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Optical Third-Harmonic Generation
in Alkali Metal Vapors

RICHARD B. MILES anp STEPHEN E. HARRIS

Abstract—This paper considers third-harmonic generation in phase-
matched mixtures of alkali metal vapors and inert gases. Calculations show
that the combination of near-resonant nonlinear susceptibilities, the ability
to phase match, and the relatively high UV transparency of these vapors
should allow high conversion efficiency for picosecond laser pulses with a
peak power of 10°~10° W. Calculations of the nonlinear susceptibility and
of the ratio of xenon atoms to metal vapor atoms which is necessary to
achieve phase matching are given for each of the alkalies as a function of in-
cident laser wavelength. Processes that limit the allowable peak power den-
sity and energy density are discussed and guides for determining the metal
vapor pressure, cell length, and beam area are given.

[. INTRODUCTION

HIS PAPER presents a theoretical analysis of phase-
matched optical third-harmonic generation in alkali
metal vapors. Calculations predict the efficient conversion
of high-power picosecond laser pulses into the ultraviolet.
Three complementary phenomena combine to produce the
potentially high conversion efficiency: 1) resonant non-
linear susceptibility, 2) phase matching, and 3) ultraviolet
transparency.
The resonant enhancement of the third-harmonic non-
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linear susceptibility arises from resonant denominators at
the first, second, and third harmonics of the incident
frequency. Susceptibilities of the alkalies in the visible and
near-infrared spectral region are typically five orders of
magnitude greater than those of the inert gases in the same
region. The conversion efficiency is proportional to the
square of this susceptibility.

Phase matching is possible because alkali metal vapors
are anomalously dispersive if the driving frequency is
chosen below and its third harmonic chosen above the pri-
mary resonance line. A normally dispersive buffer gas such
as xenon may be added to vary the indices of refraction un-
til both the first and third harmonics travel at the same
velocity through the gas mixture. Third-harmonic genera-
tion then becomes cumulative over the entire length of the
gas cell and a substantial increase of the power conversion
is possible.

The small absorption cross sections of the alkali vapors
above their ionization potentials assure that the third har-
monic is not reabsorbed by the vapor itself. This ul-
traviolet transparency allows generation to spectral
regions that are not accessible to nonlinear optical
crystals.

Assuming that high efficiencies can be experimentally
realized, third-harmonic generation in gas mixtures will
have a number of significant advantages over third-
harmonic generation or sequential second-harmonic
generation in nonlinear crystals. Nonlinear crystal
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transparency is now limited to below the cutoff of am-
monium dihydrogen phosphate at about 2000 A, while
gases have no such limitation. The isotopic nature of gas
mixtures eliminates Poynting vector walkoff characteristic
of birefringent phase matching in crystals., Breakdown
power and energy densities are higher in gases and
breakdown does not destroy the medium. Gas cells may
ultimately be made with very large apertures to handle
large incident optical energies.

Conversely, metal vapor tripling cells are not nearly as
simple and will be more expensive than nonlinear crystals.
Even theoretically, the required incident power is much
higher for efficient tripling in vapors than for efficient
doubling in crystals. At this time the highest experimental
conversion efficiency obtained in metal vapors is about
104, and considerable experimental effort will be
necessary to attempt to verify the calculations and predic-
tions of this paper. :

In the following sections, the third-harmonic nonlinear
susceptibility is calculated and plotted as a function of
wavelength for each of the alkalies. Tables of matrix
elements, oscillator strengths, and transition energies are
given. The power conversion equation is developed and
the ratio of xenon atoms to alkali atoms, which is
necessary to obtain phase matching, is given for each of
the alkalies. Experimental results confirm the calculation
of the susceptibility to within 15 percent and correlate
almost perfectly with the theoretical phase-matching
behavior.

Processes that limit the maximum metal vapor density,
and thus the maximum conversion efficiency, are dis-
cussed. These include: single and mulitiphoton absorption
and ionization, Kerr effect, breakdown, thermal
defocusing, and breaking of the phase-matching condition
as a result of atomic saturation. Typically this latter
process will be the most severe and will probably limit the
energy density to about 1 J/cm? for tripling 1.064-u radia-
tion. Formulas for determining the metal vapor pressure,
cell length, and beam area are given.

Before proceeding, we note that third-harmonic genera-
tion in the inert gases has been extensively studied by
Ward and New [1]. The concept of phase matching by gas
mixing was suggested by Armstrong et al. [2]. The metal
vapor inert gas system was proposed by Harris and Miles
[3], and demonstrated by Young et al. [4].

II. CALCULATION OF THE SUSCEPTIBILITY

Third-harmonic light is generated from a radiating
power-density-dependent third-harmonic component of
the induced polarization. For high power densities, this
third-harmonic nonlinearity becomes large and radiation
may be substantial. The creation of the third-harmonic
component can be visualized as a step-by-step process
beginning with a strong electric field that interacts with
ground state electrons and produces an induced dipole
moment at the driving frequency. This induced dipole mo-
ment interacts with the field to create a 2w variation of
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excited and mixed state populations. These populations
again interact with the field to produce a third-harmonic
component of the dipole moment. These interactions oc-
cur simultaneously and no transitions are involved.

If the incident electric field is written as

8(t, 1) = LE@e T + &¥e ], )

we can define the polarization at the third-harmonic
frequency as

@(33(I’¥ = %[G)(?.(r)e—f&u:x + (P(SJ”(r)el"’S(ct] (2)
where

NxV@Bwem)

(?:5>(T) — a

(3)
and N is the dénsily of atoms/cubic centimeter.
Armstrong et al. [2] have shown x'*(3w) to be given by

¢ 1
x‘sl(-}{":) = 'Ei z LZ Myabbablbefbep Poa Aabn (4)
7 @, 0,8
where u;; are the dipole matrix elements, p,, is the
probability of occupancy of the ground level, and A4, are
frequency factors:
1
Qs = 30X, — 20)(Q2, — w)

1
T (Q,, + )2y, + 20)(Q,, + 3w)

1
T F o @, + 200, —w)

1
T F o, — 2o — e ©

where €;; are the atomic transition frequencies, We
assume the incident laser field to be linearly polarized in
the z direction and thus take u;; = e(i |z]| j).

The Hamiltonian from which the eigenstates |i) are
derived includes a term describing the L — S coupling that
is characteristic of the alkalies and other multielectron
atoms. This coupling accounts for the splitting of the
energy levels with quantum numbers L greater than zero
and is responsible, for instance, for the two closely
separated sodium D lines. If the driving frequency is much
farther from the resonances than the splitting, the L — S
coupling may be neglected by replacing the split resonance
lines with an average resonance. Angular and spin
eigenstates then become identical to those of the hydrogen
atom. The radial quantum number n, however, must be
derived from the particular alkali’s radial wavefunctions.
Equation (6) results from ignoring the L — .§ coupling and
is used for the ensuing calculations:

4
xP@) =1 X {es0dlzlap0dNap0dlzlbs0})

a,b,c

Anbc =

{bsO0%|zlcp0d)YcpOd |zl g503)dupio,en
+(gs0%|zlap03)ap03iz|bd03)
'(bdo% IZ!CPO%X(CPO% |Z% gso%)“tan.bd.cn}' {6)
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TABLE I
MATRIX ELEMENTS OF THE ALKALIES
Lithium ' Potassium
» {z) (Bohr . {z) (Bohr . (z) (Bohr ) {z) (Bohr
Transition f AE(Ry) Radii) Transition [ AE(Ry) Radii) Transition f AE(Ry) Radii) Transition { AE(Ry) Radi)
25-Fp  0.T:b a.1352 -2.3k Zp-3t ©.633 0.1k9k 2.26 hz-bp  1.0b 011575 -2.06 bp-3d 0.8% 0.07760 %60
2s-tp  0.00L2E o.20820 0.123 op-hd o122 0.1980 0.8&0 Lg-5p  0.015L 0.2253% -0.261 hp-1d B.00121 013108 9.105
#3=tp  0.00393 0.%525 0.109 2p-5d @.0b62 0.2206 0.501 ba-fp  0.00277 0.26L46 -0.102 Lp-5d 0.0016% a.15647 -0.112
23-5p  0.0023% C.3557 0.082 2p-£d . fdazg o.2za8 0.345 Ls-Tp  0.000968  0.28372 ~0.0585 Lp-6d 0.00225  0.17025 -0.126
Tg-fp - £.337 - o.li22 1.7L Ap-3d 0.c7h2 0.0033 5.23 Sa-kp  =0.525 =0.07T297 2,68 Sp-3d -0.2%% -D.028595 -3.11
35-3p 1.2l 0.0339 - 597 3p-lid a.521 0.0519 3.47 Ss-5p  1.50 2.03362 -5.68 Speld 1.19 2.02446 7.6
Fe=hp  0.0000%EL  0.004E - 0021 Ap-5d a.1%0 0.0745 1.5 Ss-fp  0.0316 S.07ETh -0.A5% Sp-5d B.007TS 2.04558 [N
Is-Sp  0.00125 0.1077 ¢.108 Ap-fd o.08h3 o.0BET 0. 86T 4a-Tp 000802 0.00162 -0.28E6 Sp-fd 0000015 006356 -0.0170
hg-pp - 0.C378 - 0.1833 0.h5Y Lp-3d - 0.302 - 0.05T% 0.876 Ga-kp  =0.0500 =0.1315k 0.617 Ep-3d -0.0110  -0.0681L -0.L4
Lg-Ip = 0.667 - 0.0573 L.23 Lp-hd 0.136 0.00Lh 1078 £a-5p -0.957 -0.02L95 6.19 Ep-ld =0.502 -0.01466 -B.kL
Lg-bp  1.6h 00133 -1tal lp-5d 0.160 9,02k .95 Ga-Bp 194 0,307 -11.7 £p-5d 1.51 0.01076 12.08
Lg-fp  0.000990  0.0385 - 0,165 ip-6d 0.1%2 0,055 2.0 Gs=Tp  0.0L99 0.0330% = 1.23 Ep=5d 0.015% 0.085Y 0.6832
S5-fp = OLOLET - 0.213% 0.2hk Sp-3d - g.otedn - 0.0705 ©.30% Ts-hp -0.016% -0.15728 a8 To-3d -0.00%1T  -0.0B59T 0.209
5a=3p = 0.0775 - D.0ET2 1.07 Sp-bd - 0.0T35 = D.0218 2.01 Ta-5p =0.0810 -0.05088 1.2 Ta-ld S0.enh -0.03352 108
Sa=ip = 1.01 - 0.0167 7.78 3p-54 €.151 0.00076 =17.37 Te-Sp -1.37 -0,01157 10,82 T-3d 0,752 -0.00810 -10.62
BgeSp  2.05 0.0055 17T 5p-6d o.L67 0.01%0 £.70 Ts=Tp 2,37 0.00729 -18.03 Te-6d .82 0.00565 15.61
Sodinm Rubidium
{z) (Bc_)hr ) (z} (B_th o {z} (B(_)_hr » {z) (Bg_)hr
Transition f AE(Ry) Radii) Transition f AE(Ry) Radii) Transition f AE(Ry) Radii) Transition f AE(Ry) Radii)
3a=%p  0.972 01547 =2.51 Tp-3d 0.855 LR =300 S5-5p  1.09 0.1161 =3.06 Sp-ld 0.554 0,050k R
Za-bp  0.0153 QLETED 0,248 Sp-td 0.0955 9.1603 -0, 85 Se-8p  0.02L3 0.2167 -0.335 Sp-5d 0.0273 0. 1182 -0.524
Za-5p  0.00251 0.3165 -0.0855 Zp-3d 0.0311  0.1020 -o.Lg2 S3-Tp - 0.0C535 0.2540 -0.1L5 Sp-6d 0.0233  0.1455 -0.438
Tg-Gp 0000821 0.3h01 -0.0551 3p-fd o.01ks  0.1953 -0.793 ss-fp  0.00209 0.2721 -0.0875 Sp-Td 0.0k 5.1600 -0.529
La-3p  -0u502 ~0.0800 2.51 ip-2d -0.195 =0.0100 L.83 fu-3p  =0.562 =0.06T4 2.8 Ep-id =0.1b1 -0.0k02 ~2.05
La-kp LML 0.0413 -5.90 tp-ld 0,048 0.,0250 -5.50 Es-6p 1.5k 0.0531 -6.82 Ep-54 0.935 ©.017T T.57
Les5p  D.0385 0088 -0.87T ap-5d 0.152 0.0E17 -L.E6 fe<Tp  0.0U12 0.0704 =0.765 Ep-£d 0.0182 a,0LLg 0. 638
ha-fp 020779 0.105% -2.272 ip=fd 0.0433 0.07ho 0,854 Ga-Bp  0.00883 0.0886 ~2.315 Gp-Td 00872 0.05%h 0,589
5e-3p -0.0812 -0.1480 a.528 Sp-3d -0.000275 -0.0535 -0.079 Ts-5p -0.052% -0.1238 2.650 Te-lbd <0085 -0.0795 -0.k22
Sa-bp =0.937 =0.086T 5.92 Sp-id 0,302 -0.0045 10.09 Ts-6p  -1.00 -0.0838 G.36 To-3d ~0.330 =0.0196 ~%.50
Se-Sp  1.88 0.01E8 -10.58 Sp-5d 1.05 o012 - 8.32 Ts-Tpo 1.9 0.0 -11.85 Ta=Ed 1.23 0.0076 1%.95
Ss-fp  0.0820 0.037h - L.z Sp-6d 0.173 00905 - 2.61 Te-Bp  0.0613 0.0222 - 1.38 Te-Td 0.0122 0.0221 - 0.8k
fg=3p  =0.0171 -0.1759 o.2TR €p-2d -0.0000517  -0.07HL - 0.028% Js-5p -0.0L72 =0, 1487 Ta3k0’ 8p-a ~0.00353  =0.0557 0.210
Gg-kp -0.0E96 -0.0555 1.12 ep-ld ~0.0018 -0.02%1 - 0.7€0 Bs-6p -0.0008 -0. 0481 1.30 Bp-5d ~0.0550 -0.0378 - 1.06
6s-%p -1.36 -0.0181 10.59 £p-5d 0,558 -0.002h 16.680 Bg-1p -1.L2 -0.0108 11.48 Bp-fa -0.521 -0.0L08 - T.69
Bsfp 2,31 ©.0088 =16.56 Gp=dd 1.7 2.0059 =11.E8 Bs=Bp  2.40 0.007%  -1B.06 Bp-Td 1.50 00040 21.29

The eigenstates in the equation above are |[n [/ mym,),
wherem, =1,/ —1,. . -, — I, and m, = +}. Selection rules
for the dipole z-matrix elements state that Al = +1,Am, =
0, Amg = 0 [5]. These differ from the total dipole matrix-
element selection rules that include x and y components
and also allow Am; = +1.

The ground state of the alkalies, for which / = 0, is in-
dicated by n = g, / = s, and it is assumed that this is the
only populated level. We see from the selection rules that
the energy levels associated with n = @ and n = ¢ in (6)
must be p levels (/ = 1). Those associated with 2 = b may

be either s levels (/ = 0) or dlevels (/ = 2). Thus (6) has two
terms: those for which the b levels are s states, and those
for which the b levels are d states. The A, 54, factor is the
frequency factor of (5) with resonances Q between | ap) and
ground, | bd) and ground, and |cp) and ground.

