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1. Introduction

A frequent task for many educational institutions is the allocation of courses or programs to

students for a particular academic session. Students, or candidates as we will refer to them, specify

a preference ordering over the available programs, along with a quota of how many programs they

want. Programs in turn may have their own ranking over students, based on a number of factors5

like overall GPA, departmental GPA or performance in related or pre-requisite courses. Depending

on the objective of the problem, and the constraints imposed, each candidate is allotted certain

programs. We refer to this as multiple program allocation.

This problem can be viewed as a extension of the College Admissions problem, which was posed

as a many-to-one stable matching problem in Gale and Shapley’s pivotal work [1]. We are concerned10

with a many-to-many matching, where the quotas of both sides can be greater than 1. Our goal is

to fulfill the specified quotas of the candidates, by allotting them as many programs as they desire,

and the programs allotted should be as highly preferred as possible.

In Section 2, we describe some related problems and previous e↵orts to solve them. Subsequently,

we outline the components of a multiple program allocation problem, and related notation in Section15

3. We then define, in Section 4, our particular objective function involving all candidates and their

preferences, which we seek to optimize while satisfying constraints regarding quotas on either side.

Our approach will require the generation of all Pareto optimal matchings, and we discuss how to
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do that in Section 5. Finally, in Section 6 we prove that our problem is NP-Complete, using some

additional properties.20

2. Related Work

The original College Admissions problem of Gale and Shapley is also referred to as the Hos-

pitals/Residents problem. Each candidate is allotted to at most one institute/program and each

program has a quota for the students it can accept. Participants of either side have a preference

ordering over some or all participants of the other side. Gale and Shapley’s original algorithm pro-25

vides a Stable Matching, one in which no pair of candidate and program that are not matched, are

better o↵ joining each other. This algorithm and related ones have been applied in several schemes

over the years, most notably the National Resident Matching Program (NRMP) in the USA [2].

Other applications were for Scotland [3], Spain [4], Turkey [5] and Hungary [6]. A comprehensive

study of variants to the original problem has been done in [7].30

The many-to-many stable marriage has been specifically analyzed by [8], along with a charac-

terization of the optimal matchings for a particular side. A more egalitarian optimality criterion,

that takes both sides into account in a many-to-many stable matching, has been addressed in [9].

Our work deals with the generation of one-sided Pareto optimal matchings. They involve a

related concept called exchange stability. The original formulation of this condition was done in35

[10]. The application of this condition to the stable matching problem was explored by [11], with

additional variants and complexity proofs presented in [12] and [13]. The idea of using exchange

stability to generate Pareto optimal matchings, which is one of the focal points of our work, was

explored through the housing allocation problem [14]. Extensions of pareto optimal matchings have

also been presented for the many-to-many case [15].40

3. Notation

We follow a notation scheme similar to that of a multiple partner marriage model [9]. C “
 
c1, c2, . . . , c|C|

(
is a set of |C| candidates and P “

 
p1, p2, . . . , p|P |

(
is a set of |P | programs.

Each candidate c and program p has an ordered preference list over the members of the other set,

�
c

and �
p

respectively. We assume that the lists are all complete, i.e. |�
c

| “ |P | @c P C and45

|�
p

| “ |C| @p P P . This implies that all the lists are consistent - for every pair pc, pq, it is the case
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that c P �
p

and p P �
c

. Furthermore, each candidate and program has a desired quota, denoted

respectively as 
c

and 
p

, for how many members of the other set they wish to be matched to.

Any candidate c prefers to be assigned to some program in �
c

than to be assigned to less than


c

programs. Also, we assume the total number of seats across programs is su�cient to meet the50

choices of the students, i.e
∞
pPP


p

• ∞
cPC


c

. All the above information specifies a many-to-many

matching problem of the kind we address, which we call multiple program allocation.

For a given many-to-many allocation problem, a matching is defined as µ Ñ C
ë

P - a set of

pairs of program and candidate, such that no c or p appears in more than 
c

or 
p

pairs respectively.

µ
c

is the set of partners allotted to candidate c by µ, and similarly for µ
p

. An important condition55

often imposed for matchings problems is stability, which requires that there is no pair pc, pq R µ

such that both c and p are better o↵ by pairing with each other. Given two matchings µ and µ1,

c is said to prefer µ to µ1 if |µ
c

| ° |µ1
c

| or if |µ
c

| “ |µ1
c

| and there is a one-to-one correspondence

between µ
c

and µ1
c

so that each program in µ
c

is more preferred or the same as its corresponding

program in µ1
c

. This is denoted as µ °
c

µ1. We say that µ dominates µ
1
if @c P C , µ ”

c

µ1 _ µ °
c

µ
1
,60

which we denote as µ °
C

µ1. A matching that is not dominated by any other matching is said to be

Pareto optimal.

Example 1. An instance of a multiple program allocation problem is shown here.

