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Plan for Today

Recap

Oracles

Subgradient
Descent Online Learning

• Separating hyperplane theorem

• Prove existence of separating and subgradient oracles 

• Motivate and analyze

Start today continue Thursday



Recap

Regularity Oracle Goal Algorithm Iterations

𝑛 = 1, 𝑓 𝑥 ∈ [0,1], 𝑥∗ ∈ [0,1] value ½-optimal anything ∞
𝑛 = 1, 𝑥∗ ∈ [0,1], 𝐿-Lipschitz value 𝜖-optimal 𝜖-net Θ 𝐿/𝜖

𝑥∗ ∈ [0,1], 𝐿-Lipschitz in ‖ ⋅ ‖" value 𝜖-optimal 𝜖-net Θ 𝐿/𝜖 #

𝐿-smooth and bounded value, gradient 𝜖-optimal 𝜖-net exponential

𝐿-smooth gradient 𝜖-critical gradient descent 𝑂 𝐿 𝑓 𝑥$ − 𝑓∗ 𝜖%&

𝐿-smooth 𝜇-strongly convex gradient 𝜖-optimal gradient descent 𝑂 𝐿/𝜇 log 𝑓 𝑥$ − 𝑓∗ /𝜖

𝐿-smooth convex gradient 𝜖-optimal gradient descent 𝑂 𝐿 𝑥$ − 𝑥∗ &
&/𝜖

𝐿-smooth 𝜇-strongly convex gradient 𝜖-optimal gradient descent 𝑂 𝐿/𝜇 log 𝑓 𝑥$ − 𝑓∗ /𝜖

𝐿-smooth 𝜇-strongly convex gradient 𝜖-optimal gradient descent 𝑂 𝐿 𝑥$ − 𝑥∗ &
&/𝜖

Problem
min
!∈ℝ"

𝑓(𝑥)



Next Few Weeks

• What if function is non-differentiable?
• What if function is very non-smooth?
• What if cannot make sufficient local progress?

𝑥∗

𝑥#

What to 
do here?

Idea
Develop new potential functions!
Develop new notions of progress!

Develop new methods!



Our Approach

Step #1
• Obtain a better understanding of 

convex sets
• Connect convex set structure to 

convex function structure

Step #2
• Consider different oracles for 

convex functions
• Subgradient oracle and 

subgradient methods
• Separation oracle and cutting 

plane methods
• Barrier oracle and interior 

point methods

Step #3
• Have a good winter break!
• Along the way we will learn
• Online learning, SGD, 

Newton’s method, and more!



Convex Set

Definition: a set 𝑆 ⊆ ℝ( is convex if and only if for all 𝑥, 𝑦 ∈ 𝑆 and 𝑡 ∈
[0,1] we have 𝑡𝑥 + 1 − 𝑡 𝑦 ∈ 𝑆. 

• “contains the line segment between every pair of points”
• “closed under convex combinations” 

𝑡𝑥 + 1 − 𝑡 𝑦 for 𝑡 ∈ [0,1] is a 
”convex combination” of 𝑥 and y”

𝑥

𝑦

Convex Convex

𝑥

𝑦

Non-convex

𝑥

𝑦



Separating Hyperplane Theorem • 𝐻∗ 𝑎, 𝑏 ≝ 𝑥 ∈ ℝ$ | 𝑎%𝑥 ∗ 𝑏

For all convex 𝑆 ⊆ ℝ$ and 𝑥 ∉ 𝑆 or 𝑥 ∈ 𝜕(𝑆) (boundary of 𝑆) 
there exists 𝑔 ≠ 0 such that 𝑆 ⊆ 𝐻% 𝑔, 𝑔&𝑥 .

• 𝝏(𝑺) - Boundary of 𝑺: 
• Intersection of the closure of 𝑆

and complement of 𝑆
• Points that are the limit of a 

sequence of points ∈ 𝑆 and the 
limit of a sequence of points ∉ 𝑆.

𝑆 𝜕(𝑆)

𝑆

𝑥

𝐻&(𝑔, 𝑔%𝑥)

𝐻' (𝑔, 𝑔%𝑥)

𝐻& 𝑔, 𝑔%𝑥 called 
separating hyperplane 

for 𝑥 and 𝑆.

𝐻& 𝑔, 𝑔%𝑥 called 
supporting hyperplane 

when 𝑥 ∈ 𝜕(𝑆).



