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In the last chapter we saw that we can compute an e-critical point at rate independent of dimension given a
gradient oracle for a smooth function. We obtained this result by showing that if f : R® — R is L-smooth,
then it is the case that

Fl) < F@)+ 75@) - 2)+ 5y~ 23 01)

for all x,y € R™. Consequently

F(o-1v5@) <50 - 517 11

and therefore, repeated gradient descent steps eventually find a point with small gradient (since otherwise
too much function progress is made). While this works well to compute a critical point, it doesn’t yield any
global optimality guarantees.

Here we show how to add assumptions so that we can prove gradient descent doesn’t just compute an e-
critical point, but rather it achieves an e-optimal point as well. First, we motivate the assumption we make
(namely (strong) convexity), then we prove several equivalent definitions, and then we use it to analyze
gradient descent.

1 Assumptions for Proving Global Optimality

So how do we turn gradient descent from an algorithm that computes e-critical points to an algorithm that
computes e-optimal points. It seems like we need to make another assumption. Below we discuss a few
natural assumptions to make.

1.1 Assumption #1 - Lower Bound Hessian
One way that we proved the upper bound was by assuming that f was twice differentiable and that 2T /2

f(x)z < L||z||3 for all #,z € R™. This implied that for arbitrary z,y € R® and x, = = + a(y — z) for all
a € [0,1] the following formula held

1 t
) = f@) + i @)y —2) + / / (- 0)T 7 f(za)(y — a)dadt
0 0
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This implied (0.1) and let us show that a gradient descent step made progress proportional to the norm of
the gradient. Unfortunately, this did not let us achieve global optimality as we had no way to relate the
progress of a gradient descent step, i.e. the norm of the gradient, to the distance of the given point from
optimality.

One natural way to fix this is to assume a lower bound on z' 72 f(z)z namely, we could assume that for
some y > 0 that 27 72 f(x)z > pl|z||2 . Integrating this would imply that

F@) = f@) + Vi@ (g —2) + Slla - yl3

for all z,y € R™ and thus possibly allow us to relate the norm of the gradient to our current function error.

1.2 Assumption #2 - Lower Bound on Taylor Expansion

Another natural way to achieve global guarantees on the function progress would be to leverage the fact that
we have already proven that gradient descent on a smooth function allows us to compute e-critical points,
that is points where the norm of the gradient is sufficiently small. More precisely, we could assume that if
v.f(z) =0 for some x € R™ then z is a minimizer of f. To try to make this more quantitative, we note that
assuming

F4) > @)+ V@) (g —2) + Sl =yl

for all z,y € R™ would allow us to conclude that if 57 f(x) = 0 then x is the unique global minimum of f.
Thus we could just try assuming the above formula directly.

1.3 Assumption #3 - Seeing the Minima

One more way we could fix our assumptions is to take a closer look at why exactly gradient descent might
get stuck. The issue with gradient descent is that for any point if we look in the direction of the minimizer
of f it might be the case that the function increase rather than decreases. Thus it might be the case the
locally, moving in the direction of the minimum doesn’t help. More broadly, this issue is that the function
might lie above the line between two points. We could fix this by assume that

fty+(1—t)-2) <t fly)+(1—1) flz)

for all z,y € R™ and ¢ € [0, 1], meaning that the value of the function always lies underneath the line between
two points. We could even make this stronger and say that for some g > 0 the function lies underneath the
quadratic between the two points, i.e.

f(t~y+(1*t)~fv)§t~f(y)+(1*t)~f(x)*g~t~(1*t)'||w*y||§-

2 Convexity

It turns out that each of the possible assumptions discussed in the previous section are equivalent to a notion
known as u-strong convexity. Here we formally define u-strong convexity and proof these equivalences.

Definition 1 ((u-strong) convexity). We say a function f : R®™ — R is u-strongly convex for p > 0 if and
only if for all 2,y € R™ and ¢ € [0, 1] we have that

f(t~y+(1—t)-x)St'f(y)+(1—t)~f(w)—g-t-(l—t)-llx—yllg- (2.1)

We say that f is convez if this holds for p = 0.



In the remainder of this section we show that this is formally equivalent to the assumptions presented in
Section 1.

Lemma 2 (Convexity of Differentiable Functions). A differentiable function f is p-strongly convex for u > 0
if and only if

) 2 J@) + V@) =) + Slly — all} Jor all 2,y € R". (2:2)

Proof. First suppose (2.2) holds. The for all all z,y € R™ and ¢ € [0,1] it is the case that if x; = 2 +t(y — x)
then

1) 2 f@) + i) (=) + Sl — il = fla) + (1= 1) @)@y —2) + £ =0y ol
and
F@) 2 f@) + V@) (@ = a) + Sl — a3 = Fl@n) =t vf @)y - @) + 5y — o]

Since t(1 — t)2 + t2(1 — t) = t(1 — t) adding a t multiple of the first equation to the 1 — ¢ multiple of the
second equation then yields (2.1).

