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Plan for Today

* Recap last class, convexity, and oracles

Recap

Hyperpla gl=ky ¢ Structure of convex sets

* Prove existence Subgradient
Descent




Problem

Recap min £(x)

Regularity Oracle Goal Algorithm Iterations

n=1, f(x)€[01], x, € [0,1] value 15-optimal anything o0
n =1, x, € [0,1], L-Lipschitz value e-optimal e-net O(L/e)

x, € [0,1], L-Lipschitzin || - |le value e-optimal e-net (@(L/e))n

L-smooth and bounded value, gradient e-optimal €-net exponential
L-smooth gradient e-critical gradient descent O(L(f(xg) — f)e™?)
L-smooth u-strongly convex gradient €-optimal gradient descent 0((L/u) log([f (x) — ﬁ]/e))
L-smooth convex gradient €-optimal gradient descent O(L||xy — x.|5/€)

L-smooth p-strongly convex gradient e-optimal gradient descent  O(y/L/ulog([f(x,) — £.1/6))
L-smooth u-strongly convex gradient e-optimal gradient descent 0 (\/Lllxo = x*||5/6>




NEXt Few Weeks Develop new plgfntial functions!

Develop new notions of progress!
Develop new methods!

* What if function is non-differentiable?
* What if function is very non-smooth?
* What if cannot make sufficient local progress?

What to
do here?




Our Approach

Step #1 Step #2

* Obtain a better understanding of < Consider different oracles for
convex sets convex functions

e Connect convex set structure to * Subgradient oracle and
convex function structure subgradient methods

e Separation oracle and cutting

Step #3 plane methods

 Have a good winter break! * Barrier oracle and interior

e Along the way we will learn point methods

 Online learning, SGD,
Newton’s method, and more!



tx+ (1 —t)yforte[01]isa

CO nvex SEt “convex combination” of x and y”

Definition: a set S € R" is convex if and only if forall x,y € Sand t €
[0,1] we have tx + (1 — t)y € S.

* “contains the line segment between every pair of points”
» “closed under convex combinations”

RN Z

Convex Convex

Non-convex



Convexity Examples and Properties

Properties Examples
* Closed under intersection (even  Halfspace:
infinite) H.(a,b) € {x e R" | a"x = b}
* Closure (union of limit points) of  Polytopes: intersections of
convex set is convex halfspaces

P={xeR"|Ax = b}

Examples from convex f: R" —» R

* (sub)level set: level.(f,v) = {x € R"| f(x) < v} If and only if for
uasi-convex
* strict (sub)level set: level . (f,v) = {x € R" | f(x) < v} mctions”

* e-optimal points: level_(f, f. + €)
* epigraph: epl(f) — {(X, t) | X € Rn' t € ]R' f(.X') < t} If and only if!



(sub)level set: level.(f,v) = {x e R" | f(x) < v}
H.(a,b) ={x € R" |a"x > b}

Oracles for Convex Functions

uer output Cutting Plane

separation T
x € R" oracle g € R" such that SHnods

levels (f' f(x)) s HZ (g’ng) * Will cover in a few weeks

With g = 0 Only ifﬁk - f(x) » This week: just prove the oracle
exists for quasi-convex functions

uer subgradient output Subgradient
x €ER" oracle ' g € df (x) descent

* Will cover next few weeks
Subgradient: g is subgradient of f at x (g € df (x)) if * This week: just prove existence
fO)=f(x)+g"(y—x)forally € R* and relate to convexity



Plan for Today

* Recap last class, convexity, and oracles

Recap

Hyperpla gl=ky ¢ Structure of convex sets

* Prove existence Subgradient
Descent




Hyperplanes and Halfspaces

Hyperplane
H_(a,b) € {x € R"|a"x = b}

Hapraces
£ {x e R"| a x = b}
{x €eR"|a'x < b}

g, 1%

Separating Hyperplane

H_(a, b) is a separating hyperplane
gr x)e R" ar:\d S |f%1 %IpO ae\d

x € H.(a,b)and S € H.(a, b)

a'x <banda's>bforalls€S



e H(a,b) ¥ {xeR"|a"xx*b}

Separating Hyperplane Theorem

H_(g,g" x) called
separating hyperplane
forx and S.

