋𝑋 𝛼𝛼̈1 ln 𝑋𝑋�
𝑑𝑑𝛼𝛼̈ 1
𝑑𝑑𝛼𝛼̈ 1
̈
𝛼𝛼
2
[𝐸𝐸(𝑋𝑋 1 )]

𝑑𝑑𝑋𝑋 𝛼𝛼̈1 ln 𝑋𝑋
𝑑𝑑𝑋𝑋 𝛼𝛼̈1 1
𝑓𝑓𝑋𝑋 (𝑥𝑥)𝑑𝑑𝑑𝑑 − 𝐸𝐸�𝑋𝑋 𝛼𝛼̈1 ln 𝑋𝑋� ∫𝑥𝑥>0
𝑓𝑓 (𝑥𝑥)𝑑𝑑𝑑𝑑
𝑑𝑑𝛼𝛼̈ 1 𝑋𝑋
𝑑𝑑𝛼𝛼̈ 1
[𝐸𝐸(𝑋𝑋 𝛼𝛼̈1 )]2

𝐸𝐸�𝑋𝑋 𝛼𝛼̈1 �𝐸𝐸�𝑋𝑋 𝛼𝛼̈1 1 [ln 𝑋𝑋]2 � − 𝐸𝐸�𝑋𝑋 𝛼𝛼̈1 ln 𝑋𝑋�𝐸𝐸�𝑋𝑋 𝛼𝛼̈1 ln 𝑋𝑋�
.
=
[𝐸𝐸(𝑋𝑋 𝛼𝛼̈1 )]2

I need to show that the numerator of the last expression is positive, and to this end I use a
“symmetrization trick.” Let’s define the following expectation:
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2
𝐶𝐶𝑋𝑋 ≡ 𝐸𝐸 ��ln 𝑋𝑋̇ − ln 𝑋𝑋� 𝑋𝑋̇ 𝛼𝛼̈1 𝑋𝑋 𝛼𝛼̈1 �,

were 𝑋𝑋̇ is an independent copy of 𝑋𝑋. It is clearly the case that 𝐶𝐶𝑋𝑋 > 0. I show next that 𝐶𝐶𝑋𝑋 is twice the
numerator in question, which entails that the latter is positive:
𝐶𝐶𝑋𝑋 = 𝐸𝐸��ln 𝑋𝑋̇ − ln 𝑋𝑋��ln 𝑋𝑋̇ − ln 𝑋𝑋� 𝑋𝑋̇ 𝛼𝛼̈1 𝑋𝑋 𝛼𝛼̈1 �

= 𝐸𝐸��𝑋𝑋̇ 𝛼𝛼̈1 ln 𝑋𝑋̇ − 𝑋𝑋̇ 𝛼𝛼̈1 ln 𝑋𝑋��𝑋𝑋 𝛼𝛼̈1 ln 𝑋𝑋̇ − 𝑋𝑋 𝛼𝛼̈1 ln 𝑋𝑋� �

= 𝐸𝐸�𝑋𝑋 𝛼𝛼̈1 1 𝑋𝑋̇ 𝛼𝛼̈1 ln 𝑋𝑋̇ ln 𝑋𝑋̇ − 𝑋𝑋 𝛼𝛼̈1 ln 𝑋𝑋 𝑋𝑋̇ 𝛼𝛼̈1 ln 𝑋𝑋̇ − 𝑋𝑋̇ 𝛼𝛼̈1 ln 𝑋𝑋̇ 𝑋𝑋 𝛼𝛼̈1 1 ln 𝑋𝑋 + 𝑋𝑋̇ 𝛼𝛼̈1 𝑋𝑋 𝛼𝛼̈1 ln 𝑋𝑋 ln 𝑋𝑋�

= 𝐸𝐸�𝑋𝑋 𝛼𝛼̈1 �𝐸𝐸�𝑋𝑋̇ 𝛼𝛼̈1 ln 𝑋𝑋̇ ln 𝑋𝑋̇) − 𝐸𝐸�𝑋𝑋 𝛼𝛼̈1 ln 𝑋𝑋� 𝐸𝐸(𝑋𝑋̇ 𝛼𝛼̈1 ln 𝑋𝑋̇� + 𝐸𝐸�𝑋𝑋̇ 𝛼𝛼̈1 �𝐸𝐸�𝑋𝑋 𝛼𝛼̈1 ln 𝑋𝑋 ln 𝑋𝑋� −
𝐸𝐸�𝑋𝑋̇ 𝛼𝛼̈1 ln 𝑋𝑋̇�𝐸𝐸�𝑋𝑋 𝛼𝛼̈1 ln 𝑋𝑋�

= 2 �𝐸𝐸�𝑋𝑋 𝛼𝛼̈1 �𝐸𝐸(𝑋𝑋 𝛼𝛼̈1 ln 𝑋𝑋 ln 𝑋𝑋) − 𝐸𝐸�𝑋𝑋 𝛼𝛼̈1 ln 𝑋𝑋� 𝐸𝐸(𝑋𝑋 𝛼𝛼̈1 ln 𝑋𝑋)�,

which completes the proof.

B. A second generalized error-in-variables model for the IV estimation of the IGE of the
expectation
I advance here a second generalized error-in-variables models for the IV estimation of the IGE of
the expectation, in which I make the stronger assumptions typically employed in the literature on
measurement error in nonlinear models (e.g., Carroll et al. 2006). As I indicated in the main text, both
measurement-error models lead to the conclusion that a bracketing strategy is as feasible with the IGE of
the expectation as with the IGE of the geometric mean. However, the models have different implications
in other respects, which I discuss here. I refer to the second measurement-error model as the GEiVE-IV-S
model (the “S” stands for “stronger assumptions”).
Like in the previous appendix, I refer to equations presented in the main text using the equation
numbers employed there. When equations from the main text are reproduced in this appendix, I rely on
their original numbers in the main text.
Like the GEiVE-IV model, the GEiVE-IV-S model makes the following empirical assumption:
𝐶𝐶𝐶𝐶𝐶𝐶(𝑊𝑊𝑡𝑡 , 𝐿𝐿) = 0.

[23]

𝑃𝑃𝑘𝑘 ⊥ 𝑋𝑋

[𝐵𝐵1]

Instead of assumption [24], however, the GEiVE-IV-S model assumes

[𝐵𝐵2]

𝑃𝑃𝑘𝑘 ⊥ 𝐿𝐿,
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that is, that the measurement error in the log of the short-run parental-income variable is independent of
both the long-run parental income and the instrument. (From here on, I drop the subscripts t and k.)
Let’s recall what 𝐹𝐹(𝛼𝛼̈ 1 ) denotes:

−1

𝐸𝐸�𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 𝐿𝐿� 𝐸𝐸�𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 [exp(𝑃𝑃)]𝛼𝛼̈1 𝐿𝐿�
𝐹𝐹(𝛼𝛼̈ 1 ) =
�
� .
𝐸𝐸(𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 ) 𝐸𝐸(𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 [exp(𝑃𝑃)]𝛼𝛼̈1 )

Given that P is assumed independent of both 𝐿𝐿 and 𝑋𝑋, and using 𝑇𝑇 = exp(𝑃𝑃) to simplify the notation, we

have that the term inside curly brackets is:

𝐸𝐸�𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 𝑇𝑇 𝛼𝛼̈1 𝐿𝐿� 𝐸𝐸�𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 𝐿𝐿�𝐸𝐸�𝑇𝑇 𝛼𝛼̈1 � + 𝐶𝐶𝐶𝐶𝐶𝐶�𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 𝐿𝐿, 𝑇𝑇 𝛼𝛼̈1 �
=
𝐸𝐸(𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 )𝐸𝐸(𝑇𝑇 𝛼𝛼̈1 )
𝐸𝐸(𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 𝑇𝑇 𝛼𝛼̈1 )
≈

