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1 The General Definition

A dynamic game (or extensive game, or game in extensive form) consists of:

• A set ofplayers N ;

• A setH of sequences (calledhistories) such that:

1. ∅ ∈ H;

2. If (a1, . . . , aT ) ∈ H then(a1, . . . , aS) ∈ H for all S < T (T may be∞);

3. If (a1, . . . , aT ) ∈ H for all T , then(at)t=1,...,∞ ∈ H.

The elements of a history are actions played by the players. Ahistory(a1, . . . , aT ) is terminal
if T = ∞ or if there is noaT+1 with (a1, . . . , aT+1) ∈ H. Let Z denote the set of terminal
histories.

• A player function P such that for each nonterminal historyh ∈ H, P (h) denotes the player
that moves after historyh. If P (h) = c, then we say that “Nature” (or “chance”) moves
after historyh. For any nonterminal historyh, theaction set A(h) denotes the set of actions
available toP (h).

• For each nonterminal historyh with P (h) = c, a probability distributionP(·|h) on the set of
actionsA(h). (All such distributions are independent of each other.)

• For each playeri, a partitionIi of {h ∈ H : P (h) = i} (i.e., each history occurs in exactly
one of the sets inIi), such that ifh, h′ ∈ Ii, thenA(h) = A(h′).

The collectionIi is theinformation partition of playeri, and a memberIi ∈ Ii is an infor-
mation set of playeri.

For any information setI, let P (I) andA(I) denote the player and action set corresponding
to the information set. For any historyh, let I(h) denote the information set containingh.

• For each playeri, apayoff function Πi such that for each terminal historyh ∈ Z, the payoff
to playeri is Πi(h).

(Our presentation is inspired by Osborne and Rubinstein [3].)
Remarks:

• Note that this is just a generalization of game trees – there need not be a single root, so
the game graph in general is anarborescence (a collection of trees). With the graphical
interpretation, a node in the game graph is always uniquely identified with a history.
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• When the information sets are singletons everywhere, we say the game is one ofperfect
information. In all other cases, we say the game is one ofimperfect information.

• Note that the union
⋃

i Ii is a partition of the entire set of historiesH.

• We will focus our attention on games ofperfect recall: players don’t forget the past. For a
history h, let Xi(h) denote the sequence consisting of the information sets seenby player
i, and the actions played byi in those information sets. This contains all information that
playeri has about his past experience in the game. Perfect recall means that for two histories
h, h′ with P (h) = P (h′) = i andI(h) = I(h′), we haveXi(h) = Xi(h

′); i.e., for two
histories in the same information set, the player’s experience in the past must have been the
same.

• A (pure)strategy (or behavioral strategy)si for a playeri is a complete contingent plan that
specifies an actionsi(h) ∈ A(h) for each historyh whereP (h) = i. (In a mixed strategy,
eachsi(h) is a distribution over the elements ofA(h).)

• A subgame after the historyh is an extensive game(N,H ′, Z ′, P, A, I,Π) defined as fol-
lows. First,h must be a history such that the information setI(h) is a singleton. The histories
H ′ areall historiesh′ of the original game that can be written ash′ = (h, h′′). Z ′ are the
terminal histories of the original game that are inH ′. Finally, the key requirement is that “no
information sets are cut”: ifh is a history inH ′, thenI(h) ⊂ H ′; i.e., all other histories in
the same information set are also in the subgame history setH ′.

In game tree terminology, this means a subgame is a subtree beginning at a single node that
does not cut any information sets.

2 Subgame Perfect Equilibrium

Typically, when we discuss equilibrium, we always assume players are rational; i.e., they act to
maximize their payoffs. The first notion of equilibrium isNash equilibrium: s is a Nash equilib-
rium if si is a best response tos−i for all playersi. The actual historyh that is realized under
s is called theequilibrium path. (Note that with randomization, an equilibrium path is chosen
according to a probability distribution over the set of historiesH.)

As you should recall, NE does not address the issue of credibility in information sets that are off
the equilibrium path: a player can threaten action in information sets not on the equilibrium path,
that would never actually be played by a rational player if those information sets were reached.
This leads to the definition ofsubgame perfect Nash equilibrium: s is a subgame perfect NE if it
is a NE in everysubgame (including the original game).

3 Sequential Equilibrium

SPNE can break down as a predictive tool when there are “not enough subgames”; this can lead to
a situation where any reasonable beliefs a player has in an information set are not consistent with

2



predicted equilibrium behavior.
To correct this deficiency, Kreps and Wilson [2] suggestedsequential equilibrium. To define

SE, we first need to definebeliefs. A belief system for playeri is a collection of probability distri-
butions{µi(·|I) : I ∈ Ii}; each distributionµi(·|I) is over the set of histories in the information
setI. The interpretation is thatµi(h|I) is the belief of playerP (I) that the prior history wash,
given that he is in the information setI.

Let Pi(s, µi|Ii) denote the expected payoff to playeri in information setIi, when he has belief
systemµi, and all players’ strategies ares. (The player computes his expected payoffs according
to his beliefs.) Thensequential rationality requires that for alli, Ii ∈ Ii, and strategiess′i:

Pi(s, µi|Ii) ≥ Pi(s
′
i, s−i, µi|Ii).

