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Plan for Today

M * Coordinate descent

Next Unit : Convex Sets and Lipschitz Functions



Recap

Problem

min £(x)

Regularity Oracle Goal Algorithm Iterations
n=1, f(x) €[01], x, € [0,1] value 15-optimal anything o
n =1, x, € [0,1], L-Lipschitz value €-optimal €-net O(L/¢€)
x, € [0,1], L-Lipschitzin || - |le value e-optimal e-net (@(L/e))n
L-smooth and bounded value, gradient e-optimal e-net exponential
L(f(xy) — [
L-smooth gradient e-critical gradient descent 0 ( (f( 02 f)>
€
. . . L f(xo) — fo
L-smooth u-strongly convex gradient e-optimal gradient descent O | —log|—
U €
. . . L”xO — X*”%
L-smooth convex gradient e-optimal gradient descent 0
€




Recap

Problem

min f(x)

Regularity Oracle Goal Algorithm Iterations
. . . L f(xo) — -
L-smooth u-strongly convex gradient e-optimal gradient descent 9| |—log(————
U €
2
L-smooth convex gradient e-optimal Ac.celerated 0 Lllxo — x.l12
gradient descent B

Theorem

Suppose that f(xg41) < rg&gn f(x) +—; lx — x4 ||% for all k > 0 and suppose
X n

that f is u-strongly convex with respect to arbitrary norm || - || then

u
L+ "k +3

fuw—JiSmm{<

i LD?
1-——) [fGxo) - £ }



Problem

Recap min f(x)

Theorem
Suppose that f(xy4,) < IE]}@H f(x) +—2 lx — x4 ||% for all k > 0 and suppose
X n
that f is u-strongly convex with respect to arbitrary norm || - || then
U

. k LD?
Fe) ~ f. < mm{(l T U~ Al 3}

Lemma
If f: R™ - Ris defined for all x € R" by f(x) = g(x) + ¥ (x) for g: R" -
R that is L-smooth with respect to || - || and convex and

L
X1 = ArgMin 90 + Vg 00" O = xi) + 5 llx = xill* + 9 (x)
X€E

then f(x41) < min £(x) + £ [lx — x,||%.
x€ERM 2

Corollary: in the setting of this lemma can compute an e-optimal
. . . L f(xo)-f.\ LD? . .
point with O (mm{[;] log( xoe ), . }) gradient queries to g.
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Coordinate Descent

Question: stronger or weaker than gradient oracle?
* Weaker! Less information per query.

* Canimplement 1-partial query from gradient query
* |dea: Weaker Oracle * May need n-partial queries to implement 1 gradient query

* More iterations

* Maybe lower cost per iteration Question: why consider?

 More fined gra ined ana Iysis * One partial derivative evaluation could be%1
of gradient cost!

* Partial Derivative Oracle: for f: R" - R

x € R%,i € [n] Ef(x) =[Vf(x)]; ER




Example Problem

Problem

*solveAx = b wherje A € R™™ js symmetric, A = A", and A is positive
definite (PD), i.e.z'Az > 0forallz # 0

Approach

- 1.7 T
e min f(x)=-x'Ax—»b'x
xERnf() a

Oracle
* Vf(x) = Ax — b [considers every entry of A]

ai-f(x) = [Vf(x)]; = [a] x — b;] for row a; [considers one row of A]




What Assu mption? 1, is indicator vector or i, i.e. [1i]j = {1 L=J

0 otherwise

Idea
e Coordinate smoothness!

Definition

* Differentiable f: R"™ — R is L;-smooth in coordinate i if and only if
gx(h) = f(x + h1;) is L;-smooth for all x € R

<L-|h|

Picture |[Vf(x + hTi)]i — [Vf ()l



How to use?

Coordinate Descent Step
cgh) =f(x+ th-) is L;-smooth

«g'(h) =Vf(x+ th-)TTl- = [Vf(x + h1})]
cg (h —Liig’(h)) < g(h) —ZiLi [g'(M]?

+s f (2 =L VL) < £00 5 [VFOOR:

i

e fis L;-smooth in coordinate i
e f u-strongly convex
e Partial derivative oracle



e fis L;-smooth in coordinate i

How to use? . f uestrongly convex

e Partial derivative oracle

Coordinate Descent Step

+= f (2= L IVFEOLT) < F@) — 5 V@)

How to use?