Plan for Today

Recap

Oracles

Subgradient
Descent Online Learning

• Separating hyperplane theorem

• Prove existence of separating and subgradient oracles 

• Motivate and analyze

Start today continue Thursday

ü



separation 
oracle

query
𝑥 ∈ ℝ9

output
𝑔 ∈ ℝ9 such that 

level: 𝑓, 𝑓 𝑥 ⊆ 𝐻; 𝑔, 𝑔<𝑥
With 𝑔 = 0 only if 𝑓∗ = 𝑓(𝑥)

Cutting Plane 
Methods

• Will cover in a few weeks

subgradient
oracle

query
𝑥 ∈ ℝ9

output
𝑔 ∈ 𝜕𝑓(𝑥)

Subgradient: 𝑔 is subgradient of 𝑓 at 𝑥 (i.e. 𝑔 ∈ 𝜕𝑓(𝑥)) if 
and only if 𝑓 𝑦 ≥ 𝑓 𝑥 + 𝑔%(𝑦 − 𝑥) for all 𝑦 ∈ ℝ$

Subgradient
descent

• Will cover in next few weeks

Oracle Existence?
For all convex 𝑆 ⊆ ℝ$ and 𝑥 ∉ 𝑆 or 𝑥 ∈
𝜕(𝑆) (boundary of 𝑆) there exists 𝑔 ≠ 0

such that 𝑆 ⊆ 𝐻% 𝑔, 𝑔&𝑥 .

For convex functions



Separation Oracle

Claim 1
• If 𝑓:ℝ( → ℝ is convex and 
𝑓 𝑥 ≠ 𝑓(𝑥∗) then exists 𝑔 ≠ 0
such that
level6 𝑓, 𝑓 𝑥 ⊆ 𝐻7 𝑔, 𝑔8𝑥

Proof Claim 1
• level6 𝑓, 𝑓 𝑥 is convex
• Let 𝑥∗ be minimizer
• Let 𝑥9 = 𝑥 + 𝜖(𝑥 − 𝑥∗) for 𝜖 > 0
• Claim 2: 𝑓 𝑥9 > 𝑓(𝑥) and 

therefore 𝑥 ∈ 𝜕 level6 𝑓, 𝑓 𝑥
• Yields proof!

For all convex 𝑆 ⊆ ℝ$ and 𝑥 ∉ 𝑆 or 𝑥 ∈
𝜕(𝑆) (boundary of 𝑆) there exists 𝑔 ≠ 0

such that 𝑆 ⊆ 𝐻% 𝑔, 𝑔&𝑥 .

Proof Claim 2
• Let 𝑡 = 1 + 𝜖 :;

• 𝑡 ⋅ 𝑥9 + 1 − 𝑡 𝑥∗ = 𝑥
• 𝑓 𝑥 ≤ 𝑡 ⋅ 𝑓 𝑥9 + 1 − 𝑡 ⋅ 𝑓(𝑥∗)
• 𝑓 𝑥 < 𝑡 ⋅ 𝑓 𝑥9 + 1 − 𝑡 ⋅ 𝑓(𝑥)



separation 
oracle

query
𝑥 ∈ ℝ9

output
𝑔 ∈ ℝ9 such that 

level: 𝑓, 𝑓 𝑥 ⊆ 𝐻; 𝑔, 𝑔<𝑥
With 𝑔 = 0 only if 𝑓∗ = 𝑓(𝑥)

Cutting Plane 
Methods

• Will cover in a few weeks

subgradient
oracle

query
𝑥 ∈ ℝ9

output
𝑔 ∈ 𝜕𝑓(𝑥)

Subgradient: 𝑔 is subgradient of 𝑓 at 𝑥 (i.e. 𝑔 ∈ 𝜕𝑓(𝑥)) if 
and only if 𝑓 𝑦 ≥ 𝑓 𝑥 + 𝑔%(𝑦 − 𝑥) for all 𝑦 ∈ ℝ$

Subgradient
descent

• Will cover in next few weeks

Oracle Existence?
For all convex 𝑆 ⊆ ℝ$ and 𝑥 ∉ 𝑆 or 𝑥 ∈
𝜕(𝑆) (boundary of 𝑆) there exists 𝑔 ≠ 0

such that 𝑆 ⊆ 𝐻% 𝑔, 𝑔&𝑥 .

For convex functions

ü



Subgradient Oracle
Claim: If 𝑓:ℝ$ → ℝ is convex and 𝑥 ∈ ℝ$ then exists 
𝑔 ∈ ℝ$ such that

𝑓 𝑦 ≥ 𝑓 𝑥 + 𝑔%(𝑦 − 𝑥)
for all 𝑦 ∈ ℝ$. 

