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Plan for Today

Reca P * Separating hyperplane theorem

Oracles * Prove existence of separating and subgradient oracles

Subgradient Votivate and aal |
. otivate and analyze Online Learnin
Descent 5

Start today continue Thursday




Problem

Recap min £(x)

Regularity Oracle Goal Algorithm Iterations

n=1, f(x)€[01], x, € [0,1] value 15-optimal anything o0
n =1, x, € [0,1], L-Lipschitz value e-optimal e-net O(L/e)

x, € [0,1], L-Lipschitzin || - |le value e-optimal e-net (@(L/e))n

L-smooth and bounded value, gradient e-optimal €-net exponential
L-smooth gradient e-critical gradient descent O(L(f(xg) — f)e™?)
L-smooth u-strongly convex gradient €-optimal gradient descent 0((L/u) log([f (x) — ﬁ]/e))
L-smooth convex gradient €-optimal gradient descent O(L||xy — x.|5/€)

L-smooth p-strongly convex gradient e-optimal gradient descent  O(y/L/ulog([f(x,) — £.1/6))
L-smooth u-strongly convex gradient e-optimal gradient descent 0 (\/Lllxo = x*||5/6>




NEXt Few Weeks Develop new plgfntial functions!

Develop new notions of progress!
Develop new methods!

* What if function is non-differentiable?
* What if function is very non-smooth?
* What if cannot make sufficient local progress?

What to
do here?




Our Approach

Step #1 Step #2

* Obtain a better understanding of < Consider different oracles for
convex sets convex functions

e Connect convex set structure to * Subgradient oracle and
convex function structure subgradient methods

e Separation oracle and cutting

Step #3 plane methods

 Have a good winter break! * Barrier oracle and interior

e Along the way we will learn point methods

 Online learning, SGD,
Newton’s method, and more!



tx+ (1 —t)yforte[01]isa

CO nvex SEt “convex combination” of x and y”

Definition: a set S € R" is convex if and only if forall x,y € Sand t €
[0,1] we have tx + (1 — t)y € S.

* “contains the line segment between every pair of points”
» “closed under convex combinations”

RN Z

Convex Convex

Non-convex



e H(a,b) ¥ {xeR"|a"xx*b}

Separating Hyperplane Theorem

H_(g,g" x) called
separating hyperplane
forx and S.

H-(g,g"x) called
supporting hyperplane
when x € 9(S).

For all convex S € R™and x & S or x € d(S) (boundary of S)

there exists g # 0 such that S € H.(g, g "x).

* d(S) - Boundary of §:
* Intersection of the closure of §
and complement of S
* Points that are the limit of a

sequence of points € S and the
limit of a sequence of points & S.

H. (g9,9"x)

H_(g,9"x)
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For convex functions

Forallconvex S C R"andx € Sorx €

Oracle Existence? O(S) {boundary of ) there exsts g 7.0

uer separation output Cutting Plane
x €R" oracle g € R™ such that Methods
level(f, f(x)) € Hs (9,97 x)
With g = 0 on|y |1:]’-:I< — f(X) * Will cover in a few weeks

uer subgradient output Subgradient
x € R" oracle g € df (x) descent

* Will cover in next few weeks
Subgradient: g is subgradient of f at x (i.e. g € 0f (x)) if
andonlyif f(y) = f(x) + g"(y — x) forally € R"



Forallconvex S C R"andx € Sorx €

. 9(S) (boundary of ) th ists g %= 0
Separation Oracle O s o oo @
Claim 1 Proof Claim 1
* If f: R™ - R is convex and » level<(f, f(x)) is convex

f(x) # f(x,) thenexistsg # 0

* Let x, be minimizer
such that

levels(f,f(x)) CH.(ggTx) °“letxe=x+ e(x —x,)fore >0
e Claim 2: f(x.) > f(x) and

Proof Claim 2 therefore x € 0 (levelS (f,f(x)))
slett=(1+e)" * Yields proof!
et-x,+(1—-t)x, =x

*f) st -flx)+ @A —=1) fx)

*flO) <t -flx)+(@A—=1t) f(x)



For convex functions

Forallconvex S C R"andx € Sorx €

I d(S) (boundary of S) there exi 0
Oracle Existence? () tboundary of ) there exists g 7
/ output Cutting Plane

Uer separation T
x € R" ' oracle ' g € R™ such that ethods

level(f, f(x)) € Hs (9,97 x)
With g = 0 on|y |1:]’-:I< — f(X) * Will cover in a few weeks

uer subgradient output Subgradient
x € R" oracle g € df (x) descent

* Will cover in next few weeks
Subgradient: g is subgradient of f at x (i.e. g € 0f (x)) if
andonlyif f(y) = f(x) + g"(y — x) forally € R"



Subgradient Oracle

Claim: If f: R™ — R is convex and x € R" then exists
g € R" such that

fO)=zf)+g"(y—x)
forally € R™.