On the other hand, suppose that f is p-strongly convex. Let x,y € R™ be arbitrary and let z; = z + t(y — )
then

fla) —(A—t)- fl@)+5-t-A—1)-lly— |3
t

fze) — f(x)
t

1) = = f@)+5-(1=0)-Jy -3+

by the definition of strong convexity. However, as we have already shown that for g(t) = f(z;) it is the case
that ¢/(t) = 7 f(2:) " (y — =) we see that taking the limit of the above as t — 0 yields the desired result. [

Lemma 3 (Convexity of Twice Differentiable Functions). A twice differentiable function f is p-strongly
convex for p > 0 if and only if

T2 f(@)z > pllzl)3 for all 2,y € R” (2.3)

Proof. First suppose 2.3 holds. Then for all z,y € R™ and t € [0, 1] it is the case that if x; = z + t(y — x)
then

fy) = f@) + V(@) @y —2) // _ )T 2 flea)(y — o)dadt

> f@) + (@) (y - ) //uny—xnzdadt
> f(@) + V@) <y—x>+§||y—x||2

and the result follows from Lemma 2.

On the other hand suppose that f is p-strongly convex and let z,z € R™ be arbitrary. Define x; = x + ¢z
for all t € R and let g(t) = f(x¢). We have ¢/(t) = vf(z¢) "z and ¢”(t) = 27 2 f(x¢)z. We have that

(0) = i O =9 (F @) =@ (T) - i) ()

t—0 t t—0 t t—0 t2

However, by Lemma 2 we know that

Fa) = @)+ V@) (@ —2) + e - 2l



and
J(@) 2 fa) + V@) (@ = a) + a3

Adding these and using that x; — x = tz we have

(Vf (@) =7 f(@) " (@ —2) > pt® - |12]3
yielding the desired result. O

3 Bound on Distance to Optimum

Now that we have established the definition of convexity, we wish to use it to show that gradient descent
converges to optimal points of a convex function. We have already shown that a gradient descent step from
an arbitrary point decreases the function by an amount proportional to the norm of the gradient. What we
want to use convexity to show is that this progress is sufficiently large relative to the current points distance
to optimum.

In this section, we show how we can use the assumptions of smoothness and strong convexity to relate various
measures of optimality, or difference of a point from optimum. There are three such measures of optimality
that we consider. The first is one we have talked about the most, and that is optimality or function error,
for a point € R™ this is just f(x) — fi«. The second one is simply the distance of a point to an optimum
point. For a point 2 and minimizer z, this is just ||x — x.||3. We occasionally may refer to this as residual
error. From here on we also let X, (f) denote the set of minimizers of f and may occasionally consider
ming, ex, || — z«||2 which we will call the distance to the minimizing set, since this is precisely what it is.

The last measure of optimality we will occasionally consider for a point z is simply the norm of the gradient
|| 7 f(x)|l2- As we have seen, this is difficult to relate to the other two measures in general, since for non-
convex functions we may have || 7 f(2)|l2 = 0 and nevertheless the point is optimal; however we will show
that with convexity, this cannot happen.

We begin by proving bounds between these three measures using smoothness. We prove the lemma below
simply by using that if f : R®™ — R is L-smooth then for all z,y € R™ we have

L
F) < f@) +vF@) (v —2)+ Sy - =l
and then look at this inequality when we set y = ., x =z, y = x and © = x,.

Lemma 4. If f : R* — R is L-smooth then for all z, € X.(f) we have that 7 f(x+) =0 and for all x € R™
it is the case that

1 L
YA V@3 < flo) = fla.) < 3" lz = @3-

Proof. First note that y = x — 1 v/ f(z) has the property that f(y) < f(z) — 5-|| 7 f()|3. Considering if
x was x, we see that if || 7 f(z)||2 was not equal to 0 then y would have strictly smaller value violating the
optimality of x,. Furthermore, this implies that

o < 5) < @)~ 521 9 T

giving the right hand side of the desired identity. The right hand side follows from the fact that f(z) <
f(@) +f(@) " (z — z.) + Lz — 2.]|3 by smoothness and that 57 f(z.) = 0 as we have shown. O

With this in hand we now provide analogous bounds for p-strongly convex functions. The proof is quite
similar to the proof of the above lemma. We simply use that if f : R® — R is u-strongly convex then for all
z,y € R™ we have

F@) = f@) + i@ (g —2) + Sy -3



and then look at this inequality when we set y = z, and * = x and y = z and x = z,. As one would expect,
this lets us prove the same sort of lemma as above, with the direction of the inequalities reversed.

Lemma 5. If f : R™ — R is smooth and u-strongly convex for u > 0 then for x,. € X.(f) we have
! 2> > K 2
v f@)lz = flzx) = flza) 2 5 - [l — 2z
21 2

Proof. First we note that since f is smooth we have 7 f(z4) = 0 and therefore

@) 2 f@) + i) @ —a) + Slla - .3

gives the desired bounds on the right hand side. Next we note that
. n 1
f(@s) 2 min f(z) + Vi@ =)+ Glly = 2l > f@) - ﬂll v f(@)I3

where this follows from the analogous fact in the gradient descent proof that the minimizer of the quadratic
isy:x—ivf(x). O

4 Gradient Descent Strongly Convex Case
We now have everything to analyze gradient descent for strongly convex functions. Note that Lemma 5 let
us lower bound the norm of the gradient at a point by the function error at that point.