Let there be six students A to F , and 4 programs p1 to p4. The preferences of the participants

of each set over the other is outlined. The quota for each participant is shown on the side.65

p2qA : p3, p1, p4, p2

p1qB : p2, p3, p1, p4

p2qC : p1, p2, p3, p4

p2qD : p2, p1, p3, p4

p1qE : p3, p1, p2, p4

p2qF : p2, p3, p4, p1

p2qp1 : E,B, F,A,D,C

p2qp2 : A,B,E,C, F,D

p2qp3 : B,E, F,A,C,D

p4qp4 : B,E,A,C,D, F

4. Problem Definition

Given an instance of the multiple program allocation problem, we are interested in providing

all candidates as highly preferred programs as possible, under the constraints. Specifically, we seek
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a Pareto optimal matching µ, conditioned on every student being allocated their entire quota of

programs. Due to °
C

being a partial order [8], there may be many such Pareto optimal matchings.70

In order to select a particular matching, we need a total ordering over matchings. This is

achieved through a function ⇣ : µ Ñ R, defined as

⇣pµq “
ÿ

cPC

ÿ

pP�c

R
c

ppq

where R
c

ppq is the position of p in c’s preference list �
c

. It is obvious that µ °
C

µ1 ùñ
⇣pµq † ⇣pµ1q. This function is similar to the total dissatisfaction score metric in [9]. They show

that minimizing the summed score across both sides can be used as an egalitarian measure of

optimality. We utilize the same reasoning for one-sided optimality in our problem, by considering

only the candidates.75

Therefore, we can formally state our problem as

minimize
µ

⇣pµq

subject to |µ
c

| “ |
c

|,@c P C,

|µ
p

| § |
p

|,@p P P (all quotas satisfied)

given that |�
c

| “ |P |,@c P C,

|�
p

| “ |C|,@p P P, (complete preference lists)
ÿ

pPP

p

•
ÿ

cPC

c

(su�cient seats)

(1)

Under the conditions assumed, that of complete preference lists and su�cient seats, there will

be feasible matchings that fulfill the quotas of all candidates and programs as well.

5. Approach

Our problem is an instance of combinatorial optimization, so we must obtain a set of feasible80

solutions and choose the best one among them. As explained in the previous section, between two

matchings µ and µ1, if there is a dominant one, it is necessarily a better solution. Therefore, our

problem becomes that of obtaining all Pareto optimal matchings, subject to the given constraints. It

has been shown that a Pareto optimal matching is necessarily maximal, trade-in free or stable, and

coalition-free, or exchange-stable [14]. Note that the condition of maximality is implicitly satisfied85

by any feasible solution to our problem, since all student quotas will be met.
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5.1. Exchange stability

The extension of Gale-Shapley’s algorithm to the many-many case leads to a stable or trade-in

free matching. However, even in a stable matching, it may be possible that two or more entities of

the same side wish to mutually interchange some allotment of theirs, to the benefit of all involved.90

If that is the case, then the resulting matching dominates the original stable one. This condition

is called exchange stability [10], or coalition-exchange-stability [13]. It requires that there is no

coalition of 2 or more entities of the same side that is an exchange-blocking-coalition, i.e. whose

members are better o↵ by mutually exchanging their allotments. Formally, there is no sequence

of participants tp0, p1, . . . , pn´1u where p
i

prefers µpppi`1qmod n

q to µpp
i

q. Since we are concerned95

with candidate optimality, we will consider candidate-exchange-stability.

Prior work [13, 12] has shown that a necessary condition for a stable (trade-in free) matching µ

to be candidate-exchange-stable is that µ is the candidate-optimal stable matching, µ˚.

Example 2. The candidate-optimal stable (not Pareto optimal) matching µ˚ for Example 1

Here we outline the same information as in Example 1, with the allotments according to the100

candidate-optimal-stable matching µ˚ shown additionally in bold. One can observe that all quotas

are satisfied, there are no unstable pairs, and no candidate can improve their allotments without

introducing an unstable pair into the matching.

p2qA : p3,p1,p4, p2

p1qB : p2, p3, p1, p4

p2qC : p1,p2, p3,p4

p2qD : p2,p1, p3,p4

p1qE : p3, p1, p2, p4

p2qF : p2,p3,p4, p1

p2qp1 : E,B, F,A,D, C

p2qp2 : A,B, E,C, F,D

p2qp3 : B,E,F , A, C,D

p4qp4 : B,E,A,C,D,F

To characterize exchange-stable matchings in terms of stable matchings, we use the envy graph

[13]. For some matching µ, the envy graph is a digraph Gpµq with vertices corresponding to the105

participants of µ, and an edge from participant s to participant t i↵ s prefers µ
t

to µ
s

. Since we

are only concerned with candidates, the vertices in our case will only correspond to candidates.
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Figure 1: The illustration of Property 2. Resolving q1 first will then allow q2 to be resolved, but not vice versa.

Therefore, the order of resolution in case of overlapping cycles can matter.

