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Plan for Today

Recap

Online 
Learning

Expert
Learning Online Learning

• Subgradient descent

• Online linear optimization
• Learning from experts
• Motivate algorithm

• Analyze and design algorithm

More algorithms, apply, build



Recap

Regularity Oracle Goal Algorithm Iterations

𝑛 = 1, 𝑓 𝑥 ∈ [0,1], 𝑥∗ ∈ [0,1] value ½-optimal anything ∞
𝑛 = 1, 𝑥∗ ∈ [0,1], 𝐿-Lipschitz value 𝜖-optimal 𝜖-net Θ 𝐿/𝜖

𝑥∗ ∈ [0,1], 𝐿-Lipschitz in ‖ ⋅ ‖" value 𝜖-optimal 𝜖-net Θ 𝐿/𝜖 #

𝐿-smooth and bounded value, gradient 𝜖-optimal 𝜖-net exponential

𝐿-smooth gradient 𝜖-critical gradient descent 𝑂 𝐿 𝑓 𝑥$ − 𝑓∗ 𝜖%&

𝐿-smooth 𝜇-strongly convex gradient 𝜖-optimal gradient descent 𝑂 𝐿/𝜇 log 𝑓 𝑥$ − 𝑓∗ /𝜖

𝐿-smooth convex gradient 𝜖-optimal gradient descent 𝑂 𝐿 𝑥$ − 𝑥∗ &
&/𝜖

𝐿-smooth 𝜇-strongly convex gradient 𝜖-optimal gradient descent 𝑂 𝐿/𝜇 log 𝑓 𝑥$ − 𝑓∗ /𝜖

𝐿-smooth 𝜇-strongly convex gradient 𝜖-optimal gradient descent 𝑂 𝐿 𝑥$ − 𝑥∗ &
&/𝜖

Problem
min
!∈ℝ"

𝑓(𝑥)



Subgradient Oracle

subgradient
oracle

query output
𝑔 ∈ 𝜕𝑓(𝑥)

Subgradient: 𝑔 is subgradient of 𝑓 at 𝑥 (i.e. 𝑔 ∈ 𝜕𝑓(𝑥)) if 
and only if 𝑓 𝑦 ≥ 𝑓 𝑥 + 𝑔#(𝑦 − 𝑥) for all 𝑦 ∈ ℝ$

𝑥 ∈ ℝ/

Assumption #2
• 𝑓 is 𝐿-Lipschitz with respect to ‖ ⋅ ‖
• ⇔ 𝑔 ∗ ≤ 𝐿 for all 𝑔 ∈ 𝜕𝑓(𝑥) and 𝑥 ∈ ℝ$

Assumption #1
• 𝑓 is convex
• ⇔ 𝜕𝑓 𝑥 ≠ ∅ for all 𝑥 ∈ ℝ$

Subgradient Descent
If 𝑥$%& = 𝑥$ − 𝜂𝑔$ where 𝑔$ ∈ 𝜕𝑓(𝑥$)

then for proper choice of 𝜂

𝑓 &
'
∑$∈[']𝑥$ − 𝑓∗ ≤

+ !%,!∗ &
&

-'
.



Motivating Questions

• How to generalize this analysis?
• Different norms? Different algorithms?
• Constraints?
• Stochastic iterates?
• Different assumptions?
• Online learning?

Online 
Learning

Expert
Learning



Plan for Today

Recap

Online 
Learning

Expert
Learning Online Learning

• Subgradient descent

• Online linear optimization
• Learning from experts
• Motivate algorithm

• Analyze and design algorithm

More algorithms, apply, build

ü



New Problem / Abstraction

Problem: Online Linear Optimization
• Given closed convex 𝑆 ⊆ ℝ!

• Iterate for round 𝑡 ∈ [𝑇]
• We pick 𝑥" ∈ 𝑆
• Adversary reveals penalty 𝑝" ∈ ℝ!

Goal: 
• Minimize regret 𝑇 ≝ ∑"∈[%]𝑝"'𝑥" −min(∈)

∑"∈[%]𝑝"'𝑥

• Want average regret → 0 : lim
%→+

,-.,-/ %
%

→ 0



Why?

