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Plan for Today

Recap

Online
Learning

Expert

Learning

Subgradient descent

Online linear optimization
Learning from experts
Motivate algorithm

Analyze and design algorithm

Online Learning

More algorithms, apply, build



Problem

Recap min £(x)

Regularity Oracle Goal Algorithm Iterations

n=1, f(x)€[01], x, € [0,1] value 15-optimal anything o0
n =1, x, € [0,1], L-Lipschitz value e-optimal e-net O(L/e)

x, € [0,1], L-Lipschitzin || - |le value e-optimal e-net (@(L/e))n

L-smooth and bounded value, gradient e-optimal €-net exponential
L-smooth gradient e-critical gradient descent O(L(f(xg) — f)e™?)
L-smooth u-strongly convex gradient €-optimal gradient descent 0((L/u) log([f (x) — ﬁ]/e))
L-smooth convex gradient €-optimal gradient descent O(L||xy — x.|5/€)

L-smooth p-strongly convex gradient e-optimal gradient descent  O(y/L/ulog([f(x,) — £.1/6))
L-smooth u-strongly convex gradient e-optimal gradient descent 0 (\/Lllxo = x*||5/6>




Subgradient Descent
If Xt+1 = x¢ —nge where g € 0f (x¢)

Subgradient Oracle e o

_ 2
f (%ZtE[T] xt) —f < /
uer subgradient output
x € R" oracle g € 0f (x)

Subgradient: g is subgradient of f at x (i.e. g € 0f (x)) if
andonlyif f(y) = f(x) + g"(y — x) forall y € R"

Assumption #1 Assumption #2
* fis convex * fis L-Lipschitz with respect to || - ||
* ©0f(x) # @forallx € R" * & |lgll« < Lforallg € 9f(x) and x € R"




Motivating Questions

* How to generalize this analysis?

* Different norms? Different algorithms?
* Constraints?

 Stochastic iterates?

* Different assumptions?

* Online learning?

Online
Learning

Learning
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New Problem / Abstraction

Problem: Online Linear Optimization
 Given closed convex S € R"
* |terate for round t € [T]

* We pick x; € S

* Adversary reveals penalty p; € R"

Goal:

* Minimize regret(T) & ¥ ¢ Dt X¢ — r&l? Lelr) P

regret(T) 50

* Want average regret — 0 : lim

T—oo

I x



hy? *  Minimize regret(T) & ¥, cir P X — r)?ei?zte[ﬂ Pe X
U U [ ]

: t(T
* Want average regret = 0 : lim regretT) 0

T — o0

Suppose Analysis

. f: ]R"a—> R convex . f (%ZtE[T] xt) —f,
=
Pe € 0f (xt) < %Zte[T]f(xt) —

= Wi () 1
= _ZtE[T] P (x; — x.)

T
Analysis * = ZtE[T] Pl xe — r;lEi?ZtE[T] pi X
() = f(x) +pf (v — x) . — regret(?)

* fxe) — fu <pf (e — x.) !

Analogous to subgradient descent analysis!



Lea rn i ng fro m Expe rts lllustrative / useful example

Online Linear Optimization Learning from Experts

* Given closed convex S € R" e § = A = {x € R%,| Zie[n] X; = 1}

* Iterate for round t € [T] « p.(i) €[0,1] foralli € [n], t € [T]
* Wepickx; €5 * Note: mina’x = min a;
 Adversary reveals penalty p; € R™ X€S i€[n]

Goal: Story experts 1,...,n

* regret(T) & ¥ e(r DL X¢ — r;Iclei?ZtE[T] pTx « Expert i € [n] makes prediction [p;]; on day t

* Larger p; means worse prediction (penalty)
* Want average regret = 0

regret(T) 0
_—
T—o0 T At end of day p; are revealed

What is needed to do as * p{ x; = expected penalty
well as the experts? Regret = our expected penalty — penalty of best expert

Each day we pick distribution on experts x;



Online Linear Optimization

Learning from Experts

Fort € [T]
We pick x; € S

Anything

regret(T) & Dite[r

Arbitrary Strategy

* Pick x; = anything

Can this happen?

* Yes!
* Pick x; = Tl- (i.e. expert 1)
* [p]1 = 1and [p:], = 0forallt € [T]

© S=A"={x € REy| Xiepn xi = 1}
 p:(i) €e[0,1]foralli € [n],t € [T]

Adversary picks pt e R"
Pt Xt —

mln Zte pt

Analysis
Zte Pt X < Zte 1%, =T
* min
XES Zte

* regret(T) <T

Ptx>0



Random

Arbitrary Strategy

¢ P|Ck xt = ?111)

Can this happen?