Step 2: invoke theorem
• There exists 𝑔 ∈ ℝ$ and 𝑣' ∈ ℝ where either 𝑔

or 𝑣' ≠ 0 where for all 𝑦, 𝑣( ∈ epi(𝑓)
𝑔&𝑦 + 𝑣' ⋅ 𝑣( ≥ 𝑔&𝑥 + 𝑣' ⋅ 𝑓(𝑥)

• Since 𝑥, 𝑓 𝑥 + 1 ∈ epi(𝑓)
𝑔&𝑥 + 𝑣' ⋅ 𝑓 𝑥 + 1 ≥ 𝑔&𝑥 + 𝑣' ⋅ 𝑓(𝑥)

• ⇒ 𝑣' ≥ 0

• Since 𝑦, 𝑓 𝑦 ∈ epi(𝑓)
𝑣' ⋅ 𝑓 𝑦 ≥ 𝑣' ⋅ 𝑓 𝑥 + −𝑔 &(𝑦 − 𝑥))

• Just need to show 𝑣' > 0! 

For all convex 𝑆 ⊆ ℝ$ and 𝑥 ∉ 𝑆 or 𝑥 ∈
𝜕(𝑆) (boundary of 𝑆) there exists 𝑔 ≠ 0

such that 𝑆 ⊆ 𝐻% 𝑔, 𝑔&𝑥 .

Step 1: prove 𝑥, 𝑓 𝑥 ∈ 𝜕(epi 𝑓 )

• 𝑥, 𝑓 𝑥 ∈ epi(𝑓)
• 𝑥, 𝑓 𝑥 − 𝑣 ∉ epi(𝑓) for 𝑣 > 0

• 𝑓 𝑥 > 𝑓 𝑥 − 𝑣

Step 3: show 𝑣' > 0
• Let 𝑥) = 𝑥 − 𝑡𝑔

• 𝑣' 𝑓 𝑥) − 𝑓 𝑥 ≥ 𝑔 *
*

• Only one of 𝑔 and 𝑣' can be non-zero!



separation 
oracle

query
𝑥 ∈ ℝ9

output
𝑔 ∈ ℝ9 such that 

level: 𝑓, 𝑓 𝑥 ⊆ 𝐻; 𝑔, 𝑔<𝑥
With 𝑔 = 0 only if 𝑓∗ = 𝑓(𝑥)

Cutting Plane 
Methods

• Will cover in a few weeks

subgradient
oracle

query
𝑥 ∈ ℝ9

output
𝑔 ∈ 𝜕𝑓(𝑥)

Subgradient: 𝑔 is subgradient of 𝑓 at 𝑥 (i.e. 𝑔 ∈ 𝜕𝑓(𝑥)) if 
and only if 𝑓 𝑦 ≥ 𝑓 𝑥 + 𝑔%(𝑦 − 𝑥) for all 𝑦 ∈ ℝ$

Subgradient
descent

• Will cover in next few weeks

Oracle Existence?
For all convex 𝑆 ⊆ ℝ$ and 𝑥 ∉ 𝑆 or 𝑥 ∈
𝜕(𝑆) (boundary of 𝑆) there exists 𝑔 ≠ 0

such that 𝑆 ⊆ 𝐻% 𝑔, 𝑔&𝑥 .

For convex functions

ü

ü



Plan for Today

Recap

Oracles

Subgradient
Descent Online Learning

• Separating hyperplane theorem

• Prove existence of separating and subgradient oracles 

• Motivate and analyze

Start today continue Thursday

ü
ü



Subgradient Oracle Assumptions

subgradient
oracle

query output
𝑔 ∈ 𝜕𝑓(𝑥)

Subgradient: 𝑔 is subgradient of 𝑓 at 𝑥 (i.e. 𝑔 ∈ 𝜕𝑓(𝑥)) if 
and only if 𝑓 𝑦 ≥ 𝑓 𝑥 + 𝑔%(𝑦 − 𝑥) for all 𝑦 ∈ ℝ$

𝑥 ∈ ℝ9

What additional assumptions are needed?



Convexity?

Theorem:
• If 𝜕𝑓 𝑥 ≠ ∅ for all 𝑥 ∈ ℝ then 𝑓:ℝ → ℝ is convex.