H-(g,g"x) called
supporting hyperplane
when x € 9(S).

For all convex S € R™and x & S or x € d(S) (boundary of S)

there exists g # 0 such that S € H.(g, g "x).

* d(S) - Boundary of §:
* Intersection of the closure of §
and complement of S
* Points that are the limit of a

sequence of points € S and the
limit of a sequence of points & S.

H. (g9,9"x)

H_(g,9"x)




« H(a,b) € {x€eR"|a"x*b}

Often Easy to Compute

H_(g,g"x) called
separating hyperplane

H_(g,9"x) called

C n
For all convex S € R™ and x & S or x € 9(S) (boundary of S) supporting hyperplane

there exists g # 0 such that S € H.(g, g "x).

forx and S. when x € 3(S).
Polytope Epigraph of Differentiable Convex Function
e S=P={x:4x = b} * f:R™ > R convex and differentiable
 Hyperplane forx & S orx € 9(S)? « S =epi(f) = {(x,v,) € R | f(x) < v, }
e Checkif a] x > b; for all i! * Hyperplane for (x,v,) & S or (x,v,) € 3(S5)?

* P ={x:a/ x = b; forall i}
* Output a; for which a x < b_i




« H(a,b) € {x€eR"|a"x*b}

Often Easy to Compute

H_(g,g"x) called
separating hyperplane

H_(g,9"x) called

C n
For all convex S € R™ and x & S or x € 9(S) (boundary of S) supporting hyperplane

there exists g # 0 such that S € H.(g, g "x).

forx and S. when x € 3(S).
Proof Epigraph of Differentiable Convex Function
* f(x) = v, by assumption * f:R™ > R convex and differentiable
+ If (y,v,) € Sthen f(y) < v, ¢ S = epi(f) = (%, 1) € R™ | f(%) < vy}
c v, = f(x) + V)T (y —x) * Hyperplane for (x,v,) & S or (x,v,) € 3(S5)?

V) Ty +v, = -Vf)Tx+v, 9=V ) D!
9" vy) =g (x,vy) ‘




For all convex S € R™ and xy & S or xy € 3(S) (boundary of

Stronger Theorem S) there exists g # 0 such that S € H>(g, g "xg).

Strict Separating Hyperplane
For all closed convex S € R™ and x € S there exists

g # 0 thatis a “strict separating hyperpane,” i.e. that
SC Hs(g,9"x+€) forsomee > 0.

H_(g9,9"x + ¢€)

H. (9.9 x +¢€)



e H.(a,b) € {x€eR"|a"x*b}

CO nve rse? * Separating hyperplane: H_(g, g " x)

* x € d(S): supporting hyperplane

True! (if closed)

* If S € R™ closed and for all x &€ S exists a

strict separating hyperplane, i.e. g # 0 : o
. T there exists g # 0 that is a “strict
and € > 0 with S € H>(g,g " x + €) then separating hyperpane” i.e. that § S

5 is convex H.(g,9"x + €) forsomee > 0.
* § = intersection of strict separating
hyperplane forall x € S

_ T
* _nx(,i_S Hz(gx» gxX + Ex,g)
* Proof: considerx € Sand € S
* Intersection of halfspaces is convex!

Strict Separating Hyperplane
For all closed convex S C R*andx € S

.
Theorem: all closed convex sets are intersections H.(9,9 x+¢€)

of (a possibly infinite) set of halfspaces.

H. (9,9 x +¢€)




« H(a,b) € {x€eR"|a"x*b}

Separating Hyperplane Theorem -

For all convex S € R™and x & S or x € d(S) (boundary of S)

there exists g # 0 such that S € H.(g, g "x).

Idea
* Want to cut every line
segmentto S
* Look at closest point
* Characterize constrained
minimization problems

H_(g,9"x)



Constrained Minimization

Lemma:

* f:R = Rdifferentiable and pu-strongly convex

with respect to ||| foru > 0
* S € R™ non-empty, closed, and convex
* Exists uniqgue minimizer x,
* y=x,ifandonlyif
V) T(x—y) =0
forallx € S.