Values for the dipole matrix elements in terms of / and
m values and the radial ® factor are given in Slater [6]. For
the z component

Ly 2| w1+ 1m) = AU+ 17 — m® i, (1)
where
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TABLE I
CONTINUED
Cesium
iy (e} (Bobr (z) (Bohr
Transition f AE(Ry) Radii) Transition [ AE(Ry) Radii)
Ga-fp  1.1% 01053 -3,25 Ba-5d 0,197 ©.0275 2.93
Bs=Tp 0.0270 0.1596 =0, 358 Bp-Gd .28 0.100% -1.53
Ga-fp  0.0063%1 0259 -0, 164 Ep-Td 0.0002 0.1323 =090k
Bs-Gp  0.00255 L2523 ~0.101 Bp=fid o,0LaT 3, LLBL 2.5k
Ta=lp  =0.575 -0.0037 - Te-5d -0.0240  -D.0668 -0.657
Ts=Tp  1.58 0.0%05 =749 To-Ed 0.354 0.0066 .00
‘.'s-ép g.okol 0.055G -T.80 Te-Td 0,203 00551 -2.99
Ta<gp  0.00862 ©.0833 0,322 Tp-bd 0.0933 o.03kL -1.hk
Bs-6p  -0.0563 -0, 118k 2.5670 Bp-5d -0.00288 -0, 1022 -0.183
Ba-Tp -l.2 -0.0222 6.78 dp-5d =0.0335  -0.0287 ~2.00
Bsedp 201 a.0132 -12.%% Ep-Td o470 9.0027 1h.h5
8s-gp C.0%80 0.0%08 - 1.38 8p-d a.205 D.0187 = h,27
9s-5p  ~0.018% =0.1h01 0,367 Gp-5d -0.00085L  -0.11%5 - 0026
§s-Tp -0.0858 ~0.0458 1.37 Sp-64 -0.0156 -0.0461 - 0.638
as-8p  -1.LL -0.0105 .73 9p=Td ~0.01LT3 -0.0147 - 3.76
gs-9p 2.L3% 0.0059 =18.78 Gp-Bd 0.578 0.00138 2a.k2
I o
3
mni il f ¥ Rn!Rn‘E+1 df (8)
V@l + ner+ 3 b

and R,, is the radial wave function.

The matrix elements to be used in (6) for calculation of
the third-harmonic nonlinear susceptibility include only
states with m, = 0. Thus we find

(f’! 10 |Z! n'l+ 1 0) = (I + DRz inris1- )]

Values for this matrix element may be found from the
Bates and Damgaard [7] approach, which assumes a
Coulombic radial potential field and tabulates the values
of the radial function in terms of the effective quantum
number of each level. They define #, which is e® in our
notation. The sign of ® is important and is included in
their derivation; however, Bebb [8] mentions a sign error
of (—1)»-#""*1 in his work.

An alternative, and perhaps superior, approach to the
evaluation of matrix elements is to find their absolute
value from tabulated oscillator strengths and the sign from
Bates and Damgaard. Solving for the matrix element (n / 0-
|z| 'l + 10) in terms of the oscillator strength yields

B y 3+ 1
= fﬁf-i“'t*'] 2meQu"!+1iﬂ£ 2E+ 3 »
' (10)

{n 10 |zf w14 10)

where f.. , 1 is the oscillator strength, #Q,/, . .., is the
energy difference associated with the |# 7 0) to |#»'/ + 1 0)
transition, and m. is the electron mass. If the resonant
frequency @ is written as an energy difference in rydbergs
and the matrix element is found in Bohr radii, then
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The average frequency factors to be used in (6) are
calculated from the L — § split levels weighted by the
relative line strengths:

2 1 —
EEnpl:'=3/'3) + EEnp(i=1/2] - EHD

%Enr}(i:‘i.—’ﬁ) + %Em(fﬂm = E.. (12)

The average energy levels are used in Table I to give
allowed transition energies between the lowest four s, p,
and d states for each of the alkalies. These 12 levels create
128 terms in the summation and constitute our ap-
proximation of the nonlinear susceptibility.

Fig. 1 shows the average energy levels of sodium. It is
apparent that the approximation is not good for driving
frequencies whose first, second, or third harmonic is above
the levels used and below the ionization potential. Con-
tinuum absorption is small for the alkalies and is neglected
in this derivation. Table I gives the (n /0 |z|n'/ + 1 0] ma-
trix elements with the oscillator strengths and energy
differences from which they are calculated, For consisten-
cy, these oscillator strengths have all been taken from
calculations by Anderson [9], [10]. The signs of the matrix
elements are from Bates and Damgaard with the correc-
tion factor mentioned by Bebb.

Figs. 2-6 give |x(3w)| in electrostatic units versus

~ wavelength for each of the alkalies. The regions where our

approximation does not include resonant levels are
marked as invalid. Substantial cancellations from the signs
of both frequency factors and matrix elements account for
the numerous zeros. It is important to note that the 2w
resonances (occurring with the excited s or d levels) do not
correspond to allowed single photon absorption, and, if
approached by 2w, could be used to enhance the third-
harmonic susceptibility without substantially increasing
the loss at the fundamental frequency.
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ITIl. THIRD-HARMONIC POWER CONVERSION

We assume the incident electric field to be a TEM,,
Gaussian mode focused at z = f with a confocal beam
parameter 4. Then

&) = 8o’ (1 + i) exp [—k (x" + »7)/b(1 + iB)]. (13)

In this expression k, = 27n,/A, where n, is the index of
refraction at the incident wavelength A; & 2rw /N,
where w, is the beam radius; and & = 2(z — f)/b. From
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Nonlinear susceptibility of rubidium versus incident wavelength.

Fig. 5.
Ward and New [1], the generated third-harmonic electric
field is given by
8V = li s nc ke’ b Nx'¥(3) &’ /ks]

cexp [3ik,z)(1 — i)™

3k (x + )

(1l + &) ) (14

I(Ak, £, ) exp (—

where
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Fig. 6. Nonlinear susceptibility of cesium versus incident wavelength.

exp [} ibAk(E —E))

¢
= dt’ 7 15
and
ko = 6r/\
ks = N3k,
Hy “index of refraction at the third harmonic,
N number of atoms/cubic centimeter,
n = v .u'D,.-" € g|3??3
x?Gw) = (1/81 X 107 )% Gw)gsus
£ = 2L — f)/b,
¢ = 2f/b,
L length of the gas cell,
f location of the beam focus from the entrance
window,
Ak = ky — 3k. = 6% (ns — m,;) = wave-vector
mismatch.

All units of length are in centimeters.
The third-harmonic power is obtained by integrating
over r, and in terms of the incident power P, is

4_2 2
PO = IE NG 1k, & P PUF. (6)

The conversion efficiency is defined as the ratio of third- to

first-harmonic power, With the pawer in watts, the alkali
atom density N in atoms/cubic centimeter, the nonlinear
coefficient x'*(3w) in ESU, and the incident wavelength A
in centimeters, the conversion efficiency becomes

P 8215 X 107° ,
P = e NG P P an
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The integral I accounts for the effects of focusing and
dispersion. Two limiting regimes of (17) are of interest. In
the plane-wave approximation (b >> L), I* reduces to
(4L3%/b%) sinc? (AkL/2). Using A = bA/4, where 4 is the
effective area of the Gaussian beam, (17) becomes

P 51334 x 107

N:!L:![xliﬂ(aw)jﬁ

-sinc ( 2)]:/1]. (18)

On the other hand, tight focusing in the center of the cell
(b << L, £ = {) gives '

(1} 2
P(Dlane wave) h

E.I[I’_tisbt focusins}2 = [Tb-"—\k eXp (+%bﬂk)]zy

for Ak < 0 and |/|? = 0 for Ak=0.

