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Summary. This paper considers the effect of network-induced time delays on the stability of distributed controllers for groups of
robots. A linear state space model is proposed for analyzing the coupled interaction of the information flow over the network with the
dynamics of the robots. It is shown both experimentally and analytically that control gain, network update rate, and communication
and control graph topologies are all critical factors determining the stability of the group of robots. Experiments with a group of
flying quadrotor robots demonstrate the effect of different control gains for two different control graph topologies.

1 Motivation, Problem Statement, Related Work

In this work, we investigate the problem of controlling robots over a network in which the time delay for information
propagating over the network is not negligible. In experiments with groups of robots it has been observed that the
network update rate plays a critical role in the performance and stability of the desired control task [1, 2]. Aggressive
control tasks require networks with fast update rates to maintain adequate performance and preserve stability. It is also
well known that communication and control graph topologies are important factors in the responsiveness of a network
of robots [3]. Networks that are well connected propagate information more quickly, and therefore can support more
aggressive control tasks. In this paper we investigate the role of network update time, control gain, and communication
and control graph topologies on the stability of a distributed formation controller for a group of robots. We show that
the relationship between these factors is more complex than might be expected. For example we show that decreasing
the network update time can provoke instability in some cases, and that increasing the connectedness of the control
graph can also lead to instability in some cases.

We consider a linear model of robots in a general formation. Each robot is controlled to maintain some prescribed
position relative to one or more of the other robots, and the robots communicate over a network defined by a proximity
graph. We propagate the robots’ state information over the communication network using a well-known networking
algorithm called flooding [4, 5]. With this algorithm each robot maintains an outdated estimate of the states of the
other robots in the network. We explicitly model the flooding algorithm as a discrete time dynamical system, and we
model the robots as continuous time dynamical systems. Using a classical continuous to discrete transformation [6]
we derive a model for the robots and the network algorithm in closed loop to investigate stability properties.

We then specialize the model to the case of second order robots using proportional control to maintain a line
formation. Analytical results show that stability is not a monotonic function of control gain or network update time,
with regimes of instability arising and subsiding as either quantity is increased. Additionally, we observe that for a
control graph without loops, the group of robots is stable for all network update times and control gains, but instability
can arise in control graphs with loops. In experiments with three quadrotor robots we demonstrate that for a fixed



network update time, increasing control gain can lead to instability, and adding a loop in the control graph can lead to
instability.

Our results come from the explicit modeling of both the continuous time dynamics of the robots and the discrete
time dynamics of a specific state propagation algorithm. The method we employ to model a continuous time system
with discrete network inputs is similar to that used in [7, 8], however the network model in those works does not
explicitly consider time delays due to different graph topologies. In [9] the authors use a discrete time model of
the coupled robot dynamics and network protocol to analyze a controller for the coordination of ground and aerial
vehicles. Also, notions of stability in leader follower formations have been studied without explicitly accounting for
the dynamics of the network algorithm, for example in [3]. In the study of consensus, there has been considerable work
on quantifying the effects of time delays on the stability of the system, such as in [10, 11] where maximum allowable
time delays are derived. In controlling platoons of vehicles in a line, [12] considers the effects of constant time delays
between neighbors. There is also a well developed literature on networked control systems with time delays, for which
a thorough synopsis can be found in [13].

2 Technical Approach

Let there be n robots of order m in the network, with states xi(t) ∈ X ⊂ RN and trajectories xi : R≥0 7→ X that
evolve in continuous time t ∈ R≥0 according to the linear time invariant dynamics

ẋi(t) = Aixi(t) +Biui(t).

The control input ui(t) is computed as a function of the states of the other robots in the network. However, robot i
only has outdated values of the other robots’ states,

x̂i(t) = [x̂T
i1(t) · · · x̂T

ii(t) · · · x̂T
in(t)]

T,

where x̂ij denotes robot i’s outdated estimate of the state of robot j. Also, let every robot maintain a vector of the time
delay associated with the state estimate of each robot,

τi = [τi1(t) · · · τii(t) · · · τin(t)]T,

where τij is the number of network update steps that have passed since the state value was current, that is x̂ij(t) =
xj(t − τij(t)T ), where T is the time it takes for one round of the flooding algorithm to complete. Furthermore, we
assume that the robots know their own state without any delay, so that x̂ii(t) = xi(t) and τii(t) = 0.