Uniqueness & < (Vf(y)"(x —y) = 0 forall x € S)

e By strong convexity for all z p
f@zfG)+VO G-y +5llz -yl

Existence

* Lety € S be arbitrary

* By multivariate extreme value theorem, showing
levels(f,f(y)) N S bounded suffices.

* Letz € S be arbitrary

* f@DZ M+~ ) +5 Iz -yl
f@ 2 FO) = IVfOlllz =yl +4 11z = yI1?
Fllz = yll =~ [Vf)Il. than £ (2) = £ ()

B {z € Rz~ yll << IVf WL}

= level<(f,f(y)) € B
B N S is closed and bounded



Constrained Minimization

Lemma: = (¥ = x)
* f:R = Rdifferentiable and pu-strongly convex ¢ Proceed by contradiction and suppose

with respect to ||-|| for u > 0 VF()T(x —y) < 0forsomex €S
« § € R™ non-empty, closed, and convex e x; ¥t-x+(1—-t)-yeSforallt €[0,1]
* Exists unique minimizer x, « g(t) ¥ f(xp)
« y = x, ifand only if « g'(0) =V (x —v)

VF)T(x—y) =0 « = g(0+6) < g(0) for small enough &

forallx € S. * = f(x;) < f(y) for small enough t

Uniqueness & < (Vf(y)"(x —y) = 0 forall x € S)

e By strong convexity for all z p
f@zfG)+VO G-y +5llz -yl




Why‘) For all convex S € R™and xy & S or xo € d(S) (boundary of S)

there exists g # 0 such that S € H.(g, g "xo).

Lemma: Claim: Basically done!!!l (case S closed, xo & S)
* f:R = Rdifferentiable and pu-strongly convex ¢ Just need f such that:

with respect to ||| foru > 0 e f(y) > f(xo)forally €S
* S € R™ non-empty, closed, and convex  f differentiable and u-strongly convex

. Evi . o
Exists unique minimizer X, Note: since strict inequality obtain

« y = x, ifand only if Why? strict separating hyperplane!

T(r _ . _ -
forallx € S. e Vf(x,)T(x —x,) =0forallx €S as hyperplane.
— ¢ FGr) > fr) 2 F(x) + VF(x)(xo — x.)

* Vf(x,) # 0asxy # x,

* Pick g = Vf(x,)
* Generalidea: f(x) = g(x) — [g(xg) + Vg(xo) " (x — Xog]

* Bregman divergence

* Natural idea: f(x) = g llx — xo|3

()




For all convex S € R™and x, & S or xo € d(S) (boundary of S)

PrOJECtlon there exists g # 0 such that S € H.(g, g "x,).

Lemma: Projection: For closed, convex S € R" let
. pn H
* f:R — Rdifferentiable and u-strongly convex ms: R™ = R be defined for all ﬁas
with respect to ||-|| for u > 0 g (xy) & argmianSE lx — x5

* S € R™ non-empty and closed

* Exists unique minimizer x, Theorem when S closedand x € §

* y =x,ifand onlyif
V)T (x—y) =0

1
Let g = mg(xg) — xp = VE s (xo) — Xo”%

gT(x - 7TS(XO)) >0forallx €S

gT(xo - ﬂs(xo)) = —IIgII%
g'x>gTx, forallx €S

forallx € S.



For all convex S € R™and x, & S or xo € d(S) (boundary of S)

Theorem there exists g # 0 such that S € H.(g, g "x,).

Theorem: Projection: For closed, convex S € R" let

. n .
« Replace S with closure and suppose x € 3(S) S’ R™ — R be defined for all x as

* letxy, xp, .. € S withx = lim x; ms(xo) = argminyes > llx — xolI3
—00
. let g, = TEO7x
i = S
s () =2 Theorem when S closed and x € S

* Each S € Hs(g;, giTXi)

* Let g = ms(xp) — X
* Each g; has||g;ll, =1

. gT(x — ng(xo)) > 0 forall x
o aT(x. — a2
* Let hy, hy, ... be subsequence and y4, y,,.. be g (xo nS(xO)) llgllz
the points e gTx > gTx,
e Leth, = Illl’glo h; and note x, = I}lnolo X

* J1, 9>, --- has a convergent subsequence

e lim hix = h/x and lim hix, = hixg
—00

k—o0

S € Ho(h,, hlxp)