≈

𝐸𝐸�𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 𝐿𝐿�𝐸𝐸�𝑇𝑇 𝛼𝛼̈1 � + 𝐸𝐸(𝐿𝐿) 𝐶𝐶𝐶𝐶𝐶𝐶�𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 , 𝑇𝑇 𝛼𝛼̈1 � + 𝐸𝐸�𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 �𝐶𝐶𝐶𝐶𝐶𝐶�𝐿𝐿, 𝑇𝑇 𝛼𝛼̈1 �
𝐸𝐸(𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 )𝐸𝐸(𝑇𝑇 𝛼𝛼̈1 )
𝐸𝐸�𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 𝐿𝐿�
,
𝐸𝐸(𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 )

where I have used the following approximation: 𝐶𝐶𝐶𝐶𝐶𝐶(𝑀𝑀, 𝑁𝑁 𝑅𝑅 ) ≈ 𝐸𝐸(𝑁𝑁) 𝐶𝐶𝐶𝐶𝐶𝐶(𝑀𝑀, 𝑅𝑅) + 𝐸𝐸(𝑅𝑅) 𝐶𝐶𝐶𝐶𝐶𝐶(𝑀𝑀, 𝑁𝑁),
where M, N and R are any random variables.1 It follows that 𝐹𝐹(𝛼𝛼̈ 1 ) ≈ 1, and that in the GEiVE-IV-S

model Equation [27] is replaced by:

𝐶𝐶𝐶𝐶𝐶𝐶(𝐿𝐿, Ψ)
1 + 𝜃𝜃1 �𝐶𝐶𝐶𝐶𝐶𝐶(𝑌𝑌, ln 𝑋𝑋) + 𝑉𝑉𝑉𝑉𝑉𝑉(ln 𝑋𝑋)
�
𝐸𝐸�𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 ln 𝑋𝑋�
𝐶𝐶𝐶𝐶𝐶𝐶(𝐿𝐿, ln 𝑋𝑋)
≈
𝐸𝐸(𝑌𝑌
ln
𝑋𝑋)
�
�.
1 + 𝐶𝐶𝐶𝐶𝐶𝐶(𝑌𝑌, ln 𝑋𝑋)
𝐸𝐸(𝑋𝑋 𝜋𝜋1 𝛼𝛼̈1 )

[𝐵𝐵3]

Hence, assuming—as in the analysis with the IGE of the geometric mean—that 𝐶𝐶𝐶𝐶𝐶𝐶(𝐿𝐿, ln 𝑋𝑋) > 0, a
comparison of Equations [25], [27] and [B3] indicates that the short-run GMM-IVP estimator is

consistent when the following conditions are met: (a) the assumptions of the GEiVE-IV-S model hold,
that is, 𝐶𝐶𝐶𝐶𝐶𝐶(𝑊𝑊, 𝐿𝐿) = 0, 𝑃𝑃 ⊥ 𝑋𝑋, and 𝑃𝑃 ⊥ 𝐿𝐿, (b) both children’s and parents’ incomes are measured at the
right points of their lifecycles, that is, 𝜃𝜃1 = 𝜋𝜋1 = 1, and (c) L is a valid instrument, that is, 𝐶𝐶𝐶𝐶𝐶𝐶(𝐿𝐿, Ψ) =
0.

Equation [B3] shows a first important difference between the two measurement-error models. If

the instrument is valid, Equation [30] of the GEIVE-IV model reduces to:
0.5 [𝛼𝛼̈ 1 ]2 𝑉𝑉𝑉𝑉𝑉𝑉(𝑃𝑃)
𝐸𝐸�𝑋𝑋 𝛼𝛼̈1 ln 𝑋𝑋�
≈ 𝐸𝐸(𝑌𝑌 ln 𝑋𝑋) + 𝐶𝐶𝐶𝐶𝐶𝐶(𝑌𝑌, ln 𝑋𝑋)
.
1 + 0.5 [𝛼𝛼̈ 1 ]2 𝑉𝑉𝑉𝑉𝑉𝑉(ln 𝑋𝑋)
𝐸𝐸(𝑋𝑋 𝛼𝛼̈1 )
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[𝐵𝐵5]

Therefore, unlike with the GEiVE-IV-S model, under the weaker assumptions of the GEiVE-IV model
the short-run GMM-IVP estimator is upward inconsistent even when the instrument is valid, and the
magnitude of the asymptotic bias increases with 𝑉𝑉𝑉𝑉𝑉𝑉(𝑃𝑃).

