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Plan for Today

* Online linear optimization
* Follow the regularized leader (FTRL)

Recap

* Learning from experts
Subgradient descent
* Smooth convex optimization

Applications

Mirror
An alternative algorithm

Descent

Stochastic
Methods

More algorithms, apply, build



Online Linear Optimization

e Given closed convex S € R"

* Iterate for round t € [T]
* We pickx; € S
 Adversary reveals penalty p; € R"

Goal:
* Minimize regret(T) gt Zte pt Xt — mln Zte

regret(T) 50

e Want average regret —» 0 : lim

T — oo

Ptx



Online Linear Optimization Learning from Experts

Fort € [T] -« S=A"={x¢€ R | Xiemm Xi = 1}
M h d * Wepickx; €S « p(i) €[0,1] foralli € [n], t € [T]
et O S * Adversary picks p; € R"
regret(T) & ¥ crr D¢ X¢ — min ¥e(r) pe x.
Some Ideas
* This is a “learning problem” oDy
* Want to focus in on best expert
Problem:
* Past expert performance says nothing about future N
Hope
* When past doesn’t signal future = random is good
* |dea: concentrate on good solution slowly ¥

follow t er (FTL)



Follow the Regularized Leader (FTRL)

careful combination of greedy and random

Online Linear Optimization Algorithm
* Fort € [T] * Pick “regularizer” r: S — R that s
. We pickx; €S differentiable and u-strongly convex

with respect to || - ||

 Adversary picks p, € R"

* Let CDT(x) = n Zte pt X + T'(X)
. regret(T) def . -

cefr) PE e = min Teepr P x. * Let by (x) £ ()

* Let xp4q = argminges®7(x)
Some “ideas”
* 7nisa ”Iearning rate
* Dtelr pt x measure greedy / past

Analysis “Plan”
Relate penalty to change in @ (x741)
* Leverage to relate penalty to OPT
Use strong convexity and stability of @,

performance .
* 1r(x) encourages stability / “uniformity”



Online Linear Optimization FTRL
Fort € [T] © Or(x) E N Xierr Pt x +7r(x)

A I S * Wepickx; €S e Letxyyq = argmlanSCDT(x)
na ySIS e Adversary picks pt e R"
regret(T) = Zte pt Xt — mln Zte pt

1?2
Lemma #2: O (x711) — Pr_q(xr) =1 prxr ~ 2 lprll
Theorem (FTRL): For L = maxllptllf :

2ee[r] (Xt —z)<5--T- L? + [r(z) m1n r(x)]

DL?

. u regret(T)
. > —_ = —_— —_— < .
Corollary: If D > max r(x) min r(x) andn /TLZ then T =zt

Proof:

e regret(T) = max T(xy —2) = X

gret(T) nas Zte[T] pe (X —z) = Zte Pt t r)rclelngte i x
Notes

* Theorem says more than corollary!

* Better bounds when r(z) smaller
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Learning from Experts

Online Linear Optimization Learning from Experts

* Given closed convex S € R" e § = A = {x € R%,| Zie[n] X; = 1}

* Iterate for round t € [T] « p.(i) €[0,1] foralli € [n], t € [T]
* Wepickx; €5 * Note: mina’x = min a;
 Adversary reveals penalty p; € R™ X€S i€[n]

Goal: Story experts 1,...,n

* regret(T) & ¥ e(r DL X¢ — r;Iclei?ZtE[T] pTx « Expert i € [n] makes prediction [p;]; on day t

* Larger p; means worse prediction (penalty)
* Want average regret = 0

regret(T) 0
_—
T—o0 T At end of day p; are revealed

What is needed to do as * p{ x; = expected penalty
well as the experts? Regret = our expected penalty — penalty of best expert

Each day we pick distribution on experts x;



* L= maXIIPtII
te[T

* Derr) Pe ¢ (xp —2) < % T - L? +%[r(z) — min r(x)].

Learning from Experts . ... w.icme oo
« regret(T)/T <./ DL?/(2uT)

Setup FTRL

e S=M={xeRY1x=1} * Pr(x) & nX i x +7(x)
* p:(i) € [0,1] * Let x;,; = argmin, cs®;(x)
Questions Idea

« What regularizer? * Ipelle < 1and [[x¢][; =1

e What norm? * Use ¥4 norm (dual £,)



«g 1 - Regu I a ri ze r? Want bounded strongly convex function with respect to €, on simplex

Negative Entropy: e: R" — R with e(x) = Zie[n] x; In x;
Lemma: e is 1-strongly convex with respect to || - ||; on A™.
* [Ve(x)]; =1+ Inx;

- [V2e(x)] = diag ;)
, 2
lzlly = (Sietn) = V5 )
‘= [Zie[n]%ﬂ Zietmxi| = 2TV2e(x)z

after ignoring zero coordinates of x



«g 1 - Regu I a ri ze r? Want bounded strongly convex function with respect to £, on simplex

Negative Entropy: e: R" — R with e(x) = Zie[n] x; In x;

Lemma: e is 1-strongly convex with respect to || - ||; on A™.
Lemma: z = argminf(x) =p'x + e(x) has z; = XD forall i € [n].
XEATN Zje[n] eXP(‘pj)

e z€E A"
 Minimizerif and only if forallx € A", Vf(z)T(x —z) = 0
* Vf(z) = a1 for some a

e 1TTx =1forallx € A"



«g 1 - Regu I a ri ze r? Want bounded strongly convex function with respect to £, on simplex