* ldea find coordinate which maximizesi [Vf ()7

l

* Problem: takes O (n) queries

* ldea: pick random coordinate!



Randomized Step f(x - LT < £00 - 5 (97 GO

Lemma: If f: R = Ris L;-smooth in coordinate i for each i € [n] and
and j € [n] is chosen at random with Pr[j = i] = p; for all i € [n] and

y =x = Vf )T then Ef () < £(0) = Tieyy, [Vf O

Proof
*Ef () = Siepm pif (% = [/ 1T
. < Lie[n] Pi [f(x) _Zil,,; [Vf(x)]l?]




Randomized Coordinate Descent

Lemma: If f: R — R is L;-smooth in coordipate i for each i € [n] and and j € [n] is chosen at random with

Pr[j =i] =p;foralli € [n]andy = x "y [Vf(x)]jlj then
]

Ef(y) < f(x) - % [VF ()%

i€n]

Theorem: Let f: R" — R be u-convex and L;-smooth in coordinate i for all i € [n].

Let x, € R™ and for all k > 0 repeat repeat

* i, € [n] chosen independently at random with Pr[i; = j] =2 with § = Yjern Lj

s
1 —

* Xeer = X — 7 V(O] 1,
Lk

k _ 2
Then Ef (xx) — f. < min {;(11 —;) [f(xo) — f*],%} and therefore
_ _ 2
0 (min {i log ([f(x") f*]) , lx"e - lz}) partial derivatives suffices to compute an expected e-optimal point.

€

Proof: Ef (xic+1) < f (i) =52 IV (xi)lI3



Improvable?

€ €

: L x Li
e Theorem: O(mln {Zie[n]flog( f(xo)— f]),zie[n]“xo —x*llz\/:e}>

Example: min f(x) = %xTAx
X
» g(h) = f(x + h1)) and g"'(h) = 1] V3f(x + h1;)1; = Ay
* Ay-Lipschitzforalli € [n] and S = Yy Ai = tr(4) = Xigpny 4i(4)
* GD: 0 (A"(A)l g( )) evals

i (A)
€[n i(
e RCD: O ( l ) ]( ) l g( )) evals If each is n-factor easier then is faster by
1 however much %Ai(A) is smaller than A,,(A)!

«0 (min {i log f ([f(x‘))_f*]) ,S”xo_x*”%}) partial derivatives suffice




Plan for Today

Recap

* Coordinate descent

Next Unit : Convex Sets and Lipschitz Functions



L-Lipschitz Functions

fis L-Lipschitzw.rt. || - || if |f(x) — f(y)| < L||Jx — y|| forall x,y € R"

* o —Lllx-yll < f(y) - f(x) <L|lx -yl forallx,y € R"
* o f)-Lilx—yll < f) < f)+L|lx -yl forallx,y € R"

sifn="1and | || =|-l, (ie llx]| = [|x]l, = ([x[")'/? = |x|) then
S f(x)—Lld| < f(x+d) < f(x)+ L|d| (slope at most L)

~ e

J‘—f(x)+LZl\\ .-
—_ f(x) :,K: :|‘ Value of f lies in this range
- f(x) —,L,d«’/ T\\ R
< -7 | =< >
r Ty
d
\4




Optimal up to constants!

] f:R™ - R is L-Lipschitz with respect to norm || - || if for all
((cL/e)™ queries are needed) x,y € R™ itis the case that |f(x) — f(3)| < L||x — y|.

Theorem: If f: R™ — R is L-Lipschitz with respect to || - || can compute

: : A :
e-optimal point with H gueries to a value oracle.