In the flooding algorithm, each time step represents a cycle of a Time Division Multiple Access (TDMA) network-
ing algorithm in which each robot has a fixed time slot during which to broadcast information. When it is robot j’s
turn to broadcast, that robot sends a packet containing x̂j and τj . Any robot i within communication range receives
the packet and replaces its state estimates with those of robot j that are more current than its own. The time delays are
then incremented accordingly. More formally,

x̂ik(t) =
{
x̂j∗k(t− T ) for i 6= k

xi(t) otherwise, (1)

and

τik(t) =
{
τj∗k(t− T ) + 1 for i 6= k

0 otherwise, (2)

where
j∗ = arg min

j∈N comm
i ∪{i}

τjk(t− T ),

and N comm
i is the index set of the robots that are neighbors of i in the communication graph.
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2.1 Coupled Network and Control System

Consider a controller of the form
ui =

∑
j∈N cont

i

Kij(x̂ij(t)− xi(t)− dij), (3)

whereN cont
i is the index set of the robots whose states are required for the computation of robot i’s control law. Further

divide the index set into subsets N cont
ik of all control neighbors j that are k hops away from i in the communication

graph, so that N cont
i = ∪n−1

k=1N cont
ik and N cont

ik ∩N cont
il = ∅ for all k 6= l. The control input for each robot can be divided

into a continuous component Kiixi(t), where Kii =
∑
j∈N cont

i
Kij and a component that is constant over the time

step of the network
∑
j∈N cont

i
Kij(x̂ij(t)− dij). We can rewrite the system as

ẋi(t) = (Ai −BiKii)xi(t) +Bi
∑

k∈N cont
i

∑
j∈N cont

ik

Kij(x̂ij(t)− dij).

Now the system looks like a continuous time system with a zero order hold on the input. Without making approxi-
mations, we can write a discrete time equation describing the value of the continuous state x(t) at T second intervals
as

xi(t+ T ) = Φixi(t) + ΓiBi
∑

k∈N cont
i

∑
j∈N cont

ik

Kij(x̂ij(t)− dij).

where

Φi = e(Ai−BiKii)T and Γi =
∫ T

0

e(Ai−BiKii)τdτ,

and the exponentials are matrix exponentials [6].
Now define a state vector x(t) = [x1(t) · · · xn(t)]T, which is the concatenation of the states xi(t), andX(t) =

[x(t) · · · x(t− (n− 1)T )]T, which is the concatenation of all the time delayed states up to the maximum number
of hops it can take for a message to cross the network, namely n − 1. This is the state of the coupled network and
robots. Because the robot dynamics, controller, and network algorithm are linear, the entire coupled system is linear
and can be written

X(t+ T ) = AX(t) +D,

where

A =


Φ C1 · · · Cn−1

Inm 0 · · · 0
...

. . . . . .
...

0 · · · Inm 0

 ,
with

Φ = diag([Φ1 · · · Φn]),

Ck = [κij ], κij =
{
ΓiBiKij if j ∈ N cont

ik

0 otherwise,

and
D = [−(Γ1B1

∑
j∈N cont

1

K1jd1j)T · · · − (ΓnBn
∑

j∈N cont
n

Knjdnj)T 0 · · · 0]T.

The condition for the stability of the closed loop system is that all of the eigenvalues of A lie within the unit circle,
that is

‖λi(A)‖ ≤ 1 ∀i ∈ {1, . . . , n(n− 1)}.
The eigenvalues of A are functions of T and Kij , so this gives the condition that we are looking for. One can check
this condition straightforwardly by computational means for particular systems and controllers. Unfortunately, the
condition is too general to be of use as a rule of thumb, or to give an insight into the trade offs between control gain
and network update rate. For this, we seek special cases that are of particular interest.
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Fig. 1. Network and control graphs of the two example systems in Sect. 3.2. Directed solid arrows indicate control feedback. In
Fig. 1(a), only K12 and K23 have non-zero entries while in Fig. 1(b), K21, K23, and K32 have non-zero entries. The network graph
is the same for both cases and is shown with dashed bi-directional arrows.