Suppose
• 𝑓:ℝ0 → ℝ convex
• 𝑝1 ∈ 𝜕𝑓(𝑥1)
• 𝑥∗ = min

3∈4
𝑓(𝑥)

Analysis
• 𝑓 𝑥∗ ≥ 𝑓 𝑥8 + 𝑝89(𝑥∗ − 𝑥8)
• 𝑓 𝑥8 − 𝑓∗ ≤ 𝑝89(𝑥8 − 𝑥∗)

Analysis

• 𝑓 5
6
∑1∈ 6 𝑥1 − 𝑓∗

• ≤ 5
6
∑1∈[6] 𝑓 𝑥1 − 𝑓∗

• ≤ 5
6
∑1∈[6] 𝑝19(𝑥1 − 𝑥∗)

• ≤ ∑1∈[6] 𝑝19𝑥1 −min3∈:
∑1∈[6] 𝑝19𝑥

• = ;<=;<> 6
6

• Minimize regret 𝑇 ≝ ∑'∈[*] 𝑝'#𝑥' − min
,∈-

∑'∈[*] 𝑝'#𝑥

• Want average regret → 0 : lim
*→/

012013 *
*

→ 0

Analogous to subgradient descent analysis!



Learning from Experts

Online Linear Optimization
• Given closed convex 𝑆 ⊆ ℝ.

• Iterate for round 𝑡 ∈ [𝑇]
• We pick 𝑥$ ∈ 𝑆
• Adversary reveals penalty 𝑝$ ∈ ℝ.

Goal: 

• regret 𝑇 ≝ ∑$∈[']𝑝$/𝑥$ −min!∈0
∑$∈[']𝑝$/𝑥

• Want average regret → 0

lim
'→2

regret 𝑇
𝑇 → 0

Learning from Experts

• 𝑆 = Δ. = 𝑥 ∈ ℝ34. | ∑5∈[.]𝑥5 = 1

• 𝑝$ 𝑖 ∈ [0,1] for all 𝑖 ∈ [𝑛], 𝑡 ∈ [𝑇]
• Note: min

!∈6
𝑎'𝑥 = min

5∈[.]
𝑎5

Story experts 1,… , 𝑛
• Expert 𝑖 ∈ [𝑛]makes prediction 𝑝$ 5 on day 𝑡
• Larger 𝑝$ means worse prediction (penalty)
• Each day we pick distribution on experts 𝑥$
• At end of day 𝑝$ are revealed

• 𝑝$/𝑥$ = expected penalty
• Regret = our expected penalty – penalty of best expert

Illustrative / useful example

What is needed to do as 
well as the experts?



Anything

Arbitrary Strategy
• Pick 𝑥8 = anything

Analysis

• ∑8∈[H]𝑝89𝑥8 ≤ ∑8∈[H]19𝑥8 = 𝑇
• min
J∈K

∑8∈[H]𝑝89𝑥 ≥ 0

• regret 𝑇 ≤ 𝑇

Online Linear Optimization
For 𝑡 ∈ 𝑇
• We pick 𝑥' ∈ 𝑆
• Adversary picks 𝑝' ∈ ℝ$

regret 𝑇 ≝ ∑'∈[*] 𝑝'#𝑥' − min
,∈-

∑'∈[*] 𝑝'#𝑥.

Learning from Experts
• 𝑆 = Δ$ = 𝑥 ∈ ℝ45

$ | ∑6∈[$] 𝑥6 = 1
• 𝑝' 𝑖 ∈ [0,1] for all 𝑖 ∈ [𝑛], 𝑡 ∈ [𝑇]

Can this happen?
• Yes!
• Pick 𝑥8 = 1T (i.e. expert 1)
• 𝑝8 U = 1 and 𝑝8 V = 0 for all 𝑡 ∈ [𝑇]



Random

Arbitrary Strategy

• Pick 𝑥8 =
U
/
1

Analysis

• ∑8∈[H]𝑝89𝑥8 = ∑8∈[H]∑T∈[/]
U
/
𝑝8 T

• ≤ min
T∈[/]

∑8∈[H]
U
/
𝑝8 T + 1 − U

/
𝑇

• regret 𝑇 ≤ 1 − U
/
𝑇

Online Linear Optimization
For 𝑡 ∈ 𝑇
• We pick 𝑥' ∈ 𝑆
• Adversary picks 𝑝' ∈ ℝ$

regret 𝑇 ≝ ∑'∈[*] 𝑝'#𝑥' − min
,∈-

∑'∈[*] 𝑝'#𝑥.