Algorithm (e-net) Analysis
. . ) 7 1
* Pick k € Zsy + Vi€ [n], 3 € [k] st. |x.() —L| <<

dq queried s.t. ||x, — 9]l _71
L
@) < fGe) +5

. . L .
Point output is ;-optlmal

i1 iy i\ ¥ o
* Query (;,;, ...,;) for all possible i; € [k]

* Return point of minimum value

k™ queries are made

E]n-queries suffice




Smooth Functions

fis L-smoothif [|[Vf(x) = Vf(¥)|| < L||lx — y|| forall x,y € R™

Implication
*x,yER",x; =x+t(y —x)fort € [0,1]

CFO) = [f ) + VDT =0 = [, (Vf(xa) = VF () (v — x)dax
1FO) = ) + V@ - DIl < f | (Vf(e) = V@) (v — »)| dar
| (V@) = V@) 0~ 0| < Ll — xllolly — xll, = Lally - 23
C1fO) — [f @) + V@) T — 0]l <= lly — xl13




Corollary: If L-smooth and x, y € R":

1 L
Picture? FO) =[G + VT = 0l <5 llx = 113
L
Ly, (x) = f(x0) + Vf(x0) T (x — %) —£21 llx — x,]l3 Ur, () = f(x0) + V£ (x0) T (x — x0) +§ [l — xol13
f
Xo
X1

Ty, (x) = f(x0) + Vf(xo) " (x — xo)

Gradient descent!

Corollary implies that L, (x) < f(x) < Uy, (x) for all x! Xp41 = argmin Uy, (x) = x; _%Vf(xk) n
X



Corollary: If L-smooth and x, y € R":

Critical Points FO) ~ [FG) + VF T (v = 01l <7 llx — ¥

Theorem: < 2L[f(x,) — f.]/€? queries suffices to compute

e-critical (||[Vf(x)]|, < €) point of L-smooth function.

" Xeps = X =7 V(%)
o flge1) < flxp) + Vf(xk)T(xk+1 —xp) += - ”xk+1 — xiell5 < f (i) —le IVf Ce)ll5
* Siepg S < Tiee [f(xi D == I9f (e DIE 2]

o flx) = fxo) < Zze[k]”Vf(xl DII2
1 2L 2L
i ZiepllVf (- 1)II2 < 2IC Sl 240/ G-/

+ =23i€[0,k—1]st ||Vf(xl)||2 _[f(+)f]

« = e-critical point found when k > 2L[f(x,) — f.]/€? !



Assumptions for Efficient e-optimal Point

Notion #1: Hessian Lower Bound
* fis twice differentiable and zTVZf(x)z > ul|z||5 for all x, z

¢ = Amin(vzf(x)) = U

Notion #2: Quadratic Lower Bounds
* fis differentiable and f(y) = f(x) + Vf(x)T(y — x) +izt ly — x|I* & L,(x)

Notion #3: u-strongly convex with respect to || - || (by default || - ||-)

s fley+ (A=) <t fO)+ A=) f(x) =5 t(1 =Dy — xI|?
Forall x,yandt € [0,1]

Theorem

Say f is convex & f is 0-strongly convex These three notions are equivalent
for twice differentiable functions

Can’t see opt




Minimizing Smooth Convex Functions

Theorem: f: R™ — R is L-smooth and u-strongly convex (with respectto || - ||,) if
and only if the following hold for all x, y

def L
O SUE )+ V) (v —x) +- lly — I3 t f
*fO) 2 L(y) € f(x) + V() (y —x) +i2‘ ly — xII3
Question: is this assumption and a gradient oracle . \\ [R/
X

enough to obtain dimension independent efficient

algorithms for e-optimal points? '



Algorithm?

Gradient Descent!

e Fort=290,..,T—-1

1
* Xt+1 = Xt — va(xt)

* OQutput xr

ﬂk

* Goal: compute e-optimal point
* Assumption f: R™ — R is L-smooth and u-strongly convex
* Given: x, € R™ and a gradient oracle

C O SULO) 2 FE)+ VT —x) +2 lly — xII3
* O 2 L) E f@)+ V)T -0 + 4y — x5

Upper Bound Analysis

* f(xeq1) S Uy, (Xp41)
1

¢ Uxt(xt+1) = f(xy) ey’ ”Vf(xt)”%

¢ fCren) < fQe) =5 IIVF (o) ll3

f

R Question

Xt+1

How lower bound?