For the plane-wave approximation, maximum conver-
sion efficiency is attained with Ak = 0. In the tight
focusing approximation for negatively dispersive media,
conversion efficiency is maximized for bAk = —4. For
confocal focusing (6 = L, £ = {) at the center of a
negatively dispersive media, |/|? maximizes at 2.46 when
AkL = —3.5,

(19)

A. Phase Matching

For the condition where the confocal parameter is much
longer than the gas cell, i.e., the plane-wave approxima-
tion, Ak must be made equal to zero. If two gases are
mixed together, one with a negative and the other with
positive dispersion, then at some ratio of partial pressures,
Ak will be zero and phase matching will occur. It thus
suffices to mix some nonreactive gas, such as xenon, with
the alkali vapor to phase match. In the absence of this
buffer gas, the third-harmonic generation only occurs over
the short distance that the first and third harmonics
overlap. This is called the coherence length and is L, =
|7/Ak|. Phase matching will increase this interaction
length to the length of the cell and thus increase the output
power by a factor of (wL/2L.)*. The refractive index of a
phase-matched Rb and Xe mixture is shown in Fig. 7.
Note that the partial pressures have been chosen so that
the index at the third harmonic equals that at the fun-
damental.

The refractive index of the metal vapors is calculated
from the standard Sellmeier equation

= .fy..!_’. f"
[A/A — /N7

(20)

2 ]

where

r, = 2.818 X 107" em,
f: oscillator strength of the 7th transition,
A; wavelength of the 7th transition in centimeters.

Values of the f; and A; for Li, Na, K, Rb, and Cs are given
in Table V. The refractive index of Xe is taken from Koch
[11], who derived the following equation from experimen-
tal data at STP:
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393235
59.5779 — 10 °/\°

- { 393235
Mxe = 146.3012 — 10°%/2

7366100
139.8310 — 107/

z

+ kz} X 107% (21)
where A is in centimeters. Fig. 8 plots the ratio of the
number of Xe to alkali atoms versus the incident
wavelength for phase-matched third-harmonic generation
in each of the alkalies.

When picosecond pulses are used for third-harmonic
generation, it is necessary that the broad frequency spec-
trum that comprises the pulse be simultaneously phase
matched; or equivalently that the fundamental and third
harmonic maintain at least 50-percent temporal overlap.
The minimum allowable pulse length Atnin, which satisfies
this condition, is determined by the difference in group
velocities Av, of the fundamental and third harmonic, and
is given by

_ mngL | duwy __§&u] _ mngdo,
ﬂfmin - ci! liaka akl - c;} L — BL.

(22)
The term (n,n3A0,)/c? is labeled B and is proportional to
the density of atoms; the normalized constant 8/N is given
in Table II for 1.064- and 0.6943-u tripling experiments.
From these data we see that 50 cm of Rb vapor at 10V
atoms/cm® will phase match a 0.17-ps or longer pulse of
1.064-u radiation. This is to be compared with a minimum
pulse time of 6.1 ps for a 1-cm crystal of LINbO, and 0.07
ps for a 1-cm crystal of KDP for doubling 1.064-u4 radia-
tion [12]. '
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TABLE II
PARAMETERS FOR THIRD-HARMONIC GENERATION

Element  x*(3) [ESU] LN  Ratio Ny:N B/N
1.06h p To 0. ’
- S ¥ %1 i 15! 1.8 x1,_‘}‘,:-
Ha w10 w10 - o
) SR 2 x 10 270 1.61 % 1077
® ERVES x 101" il 30 % 180
- e vz el e 5.56 x 1972
0.6gh; .l
L1 7.00 x 107" 5.0% % 10t0 - R
i 5.16 x 107 2.1 x 1010 100 .69 % 107
K 607 x 1077 o w10t i )
K 823 x 1077 9,94 x 1017 e
o 55 x 1070 1.65 x 100

» Includes extra energy levels that are near the 0.6943-x resonance.

Table II presents other relevant data for the 1.064- and
0.6943-u conversion experiments. Li and Na are the only
alkalies that phase match 0.6943 y; thus the ratio of xenon
to alkali atoms and B/N are given only for those two
vapors. The coherence length is inversely proportional to
the density of alkali atoms and is tabulated as L., which
may be derived from (20).

The density of atoms of each alkali is calculated from
the vapor pressure. A good approximation of the vapor
pressure for pressures near | mmHg is

plmm) = exp[—(a/T)+d], (23)

where the constants g and 4 are given in Table III for each
of the alkalies and T is the temperature in degrees Kelvin.
The density of atoms is, then,

Nﬁ=9ﬁam4x10“£m¥9ammmkmﬂ

(24)

As the temperature and thus the density of alkali atoms
increase, the allowed temperature tolerance necessary to
maintain phase matching decreases. A maximum allowed
variation on Ak of §(Ak) = =/L vyields a maximum
allowed temperature variation of

&(T) = éﬁr[ﬂ-—l]_:

L T (25)

where a is the constant in Table I[II. A temperature of 814
K gives 10" atoms of Na. From Tables Il and III, L. is
5.86 X 107'cm and @ = 1.2423 X 10%. These numbers yield
8(T) = 33.4/L K, where L is in centimeters. Typically the
vapor pressure will be low because of other limiting
processes and the temperature tolerance will be no
problem,

B. Tight Focusing

In the tight focus regime (b << L), setting Akb = —4
maximizes the conversion efficiency. As opposed to the
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TABLE III
VarPoR PRESSURE CONSTANTS

Li Na K Rb Cs
a 19571 .k 12424.5 w210k 9ik0,07 H8aT.%5
4 14,130 17,351k 16.559 160028 LE.0007
TABLE IV

THIRD-HarRMONIC GENERATION BY TIGHT FocusiNng

Element Niignt foensing (atoms,/cm?) K

1.064 p To 05547 &

Li TET % :olf}'b 1,11 % :cJ';’G

Na 7.46 x 1086 1.13 % 10727

X 3.7 x 101 1.08 x 10725

b 2,75 % J.olr’,-'b 375 % 10'?‘:‘

Cs 1.72 x 10“:';‘:: 5.1 % 10770
C.60U3 u To 0.231L

1 £.40 % 10M /b Lk x 10779

Ha 2.56 x 101:"‘,4'b 2.02 % 10'39

plane-wave condition where the sinc? function is identical
for positive or negative Ak, the integral is orily nonzero for
negative Ak in the tight focus approximation and thus a
negatively dispersive medium is necessary. Since the
wave-vector mismatch Ak is proportional to N, the number
of atoms/cubic centimeter required for maximum conver-
sion by tight focusing is

Nt'izht focusing = 4(Lchr)/b1r' (26)
Substituting this value of N into (17), we obtain
P[Ii? )
= K(P/A4). 27

Ptight-ioeusing

Values of Niignt rocusing @and K are given in Table IV for
tripling 1.064- and 0.6943-x radiation.

Though this type of phase matching is of interest
because of its simplicity, it is likely that multiphoton ab-
sorption [8], [22] will limit the allowable incident power
density to about 10" W/cm? and thus (in Cs, for instance)
will limit the maximum conversion efficiency to about 5.31
X 1074,

Fig. 9 shows calculated third-harmonic power versus
temperature for a beam confocally focused (b = L) into a
10-cm cell filled with Rb vapor and a similar experiment
using an imaginary vapor with the same characteristics as
Rb except positively dispersive. The difference is easily
noted and provides a method of distinguishing positively
from negatively dispersive media. The large first peak oc-
curs only if Ak is negative and equal to —3.5/L.

C. Experimental Results

Experimental results have been presented elsewhere [4].
A recent correction of the theory yielded experimental
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Fig. 9. Third-harmonic output from a negatively and positively disper-
sive vapor with the incident beam confocally focused into a 10-cm cell.

verification of the nonlinear susceptibility to within 15 per-
cent. Third-harmonic conversion of 1.064-0.3547 x in a
Rb and xenon mixture is reproduced in Fig. 10 together
with the theoretical prediction. To achieve the best
experimental-theoretical fit, it was necessary to translate
the experimental points by 5°C. The peak at 267°C cor-
responds to the temperature at which the rubidium vapor
density was in the proper ratio to the xenon density to
cause phase matching.