Proof: (𝑥, 𝑦 ∈ ℝ(, 𝑡 ∈ [0,1], 𝑥I ≝ 𝑡 ⋅ 𝑥 + 1 − 𝑡 ⋅ 𝑦, 𝑔 ∈ 𝜕𝑓(𝑥I))
• 𝑓 𝑥 ≥ 𝑓 𝑥I + 𝑔8 𝑥 − 𝑥I = 𝑓 𝑥I − 1 − 𝑡 ⋅ 𝑔8(𝑥 − 𝑦)
• 𝑓 𝑦 ≥ 𝑓 𝑥I + 𝑔8 𝑦 − 𝑥I = 𝑓 𝑥I + 𝑡 ⋅ 𝑔8(𝑥 − 𝑦)
• ⇒ 𝑡 ⋅ 𝑓 𝑥 + 1 − 𝑡 ⋅ 𝑓 𝑦 ≥ 𝑓(𝑥I)
• [Add 𝑡 multiple of first inequality to 1 − 𝑡 multiple of second.]

Subgradient: 𝑔 is subgradient of 𝑓 at 𝑥 (i.e. 𝑔 ∈ 𝜕𝑓(𝑥)) if 
and only if 𝑓 𝑦 ≥ 𝑓 𝑥 + 𝑔%(𝑦 − 𝑥) for all 𝑦 ∈ ℝ$



Bounded?

Theorem:
• Convex 𝑓:ℝ( ⇒ ℝ is 𝐿-Lipschitz with respect to ‖ ⋅ ‖ if and only if 
𝑔 ∗ ≤ 𝐿 for all 𝑔 ∈ 𝜕𝑓(𝑥) and 𝑥 ∈ ℝ(

Proof ⇒: (𝑥 ∈ ℝ(, 𝑔 ∈ 𝜕𝑓(𝑥))
• Let 𝑧 ∈ ℝ( with 𝑧 ≤ 1 and 𝑔8𝑧 = 𝑔 ∗
• 𝑓 𝑥 + 𝑧 ≥ 𝑓 𝑥 + 𝑔8𝑧 = 𝑓 𝑥 + 𝑔 ∗

• 𝑓 𝑥 + 𝑧 − 𝑓 𝑥 ≤ 𝐿 𝑥 + 𝑧 − 𝑥 = 𝐿 𝑧 ≤ 𝐿

Subgradient: 𝑔 is subgradient of 𝑓 at 𝑥 (i.e. 𝑔 ∈ 𝜕𝑓(𝑥)) if 
and only if 𝑓 𝑦 ≥ 𝑓 𝑥 + 𝑔%(𝑦 − 𝑥) for all 𝑦 ∈ ℝ$



Bounded?

Theorem:
• Convex 𝑓:ℝ( ⇒ ℝ is 𝐿-Lipschitz with respect to ‖ ⋅ ‖ if and only if 
𝑔 ∗ ≤ 𝐿 for all 𝑔 ∈ 𝜕𝑓(𝑥) and 𝑥 ∈ ℝ(

Proof ⇐: (𝑥, 𝑦 ∈ ℝ(, 𝑔 ∈ 𝜕𝑓(𝑥))
• 𝑓 𝑦 ≥ 𝑓 𝑥 + 𝑔8(𝑦 − 𝑥)
• 𝑓 𝑦 ≥ 𝑓 𝑥 − 𝑔 ∗ ⋅ 𝑦 − 𝑥 ≥ 𝑓 𝑥 − 𝐿 ⋅ ‖𝑦 − 𝑥‖
• ⇒ 𝑓 𝑥 ≥ 𝑓 𝑦 − 𝐿‖𝑦 − 𝑥‖
• ⇒−𝐿 𝑦 − 𝑥 ≤ 𝑓 𝑦 − 𝑓 𝑥 ≤ 𝐿‖𝑦 − 𝑥‖

Subgradient: 𝑔 is subgradient of 𝑓 at 𝑥 (i.e. 𝑔 ∈ 𝜕𝑓(𝑥)) if 
and only if 𝑓 𝑦 ≥ 𝑓 𝑥 + 𝑔%(𝑦 − 𝑥) for all 𝑦 ∈ ℝ$



Subgradient versus Gradient Oracle

Theorem: 
• If differentiable 𝑓:ℝ! → ℝ is convex and differentiable then 𝜕𝑓 𝑥 =
{∇𝑓(𝑥)} for all 𝑥 ∈ ℝ!.