* Goal: compute e-optimal point
* Assumption f: R™ - R is L-smooth and u-strongly convex

o ? * Given: x, € R" and a gradient oracle
Algorlth m: s SV L)+ (y—2x) +§ ly — xli3
* ML) E )+ VT -0+ lly —xl3
Gradient Descent! Upper Bound Analysis
* FOI‘ t - O, ...,T - 1 ¢ f(xt+1) S Uxt(xt+1)
« Xpq =% —~VF(xp) _ L 2
t+1 t L t * Uy, (x41) = f(xy) Y IVf(xo)ll2
* OQutput xr

¢ fCren) < fQe) =5 IIVF (o) ll3

Lower Bound Analysis (u > 0)
* fo2 Ly (x)
+ fozminLy, @) = () =5 IV I3

* o IVFGIE = f () — £,

Lower Bound Analysis (u = 0)
i th(x*) = f(xe) + VfQxe) " (x — x¢)
* i = ) = IVFx)Il2 - e — xell2




s Goal: compute e-optimal point

Strongly Convex Case . ¢ il iemoe oo
+ Algorithm: : i1 = xi == Vf (x)

s e = flxx) — f

¢ fOesn) < FQ0) — - IVFGIIZ = €ran < €6 — o IIVF G2

*IVFCll5 = 2ulf (i) — £l = 21 - €,

.:>Ek+1 < (1—%)61(

K
=g, < (1 —%) €o < exp(—kT”) €o [as 1 + x < exp(x) for all x]
L €o
° — | = - <
=k Hlog ( _ ﬂ thene, <€ o

Gradient descent computes e-critical point

with O (ﬁ log (@) ) gradient queries.




* Goal: compute e-optimal point
* Assumption f: R™ - R s L-smooth and convex

CO nvex Ca Se * Given: xy € R™ and a gradient oracle

* Algorithm: : X1 = X}, ——i Vf(x,)

c¢c, ¥ f(x,)—f.and D £ max min X, — X
2 fCo) — £, nax  min_ Iz —x.l;

* fOter) < fCr) =5 IVF Gl 50 € < € = IVF ()13

* € < |IVF(xp)llz - D so€prq < € —2_1L
ol 1 e 11
€k~ €kx+1 2LD%€pyq — €k+1  2LD? Theorem
S . Gradient descent computes e-critical

€ €9 2LD?

L L
€0 < EDZ (f (xx) — f- =7 |, — x.115)
2LD?

. L A 5
k+4 Note: can improve to O (M) for ||,

2

point with O (%) gradient queries.

:>EkS



Recap

Problem

min f(x)

Regularity Oracle Goal Algorithm Iterations
. . . L f(xo) — -
L-smooth u-strongly convex gradient e-optimal gradient descent 9| |—log(————
U €
2
L-smooth convex gradient e-optimal Ac.celerated 0 Lllxo — x.l12
gradient descent B

Theorem

Suppose that f(xg41) < rg&gn f(x) +—; lx — x4 ||% for all k > 0 and suppose
X n

that f is u-strongly convex with respect to arbitrary norm || - || then

U
L+ "k +3

f@md—ﬂﬁmmK

L LD?
e ACORIA }



Problem

Recap min f(x)

Theorem
Suppose that f(xy4,) < IE]}@H f(x) +—2 lx — x4 ||% for all k > 0 and suppose
X n
that f is u-strongly convex with respect to arbitrary norm || - || then
U

. k LD?
Fe) ~ f. < mm{(l T U~ Al 3}

Lemma
If f: R™ - Ris defined for all x € R" by f(x) = g(x) + ¥ (x) for g: R" -
R that is L-smooth with respect to || - || and convex and

L
X1 = ArgMin 90 + Vg 00" O = xi) + 5 llx = xill* + 9 (x)
X€E

then f(x41) < min £(x) + £ [lx — x,||%.
x€ERM 2

Corollary: in the setting of this lemma can compute an e-optimal
. . . L f(xo)-f.\ LD? . .
point with O (mm{[;] log( xoe ), . }) gradient queries to g.




* What if are non-smooth?
* What if willing to obtain dimension dependent rates?
P I dan fO r TOd ay  Structure of convex sets?
e Online learning?
» Stochastic gradient descent?
* Newton’s method?
* See you Tuesday!

Recap

* Coordinate descent

Next Unit : Convex Sets and Lipschitz Functions