IV. LIMITING PROCESSES

Third-harmonic generation is limited at high powers
and high-power densities by competing processes. Absorp-
tion will, of course, deplete the pump or the third-
harmeonic radiation. Off line center, however, absorption
is generally not as severe a problem as are saturation (with
the associated breaking of phase matching and self
focusing), multiphoton absorption, and gas breakdown.
Other processes will cause additional refractive index
variations and the dominant limiting process depends on
the particular experimental configuration.

A. Absorption

The single-photon absorption cross section is

2
T NW

224 kel DI° pl@).

o (w) = (28)
Third-harmonic géneration will most likely be done in
relatively high-pressure gas cells and far off single-photon
absorption resonances, Since the Lorentzian line shape
decreases much slower off resonance than does the Gaus-
sian and also characterizes pressure broadening,

@) = l{ 2 Q;, wAw }
P = 2 12,7 — @' F + @aw) ’

(29)

where Aw is the Lorentzian broadened full width at the
half-power points.
The single-photon cross section may also be expressed
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Fig. 10. Third-harmonic power output from rubidium vapor phase
matched with xenon: theory and experiment.

in terms of the oscillator strength of the g—/f transition, If
we let w = 2mwer, where » is in centimeter™*, ¢ is in cen-
timeters/second, and use (29) for the line shape, the cross
section far off line center becomes

v Ay

{1 ~ - .
o ({d) — zra f:'f [9192 _ p2]2

(30)

Measurements of the pressure-broadened linewidth of
alkali gases in argon are tabulated by Ch’en and Takeo
[13] and show that the line width is proportional to the
relative density of the gas. Relative density is the pressure
of the same number of atoms at 0°C; thus the pressure-
broadened linewidth is proportional to the number of
buffer gas atoms present.

More generally, the linewidth must include con-
tributions from natural, or lifetime, broadening and from
self-broadening effects. If the number of buffer gas atoms
is R times the number of alkali atoms, where R is deter-
mined by the phase-matching criterion, the Lorentzian
linewidth is

Av = Avggiurar T 00N/ Ny + 00 RN/ N, (31)

dv is the pressure broadened, 6w, is the self-broadened
linewidth at standard temperature and pressure, and N, =

2.69 x 10" atoms/cm®. Values for Av,arura;, 0vs, and v
are given in Table V for the absorption lines of the
alkalies. The numbers for d» enclosed in parentheses are
estimates; the other numbers of é» are taken from Ch’en
and Takeo’s tables for argon broadening and are only ap-
proximately correct for broadening with xenon. Oscillator
strengths are taken from the sources referenced and do not
necessarily correspond to those from which the matrix
elements given in Table I were derived. There, for the sake
of consistency, Anderson’s calculations were used
exclusively. The resonant wavelengths are from Landolt
and Bornstein [14].

The natural width is calculated from theé natural
lifetime, or quenching time [18],

2

T, = 1.51(5—’) Ao

, 32
gu :Pfa_f ( )
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TABLE V
ABSORPTION LINE PARAMETERS

51’, e ﬁb"v
(em™) {(em™) 7. (8) (em™)

Element Resonance {u) {

B 5

. 06708 o780 25.8 (o.72) 2.7 x 10° lawx 1o’

Li o.323h a.o0k8 ERT (2.5) 1w 1p7f K8 w1070
(10] 9.27h2 0.00256 2,08 (a.5) 8.6 % 1077 6.2 % 1675
0.590 0.2 h2.q 0.7 1.6 % 1078 3.3 . 10

];15‘1 0.3303 o.0LkE 0.35 {2.5) 1.5 1077 15 1077
[15] 0.2053 L0082 0.0L6 (2.5 L7x 107 311078
0.7676 1.0k 59.0 1.0 2.5 % 1070 2.1 x 107"

1K5 55045 0.015h 0.46 2.5 8 x 1077 11x 107
(15] 03T o.00277 a.om (2.5) 2.0 % 1070 2.7 x 1076
o948 0.395 69.6 GLEET 24w 10 2.2% 10

¢.7800 9,805 69.6 2,855 #5w 1® 2.3 1070

Rb 0.k216 2,005%2 0.5 2.21 5.0 % 1677 11w 1Y
[16] 0.h20e 0.01068 0.59 2.5 50w 1077 PRt
0.35% 00057 0.07 (2.56) 2.0 % 10°° 27w 0%

0.%587 2.00196 0673 (2.56} 20w 10 2. 7% w®
0.898% oonak 8.1 toer) s i? Ly

o.8521 c.81k 7.5 (0.8355)  27x 1070 2.0 % 107"

Cs o459 ©.0026h 0.29 1.63% Lyt 1.8 x 1076
[I T] a.4558 0.0174 [-%-"3 2.2 35w 17T 1.5 % 1077
.38 0020317 o.0a7 #.65 T3 % 13‘5 T3 = 10T

03878 p.aonkg 2.15 2.65 13 % 0078 4.0 x 1078

? Values of év in parentheses are estimates; others are from Ch’en
and Takeo [13].

by

(33)

Ap N = .
2xer,

g, and g; are degeneracies of the lower- and upper-energy
levels and A;, is the transition wavelength in centimeters.
Values for 7. are included in Table V and are important
for the saturation process discussed in the following sec-
tion. The self-broadéned linewidth ér, is calculated from
the relation [19]

33X 67 A,

faf .
Ny.
4 g ’

ov, (34)

For convenience we will ignore the self-broadened and
natural linewidths in (31) when calculating the pressure-
broadened cross section. The error will not be large since
typical values of R are greater than 100 and the xenon
pressure-broadened linewidths are only approximate.

Table VI gives values of ¢'V(w)/N for tripling 1.064 and
0.6943 u in the alkali vapors phase matched with xenon.
Single-photon cross sections at the third harmonic,
oc'V'(3w)/N, and two-photon cross sections, o'#(w)/N, are
included as well. The single-photon cross section at the
third harmonic corresponds to the absorption of the
generated third harmonic. For tripling 0.6943 u, ¢'V'(3w) is
derived from the continuum cross section and is assumed
independent of N. The absorption coefficient is, of course,
« = NeL, and forms an upper limit on the length and den-
sity of the gas cell.

Single-photon absorption to the continuum is of con-
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TABLE VI

SINGLE- AND Two-PHOTON ABSORPTION CROSS SECTIONS (¢ IN ¢m?, N iN AToMs,/cm?, P/4 1IN W /cm?)
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Phase Matched With Xe

Element Ratio Nx.: N e w)/N e (3w)/N e @(w)/N
1.064-0.3547 4
Li 154 8.5 X 1073 5.4 x 10~ 9.2 X 107%2P/4
Na 152 5.0 X 1073 1.3 x 10~ 1.8 X 10-%1P/ A4
K 326 9.6 X 10738 3.9 X 10— 2.6 X 10-P/A
Rb 414 : 1.3 X 107 1.8 X 10~ 1.1 X 10-4P/4
Cs 658 5.7 X 10=%1 1.0 % 10-% 2.2 X 107%P. A
Element Ratio Ny.!N e Ww) /N e U(3wpr e ®(w)/N
0.6943-0.2314
Li 400 4.3 x 10-3% 2.5 X 101 2.2 X 107¥P/ 4
Na 100 4.7 X 10738 8.0 X 10— 8.3 X 10~%8P/A4

* Continuum absorption cross section from Ditchburn [20] assumed independent of N.

cern if the third-harmonic frequency is above the ioniza-
tion potential of the alkali atom, as is the case for tripling
0.6943 u. A summary of measurements is presented by

Ditchburn er al. [20]. It shows that the cross sections of the

‘alkalies are typically less than 10~ cm? Sodium, for ex-

ample, has a cross section of 1.2 X 107*® cm?® at its ioniza-
tion threshold. The cross section then drops to 2 X 10~ at
0.1900 u and rises slowly toward higher frequencies. This
behavior is typical of alkalies and indicates that the
generated third-harmonic signal will not be significantly
absorbed if it is above the ionization energy. The
Kuhn-Thomas sum rule predicts this low absorption since
the sum of the discrete level oscillator strengths is very
nearly 1 for all the alkalies.