Proof: (𝑥 ∈ ℝ!)
• 𝑓 𝑦 ≥ 𝑓 𝑥 + ∇𝑓(𝑥)"(𝑦 − 𝑥) for all 𝑦 ∈ ℝ! so ∇𝑓 𝑥 ∈ 𝜕𝑓(𝑥)
• Let 𝑔 ∈ 𝜕𝑓(𝑥) be arbitrary

• 0 = lim
#→%

& '(# ) & ' (∇& ' 9#
‖#‖

≥ ,)∇& ' 9#
‖#‖

• ⇒ 𝑔 = ∇𝑓(𝑥)



Algorithm

Subgradient Descent
• For 𝑡 = [𝑇]

• 𝑔@ ∈ 𝜕𝑓(𝑥@)
• 𝑥@AB = 𝑥@ − 𝜂𝑔@ for 𝜂 > 0

• Output: ??? 𝑥CDE =
B
F
∑@∈[F] 𝑥@

Analysis (let 𝑥∗ be a minimizer of 𝑓:ℝ9 → ℝ)
• 𝑥@AB − 𝑥∗ G

G = 𝑥@ − 𝑥∗ − 𝜂𝑔@ G
G

• 𝑥@AB − 𝑥∗ G
G = 𝑥@ − 𝑥∗ G

G − 2𝜂𝑔@< 𝑥@ − 𝑥∗ + 𝜂G 𝑔@ G
G

• ⇒ ∑@∈[F] 𝑔@<(𝑥@ − 𝑥∗) =
B
GH

𝑥B − 𝑥∗ G
G − B

GH
𝑥FAB − 𝑥∗ G

G + ∑@∈[F]
H
G
𝑔@ G

G

• ⇒∑@∈[F] 𝑓 𝑥@ − 𝑓∗ ≤
B
GH

𝑥B − 𝑥∗ G
G + H

G
𝑇𝐿G

Subgradient: 𝑔 is subgradient of 𝑓 at 𝑥 (i.e. 𝑔 ∈ 𝜕𝑓(𝑥)) if 
and only if 𝑓 𝑦 ≥ 𝑓 𝑥 + 𝑔%(𝑦 − 𝑥) for all 𝑦 ∈ ℝ$

• 𝑓: ℝ$ → ℝ
• Convex 
• 𝐿-Lipschitz with respect to ‖ ⋅ ‖(
• Subgradient oracle

• Definition:
• 𝑓 𝑥∗ ≥ 𝑓 𝑥@ + 𝑔@<(𝑥∗ − 𝑥@)
• 𝑓 𝑥@ − 𝑓∗ ≤ 𝑔@<(𝑥@ − 𝑥∗)

• Lipschitzness: 
• 𝑔@ G ≤ 𝐿

Since − )
(*

𝑥+,) − 𝑥∗ (
( ≤ 0



Algorithm

Subgradient Descent
• For 𝑡 = [𝑇]

• 𝑔@ ∈ 𝜕𝑓(𝑥@)
• 𝑥@AB = 𝑥@ − 𝜂𝑔@ for 𝜂 > 0

• Output: 𝑥CDE =
B
F
∑@∈[F] 𝑥@

Analysis
• 𝑥@AB − 𝑥∗ G

G = 𝑥@ − 𝑥∗ − 𝜂𝑔@ G
G

• 𝑥@AB − 𝑥∗ G
G = 𝑥@ − 𝑥∗ G

G − 2𝜂𝑔@< 𝑥@ − 𝑥∗ + 𝜂G 𝑔@ G
G

• ⇒ ∑@∈[F] 𝑔@<(𝑥@ − 𝑥∗) =
B
GH

𝑥B − 𝑥∗ G
G − B

GH
𝑥FAB − 𝑥∗ G

G + ∑@∈[F]
H
G
𝑔@ G

G

• ⇒∑@∈[F] 𝑓 𝑥@ − 𝑓∗ ≤
B
GH

𝑥B − 𝑥∗ G
G + H

G
𝑇𝐿G

• 𝑓: ℝ$ → ℝ
• Convex 
• 𝐿-Lipschitz with respect to ‖ ⋅ ‖(
• Subgradient oracle

Analysis

• 𝑓 𝑥CDE − 𝑓∗ ≤
B
F
∑@∈[F] 𝑓 𝑥@ − 𝑓∗

• 𝑓 𝑥CDE − 𝑓∗ ≤
B
GHF

𝑥B − 𝑥∗ G
G + H

G
𝑇𝐿G

• 𝜂 = N!ON∗ #
#

FP#
⇒ 𝑓 𝑥CDE ≤ P# N!ON∗ #

#

F

• 𝝐-optimal point with 𝑶 𝑳 𝒙𝟏 − 𝒙∗ 𝟐
𝟐𝝐O𝟐

Subgradient: 𝑔 is subgradient of 𝑓 at 𝑥 (i.e. 𝑔 ∈ 𝜕𝑓(𝑥)) if 
and only if 𝑓 𝑦 ≥ 𝑓 𝑥 + 𝑔%(𝑦 − 𝑥) for all 𝑦 ∈ ℝ$