Step 1: prove (x, f(x)) € d(epi(f))

* (6 f(0) € epi(f)
* (x,f(x) —v) & epi(f) forv >0
* fO)>f)—v

Step 3: show v, > 0
* letx; =x—tg

« v,(fxe) — F()) = ligll?

* Only one of g and v, can be non-zero!

Forallconvex S C R"andx € Sorx €

d(S) (boundary of S) there exists g # 0
such that S € H.(g, g "x).

Step 2: invoke theorem

* There exists g € R™ and v; € R where either g
or vy # 0 where for all (y, vy) € epi(f)

g y+vgvy,=glx+u,-f(x)

Since (x, f(x) + 1) € epi(f)
g x+vy - [fl)+1]=2g"x+ v, f(x)

=>vg20

Since (v, f()) € epi(f)
v fO) 2 v f0) + [—g]" (v — )

Just need to show Vg > 0!



For convex functions

Forallconvex S C R"andx € Sorx €

I d(S) (boundary of S) there exi 0
Oracle Existence? () tboundary of ) there exists g 7
/ output Cutting Plane

Uer separation T
x € R" ' oracle ' g € R™ such that ethods

level(f, f(x)) € Hs (9,97 x)
With g = 0 on|y |1:]’-:I< — f(X) * Will cover in a few weeks

uer subgradient output Subgradient
x € R" oracle g € df (x) descent

* Will cover in next few weeks
Subgradient: g is subgradient of f at x (i.e. g € 0f (x)) if
andonlyif f(y) = f(x) + g"(y — x) forally € R"
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Subgradient Oracle Assumptions

uern subgradient output
x €ER oracle g € 0f (x)

Subgradient: g is subgradient of f at x (i.e. g € 0f (x)) if
andonlyif f(y) = f(x) + g"(y — x) forall y € R"

What additional assumptions are needed?



Subgradient: g is subgradient of f at x (i.e. g € 0f (x)) if

Convexity? and only i £3)  £(0) + g7 (y — ) forally € "

Theorem:
*If df (x) # @ forallx € Rthen f: R — R is convex.

Proof: (x,y e R*, t € [0,1],x, ¥t -x+ (1 —t)-y,g €0f(x;))
cf)=2flx)+g ' (x—x) =flx)—(A—=t)-g" (x—y)
f2f)+g " —x)=flx)+t-g" (x—y)

o>t f)+@A—-0) fy) = f(x)

* [Add t multiple of first inequality to (1 — t) multiple of second.]



Subgradient: g is subgradient of f at x (i.e. g € 0f (x)) if
Bounded?

andonlyif f(y) = f(x) + g"(y — x) forall y € R"

Theorem:

* Convex f:R"™ = Ris L-Lipschitz with respect to || - || if and only if
lgll. < Lforallg € f(x) and x € R

Proof =: (x € R", g € df (x))

e letz € R"with||z]| < 1and g'z = ||gll.
cfx+2)=f(x)+g'z=fx) + lgll.
flx+z)—f(x) <Lll(x+2z)—x| =Lz <L



Subgradient: g is subgradient of f at x (i.e. g € 0f (x)) if
Bounded?

andonlyif f(y) = f(x) + g"(y — x) forall y € R"

Theorem:

* Convex f:R"™ = Ris L-Lipschitz with respect to || - || if and only if
lgll. <L forall g € df(x) and x € R"

Proof <: (x,y € R", g € df (x))
fM=2f)+g"(y—x)

=)= lglls - lly —xll = f(x) = L-[|ly — x|l
*=f(x) = fQy)—Llly — x|
*=>—Llly—-xll < f(y)—f&x) < Llly — ||



Subgradient versus Gradient Oracle

Theorem:

« If differentiable f: R™ — R is convex and differentiable then df (x) =
{Vf(x)}forall x € R".