If the instrument is invalid but both the empirical assumptions of the GEiVE-IV-S model and the

lifecycle assumptions hold, Equation [B3] becomes:
𝐶𝐶𝐶𝐶𝐶𝐶(𝐿𝐿, Ψ)
𝐸𝐸�𝑋𝑋 𝛼𝛼̈1 ln 𝑋𝑋�
≈ 𝐸𝐸(𝑌𝑌 ln 𝑋𝑋) + 𝑉𝑉𝑉𝑉𝑉𝑉(ln 𝑋𝑋)
,
̈
𝛼𝛼
𝐶𝐶𝐶𝐶𝐶𝐶(𝐿𝐿, ln 𝑋𝑋)
𝐸𝐸(𝑋𝑋 1 )

[𝐵𝐵4]

where I have used 𝐸𝐸(ln 𝑋𝑋 𝑌𝑌) = 1 + 𝐶𝐶𝐶𝐶𝐶𝐶(ln 𝑋𝑋 , 𝑌𝑌). Equations [25] and [B4] provide a counterpart to
Equation [14] under the stronger assumptions of the GEiVE-IV-S model. Indeed, as
−1

𝜕𝜕𝜕𝜕�𝑋𝑋 𝛼𝛼̈1 ln 𝑋𝑋� �𝐸𝐸�𝑋𝑋 𝛼𝛼̈1 �� /𝜕𝜕𝛼𝛼̈ 1 > 0 (see above), Equations [25] and [B4] indicate that, given an invalid
instrument positively correlated with log-parental income, we can expect 𝛼𝛼̈ 1 to be larger or smaller than
𝛼𝛼1 , depending on the sign of 𝐶𝐶𝐶𝐶𝐶𝐶(𝐿𝐿, Ψ). Under the additional substantive assumption that 𝐶𝐶𝐶𝐶𝐶𝐶(𝐿𝐿, Ψ) >

0 when L is parental education (and other similar instruments), we can expect estimates obtained with the
GMM-IVP estimator to provide an upper bound for the IGE of the expectation.

Equations [25] and [B4] further show that the bias increases with 𝑉𝑉𝑉𝑉𝑉𝑉(ln 𝑋𝑋)𝐶𝐶𝐶𝐶𝐶𝐶(𝐿𝐿, Ψ)/

𝐶𝐶𝐶𝐶𝐶𝐶(𝐿𝐿, ln 𝑋𝑋). Therefore, as with the GEiVE-IV model, the smaller the covariance between the instrument
and the error term, and the larger the slope of the linear projection of 𝐿𝐿 on ln 𝑋𝑋, the tighter that upper

bound will be. Unlike with the GEiVE-IV model, however, with the GEiVE-IV-S model the level of

noise in the short-run measure of parental income has no influence on the tightness of the upper bound.
This is a second important difference between the two measurement-error models.
C. Constructing confidence intervals for partially identified IGEs: Additional details
In the main text I pointed out that, when constructing confidence intervals for the partially
identified IGEs, we need to consider the uncertainty due to partial identification as well as the uncertainty
regarding the estimated bounds. I considered two contexts. In the first, simpler, context, there is only one
estimate of the upper bound. As I explained, asymptotically the noncoverage risk is effectively one-sided,
which suggests using 100 (1 − 2𝛼𝛼) % confidence intervals for the identified sets as 100 (1 − 𝛼𝛼) %

confidence intervals for the IGEs. I indicated, however, that the resulting confidence intervals are

problematic. Indeed, for any finite sample size N, if the width of the identified set is short enough, the
confidence interval will be shorter than if the IGE were point identified (i.e., shorter than the confidence
interval that would result if the OLS or PPML estimator, and the relevant IV estimator, had identical
probability limits). The reason for this is that the exact coverage probabilities do not converge to their
nominal values uniformly across different values of the width of the identified set.
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To address this problem, and following Imbens and Manski (2004), 100 (1 − 𝛼𝛼) % confidence

intervals for the long-run IGE of the geometric mean, denoted by 𝐶𝐶𝐶𝐶𝛽𝛽1 (𝛼𝛼), and for the long-run IGE of the
expectation, denoted by 𝐶𝐶𝐶𝐶𝛼𝛼1 (𝛼𝛼), can be constructed as follows:

� �𝛽𝛽̂1𝑂𝑂𝑂𝑂𝑂𝑂 �, 𝛽𝛽̂1𝐼𝐼𝐼𝐼 + 𝑐𝑐𝛽𝛽 (𝛼𝛼) 𝑆𝑆𝑆𝑆
� �𝛽𝛽̂1𝐼𝐼𝐼𝐼 ��
𝐶𝐶𝐶𝐶𝛽𝛽1 (𝛼𝛼) ≡ �𝛽𝛽̂1𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑐𝑐𝛽𝛽1 (𝛼𝛼) 𝑆𝑆𝑆𝑆
1

� (𝛼𝛼�1𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 ), �𝛼𝛼1𝐺𝐺𝐺𝐺𝐺𝐺−𝐼𝐼𝐼𝐼𝐼𝐼 + 𝑐𝑐𝛼𝛼 (𝛼𝛼) 𝑆𝑆𝑆𝑆
� �𝛼𝛼�1𝐺𝐺𝐺𝐺𝐺𝐺−𝐼𝐼𝐼𝐼𝐼𝐼 ��,
𝐶𝐶𝐶𝐶𝛼𝛼1 (𝛼𝛼) ≡ �𝛼𝛼�1𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 − 𝑐𝑐𝛼𝛼1 (𝛼𝛼) 𝑆𝑆𝑆𝑆
1

where 𝑐𝑐𝛽𝛽1 (𝛼𝛼) and 𝑐𝑐𝛼𝛼1 (𝛼𝛼) respectively solve

Φ�𝑐𝑐𝛽𝛽1 (𝛼𝛼) + 𝑅𝑅𝑅𝑅𝛽𝛽1 � − Φ �−𝑐𝑐𝛽𝛽1 (𝛼𝛼)� = 1 − 𝛼𝛼

and

𝑅𝑅𝑅𝑅𝛽𝛽1 =

Φ�𝑐𝑐𝛼𝛼1 (𝛼𝛼) + 𝑅𝑅𝑅𝑅𝛼𝛼1 � − Φ �−𝑐𝑐𝛼𝛼1 (𝛼𝛼)� = 1 − 𝛼𝛼;

�1𝐼𝐼𝐼𝐼 −𝛽𝛽
�1𝑂𝑂𝑂𝑂𝑂𝑂
𝛽𝛽
𝑂𝑂𝑂𝑂𝑂𝑂
� 𝐼𝐼𝐼𝐼 ��
�
� �𝛽𝛽
�
max�𝑆𝑆𝑆𝑆 �𝛽𝛽1 �, 𝑆𝑆𝑆𝑆
1

and 𝑅𝑅𝑅𝑅𝛼𝛼1 =

�
� 1𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃
𝛼𝛼1𝐺𝐺𝐺𝐺𝐺𝐺−𝐼𝐼𝐼𝐼𝐼𝐼 −𝛼𝛼
𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃
�
�
� 1𝐺𝐺𝐺𝐺𝐺𝐺−𝐼𝐼𝐼𝐼𝐼𝐼 ��
�1
max�𝑆𝑆𝑆𝑆 �𝛼𝛼
�, 𝑆𝑆𝑆𝑆 �𝛼𝛼

are (estimates of) the relative

widths of the identified sets; SE is the standard error operator; Φ(. ) denotes the CDF of the standard

normal distribution; and the superscripts identify estimators. As 𝑐𝑐𝛽𝛽1 (𝛼𝛼) and 𝑐𝑐𝛼𝛼1 (𝛼𝛼) are inversely related

to 𝑅𝑅𝑅𝑅𝛽𝛽1 and 𝑅𝑅𝑅𝑅𝛼𝛼1 , respectively, the coverage probabilities of the confidence intervals converge to their

nominal values uniformly across values of the width of the identified sets. As I indicated in the main text,
with 95 percent confidence intervals, 𝑐𝑐𝛽𝛽1 (𝛼𝛼) and 𝑐𝑐𝛼𝛼1 (𝛼𝛼) are close to Φ−1 (0.90) ≅ 1.64 when the width

of the identified set is large compared to sampling error, and are equal to Φ−1 (0.95) ≅ 1.96 under point
identification.