Learning from Experts
• 𝑆 = Δ$ = 𝑥 ∈ ℝ45

$ | ∑6∈[$] 𝑥6 = 1
• 𝑝' 𝑖 ∈ [0,1] for all 𝑖 ∈ [𝑛], 𝑡 ∈ [𝑇]

Can this happen?
• Yes!



Greedy
Another Strategy
• “Greedy” or “Follow the Leader” (FTL))
• 𝑖9 = argmin:∈[;]∑<∈[9=>]𝑝<(𝑖)

• 𝑥9 = 1:!

Problem?
• Even with just two experts might have 
regret 𝑇 ≥ 𝑇/2

Online Linear Optimization
For 𝑡 ∈ 𝑇
• We pick 𝑥' ∈ 𝑆
• Adversary picks 𝑝' ∈ ℝ$

regret 𝑇 ≝ ∑'∈[*] 𝑝'#𝑥' − min
,∈-

∑'∈[*] 𝑝'#𝑥.

Learning from Experts
• 𝑆 = Δ$ = 𝑥 ∈ ℝ45

$ | ∑6∈[$] 𝑥6 = 1
• 𝑝' 𝑖 ∈ [0,1] for all 𝑖 ∈ [𝑛], 𝑡 ∈ [𝑇]



Improve?

Some Ideas
• This is a “learning problem”
• Want to focus in on best expert

Problem:
• Past expert performance says nothing about future

Hope
• When past doesn’t signal future ⇒ random is good
• Idea: concentrate on good solution slowly

Online Linear Optimization
For 𝑡 ∈ 𝑇
• We pick 𝑥' ∈ 𝑆
• Adversary picks 𝑝' ∈ ℝ$

regret 𝑇 ≝ ∑'∈[*] 𝑝'#𝑥' − min
,∈-

∑'∈[*] 𝑝'#𝑥.

Learning from Experts
• 𝑆 = Δ$ = 𝑥 ∈ ℝ45

$ | ∑6∈[$] 𝑥6 = 1
• 𝑝' 𝑖 ∈ [0,1] for all 𝑖 ∈ [𝑛], 𝑡 ∈ [𝑇]



Follow the Regularized Leader (FTRL)

Online Linear Optimization
• For 𝑡 ∈ 𝑇
• We pick 𝑥8 ∈ 𝑆
• Adversary picks 𝑝8 ∈ ℝ/

• regret 𝑇 ≝
∑8∈[H]𝑝89𝑥8 −minJ∈W

∑8∈[H]𝑝89𝑥.

Algorithm
• Pick “regularizer” 𝑟: 𝑆 → ℝ that is 

differentiable and 𝜇-strongly convex 
with respect to ‖ ⋅ ‖

• Let ΦH 𝑥 ≝ 𝜂 ∑8∈ H 𝑝89𝑥 + 𝑟(𝑥)
• Let ΦX 𝑥 ≝ 𝑟(𝑥)
• Let 𝑥HYU = argminJ∈KΦH(𝑥)

Some “ideas”
• 𝜂 is a “learning” rate
• ∑8∈ H 𝑝89𝑥 measure greedy / past 

performance
• 𝑟(𝑥) encourages stability / “uniformity”

careful combination of greedy and random

Analysis “Plan”
• Relate penalty to change in ΦH(𝑥HYU)
• Leverage to relate penalty to OPT
• Use strong convexity and stability of ΦH