Plan for Today

* Recap last class, convexity, and oracles

Recap

Hyperpla gl=ky ¢ Structure of convex sets

* Prove existence Subgradient
Descent




For convex functions

Forallconvex S C R"andx € Sorx €

Oracle Existence? O(S) {boundary of ) there exsts g 7.0

uer output Cutting Plane

separation ” Methods
cert oracle - g € R™ such that

levels (f' f(X)) < HZ (g’ng) * Will cover in a few weeks

Withg =0onlyif f, = f(x) . 1his week: just prove the oracle
exists for quasi-convex functions

uer subgradient output Subgradient
x € R" oracle g € df (x) descent

* Will cover next few weeks
Subgradient: g is subgradient of f at x (g € 0f (x)) if * This week: just prove existence
fO)=f(x)+g"(y—x)forally € R* and relate to convexity



Forallconvex S C R"andx € Sorx €

. 3(S) (boundary of S) there exists g # 0
Separation Oracle O s o oo @
Claim 1 Proof Claim 1
* If f: R™ - R is convex and » level<(f, f(x)) is convex

f(x) # x, thenexists g # 0

AN * Let x, be point with f(x,) < f(x)

level.(f, f(x)) C Hs (g,gTx) " letxe=x+ e(x —x,)fore >0
e Claim 2: f(x.) > f(x) and

Proof Claim 2 therefore x € 0 (levelS (f,f(x)))

slett=(1+e)" * Yields proof!

ct-x.+(1—-t)x, =x

cfl) =t flxe) + (1 —10)- f(x)

cfl) <t -flxea)+ (A —10) f(x)



For convex functions

Forallconvex S C R"andx € Sorx €

Oracle Existence? O(S) {boundary of ) there exsts g 7.0

uer separation / Outli_)ut Cutting Plane
x € R" oracle g € R™ such that Methods

levels (f' f(X)) < HZ (g’ng) * Will cover in a few weeks

Withg =0onlyif f, = f(x) . 1his week: just prove the oracle
exists for quasi-convex functions

uer subgradient output Subgradient
x € R" oracle g € df (x) descent

* Will cover next few weeks
Subgradient: g is subgradient of f at x (g € 0f (x)) if * This week: just prove existence
fO)=f(x)+g"(y—x)forally € R* and relate to convexity



Supgradient Oracle

Claim: If f: R"™ — R is convex and x € R" then exists
g # 0 such that

fO)=zf)+g"(y—x)
forally € R™.

Step 1: prove (x, f(x)) € depi(f)

* (6 f(0) € epi(f)
* (x,f(x) —v) & epi(f) forv >0
* fO)>f)—v

Step 3: show v, > 0
* letx; =x—tg

« v,(fxe) — F()) = ligll?

* Only one of g and v, can be non-zero!

Forallconvex S C R"andx € Sorx €

d(S) (boundary of S) there exists g # 0
such that S € H.(g, g "x).

Step 2: invoke theorem

* There exists g € R™ and v; € R where either g
or vy # 0 where for all (y, vy) € epi(f)

g y+vgvy,=glx+u,-f(x)

Since (x, f(x) + 1) € epi(f)
g x+vy - [fl)+1]=2g"x+ v, f(x)

=>vg20

Since (v, f()) € epi(f)
v fO) 2 v f0) + [—g]" (v — )

Just need to show Vg > 0!



For convex functions

Forallconvex S C R"andx € Sorx €

Oracle Existence? O(S) {boundary of ) there exsts g 7.0

uer separation / Outli_)ut Cutting Plane
x € R" oracle g € R™ such that Methods

levels (f' f(X)) < HZ (g’ng) * Will cover in a few weeks

Withg =0onlyif f, = f(x) . 1his week: just prove the oracle
exists for quasi-convex functions

uer subgradient output Subgradient
x € R" oracle g € df (x) descent

* Will cover next few weeks
Subgradient: g is subgradient of f at x (g € 0f (x)) if * This week: just prove existence
fO)=f(x)+g"(y—x)forally € R* and relate to convexity



Plan for Today

* Recap last class, convexity, and oracles

Recap

Hyperpla gl=ky ¢ Structure of convex sets

* Prove existence Subgradient
Descent