In the second context, the upper bound is estimated more than once with different sets of
instruments, which creates more serious complications. As the probability limit of the IV estimator is
different in each case, the identified set is the intersection of all the sets that can be formed by combining
one of these probability limits with the probability limit of the lower-bound estimator. I indicated in the
main text that, in this “intersection-bounds context,” the two-step (2S) estimator that selects the minimum
of the IV estimates across instruments is a consistent estimator of the upper bound (Nevo and Rosen
2012: Section IV). However, as this estimator is based on multiple estimators, each with its own
distribution, the construction of confidence intervals needs to consider the sampling uncertainty about all
upper-bound estimates.
Closely related approaches for constructing valid confidence intervals in the intersection-bounds
context have been developed by Nevo and Rosen (2012: Section IV) and Chernozhukov, Lee and Rosen
(2013). Specialized to the problem at hand, Nevo and Rosen’s approach is as follows:
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(a) Identify and eliminate from further consideration the upper-bound estimates, if any, generated by
estimators whose distributions are located “enough to the right” that they can be safely ignored in
determining the asymptotic distribution of the 2S estimator. This can be achieved by using a
procedure proposed by Chernozhukov, Lee and Rosen (2013), which they dubbed “adaptive
inequality selection” (AIS). 2 Skipping this step, i.e., keeping all upper-bound estimates when
carrying out the procedures described in later steps, produces valid but generally conservative
confidence intervals.
(b) Estimate the absolute width of the identified set, Δ, as the difference between the minimum upper-

bound estimate and the estimate of the lower bound. Use this value to compute the probability 𝑝𝑝 =

1 − Φ(ln 𝑁𝑁 Δ) 𝛼𝛼 (instead of 𝑝𝑝 = 1 − 0.5 𝛼𝛼, as would be the case with a point estimate) that will be
employed to determine the critical values for the construction of the confidence interval. This way

of computing the probability takes into account that the IGE is set rather than point identified and is
consistent with the goal of uniform convergence.

(c) Estimate the correlation matrix of the relevant upper-bound estimators (those not eliminated in the
first step) and use it to simulate a large sample from a zero-mean multivariate normal distribution
with as many dimensions as the number of relevant estimators of the upper bound. 3
(d) Compute a new variable containing the maximum value obtained in each draw of the simulation
and determine the quantile of this variable corresponding to the probability 𝑝𝑝 (i.e., determine the
quantile by “inverting” the empirical CDF of the maximum-value variable). Let’s denote the

quantile in question as 𝑞𝑞𝛽𝛽𝑢𝑢1 (𝛼𝛼) in the case of the long-run IGE of the geometric mean and as 𝑞𝑞𝛼𝛼𝑢𝑢1 (𝛼𝛼)
in the case of the long-run IGE of the expectation.

(e) Compute the corresponding quantile for the lower bound by inverting the CDF of the univariate
normal distributions, i.e., as 𝑞𝑞 = Φ−1 (𝑝𝑝). Let’s denote this quantile as 𝑞𝑞𝛽𝛽𝑙𝑙 1 (𝛼𝛼) in the case of the

long-run IGE of the geometric mean and as 𝑞𝑞𝛼𝛼𝑙𝑙 1 (𝛼𝛼) in the case of the long-run IGE of the
expectation.