Plan for Today

Recap

Online 
Learning

Online 
Learning Online Learning

• Subgradient descent

• Online linear optimization
• Learning from experts
• Motivate algorithm

• Analyze algorithm/ss

ü
ü

More algorithms, apply, build



Analysis

Lemma #1: ΦH 𝑧 ≥ ΦH 𝑥HYU + Z
V
𝑥HYU − 𝑧 V for all z ∈ 𝑆

Proof:
• ΦH is 𝜇-strongly convex with respect to ‖ ⋅ ‖ and differentiable

• ΦH 𝑧 ≥ ΦH 𝑥HYU + ∇ΦH 𝑥HYU 9 𝑧 − 𝑥8YU + Z
V
𝑧 − 𝑥HYU V

• 𝑥8YU = argminJ∈KΦH 𝑥 ⇒ ∇ΦH 𝑥HYU 9 𝑧 − 𝑥8YU ≥ 0

Online Linear Optimization
For 𝑡 ∈ 𝑇
• We pick 𝑥' ∈ 𝑆
• Adversary picks 𝑝' ∈ ℝ$

regret 𝑇 ≝ ∑'∈[*] 𝑝'#𝑥' − min
,∈-

∑'∈[*] 𝑝'#𝑥.

FTRL
• Φ* 𝑥 ≝ 𝜂 ∑'∈ * 𝑝'#𝑥 + 𝑟(𝑥)
• Let 𝑥*78 = argmin,∈9Φ*(𝑥)



Analysis

Lemma #1: ΦH 𝑧 ≥ ΦH 𝑥HYU + Z
V
𝑥HYU − 𝑧 V for all z ∈ 𝑆

Lemma #2: ΦH 𝑥HYU −ΦH_U 𝑥H ≥ 𝜂 ⋅ 𝑝H9𝑥H −
`"

VZ
𝑝H ∗

V

Notes:
• ⇒ change in value of minimizer is more than our penalty up to 𝜂 and 𝑝H ∗

V

• ΦH 𝑥HYU ≤ 𝜂 ∑8∈ H 𝑝89𝑧 + 𝑟 𝑧 for all 𝑧 ∈ 𝑆 so penalty of opt is more than ours 
up to 𝑟 and 𝑝H ∗

V

Online Linear Optimization
For 𝑡 ∈ 𝑇
• We pick 𝑥' ∈ 𝑆
• Adversary picks 𝑝' ∈ ℝ$

regret 𝑇 ≝ ∑'∈[*] 𝑝'#𝑥' − min
,∈-

∑'∈[*] 𝑝'#𝑥.

FTRL
• Φ* 𝑥 ≝ 𝜂 ∑'∈ * 𝑝'#𝑥 + 𝑟(𝑥)
• Let 𝑥*78 = argmin,∈9Φ*(𝑥)



Analysis

Lemma #1: ΦH 𝑧 ≥ ΦH 𝑥HYU + Z
V
𝑥HYU − 𝑧 V for all z ∈ 𝑆

Lemma #2: ΦH 𝑥HYU −ΦH_U 𝑥H ≥ 𝜂 ⋅ 𝑝H9𝑥H −
`"

VZ
𝑝H ∗

V

Proof: apply Lemma #1 to ΦH 𝑥HYU = 𝜂 ⋅ 𝑝H9𝑥HYU +ΦH_U(𝑥HYU)
• ΦH 𝑥HYU ≥ 𝜂 ⋅ 𝑝H9𝑥HYU +ΦH_U(𝑥H) +

Z
V
𝑥HYU − 𝑥H V

• = 𝜂 ⋅ 𝑝H9𝑥H + 𝜂 ⋅ 𝑝H9 𝑥HYU − 𝑥H + Z
V
𝑥HYU − 𝑥H V +ΦH_U(𝑥H)

• ≥ min
a∈ℝ#

𝜂 ⋅ 𝑝H9𝑥H + 𝜂 ⋅ 𝑝H9𝑑 +
Z
V
𝑑 V +ΦH_U(𝑥H)

• = 𝜂 ⋅ 𝑝H9𝑥H −
`"

VZ
𝑝H ∗

V +ΦH_U(𝑥H)

Online Linear Optimization
For 𝑡 ∈ 𝑇
• We pick 𝑥' ∈ 𝑆
• Adversary picks 𝑝' ∈ ℝ$

regret 𝑇 ≝ ∑'∈[*] 𝑝'#𝑥' − min
,∈-

∑'∈[*] 𝑝'#𝑥.