At pressures of a few torr, the alkali metal vapors con-
tain from 1 to 10 percent diatomic molecules. The absorp-
tion bands are diffuse and the value of the absorption
cross sections in the IR and UV do not appear to have
been determined.

Preliminary experimental measurements in our
laboratory indicate, at least at pressures of a few torr for
tripling of 1.064 u in Na vapor, that molecular absorption
should not be a problem. If the fundamental or third-
harmonic frequency should fall in the middle of a
molecular band, it is likely that the molecular absorption
will bleach very rapidly and will not affect the refractive
index as much as atomic absorption. The absence of
knowledge of molecular absorption is a weak point of this
paper and requires experimental study.

A derivation of the two-photon cross section to discrete
levels is given by Bebb [21]. With the matrix elements in
Bohr radii, the power density in watts/centimeters?, and
the resonant and incident energies in rydbergs (1 Ry =
109 737.31 em~Y),

P (w) = 4.597 X 10°**

\2
_ ;(1 lzé::f(‘: |2| g) wp(2w)%cm". 35)

The lineshape is again Lorentzian.

Values of the two-photon absorption cross section for
tripling 1.064 and 0.6943 p are given in Table VI. The line-
width used for these calculations is §'%y = 2.7 cm~! and
represents an approximation of the widths of the upper 4
and s levels. For typical conditions away from resonances,
two-photon absorption can be ignored.

Morton [22] has derived multiple-photon. ionization
transition probabilities for the alkalies for incident
wavelengths of 1.059, 0.6943, 0.5295, and 0.3472 u. The
multiple-photon absorption cross section is found from
these transition probabilities by the relation

o = ghw W
P/ A

(36)

where g is the number of photons absorbed and W is the
transition probability in second~'. Values for ¢'¢’ are given
in Table VII. It is likely that multiphoton ionization will
be the dominant process that limits the allowable power
density, and at typical pressures and cell lengths this
ionization will limit this density to about 10'° or 10%
W/em® Once high efficiency is reached, multiple-photon
ionization caused by the generated third-harmonic radia-
tion may further restrict the allowable incident power den-
sity.

B. Saturation

The energy density that is applied in a time less than the
quenching time and that reduces the ground state popula-
tion by e~! is termed the saturation energy density:

Jaat,'fA = alig v {37}

If the energy is applied in a time longer than the quenching
time 7., then the pulse length is no longer of importance
and the saturation power density becomes

ARy,

Paat/A = 2 (38)

G'( ”((ll)T‘

The saturation energy density can be written in terms of
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TABLE VII
MurTreLE-PHOTON IonizaTioN Cross SECTIONS®
L.059 p 0.6943 1 0.3295 u Q.3LT2 o
1g 6.8 x 1075 (p/a)t 7.8 % 1070 2 6 x 1072 ) 1.9 % 2070 (p/a)
Ne 2.2 % 1078 (p/a) 30w 1070 (pia)? 6.3 x 1070 (p/u)® 3.2 x 16720 (p/a)
e 1.7 % 1077 (B/a)° 5.5 % 107 (p/a)? Lk x 1079 (p/a) 5.8 % 1077 (p/a)
b 7.5 % 10700 (p/a)? 2.7 % 1577 (9,’A}2_ 1.8 x 16777 (/a} 1.9 % 1077 (2/a}
cs 3.7 % 1672 (p/n) 5.9 % 1079 (2/a)2 3.8 x 1679 (2/a) 2.8 x 1078 (2/4)

* From Morton [22].

the cross-section off line center given in (29):

hel,t — VT

Jour/ 4 = 4 r.f,yvAv

(39)
The linewidth depends on the total density of atoms; if it
is below about 10'® atoms/cm?, then the natural linewidth
is to be used (see Table V); for higher pressures, the ex-
pression of (31) gives the linewidth. Pressure broadening
is generally anticipated, so

_4ax 10t e =0T

Xfe - / 2
for v6WRN 3/ em. (40)

Jsat,"!A
The saturation energy density is maximized when the total
density of atoms is so low that the natural linewidth
dominates. The first two columns of Table VIII give this
maximum saturation energy density and Je./A4 as given
by (40) for tripling of 1.064- and 0.6493-y radiation.
Though Js.:/A is comfortably large, a more severe
limitation is imposed on the allowable incident energy

density by the tolerance on the phase-matching condition -

and by thermal defocusing. For J/4 << Jga/A, the frac-
tional variation in atomic population §N is

(41)

We-may accept a half-power tolerance on the phase-
matching condition §(Ak) of

3(AK)anl = . (42)

The coherence length L. of the alkali vapor is defined as

Akgle = T (43)

Assuming that only the alkali vapor experiences satura-
tion and noting that both §(Ak,,) and Ak, are propor-
tional to the atomic population, then

8(Ak) _ SN _ L.

44
Ay N L “9

Equation (44) is somewhat in error since it neglects the
contribution of excited atoms to the refractive index. This
error depends on the particular alkali and incident
wavelength and is generally less than a factor of 2. Com-
bining the above equations, we obtain the maximum
allowable incident energy density that will not break the
phase-matching condition as

TABLE VIII

- SATURATION DENSITY IN PHASE-MATCHED GaAs MIXTURES (J/A4 IN
J/em®, N 1N Atowms /em?®, L IN cm)

Maximum (Sohase matching /A)
Element Jeat /A (Jane/AY X N X Nt
1.064-0.3547 u
Li 2,37 X 106 1.09 x 10 6.39 X 10%/L
Na 2.29 X 108 1.88 > 1018 1.09 X 10%6/L
K 5.64 % 10¢ 9.77 X 1007 2.67 X 10%/L
Rb 4,14 x 104 7.14 > 107 1.54 % 103/
Cs 1.77 X 108 1.62 X 102 2,22 x 103/
' 0.6943-0.2314 »
Li 1.84 X 10°  3.28 X 10 1.67 X 10%/L
Na 247 X 100 2,99 X 10 5.76 X 10%/L
K 8.05 X 10° — -
Rb 1.03 X 10 — —
Cs 3.11 X 108 — —

8 Assumes natural linewidth in (39).

Tovas s/ 4 = 22 (1,1, / ). (43)
Values for this quantity are given in the third column of
Table VIII, Since both L. and Jg. vary as (1/N), Jonase
matching/ 4 varies as 1/N% In general, this quantity will im-
pose the most severe limitation on the allowable incident
energy density,

Saturation of the alkali metal vapor may also lead to
thermal focusing or defocusing of the incident beam. For a
Gaussain beam profile the variation of refractive index
across the beam is

2x*
n(x) = ng — 6n + dn —3 , (46)
W
where w, is the beam radius and én = ny(J/A4)/ (Jsar/A).
We assume a beam with its waist at the center of the cell
and a complex beam parameter g, [23]. The ray transfer
matrix is

A4 B 1L
| = s (47)
, 46nL
L i Wo
which yields a g, at the cell exit of

T = QenL/weDas + 1
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The beam waist at the cell exit is then

Y| LP/4 wy' /N
w(L/2) = (;) [‘—""—w‘)j_ _(71-5:;2/ )]'

Normalization to the beam waist in absence of thermal
defocusing (6n = 0) gives the ratio

w12(L/2)Eocusinu —_ 1
W (L) Do tocusing (Wor — 0nL*)/(1/w,")

If we assume that a rough criterion for significant ther-
mal defocusing is that this ratio = 2, then

(49)

(50)

Wo

ﬁnn]luwuble = 2L2 ] (51)
and
N 8 ? 3L, wo
N oW TamT TN 52
For confocal focusing, w2 = (LA/27) and
N3 (&) ) (53)
N 2r \L

which differs from the tolerance imposed by the breaking
of .phase matching (44) by a factor of 3/2x.