Theorem 6. Let f : R* — R be a L-smooth p-strongly convex function for u > 0. Then for xqg € R™ let
Tkl = Tk — % V f(xg) for all k > 0. Then we have

fa) ~ fo< (12 (o)~ 12

flxo)—f« )"

and consequently we can compute an e-optimal point with f% log( calls to a gradient oracle.

Proof. As we have seen f(zy41) < f(2r)— 57|/ f(2x)||3. However, from Lemma 5 we have that ||/ f (zx)[|3 >
2u[f(xr) — f«]. Consequently

i) = Fo < @) = fo= S 1f @) = £ = (1= £) [f@e) - £

applying this repeatedly uses the bound on f(zy) — f« and using that 1 + z < e” for all € R and picking

k= [£log( Mﬂ then yields the bound on the number of gradient oracle calls. O
o

€

5 Gradient Descent Non-strongly Convex Case

Here we show how to analyze gradient descent in the case when f is not strongly convex and just convex.
To do this we need a new bound on the norm of the gradient and for this we prove the following.

Lemma 7. If f € R" is differentiable and convez then for all x we have that

F@) = £ <19 £@)l - min o o5

* *



Proof. By convexity we have that

fo= max f(z.) > max f(@) + Vi) (@ —2) > f(z) = | v f@)] - min o -2

T4 E€EXx €Xx

where in the last step we used that 7 f () T (y—2) > — |V f(2) " (y — 2)| and |V f(2) " (2. — z)| < ||V f(@)]|2-
|z« — z||2 by Cauchy Schwarz. O

Using this, we have everything we need to analyze gradient descent.

Theorem 8 (Gradient Descent). Let f be a L-smooth convex function and starting from some xq let xy11 =
T — % V f(xr). Then if D = maxy. f(y)<f(z,) MiNa, ex, |y — 2«||2 we have that

2-L-D?

flan) = min (@) < ==

and consequently we can compute an e-optimal point with [2- L - D? /€] calls to a gradient oracle.

Proof. Let e = f(xy) — f.. We have already argued by smoothness that f(zry1) < f(zr) — Sl f(2e)3
and therefore €41 < €, — 5= || v f(zx)[|3. Furthermore, by Lemma 7 we have that since f(zy4+1) < f(xo)
for all & it is the case that ming, cx, ||k — Z«||oo < D and thus e, < || 7 f(zx)|2 - D.

Combining yields that
2

€ <€ — %
F1S 6 = 5T o
and therefore
1 1 > €k — €kt1 €k 1
€kt1 €k €k€kt1 _2~L~D2~€k+1_2~L~D2.
Since €9 < £D? by Lemma 4 we have that c
1 1 k S k+4

—>—+
€0

€k 2-L-D2~2.L-D?’

6 Summary

In these notes we bounded the performance for gradient descent on smooth convex functions. In all of the
settings we considered the algorithm, gradient descent, remained unchanged. It was only the analysis that
changed. Thus we can combine the bounds to get a clean statement for the performance of gradient descent.
To simplify our statements we use the following helper lemma.

Lemma 9. If f is a L-smooth convex function and x, € X.(f) be then if y = x —n <7 f(x) for n € [0, %]
the following holds
ly = @3 < llo —]]3-

Proof. By definitions we have that

ly = @ll3 = l|lz — 2 =0 57 f(2n)ll3
= ||z — 2.3 + 20 7 f(2) " (2 — 2) + 02| 7 f(2)]13.



Now f(z.) > f(z) + v f(x) " (z. — z) by convexity and || v f(x)||2 < 2L - [f(z) — f(z.)] by smoothness.
Consequently

ly = 2|3 < llz = 2.3 = 20 [f(2) = fu] + 20°L[f () — f]
= llo = .3 = 2n(1 = nL) - [f(z) = fi] -

Since f(z) — f« > 0 by definition of f. and 2n(1 — nL) > 0 by assumption on 1 we have that

—2n(1 —nl)-[f(z) - £i] <0

Using this, we can summarize our results as follows.

Theorem 10. Let f : R® — R be a L-smooth p-strongly convezr function for u > 0. Let xg € R™ and
zy € Xu(f) be arbitrary and let x4 = xp — % V f(xg) for all k > 0. Then

flan) = g < min{ (1 5) " 17Gao) - £,

2L - ||lzo — .13
L

kE+4

2
Consequently we can compute an e-optimal point with O([min{% log(f(woe)ff* ), LH“?*HQ 1) oracle calls.

Proof. Combine the theorems in this chapter regarding gradient descent and note that the f(zx) — fi <

(1- %)k [f(xo) — f«] still holds when p = 0 as each step of gradient descent reduces the function value. O
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