Proof: (x € R")
cf)=f(x)+Vf(x)"(y —x)forally € R"so Vf(x) € df (x)
* Let g € 9f (x) be arbitrary

_ T _ T
. 0 = lim flx+d)—[f(x)+Vf(x)"d] > (9-Vf(x)) d
d—0 || lall

*=>g9=Vf(Xx)




« fAR*"> R
AI -th * Convex Subgradient: g is subgradient of f at x (i.e. g € 0f (x)) if
gorl m . L-Lipschitz with respect to || - ||, and only if f(y) = f(x) + g (y — x) forall y € R"

* Subgradient oracle

Subgradient Descent * Definition:
* Fort = [T] « f(x) = fxp) + gf (x, — xp)
* gt € 0f (x¢) * flxe) = fo < gf (e — %)

* Xer1 = X¢ — gy forn >0 * Lipschitzness:

e Output: ??? * |lg:ll, <L

Analysis (let x, be a minimizer of f: R" — R)
* |lxe41 — x*||% = [[x; — x. — Ugt”%
= llxe — x.115 — 2ng{ (e — x.) + 07l gell5
T _ 1 2 1 2 n 2
* = teqr) 9e (Xe — x.) = 2n 1 — x. I3 ~on 741 — 2.l + ZtE[T]_Z 19:1lz

1 2 . N 2
. :>ZtE[T] fxe) = £ Sz_n 121 = .15 +ETL Since—ﬁlle+1 —x]2<0



« fAR*"> R
AI -th * Convex Subgradient: g is subgradient of f at x (i.e. g € 0f (x)) if
ONITNIM . | icchicz with respect to |1 - 1, and only i f() = () + g7 (v — x) forall y € &

* Subgradient oracle

Subgradient Descent Analysis
* Fort = [T] £ 1
* f(out) = fi S~ 2eepry fx) — £
* g € 9f (x2) e
* Xer1 = X — g forn >0 * f(Xour) — fi < 20T |y — x.|I2 +ETL
1
® Output: Xout — _ZtE[T] Xt ll2c; =2, ||2 L2||x, —x,||2
! '77:1/ 1TL2 zzf(xout)ﬁ\[ 1T 2
Analysis » e-optimal point with O(L||x; — x. 3¢ 72)
 lxerr — x5 = llxe — x. —ngell5

= llxe — %113 — 2ng/ (e — x.) + 12l gell
T _1 2 _ 1 2 n 2
* = ZtE[T] ge (X —x,) = 2n 21 — %l o 71 — xllz + Zte[T]—z gell

1 n
* :>ZtE[T] flxe) — f. SZ_TI 1 — .15 +ETL2
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Motivating Questions

* How to generalize this analysis?

* Different norms? Different algorithms?
* Constraints?

 Stochastic iterates?

* Different assumptions?

* Online learning?



New Problem / Abstraction

Problem: Online Linear Optimization
 Given closed convex S € R"
* |terate for round t € [T]

* We pick x; € S

* Adversary reveals penalty p; € R"

Goal:

* Minimize regret(T) & ¥ ¢ Dt X¢ — r&l? Lelr) P

regret(T) 50

* Want average regret — 0 : lim

T—oo

I x



hy? *  Minimize regret(T) & ¥, cir P X — r)?ei?zte[ﬂ Pe X
U U [ ]

: t(T
* Want average regret = 0 : lim regretT) 0

T — o0

Suppose Analysis

. f: ]Rna;(l[%)convex . f (%ZtE[T] xt) —f
. (S X
Pe ‘ %Zte[T]f(xt) —

= Wi () 1
}Zte[T] P (x; — x.)

IA

IA

. 1 .

Analysis g [Ztem e Xy — mih 2. te[T] Pth]
* fCe) = fxe) +pf (e — %) . _ regret(T)

* fGe) = fo <L (e — %) T

Analogous to subgradient descent analysis!



Lea rn i ng fro m Expe rts lllustrative / useful example

Online Linear Optimization Learning from Experts

* Given closed convex S € R" e § = A = {x € R%,| Zie[n] X; = 1}

* Iterate for round t € [T] « p.(i) €[0,1] foralli € [n], t € [T]
* Wepickx; €5 * Note: mina’x = min a;
 Adversary reveals penalty p; € R™ X€S i€[n]

Goal: Story experts 1,...,n

* regret(T) & ¥ e(r DL X¢ — r;Iclei?ZtE[T] pTx « Expert i € [n] makes prediction [p;]; on day t

* Larger p; means worse prediction (penalty)
* Want average regret = 0

regret(T) 0
_—
T—o0 T At end of day p; are revealed

What is needed to do as * p{ x; = expected penalty
well as the experts? Regret = our expected penalty — penalty of best expert

Each day we pick distribution on experts x;



Plan for Today

Reca P * Separating hyperplane theorem

* Prove existence of separating and subgradient oracles

Subgradient
Descent

* Motivate and analyze Online Learning

Start today continue Thursday