C. Breakdown

Gas breakdown at high optical intensities appears to be
a two-step process. Initially a small number of free elec-
trons are created in the focal volume through multiple-
photon ionization. These electrons then gain energy
through inverse bremsstrahlung absorption of radiation
and collide with atoms to create more free electrons in an
avalanche process that finally leads to an opaque plasma.

Kishi er al. [24] have found that free electrons are
created at much lower power intensities than observed
breakdown thresholds, indicating that only the avalanche
process need be analyzed. The theoretical threshold power
density for inverse bremsstrahlung behaves as [24], [25]

i ~ (1_ 1_)
(A)brea.kdnwn ~ N fp + Th

where 7, is the laser pulse length. The steady-state
response time 7, is determined by whatever competing loss
process is dominant: at high pressures, electrons lose
energy from elastic collisions and at low pressures the elec-
trons diffuse very rapidly away from the focal volume.
Observations of breakdown in air by Wang and Davis
[26] yield 7, on the order of 4 ns. Krasyuk et al. [27],
however, find that their results with picosecond pulses in
inert gases scale approximately by 1/¢, to measurements
done with 30-ns lasers.

Rizzo and Klewe [28] have measured the breakdown
thresholds of Rb and Cs. Although the vapor densities
were low, they observed a behavior characteristic of the
avalanche processes. Their results show that a 65-ns ruby
laser pulse breaks down 10'® atoms/cm® at a focal density
of about 10 W/cm? and that breakdown threshold
varies as 1/N. It seems likely that with picosecond pulses,

(54)
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TABLE IX
QUADRATIC KERR SUSCEPTIBILITY

Element X(w) (ESU) Kerr Effects (W /cm?)
1.064-0.3547
Li 6.7 X 10~ 2.0 X 10=
Na 8.2 X 10~ 1.6 X 1012
K 1.7 X 10~ 8.0 X 10
Rb 6.9 X 10-% 2.0 X 100
Cs —2.1 X 10~ 6.3 X 10°
0.6943-0.2314 4
Li 3.2 X 107 2.8 X 100
Na 6.3 X 10732 1.4 X 10°
K —2.8 X 107 3.2 X 10°
Rb ~3.0 X 1072 3.0 X 10°
Cs 1.5 X 1072 6.0 X 10°

s Assumes 10" atoms,/cm® and a 1-m cell.

tp, << 7, and that breakdown is determined by energy den-
sity (as opposed to power density). Furthermore, the max-
imum energy density that is allowed by the stringent con-
dition on the breaking of phase matching will almost
certainly be less than that which will cause gas break-
down.

D. Quadratic Kerr Effect

The contribution of the third-order nonlinear suscep-
tibility to the polarization at the driving frequency causes
a change in refractive index that may also break phase
matching and cause focusing or defocusing of the incident
laser beam. The third-order polarization at w is derived
similarly to the third-harmonic polarization of (3) and
leads to a variation of the refractive index as a function of
incident power density given by

_ NP )P/ 4). (55)
460
Given N in atoms/cubic centimeter, x in ESU, and P/A4
in watts/square centimeters, the variation of index is

on = 1.316 X 1072 Nx@(w)(P/A). (56)
Again we require §(Ak)L < 7, and thus
A
on < o (57)

Values of x'®(w) for 1.064- and 0.6943-u upconversion
are given in the first column of Table IX. The second
column gives the power density that will cause difficulty
according to the criterion of (57). An atom density of 10
atoms/cm® and a cell length of 1 m are assumed. Positive
values of x‘®(w) indicate self-focusing (as opposed to
defocusing) and will probably not cause a reduction in
third-harmonic efficiency.

V. OPTIMIZATION

If limiting processes are neglected, the third-harmonic
conversion efficiency [(17) and (18)] varies as the square of
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TABLE X

LiMiTING ATOM DENSITIES FOR TRIPLING—PHASE MATCHING BY M[xmefwlm XE 15 ASSUMED
(N vy Atoms/em?, L incm, J/4 1N J/em?, P/A4 1N W /cm?)

N N
Single-Photon Single-Photon N
Absorption Absorption Two-Photon N N
Element () w Absorption Kerr Effect Phase Matching

1.064-0.3547 u

Li 5.8 x 1018 /L2 7.3 3 10t /LA 1.78 X 102(A4/LP) 2 1.88 X 10°WA/LP) 7.95 % 10V(A/LIp"

Na 7.6 > 1088 /L0e 4.7 X 10t /L1 1.26 X 10%5(A; ’LF‘)"2 1.39 X 103%A/LP) 1.05 X 10'%(A4/LPM*

K 1.7 x 1088 /L1ie 2.7 X 10 /1102 1.05 > 10%(A4/LP)Y 2 7.89 X 10%5(A4/LP) 1.63 < 100%(A /LTy '2

Rb 1.5 X 108 /L 1.3 x 108 /L1102 1.63 X 10%% A4 /LP) " 1.88 x 10%%(A/LP) 1.24 < 10%5(A /LTy

Cs 7.1 > 1007 /e 1.7 X li}“‘f’i”'2 3.68 X 10 A/LPM" 6.01 X 10*7A/LP) 4.65 X 104/ LJ)Pe
0.6943-0.2314 g

Li 2.6 5 1w/ 1.2 X 1007 /0= 1.19 X 10%3(A/LPy*" 2.71 X 104 /LP) 1.30 > 100%(A /L)y #

Na 2.5 X 108 ’LW 3.8 X 100/ 1.87 > 1033 A/LP) 1.33 X 2g(A fLP) 2.4 X I0V(AJLIWME

* Continuum loss: cross section assumed independent of N.

susceptibility, power density, cell length, and density of
atoms. The maximum incident power density is deter-
mined by multiphoton ionization and is in the range of
10'°-10'2 W /cm? for tripling in the alkali metals. For con-
focal focusing in a cell of length L (4 = LA/4), the length
of the cell is an invariant with regard to conversion
efficiency. For a laser with a given peak input power the
cell should be chosen sufficiently long that with confocal
focusing, the multiphoton ionization power density is not
exceeded. For high-power lasers this may not be possible
unless multipass techniques are employed. The limit on
the maximum atom density is now determined by the most
severe of the following: single-photon absorption at the
fundamental, single-photon absorption at the third har-
monic, two-photon absorption, Kerr effect, or, as will most
often be the case, by the requirement that the incident
energy density not destroy the phase-matching condition.
Table X gives the value of the maximum atom density as
determined by each of the above processes for tripling of
1.064- and 0.6943-y radiation. The limit for each process is
calculated assuming xenon phase matching at the required
ratio. Laser pulses of length shorter than the atomic decay
or quenching time are assumed.

As an example, assume an incident 1.064-u pulse with a
peak power of 10®° W and a pulse length of 105, Assume
that Na is to be used for tripling and that P/4 = 10"
W/cm? is the maximum power density allowed by
multiple-photon (five) ionization (Table VII). For a 50-cm
path length, the confocal area at 1.064  is 1.36 X 107* cm?®
and thus confocal focusing is just possible. From Table X,
the maximum atom densities as determined for each of the
limiting processes are as follows: single-photon absorption
at (w), Npax = 1.07 X 10*® atoms/cm?; single-photon ab-
sorption at (3w), Nmax = 6.65 X 10 atoms/cm?; two-
photon absorption, Nmax = 6.5 X 10*® atoms/cm?®; Kerr
effect, Nnax = 4.3 X 107 atoms/cm?; and phase matching,
Nmax 1.71 X 10 atoms/cm®. The most stringent
tolerance is imposed by the joule tolerance on the phase-
matching condition; and thus we take ¥ = 1.71 X 10"
atoms/cm®. At this pressure the cell is about 145

coherence lengths long and requires that temperature be
constant to within about +0.6°C. For these conditions,
(17) yields a conversion efficiency of 7.1 percent.