(f) The 100 (1 − 𝛼𝛼) % confidence intervals may then be constructed as follows:
𝐼𝐼𝐼𝐼(𝑚𝑚)

� �𝛽𝛽̂1𝑂𝑂𝑂𝑂𝑂𝑂 �, min𝑚𝑚 �𝛽𝛽̂1
𝐶𝐶𝐶𝐶𝛽𝛽1 ∩ (𝛼𝛼) ≡ �𝛽𝛽̂1𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑞𝑞𝛽𝛽𝑙𝑙 1 (𝛼𝛼) 𝑆𝑆𝑆𝑆

𝐺𝐺𝐺𝐺𝐺𝐺−𝐼𝐼𝐼𝐼𝐼𝐼(𝑚𝑚)

� (𝛼𝛼�1𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 ), min𝑚𝑚 � �𝛼𝛼1
𝐶𝐶𝐶𝐶𝛼𝛼1 ∩ (𝛼𝛼) ≡ �𝛼𝛼�1𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 − 𝑞𝑞𝛼𝛼𝑙𝑙 1 (𝛼𝛼) 𝑆𝑆𝑆𝑆
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𝐼𝐼𝐼𝐼(𝑚𝑚)

� �𝛽𝛽̂1
+ 𝑞𝑞𝛽𝛽𝑢𝑢1 (𝛼𝛼) 𝑆𝑆𝑆𝑆

�� �

𝐺𝐺𝐺𝐺𝐺𝐺−𝐼𝐼𝐼𝐼𝐼𝐼(𝑚𝑚)

� �𝛼𝛼�1
+ 𝑞𝑞𝛼𝛼𝑢𝑢1 (𝛼𝛼) 𝑆𝑆𝑆𝑆

���,

where 𝑚𝑚 = 1,2, … , 𝑀𝑀 indexes the sets of instruments used by the relevant upper bound estimators
and ∩ denotes intersection (reflecting that these confidence intervals are valid in intersection-

bounds contexts).

As a situation in which the upper bound is estimated with a single set of instruments qualifies as a
(trivial) intersection-bounds context, the Nevo and Rosen’s (2012) confidence intervals are also valid in
that situation. 4 With large enough samples, they should be essentially identical to the Imbens and
Manski’s (2004) confidence intervals. With smaller samples, however, Nevo and Rosen’s (2012)
confidence intervals seem to be slightly more conservative. Therefore, Imbens and Manki’s (2004)
confidence intervals seem preferable. 5
Although the 2S estimator of the upper bound is consistent, it is not asymptotically unbiased—in
fact, as I indicated in the main text, no estimator involving minimization or maximization can be unbiased
(Hirano and Porter 2012). Chernozhukov, Lee and Rosen’s (2013) alternative three-step (3S) estimator is
consistent and “half-median unbiased.” In the context at hand, this means that the estimator has the
property that at least half of its values across samples are above the true upper bound. The estimator
selects the minimum of the estimates of the upper bound, but only after correcting them (this is the added
step). The correction adds to each point estimate its standard error multiplied by a critical value. This
critical value is computed by following the same steps described above, when computing the critical value
used to construct the upper bound of the Nevo and Rosen’s confident interval, but using 𝑝𝑝 = 0.5 instead
of 𝑝𝑝 = 1 − Φ(ln 𝑁𝑁 Δ) 𝛼𝛼. Confidence intervals are then computed exactly or almost exactly as I
described above. 6