* Yes!

Online Linear Optimization Learning from Experts
For ¢ € [T] + §=A"={x € RY| Digpny 4 = 1}
We pick x, € S « p(i) €[0,1] foralli € [n ] t € [T]
Adversary picks pt e R"
regret(T) Zte pt Xe — mlnzte pt .

Analysis
1
* Dte[r] i X = Zte[T]Zie[n]; [De];

1 1
+ < minSeeryy [+ (1-7) T

IE[n]

 regret(T) < (1 — %) T



Online Linear Optimization Learning from Experts
Fort € [T] « S=A"={x e R Yiefn Xi = 1}
* Wepickx; €S p.(i) € [0,1] foralli € [n], t € [T]

G reedy * Adversary picks p; € R"

regret(T) & ¥ cir P X¢ — r)?ei?ZtE[T] PeX.

Another Strategy Problem?

» “Greedy” or “Follow the Leader” (FTL)) * Even with just two experts might have
. . . regret(T) > T/2

* g = argminjepn] ZkE[t—l] Pr (D)

* Xt = 1it



Online Linear Optimization Learning from Experts
Fort € [T] e §=A"= {x € R§o|2ie[n] X; = 1}

" Wepickx, €5 e p.(i) €[01]foralli € [n],t € [T
ImprOVE? * Adversary picks p; € R" Pe [0.1] ] 7]

regret(T) & ¥ cir P X¢ — rilei?ZtE[T] PeX.

Some Ideas
* This is a “learning problem”
* Want to focus in on best expert

Problem:
 Past expert performance says nothing about future

Hope
* When past doesn’t signal future = random is good

* |dea: concentrate on good solution slowly



Follow the Regularized Leader (FTRL)

careful combination of greedy and random

Online Linear Optimization Algorithm
* Fort € [T] * Pick “regularizer” r: S — R that s
. We pickx; €S differentiable and u-strongly convex

with respect to || - ||

 Adversary picks p, € R"

* Let CDT(x) = n Zte pt X + T'(X)
. regret(T) def . -

cefr) PE e = min Teepr P x. * Let by (x) £ ()

* Let xp4q = argminges®7(x)
Some “ideas”
* 7nisa ”Iearning rate
* Dtelr pt x measure greedy / past

Analysis “Plan”
Relate penalty to change in @ (x741)
* Leverage to relate penalty to OPT
Use strong convexity and stability of @,

performance .
* 1r(x) encourages stability / “uniformity”
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Online Linear Optimization FTRL
Fort € [T] ¢ Dr(x) ¥ Y pix +1(x)

o e Wepickx; €S e Let x — argmin,cs®p(x)
Ana IySIS « Adversary picks p, € R" e xes T

regret(T) & ¥ cir P X¢ — r?EiEZtE[T] PeX.

Lemma #1.: CDT(Z) = CDT(XT+1) +L; ”xT_|_1 — Z”2 forallz€ S

Proof:

e @ is u-strongly convex with respect to || - || and differentiable
* Or(2) 2 Pp(xryq) + VO (X741) " (2 — Xpy1q) +§ 1z — x741]I7

* Xpyq = argminges®@r(x) = V07 (x7r11) (2 — x¢41) 2 0



Online Linear Optimization FTRL

Fort € [T] © Dr(x) =N Xiem plx + r(x)
A I o  We pickx; €S * Letxp,, = argmin, s @, (x)
na ySIS * Adversary picks p; € R"

regret(T) & ¥ cir P X¢ — r?ei?ZtE[T] PeX.

Lemma #1.: CDT(Z) = CDT(XT+1) +L; ”xT_|_1 — Z”2 forallz€ S

n?
Lemma #2: O (x7,1) — Pr_y(x7p) =1 - prxy ey lprll

Notes:
= change in value of minimizer is more than our penalty up to n and ||p||?