Table XI gives the maximum conversion efficiency,
based on the joule limitation on the phase-matching condi-
tion, for each of the alkalies for 1.064- and 0.6943- -u third-
harmonic generation. The first column assumes confocal
focusing; thus cell length and area do not appear and the
conversion efficiency depends only on the square of the in-
cident power divided by the number of joules incident in
an atomic decay time. The second column gives the max-
imum conversion efficiency in terms of incident power
density, energy density, and cell length. The atom densities
used to obtain these conversion efficiencies are given in the
fourth column of Table X. The first column of Table XI
applies under power-limited conditions. The second
column applies once the limiting allowable power density
is reached. For example, if we assume that five-photon
ionization in sodium will allow a maximum incident
power density of 1 X 10" W/cm? then a 10-ps pulse (1
J/cm?) in a 1-m-long cell will yield a conversion efficiency
of 19 percent. Fig. 11 plots necessary power versus pulse
length for 50-percent conversion.

VI. CoNcLUSION

This paper has presented a theoretical study of third-
harmonic generation in alkali metal vapors. Principal
results of the analyses include the calculation of the third-
order susceptibility as a function of wavelength for each of
the alkalies, a derivation of the xenon buffer gas to alkali
vapor mixing ratios required for phase matching, and a
detailed study of the various limitations on efficient third-
harmonic generation. It has been shown that the principal
limitation process will be the breaking of phase matching
caused by the change of the index of refraction due to ab-
sorption. Generally, lasers with 10-ps pulses will require
10— 10®* W peak power to achieve 50-percent conversion to
the third harmonic.

A number of possibilities exist which may allow the
energy density that may be passed through metal vapor



MILES AND HARRIS: OPTICAL THIRD-HARMONIC GENERATION

TABLE XI
Maxmaum CONVERSION EFFICIENCIES AS LIMITED BY PHASE MATCHING

Maximum Conversion
Efficiency (Power Density

Maximum Conversion
Efficiency (Confocal

Element Focusing-Power Limited) Limited)
1.064-0.3547 p
Li 4.1 X 10-2(P/J) 1.09 X 10725 P/AVL/(J/A)
Na 7.1 X 10-2(p: U’) 1.89 X 10-2(P/ARL/(J/A)
K 7.6 % 107 (P'*’-U) 2.02 X 1072 P/AVL/(J/A)
Rb 2.4 X 107 P2/J) 6.38 X 1(}—°5(P;A}°L,/(J /A)
Cs 1.3 X 10~ ”’(P”J) 3.46 X 107%(P/AYL/(J/A)
0.6943-0.2314 »
Li 2.2 3 10#(pP ) 3.82 X 1072 PJAVL/(J/A)
Na 9.1 X 10-2(P /) 1.58 x 107*%(P, ’A)ﬂL;[J 'A)
Li 0.6943u
K 1.064u
Lil.os4u
Na 0.6943u
Na 1.O64u
Cs 1.064u
2 Rb1.064pu
10° |
|0” L
@
=
2 10°—
1 4
w
Z e 50% CONVERSION
g o
5
Z o
o’
108 l I l | | I
R e L T LYo S (e RN (o AT+
tp (PULSE LENGTH}
Fig. 1. Power necessary for 50-percent conversion versus pulse length

for the alkalies.

tripling cells to be substantially increased. These include
the following.

1) The reduction of the phase-matching ratio by replac-
ing the inert gas with a media with higher refractive index
per atom; for example Cd or Hg.

2) The use of a molecular quenching agent such as N, or
H, to reduce the atomic decay time (for example, at ten at-
mospheres of nitrogen, the decay time of sodium is re-
duced by about a factor of 100 [30]; this should at least
allow the use of a train of picosecond pulses instead of
only a single pulse).

3) The use of multipass techniques combined with tight-
focusing-type phase matching. This would allow operation
at very low pressures with the associated natural line-
width, and as shown in Table VIII, yield very large satura-
tion densities,

4) Finally, Bjorklund has suggested the use of discrete
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periodic phase matching. In this technique, cells of
positively and negatively dispersive media are alternately
spaced and their pressures independently adjusted. Here
again, the metal vapor cell could be operated at very low
pressure with very high energy saturation density.

The procedures developed in this paper can also apply
to sequential third-harmonic steps further into the ul-
traviolet by the selection of other materials similar to
those discussed, but having appropriate resonances in the
ultraviolet rather than the visible spectral region. In recent
months third-harmonic generation from 5320 to 1773 A
and from 3547 tc 1182 A has been obtained in cadmium
and argon mixtures [29]. It is probable that this system has
a significantly higher energy saturation density than does
the alkali metal vapor system. It is possible to envision
cascaded harmonic generators, possibly all within one
heat pipe oven, leading to the generation of very short
wavelengths. A four-stage system, for example, would
yield 132 A from a 1.064-m source. Although a system of
this type would be complex, its output radiation will main-
tain many of the desirable features of the original radia-
tion. It would thus be nearly diffraction limited, narrow
band, polarized, and of picosecond duration.
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Properties of a Radial Mode CO, Laser

LEE W. CASPERSON anp CHARLES ROMERO

Abstract—The properties of a new class of lasers are investigated
theoretically and experimentally. In these lasers, the radiation propagates
radially within a disk-shaped amplifying medium resulting in high fields and
symmetric illumination at the resonator axis. Experiments have been con-
ducted using a pulsed CO, TEA configuration.

I. INTRODUCTION

OST conventional laser resonators consist of a pair

of mirrors between which radiation propagates. If

one or both of the mirrors are made spherical to reduce
diffraction losses, then the resonator modes can be
described by well-known Laguerre-Gaussian or Her-
mite-Gaussian furctions. The subject of this paper is a
new type of laser in which the radiation propagates ra-
dially within a wrap-around mirror like that shown in Fig.
1. An internal mirror concentric to the outside mirror can
be added so that the z axis is external to the resonator.
Among the important properties of these new lasers are
the high fields and uniform illumination at the laser axis.
The saturation behavior is much like that of other lasers,
but the analytic expressions are all modified to account for
the radial propagation. We report here the first operation
of a radial mode laser. Our experiments have been con-
ducted using for the amplifying medium a transverse-
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excitation atrmospheric (TEA) discharge in a CO,-He-N;,
gas mixture [1]. Output pulses are obtained at a wavelength
of 10.6 u with peak power of up to about 100 kW. The
laser oscillates uniformly about its axis and the output
properties are in good agreement with theory.

Il. THEORY

In this section, the radial beam modes are discussed and
the saturation behavior is obtained for the simplest case of
steady-state oscillation. From the wave equation, one
finds that the outward-propagating harmonically varying
modes are described by the function [2]

/2 :
__ Wy sin (2) 2 £
‘:{’ - 'J’U(w ) {COS} quHm (kr)Hn(z W)
- I'Pﬂ) » (1)

where w = w, [1 + (r/r,)?]*/? is the spot size in the z direc-
tion of the fundamental Gaussian mode, r, = Tw,?/\ is the
Rayleigh length, R = r[1 + (r,/r)?] is the radius of cur-
vature in the z direction, k = w(ue)'® is the propagation
constant, H,'? is a Hankel function of the second kind,
H, is a Hermite polynomial, and P, = —(n + 1/2) tan"!
{r/ro) is the phase. A similar expression involving H,'"
can be written for inward-propagating modes, or alter-
natively, the modes can be expressed in terms of the Bessel
functions J,, = [Hx,'Y + H,'®]/2. The wave function ¢
may be interpreted as the z component of either the elec-
tric field or the magnetic field and the other field com-