3 Results

We briefly detail the theoretical results related to this work and note that a more thorough study is in preparation [14].

3.1 Integrator Robot Model

For the case of robots with integrator dynamics, ẋi = ui, the system is stable for all positive control gains, Kij ≥ 0,
and for all positive network update times, T ≥ 0. This can be proved with Gers̆gorin’s discs on A. This surprising fact
indicates that an integrator robot model, which is common in the multi-robot control literature, is not rich enough to
exhibit what could be considered a fundamental property of networked robotic systems; sensitivity to network time
delays.

3.2 Second Order Robot Model

For this reason we turn to the case of a second order robot model (m = 2) of the form

p̈i(t) + bṗi(t) + cpi(t) = ui,

where pi is the position of the robot in the direction parallel to the line formation, and b and c are the damping and
spring constants respectively of the robot (potentially in closed loop with an on-board controller). We use the formation
controller with proportional control given by

ui =
∑

j∈N cont
i

k(p̂ij(t)− pi(t)− dij),

where p̂ij is updated with the flooding algorithm according to (1). Following the presentation in the prior section,
xi = [pi ṗi]T and

Ai =
[

0 1
−c −b

]
, B =

[
0 0
1 0

]
, Kij =

[
k 0
0 0

]
, and Kii =

[
|N cont

i |k 0
0 0

]
.

We now consider example systems to study the effects of the proportional control gain k, network update rate T , and
control graph topology.

3 Robots: Tree-Shaped Control Graph

We begin by considering a system with three robots structured with tree-shaped network and control graphs (Fig. 1(a)).
As noted above, this system is stable given the control law (3) for any positive control gains and time delays. We use
this case as a comparison to the next case where system instabilities are provoked by modifying the control gains and
time delays. In Fig. 2(a) the magnitude of the maximum eigenvalue, ‖λmax(A)‖, is shown for different values of k
holding c = 2.2, b = 1. Note that as expected, the system is stable for all time delays.
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3 Robots: Control Graph with Cycle

Figure 2(b) depicts ‖λmax(A)‖ versus time delay, T , for the control graph shown in Fig. 1(b) in which N cont
1 = ∅,

N cont
2 = {1, 3}, and N cont

3 = {2}, and parameter values c = 2.2, b = 1, and k varied as in the prior case. It is clear
that stability for this control graph is dependent on gain and time delays in the system.

4 Experiments

We are interested in examining the phenomena and theoretical results discussed in Sect. 3. We consider aerial robots
which we treat as dynamic point model robots. The details of the experimental infrastructure are presented in [15] so
here we provide a concise overview.

4.1 Experimental System and Design

The experimental system consists of a Vicon motion capture system [16], three quadrotors sold by Ascending Tech-
nologies, GmbH [17] (see Fig. 3), and supporting code integrated via ROS [18]. The environment in which the robots
fly is surrounded by a net. The robots require inputs in terms of desired attitudes: roll, pitch, and yaw change (φ, θ, ∆ψ,
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Fig. 2. The magnitude of the maximum eigenvalue, ‖λmax(A)‖, versus time delays, T , for various control gain values, k, for the
systems shown in Fig. 1 with Fig. 2(a) corresponding to Fig. 1(a) and Fig. 2(b) corresponding to Fig. 1(b). The system is stable if
‖λmax(A)‖ ≤ 1 (with ‖λmax(A)‖ = 1 shown as a dotted black line). Note that Fig. 2(a) confirms the stability of the system with no
cycles for any T and k as ‖λmax(A)‖ ≤ 1. Figure 2(b) depicts the behavior observed in prior experimentation that motivates this
work where arbitrary selection of k or T may yield an unstable system. Plots are computed by finding the analytic solution to the
eigenvalues of A and solving for ‖λmax(A)‖ from T = 0 to T = 4 at intervals of 0.01. The delay applied in experiments, T = 1,
is highlighted by a dashed line.

Fig. 3. The team of three quadrotors used in experiments.
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respectively), and thrust, F . We compute and send these values to the processor on the robot at 100 Hz where the inputs
are applied at 1 kHz. The values are determined by the following transformations

φdes = ux sinψ − uy cosψ + φtrim

θdes = ux cosψ + uy sinψ + θtrim

∆ψdes = kp, ψ
(
ψdes − ψ

)
+ ψtrim

F = Fm + kp, z
(
zdes − z

)
− kd, z ż + Ftrim,

where trim values serve to compensate for performance variation between robots. The control inputs are defined as

ux = ui and uy = kp, y(ydes − y)− kd, y ẏ.