* Or(xr41) SN 2per pl z + r(z) for all z € S so penalty of opt is more than ours
up to 7 and ||prll%



Online Linear Optimization FTRL

Fort € [T] © Dp(x) = UZte pt x +r(x)
A I o  We pickx; €S o letxpyq = argmlanSCDT(x)
na ySIS e Adversary picks pt e R"

regret(T) & Zte pt Xt — mantE pt

Lemma #1: O;(z) = Py (x741) +L; |x741 — z||* forallze S

Lemma #2: Or(x741) — Pr_q(x7) =1 - pray —727—; IprllZ
Proof: apply Lemma #1 to ®7(x741) =1 * prXre1 + Proq(X741)
* Or(x741) 21 Prx7er + Proq(x7) +L; X741 — x7ll?
* =1 -prxr +n-pr(Xreq — X7) +E X741 — 27> + Pr_q (x7)

. >0rlre1[1Rr}ln pTxT+77 Pr d+”||d||2+CI)T 1(x1)

=n-: PTXT —Z_” lprll? + ®r_q(xr)



Online Linear Optimization FTRL

Fort € [T] © Or(x) e pe X +7(x)
A I o  We pickx; €S o letxpyq = argmlanSCD (x)
na ySIS e Adversary picks pt e R"

regret(T) & Zte pt Xt — mmZte pt

2
Lemma #2: O (x7,1) — Pr_y(x7) =1 - prxy —127_” lprll

Th FTRL): For L = o
eorem ( ): For {relflg]inpt”

T n 2 1
2iterr Pe (xg —2) < 2 T.L +77 [r(z) m1n r(x)]

: regret(T) 2DTL>?
; = — = — < .
Corollary: If D > max r(x) min r(x) andn /TLZ then < / P

Notes

* Theorem says more than corollary!
* T T= n ! (if more time then move more slowly)
« D T= n T (if larger domain take bigger steps)

* G T=nl (if larger penalties decrease step size)



Online Linear Optimization FTRL

Fort € [T] © Dp(x) = UZte pt x +r(x)
A I o  We pickx; €S o letxpyq = argmlanSCDT(x)
na ySIS e Adversary picks pt e R"

regret(T) & Zte pt Xt — mantE pt

n?
Lemma #2: O (x7,1) — Pr_y(x7) =1 - prxy ey lprll

Th FTRL): For L = o
eorem ( ): For {relfg]inpt”

Lee[T] pi (X — 2) SZ—Z T L* + ; [r(z) min r(x)]

X€ES
2
Proof: @7 (x741) — Pr_y(x7) 2 1 - prx; _l Lz

* Op(Xr41) — Polx1) = Xeepr [77 PeXe — - LZ]
* Op(2) = Pr(x7yq) and Pp(xq) = mln r(x)

* N X Pe 2 +7(2) 20 X Pt 2 — 71”+mmT@)

XES



Online Linear Optimization

Fort € [T]
Learning from Experts | dvrsan icks , € B

regret(T) £ X,c(r pt Xt — mlnztE ptx.
Setup FTRL
e S=M={xeRY1x=1} * Pr(x) & nX i x +7(x)
* p(i) € [0,1] * Let xpyq = argminges®r(x)
Questions Idea
* What regularizer? * Ipelle < 1and [[x¢][; =1

° What norm? * Use ’gl norm (dual foo)



Want bounded strongly convex function on simplex

£ 1-Regularizer?

Negative Entropy: e: R"™ - R with
e(x) = iepn) Xi Inx;

Lemma: e is 1- strong)y convex with
respectto || - ||{ on

e [Ve(x)]; =1+ Inx;

- [V2e(®)] = diag (%)

[ ] — @ 2
12 = (Sierm v )

ZZ

. < [Zie[n]_i] [Zle xl] = z"V?e(x)z

Xi

after ignoring zero coordinates of x

Lemma: z = argminf(x) =p'x + e(x) for
p € R" satisfictfor all i € [n]
exp(—p;)
Z]E exp( p])
* Minimjzer if and only if for all x € A™
VFC) G - 2) = 0

* Vf(z) = a1 for some a

Zi:

Lemma: maxe(x) — mln e(x) <lnn
XEAT eAT

* x In x convex with 11n1 =0In0=0

e maxe(x) =0
XEAT ()

* min e(x) = e(IT) =—Inn

XEAM



Learning from Experts

Setup
+S=A"={x € R} |17x = 1}

Multiplicative Weightss
o« letw, =1 € R"
* Fort € [T]
© (D =
* p; revealed
* [weli = [weqli - expl—n - [pe]i]

Corollary

If D > maxr(x) — minr(x) and L=1
XES X€ES D =Inn
n = / then regr;t(T) < ZD:LZ U= 1
FTRL
def
¢ O7(x) & 1 Sy PEx + (%)

* let x4 = argmmeSCI)T(x)

Note

. x (l) _ eXp(—n Zke[t][pk]i)
‘ Zje[n] eXp(—n Zke[t] [pk]j)

Corrollary: forn = /2 ngn have
regret(T) - 2lgn
T - T
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