However, this is not a complete description of equilibrium,as we also require that beliefs
areconsistent with the strategies chosen. The problem is that under a givenstrategy profile, not
all information sets will be reached with positive probability. Kreps and Wilson correct this as
follows.

We define consistency for finite games (i.e., games where all relevant sets—histories, action
sets, players—are finite). In this case, we say that a strategy vectors and belief system vectorµ
areconsistent if there exists a sequence(sn,µn) → (s,µ) (in the usual Euclidean sense) such that
eachsn

i is a completely mixed strategy, and each belief system vector (µn
1 , . . . , µ

n
N) is computed

using Bayes’ rule. (A completely mixed strategy chooses actions so that every possible strategy
has positive probability.) The idea is that “trembles” in the strategy-belief pair should still lead to
“consistent” beliefs.

A pair (s,µ) is asequential equilibrium if it is sequentially rational and consistent.
Note that any SE is a NE: the NE definition only requires that nodeviations be profitable on

the equilibrium path. Since information sets on the equilibrium path are reached with positive
probability, the sequential rationality requirement ensures that no deviation is profitable. Also,
since information sets are singletons in perfect information games, sequential rationality and SPNE
coincide there—beliefs are trivial.

4 Multistage Games with Observed Actions

While compact, the definition of sequential equilibrium is troubling, because it involves a poten-
tially complex calculation to check that the limit condition holds. Perfect Bayesian equilibrium
simplifies this point, but is lengthier to state formally. Following Fudenberg and Tirole, we de-
velop PBE here for multistage games with observed actions. Wewill abuse notation somewhat,
but the interpretation will be clear below.

A (Bayesian) multistage game with observable actions is a dynamic game defined as follows.
Nature moves first, and chooses atype θi ∈ Θi for each playeri. We assume types are independent;
the probability playeri is typeθi is denotedpi(θi). Each playeri observes his own type, but not the
types of the other players. From this point on, play proceedsin a sequence of stages1, . . . , T . At
each staget, ever playeri chooses an actionat

i. Let at denote the composite action vector chosen
by the players at staget; by an abuse of notation, we letht = (a1, . . . ,at−1) denote the history up
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to time t. “Observable actions” refers to the fact that we assume thatall players observe the past
history.

After the historyht, the set of actions available to playeri is Ai(h
t). A strategy of a playeri

specifies an actionsi(h
t, θi) ∈ Ai(h

t) (or a mixed action) after each history, and given his type.
Now note that all players observe thesame history, and it is common knowledge that players’

types are independently drawn according top. It then follows that after historyht, all players other
thani have the same belief about playeri’s type; and further,i’s beliefs about other players’ types
should be independent. Given this observation, we letγ−i(θi|h

t) denote the belief of players other
thani about playeri’s type;γ−i is a conditional distribution over the types of playeri.

A pair (s,γ) is aPerfect Bayesian equilibrium if:

1. Initial beliefs: All players’ initial beliefs are consistent withp: for all i andθi, γ−i(θi|∅) =
pi(θi).

2. Bayesian updating where possible: Suppose for someθ′i and action profileat, γ−i(θ
′
i|h

t) > 0
andsi(h

t, θ′i) puts positive weight on actionat
i. Then for allθi:

γ−i(θi|h
t,at) =

γ−i(θi|h
t)P(si(h

t, θi) = at
i)∑

θ̂i
γ−i(θ̂i|ht)P(si(ht, θ̂i) = at

i)
.

3. Action-determined beliefs: Givenat andât, if at
i = ât

i, thenγ−i(θi|h
t,at) = γ−i(θi|h

tât).

4. Sequential rationality: Playeri’s expected payoff starting after any historyht, t = 1, . . . , T
is maximized by playingsi. (Note that the strategy depends on both history and playeri’s
type.)

Each of these conditions has a simple interpretation. The first says that all players start with
beliefs given by the distributionsp1, . . . , pN . The second requires that, if possible, players use
Bayes’ rule to update their beliefs. The third says that players only use the actions of other players
to update beliefs; if playeri plays the same action after the same history, it should lead to the same
beliefs about his type. Finally, the fourth says that players maximize their payoffs, given their
beliefs.

It is possible to show that for multistage games with observable actions,every sequential equi-
librium is a perfect Bayesian equilibrium. (To make this precise, it is important to translate from
the model of beliefsγ−i used here, to the model of beliefsµi used in our discussion of sequential
equilibrium.) It need not be true, however, that any perfectBayesian is a sequential equilibrium.
It is true, however, that if either each player has at most twopossible types, or the game has only
two periods, then any PBE is also a sequential equilibrium. (The results of this paragraph were
established by Fudenberg and Tirole [1].)

Exercise. Suppose(s,µ) is a sequential equilibrium of the extensive form description of a
Bayesian multistage game of observable actions. Show that inthe extensive form description, an
information set of playeri at staget corresponds to a pair(θi, h

t); and show there exists a collection
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of beliefsγ−i such that:
µi(θ, ht|θi, h

t) =
∏

j 6=i

γ−j(θj|h
t).

Conclude that the pair(s,γ) is a perfect Bayesian equilibrium. (In other words, show thatthe joint
belief overθ in the sequential equilibrium decomposes as a product of commonly held beliefs over
θ−i.)
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