Time delays are introduced into the system by applying a zero-hold on the feedback of the position of the neigh-
boring robots. A hold of T = 1 s is applied for all experiments. Communication between robots is performed using
TCP communications over 802.11 which introduces latencies on the order of a few milliseconds.

In this work, we present three experiments to highlight the effects of loops in the control graph on the stability of
the system. In each experiment, three robots control to maintain a separation distance of 1 m with b = 1 and T = 1 s.
The first robot holds its commanded position (for these experiments xdes1 = 2 m) while the other robots control based
on the network and communication graph. For these preliminary experiments we construct a network that requires
only one hop communications. We ensure that the robots do not collide by separating their positions along the y-axis
by 1 m (see Table 1). Additional variations in the experiments are summarized in Table 2.

Robot x y z

1 2 −1 2

2 0 0 2

3 −2 1 2

Table 1. Robot initial positions.

Experiment Graph k

1 Fig. 1(a) 2

2 Fig. 1(b) 2

3 Fig. 1(b) 1

Table 2. Experiment descriptions and control gains.

4.2 Experimental Results

Figures 4 and 5 show the results of the three experiments. We tested these cases many times and found similar results
over all trials. The most significant outcome from the experiments is the clear instability that occurs in the system with
a cycle and k = 2. Interestingly, the only difference between Fig. 1(a) and Fig. 1(b) is an additional feedback control
term between the second and third robots. Note that this fact is predicted in Fig. 2(b) as k = 1 at T = 1 yields a stable
system while k = 2 at the same delay yields an unstable system.

5 Conclusion and Discussion

In this work we consider the role of cycles in the control graph and the introduction of time delays in the communi-
cation between robots used for feedback control. We design preliminary experiments based on theoretic analysis that
addresses the interplay between network and communication graphs and time delays across the network.

The motivation for this work comes from the observation in prior experiments that the communication rate dictated
performance of the algorithm and consequently the ability of the system to control cooperatively. However, increased
communication rates may not be feasible due to hardware, bandwidth, and power constraints. A typical response to the
problem of lower rates of feedback information is to “slow the system down” by reducing the control gains. However,
this results in lower performance and an inability to perform more aggressive maneuvers.
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Fig. 4. The x position of each of the robots during the three experi-
ments. Robots 1, 2, and 3 are shown in red, green, and blue respec-
tively. The vertical black dotted lines represent the start and fin-
ish of the experiment. Changing the control network while main-
taining the control gain results in an unstable system (Fig. 4(b)).
Decreasing the gain yields a stable system (Fig. 4(c)) but with
considerably different performance to the system without cycles
(Fig. 4(a)).

(a)

(b)

(c)

Fig. 5. Images from the experiments. The robots start at
an initial configuration (Fig. 5(a)). For stable systems, the
robots converge to the desired separation distance (Fig. 5(b)).
An unstable system results in the robots diverging from
the desired equilibrium, ultimately crashing into the net
(Fig. 5(c)). A video of the experiments is available at
http://mrsl.grasp.upenn.edu/nmichael/ISER2010.m4v.
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The outcome of these initial experiments suggests that it is possible to define a communication rate and corre-
sponding delay and compute the feasible gains for stability in the system while also modeling the control graph. We
show that even for our simplified model there is a correspondance and the experimental results provide insight into
the selection of appropriate gains given the control and network graphs and communication rate. Unexpectedly, in
Fig. 2(b) we see that increasing the rate of communication may hurt more than help the performance of the system.
In future experiments, we plan to pursue a closer model to our actual robots and address some fundamental questions,
concerns, and limitations.

• Under what circumstances is it preferable to decrease the communication rate to improve stability?
• Is it possible to adjust the control gain and communication rate online while ensuring stability?
• Is performance improved by adopting a more specialized communication protocol such as that described in [5]?
• How do these results scale to larger teams of robots with many cycles?
• To what degree do these results change as the network graph diameter increases and information must flow over

multiple hops?
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