FTRL
• Φ* 𝑥 ≝ 𝜂 ∑'∈ * 𝑝'#𝑥 + 𝑟(𝑥)
• Let 𝑥*78 = argmin,∈9Φ*(𝑥)



Analysis

Lemma #2: ΦH 𝑥HYU −ΦH_U 𝑥H ≥ 𝜂 ⋅ 𝑝H9𝑥H −
`"

VZ
𝑝H ∗

V

Theorem (FTRL): For 𝐿 = max
8∈[H]

𝑝8 ∗
V :

∑8∈[H]𝑝89 𝑥8 − 𝑧 ≤ `
VZ
⋅ 𝑇 ⋅ 𝐿V + U

`
𝑟 𝑧 − min

J∈K
𝑟(𝑥)

Corollary: If 𝐷 ≥ max
J∈K

𝑟 𝑥 − min
J∈K

𝑟 𝑥 and 𝜂 = VbZ
Hc"

then defdeg H
H

≤ VbHc"

Z
.

Notes
• Theorem says more than corollary!
• 𝑇 ↑⇒ 𝜂 ↓ (if more time then move more slowly)
• 𝐷 ↑⇒ 𝜂 ↑ (if larger domain take bigger steps)
• 𝐺 ↑ ⇒ 𝜂 ↓ (if larger penalties decrease step size) 

Online Linear Optimization
For 𝑡 ∈ 𝑇
• We pick 𝑥' ∈ 𝑆
• Adversary picks 𝑝' ∈ ℝ$

regret 𝑇 ≝ ∑'∈[*] 𝑝'#𝑥' − min
,∈-

∑'∈[*] 𝑝'#𝑥.

FTRL
• Φ* 𝑥 ≝ 𝜂 ∑'∈ * 𝑝'#𝑥 + 𝑟(𝑥)
• Let 𝑥*78 = argmin,∈9Φ*(𝑥)



Analysis

Lemma #2: ΦH 𝑥HYU −ΦH_U 𝑥H ≥ 𝜂 ⋅ 𝑝H9𝑥H −
`"

VZ
𝑝H ∗

V

Theorem (FTRL): For 𝐿 = max
8∈[H]

𝑝8 ∗
V :

∑8∈[H]𝑝89 𝑥8 − 𝑧 ≤ `
VZ
⋅ 𝑇 ⋅ 𝐿V + U

`
𝑟 𝑧 − min

J∈K
𝑟(𝑥)

Proof: ΦH 𝑥HYU −ΦH_U 𝑥H ≥ 𝜂 ⋅ 𝑝H9𝑥8 −
`"

VZ
𝐿V

• ΦH 𝑥HYU −ΦX 𝑥U ≥ ∑8∈[H] 𝜂 ⋅ 𝑝89𝑥8 −
`"

VZ
𝐿V

• ΦH 𝑧 ≥ ΦH(𝑥HYU) and ΦX 𝑥U = min
J∈K

𝑟(𝑥)

• 𝜂 ∑8∈[H]𝑝89 𝑧 + 𝑟 𝑧 ≥ 𝜂 ∑8∈ H 𝑝89 𝑧 −
`"

VZ
⋅ 𝑇𝐿V +min

J∈K
𝑟(𝑥)

Online Linear Optimization
For 𝑡 ∈ 𝑇
• We pick 𝑥' ∈ 𝑆
• Adversary picks 𝑝' ∈ ℝ$

regret 𝑇 ≝ ∑'∈[*] 𝑝'#𝑥' − min
,∈-

∑'∈[*] 𝑝'#𝑥.