Plan for Today

Recap

Oracles

Subgradient
Descent Online Learning

• Separating hyperplane theorem

• Prove existence of separating and subgradient oracles 

• Motivate and analyze

Start today continue Thursday

ü
ü
ü



Motivating Questions

• How to generalize this analysis?
• Different norms? Different algorithms?
• Constraints?
• Stochastic iterates?
• Different assumptions?
• Online learning?



New Problem / Abstraction

Problem: Online Linear Optimization
• Given closed convex 𝑆 ⊆ ℝ!

• Iterate for round 𝑡 ∈ [𝑇]
• We pick 𝑥- ∈ 𝑆
• Adversary reveals penalty 𝑝- ∈ ℝ!

Goal: 
• Minimize regret 𝑇 ≝ ∑-∈[0]𝑝-"𝑥- −min'∈2

∑-∈[0]𝑝-"𝑥

• Want average regret → 0 : lim
0→3

456457 0
0

→ 0



Why?

Suppose
• 𝑓:ℝ( → ℝ convex
• 𝑝I ∈ 𝜕𝑓(𝑥I)
• 𝑥∗ = min

J∈K
𝑓(𝑥)

Analysis
• 𝑓 𝑥∗ ≥ 𝑓 𝑥@ + 𝑝@<(𝑥∗ − 𝑥@)
• 𝑓 𝑥@ − 𝑓∗ ≤ 𝑝@<(𝑥@ − 𝑥∗)

Analysis

• 𝑓 ;
L
∑I∈ L 𝑥I − 𝑓∗

• ≤ ;
L
∑I∈[L] 𝑓 𝑥I − 𝑓∗

• ≤ ;
L
∑I∈[L] 𝑝I8(𝑥I − 𝑥∗)

• ≤ ;
L
∑I∈[L] 𝑝I8𝑥I −minJ∈O

∑I∈[L] 𝑝I8𝑥

• = PQRPQS L
L

• Minimize regret 𝑇 ≝ ∑-∈[+] 𝑝-%𝑥- − min
1∈2

∑-∈[+] 𝑝-%𝑥

• Want average regret → 0 : lim
+→4

567568 +
+

→ 0

Analogous to subgradient descent analysis!



Learning from Experts

Online Linear Optimization
• Given closed convex 𝑆 ⊆ ℝ$

• Iterate for round 𝑡 ∈ [𝑇]
• We pick 𝑥) ∈ 𝑆
• Adversary reveals penalty 𝑝) ∈ ℝ$

Goal: 

• regret 𝑇 ≝ ∑)∈[,]𝑝)&𝑥) −min!∈.
∑)∈[,]𝑝)&𝑥

• Want average regret → 0

lim
,→0

regret 𝑇
𝑇 → 0

Learning from Experts

• 𝑆 = Δ$ = 𝑥 ∈ ℝ%1$ | ∑2∈[$]𝑥2 = 1

• 𝑝) 𝑖 ∈ [0,1] for all 𝑖 ∈ [𝑛], 𝑡 ∈ [𝑇]
• Note: min

!∈3
𝑎,𝑥 = min

2∈[$]
𝑎2

Story experts 1,… , 𝑛
• Expert 𝑖 ∈ [𝑛]makes prediction 𝑝) 2 on day 𝑡
• Larger 𝑝) means worse prediction (penalty)
• Each day we pick distribution on experts 𝑥)
• At end of day 𝑝) are revealed

• 𝑝)&𝑥) = expected penalty
• Regret = our expected penalty – penalty of best expert

Illustrative / useful example

What is needed to do as 
well as the experts?



Plan for Today

Recap

Oracles

Subgradient
Descent Online Learning

• Separating hyperplane theorem

• Prove existence of separating and subgradient oracles 

• Motivate and analyze

Start today continue Thursday
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