Secondly, since a candidate may be allotted multiple programs, each vertex is uniquely defined

by a pair of candidate and program pc, pq, where p P µ
c

. Therefore, as per our running example,

pA, p1q, pA, p4q, pB, p2q and so on are nodes of the envy graph Gpµ˚q. A directed edge is placed110

from some node pA, p
i

q to another node pB, p
j

q if A prefers p
j

to its allotment p
i

. Again, in the

above example, pC, p2q Ñ pD, p1q and pD, p1q Ñ pC, p2q are edges. It has been shown that the

necessary and su�cient condition for a matching that is already maximal and trade-in free to be

coalition-free (i.e. Pareto optimal) is if the corresponding envy graph is acyclic [14].

6. Discussions115

We will show, through the envy graph cycles, that the problem of obtaining all Pareto optimal

matchings is NP-Complete. Two properties of the cycles are relevant to this claim.

Property 1. A vertex in the envy graph may participate in more than one cycle.

In our running example, it can be observed that there are two cycles - tpC, p2q, pD, p1qu and

tpA, p1q, pC, p2q, pF, p3qu. They both share the vertex pC, p2q. For this example, resolving either120

cycle invalidates the other one, thereby leading to an exchange-stable, non-dominated matching in

each case. However, the next property shows that this may not always be the case.

Property 2. If two cycles share one or more nodes, then resolving one of them may or may not

exclude the other from being resolved.

The sketch of such a scenario is given here. Let the two cycles with common vertices be q1125

and q2. One of the common vertices, or the common vertex (if only one), pc0, p0q will have two
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outgoing edges, one to a vertex, say pc11, p11q in q1zq2 and another to a vertex, say pc21, p21q in

q2zq1. Without loss of generality, let candidate c0 prefer p11 to p21. Resolving q2 first leads to a

vertex pc0, p21q. This could then replace pc0, p0q as part of the cycle q1, should it share a similar

relationship with the predecessor in q1 as pc0, p0q did. An illustration is shown in Figure 1.130

6.1. Complexity of the problem

In Section 4 we posed a specific optimization problem, and we have shown that the candidate

solutions are the Pareto-optimal matchings that dominate the candidate-optimal-stable matching

µ˚ (should any such matching exist - otherwise µ˚ is our solution). Now we prove the complexity

of the optimization problem.135

Theorem 1. The problem of finding the matching µ that minimizes ⇣pµq for a given an instance

of multiple program allocation is NP-Hard.

Proof. To prove this problem is NP-Hard, we must prove that the corresponding decision problem

is NP-Complete. In this case, the decision problem is whether, given an instance I of multiple

program allocation and a non-negative integer k, does there exist a matching µ that satisfies the140

constraints, and dominates µ˚, such that ⇣pµq is at most k?

That the decision problem is in NP is obvious to see. Given a matching, the evaluation of

constraint-satisfaction and the computation of ⇣-score can be all done in polynomial time to verify

if it is at most k.

The three primary steps of the problem are - obtaining candidate-optimal-stable µ˚, obtaining145

all Pareto optimal matchings that dominate µ˚ by resolving cycles in Gpµ˚q, and then evaluating

the ⇣-score for each of the resulting matchings. Among these steps, we know that the first and the

last steps can be done in polynomial time. It is left to show that the step of obtaining all Pareto

optimal matchings is NP-Hard. We will prove this by reducing the problem of finding all maximal

independent sets in a graph to our problem.150

Given a graph G
1 “ pV,Eq, an independent set is a subset V

1
of V such that no two vertices

in V
1
are adjacent, i.e. have an edge between them. A maximal independent set is one where no

other vertices from V zV 1
can be added without introducing an edge. The problem of finding all

maximal independent sets in a general graph has been shown to be NP-Complete [18]. The envy

graph Gpµ˚q has certain cycles. Let V correspond to the set of all cycles in Gpµ˚q, and let pu, vq P E155

if the cycles corresponding to u and v have common nodes. An independent set in G1 corresponds
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to a set of cycles which do not conflict with each other and can be simultaneously resolved to

obtain a non-dominated matching. A maximal independent set here means that no more cycles

can be resolved without conflicting out an existing cycle, thus a matching obtained from a maximal

independent set is a Pareto optimal one.160

Therefore, finding all maximal independent sets in G1 give us all sets of cycles, each of which

can be resolved to obtain a Pareto optimal matching. For simplicity, we assume that further cycles

are not introduced in the resulting envy graph, because that would just make it more complex as

the cycle detection and resolution would have to be done repeatedly in this manner.
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[6] P. Biró, Student admissions in hungary as gale and shapley envisaged, University of Glasgow

Technical Report TR-2008-291.

[7] D. Gusfield, R. W. Irving, The stable marriage problem: structure and algorithms, Vol. 54,

MIT press Cambridge, 1989.

[8] M. Baıou, M. Balinski, Many-to-many matching: stable polyandrous polygamy (or polygamous180

polyandry), Discrete Applied Mathematics 101 (1) (2000) 1–12.

[9] V. Bansal, A. Agrawal, V. S. Malhotra, Stable marriages with multiple partners: e�cient

search for an optimal solution, in: Automata, Languages and Programming, Springer, 2003,

pp. 527–542.

8



[10] J. Alcalde, Exchange-proofness or divorce-proofness? stability in one-sided matching markets,185

Economic Design 1 (1) (1994) 275–287.
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