FTRL
• Φ* 𝑥 ≝ 𝜂 ∑'∈ * 𝑝'#𝑥 + 𝑟(𝑥)
• Let 𝑥*78 = argmin,∈9Φ*(𝑥)



Learning from Experts

Setup

• 𝑆 = Δ0 = 𝑥 ∈ ℝUV0 |19𝑥 = 1
• 𝑝1 𝑖 ∈ [0,1]

FTRL
• Φ6 𝑥 ≝ 𝜂 ∑1∈ 6 𝑝19𝑥 + 𝑟(𝑥)
• Let 𝑥6W5 = argmin3∈4Φ6(𝑥)

Online Linear Optimization
For 𝑡 ∈ 𝑇
• We pick 𝑥' ∈ 𝑆
• Adversary picks 𝑝' ∈ ℝ$

regret 𝑇 ≝ ∑'∈[*] 𝑝'#𝑥' − min
,∈-

∑'∈[*] 𝑝'#𝑥.

Questions
• What regularizer?
• What norm?

Idea
• 𝑝1 X ≤ 1 and 𝑥1 5 = 1
• Use ℓ5 norm (dual ℓX)



ℓ𝟏-Regularizer?
Negative Entropy: e: ℝ/ → ℝ with 
𝑒 𝑥 = ∑T∈[/] 𝑥T ln 𝑥T

Lemma: 𝑒 is 1-strongly convex with 
respect to ‖ ⋅ ‖U on Δ/.
• ∇𝑒 𝑥 T = 1 + ln 𝑥T
• ∇V𝑒 𝑥 = diag U

J

• 𝑧 U = ∑T∈ /
h$
J$

𝑥T
V

• ≤ ∑T∈ /
h$
"

J$
∑T∈ / 𝑥T = 𝑧9∇V𝑒 𝑥 𝑧

Lemma: 𝑧 = argmin
J∈i#

𝑓 𝑥 =𝑝9𝑥 + 𝑒(𝑥) for 
𝑝 ∈ ℝ/ satisfies for all 𝑖 ∈ [𝑛]
zj =

ekl _m$
∑%∈[#] ekl _m%

• Minimizer if and only if for all 𝑥 ∈ Δ/
∇𝑓 𝑧 9 𝑥 − 𝑧 ≥ 0

• ∇𝑓 𝑧 = 𝛼1 for some 𝛼

Lemma: max
J∈i#

𝑒 𝑥 − min
J∈i#

𝑒 𝑥 ≤ ln 𝑛
• 𝑥 ln 𝑥 convex with 1 ln 1 = 0 ln 0 = 0
• max
J∈i#

𝑒 𝑥 = 0

• min
J∈i#

𝑒(𝑥) = 𝑒 U
/
1 = − ln 𝑛

Want bounded strongly convex function on simplex

after ignoring zero coordinates of 𝑥



Learning from Experts

Setup

• 𝑆 = Δ0 = 𝑥 ∈ ℝUV0 |19𝑥 = 1
• 𝑝1 𝑖 ∈ [0,1]

FTRL
• Φ6 𝑥 ≝ 𝜂 ∑1∈ 6 𝑝19𝑥 + 𝑟(𝑥)
• Let 𝑥6W5 = argmin3∈4Φ6(𝑥)

Multiplicative Weightss
• Let 𝑤X = 1 ∈ ℝ/

• For 𝑡 ∈ [𝑇]
• 𝑥8 𝑖 = n$

n )
• 𝑝8 revealed
• 𝑤8 T = 𝑤8_U T ⋅ exp −𝜂 ⋅ 𝑝8 T

Note

• 𝑥1 𝑖 =
<YZ [\ ∑?∈ @ ]? A

∑B∈[C] <YZ [\ ∑?∈ @ ]? B

Corrollary: for 𝜂 = D EF ;
G

have

regret(𝑇)
𝑇 ≤

2 lg𝑛
𝑇

Corollary
If 𝐷 ≥ max

,∈9
𝑟 𝑥 − min

,∈9
𝑟 𝑥 and 

𝜂 = :;<
*=!

then 012013 *
*

≤ :;*=!

<

• 𝐿 = 1
• 𝐷 = ln 𝑛
• 𝜇 = 1



Plan for Today

Recap

Online 
Learning

Online 
Learning Online Learning

• Subgradient descent

• Online linear optimization
• Learning from experts
• Motivate algorithm

• Analyze algorithm

More algorithms, apply, build

ü
ü
ü