As I indicated in the main text, while the risk with the 2S estimator is that in finite samples it may
produce estimates that are significantly downward biased, the alternative 3S estimator has the
shortcoming that it may tend to be overly conservative. The reason is that, unlike a median unbiased
estimator (e.g., Birnbaum 1964), a half-median unbiased estimator of an upper bound may have the bulk
of its distribution “way to the right.”
D. Sample, variables and related issues
Like Hertz (2007), I define “child” broadly to include anyone of the right age reported in the
PSID to be either the son, daughter, stepson, stepdaughter, nephew, niece, grandson or granddaughter of
the household head or his wife (or long-term partner). 7 As Hertz (2007:35) put it, “the idea is to look at
the relation between children’s income and the income of the households in which they were raised, even
if that household was not, or not always, headed by their mother or father.” Similarly, when the children
are 1-17 years old, the “father” is the household head (if the head is male), while the “mother” is either
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the household head (if the head is female) or the head’s wife or long-term partner. When the children are
older than 17, the father and mother are those determined to be the father and mother at age 17.
The annual measures of family income are based on the PSID notion of “total family income.”
But as the income components the PSID used to compute total family income are effectively affected by
top coding in the period 1970-1978 (i.e., top codes were not only in place but were “binding” in that
period for some people), and the PSID-computed total-family income for those years is based on these
top-coded values, I proceeded as follows: (a) I addressed the top-coding of all income components in
1970-1978 by using Pareto imputation (Fichtenbaum and Shahidi 1988), and (b) I recomputed total
family income for those years with the Pareto-imputed component variables.
I only estimate IGEs of family income, not of earnings. There are two reasons for proceeding this
way. First, the IGEs of children’s individual earnings need to be estimated separately by gender, but the
available PSID sample is rather small for IV estimation even when men and women are pooled (as I do in
all analyses). Second, in the case of the IGE of the geometric mean, short-run estimates are affected by
(potentially severe) selection biases because children with zero income or earnings need to be dropped
(Mitnik and Grusky Forthcoming). This problem, however, is much more serious with earnings than with
family income, as the share of children with zero earnings is much larger than the share of children with
zero family income. To further address this issue, instead of using as dependent variable the logarithm of
an annual measure of children’s family income when estimating the IGE of the geometric mean, I use the
logarithm of the average family income of children when they were 35-38 years old (thus further reducing
the number of children with zero income). For the sake of consistency (as children with zero income pose
no problem in this case), I also use the average family income as dependent variable when estimating the
IGE of the expectation.
I use as instruments the household head’s years of education when the child was 15 years old and
at the times parental income was measured, but not the father’s years of education, which is the
instrument most often used in the mobility literature. I do not use this instrument because that would
require dropping from the sample those children who grew up without a father, which is likely to generate
selection bias. Nevertheless, if the father is present in the household, in the vast majority of cases he is
coded as household head by the PSID. Therefore, the household head’s years of education is similar, but
not identical, to the father’s years of education. I do use father’s occupation as instrument. This is not a
problem because this variable is categorical; children that did not provide information on their fathers’
occupation (regardless of the reason) can be coded in a separate category, and this is what I do (see Table
1).
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Notes
1

Bohrnstedt and Goldberger’s (1969) attribute the approximation to Kendall and Stuart (1963); the

former’s analysis entails that the approximation involves assuming that 𝐸𝐸(∆𝑀𝑀 ∆𝑁𝑁 ∆𝑅𝑅) ≈ 0, where ∆𝑖𝑖 =
𝑖𝑖 − 𝐸𝐸(𝑖𝑖) for 𝑖𝑖 = 𝑀𝑀, 𝑁𝑁, 𝑅𝑅. It is easy to see that a second-order Taylor-series approximation for
𝐸𝐸(∆𝑀𝑀 ∆𝑁𝑁 ∆𝑅𝑅) around the expectations of M, N and R is equal to zero.

2

Nevo and Rosen (2012: 666) used a different procedure, which has been superseded by AIS.

3

Although Nevo and Rosen (2012) describe this step as involving the variance-covariance matrix rather

than the correlation matrix, they meant the latter. Observe that although the components of the zero-mean
random vector with a multivariate normal distribution are correlated, each of them follows a standard
univariate normal distribution.
4

In this trivial intersection-bounds context, the third and fourth steps described above should be replaced

by the computation of the quantile by inversion of the CDF of the univariate normal distribution.
5

These are the confidence intervals reported in the paper’s empirical section (in the analyses in which the

upper bound is estimated only once).
6

Chernozhukov, Lee and Rosen (2013) compute the confidence intervals as described above. In my

assessment, when the 3S estimator of the upper bound is used, it makes more sense to estimate the
absolute width of the identified set by subtracting the estimate of the lower bound from the minimum of
the corrected estimates of the upper bound. This is what I did in the paper’s empirical section (where it
made almost no difference).
7

By convention, the PSID always codes a man as household head and his spouse as wife, i.e., it does not

code a woman as household head and his spouse as husband.
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