Negative Entropy: e: R" — R with e(x) = Zie[n] x; In x;

Lemma: e is 1-strongly convex with respect to || - ||; on A™.
Lemma: z = argminf(x) =p'x + e(x) has z; = XD forall i € [n].
XEATN Zje[n] eXP(‘pj)
Lemma: maxe(x) — mine(x) < lIlnn
XEA™ XEAT

e xInx convexwith1ln1=0In0 =20

e maxe(x) =0
XEAM ()

. DrcléiArrlle(x) = e(T—iT) =—Inn



Learning from Experts

Setup
«S=A"={x e RY O|1Tx—1}

Exponentiated gradient descent
Multiplicative Weights
o« letw, =1 € R"
* Fort € [T]

. Wi
* X+\L) =
10 Iwlly

* p; revealed
* [weli = [weqli

- exp[—n - [peli]

* L= maXIIPtII
te[T

* Derr) Pe § (e — Z)< L .T. 12+ 77[r(z)—minr(x)].

e D> r?ggr(x) mmr(x) and n & /Du/(TL?)
« regret(T)/T Sw/DLZ/(ZuT)

FTRL

¢ Dp(x) & Ve pix + ()

* Let X741 = argmin,cs®r(x)

Note

. x (l) _ eXp(—n Zke[t][pk]i)
‘ Zje[n] eXp(—n Zke[t] [pk]j)

Corollary: forn = /21%1 have

° L:
 D=lInn
regret(T)S 2lgn o1
T T
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Subgradient Descent
If X411 = X — Ngy Where g € df (x¢) and

SU bgrad ient OraCIe lg¢ll, < L then for proper choice of 1

_ 2
F(2Seeryee) = i < A=l
uer subgradient output
x € R" oracle g € 0f (x)

Question Subgradient: g is subgradient of f at x (i.e. g € 0f (x)) if
How prove / andonlyif f(y) = f(x) + g" (¥ — x) forally € R"
derive with FTRL?

Assumption #1 Assumption #2
* fis convex * fis L-Lipschitz with respect to || - ||
* ©0f(x) # @forallx € R" * & |lgll« < Lforallg € 9f(x) and x € R"




* L= maX”pt”
te[T

* Derr) Pe § (e — Z)< L .T. 12+ [r(z)—minr(x)].

FTRL Optimization + D = maxr(x) — minr(x) ane e
« regret(T)/T Sw/DLZ/(ZuT)
Suppose Analysis
. £. M7 1
f:R" - [Rcon.vex .« f (;Zte[T] xt) —f.
* P € 9f (x¢) with [|pe]l; < L . < 12 Fox) = f Jensen’s
* x, € argmin f(x) and||xy — x,|l, < R B 71" te[r]/ At ) inequality
xR * = ;Zte[T] pe (xe — x.)
1
Analysis ¢ = T thE[T] i X — r}}el?z:te Pt xl
* f(x) = fxp) +pf (= %) . _ reeret(n
T
* f(xp) = fi < pf (xp — x)
Problem
How apply? Pick a reqularizer? If r strongly convex and

S =R"then D = ool



Generalizes to constraints and

FTRL Optimization

Suppose
* f:R" - R convex

* pt € 0f (x) with |[pell, < L

* x, € argmin f(x) and||xy — x,|l, <R
x€RM

FTRL Algorithm

1
* 7(x) = llx = xoll3

" Xpe1 = argmlnnzke PR X +7(x)
XERM

* Xt41 = Xo — Zke NPk = Xt — NPt
Subgradient Descent
e-optimal with

R2L?/€? queries!
other norms!

* L= maXIIPtII
te[T

* Y pe (e — z) S5 - L .T. 12+ [r(z)—minr(x)].
. DZr?ggr(x) mmr(x) and n & \W

« regret(T)/T Sw/DLZ/(ZuT)
Analysis

(%ZtE[T] xt) — [
te[T]f(xt) —
te[T] Pt ¢ (x¢ — x,)

AN ™

)
Dte

[ ]
IA
Nk -

i.LZ _|_i
2u nT
Q.LZ _|_L
2 2nT

= JR%/(TL?) = < \/R212T

IA

[7Ge) — minr ()]
. R?

IA
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Idea: use full Theorem

FTRL for Smooth Convex Functions

Different “best-case scenario”

S—ugm An—alyﬁ than gradient descent.
o £ RN _ 1
f:R™ - R convex and L-smooth .« f (;Zte[T] xt) —f.
* x, € argmin f(x) 1
x€ERM e-optimal point with * < ;ZtE[T] f(xt) — [
2L||xy — x.|5/€? gradient 1
: e < =) Xt — X,
FTRL Algorithm queries T &t€E[T] Pt ( t )
* pe = Vf(xe)

1
r(x) = llx — xoll3

< S e lpell? +; [r(2) — minr ()]
* Xt+1 = argmlnnZke[t Pic X +7(x) o < "—LZ L Cee) — £ + lr(z) — minr(x)]

XERM
> (FF) Zeenlf &) = £1 < 57 Mo — .13

Xt+1 = Xo — Zke 1Pk = Xe — NPt
1

2L
= ff(;ztemxt) £ <%l — x. 3
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Another Online Learning Algorithm

Idea How Design Step?

e Start at x * Pick strongly convex r

* Fort € [T] * Center regularizer around x;
* Take small step in “direction” -p, * Notation: D (x||x;)

* Minimizern - pl x + D (x||x;)

Intuition
Mirror * Similar to before
Descent * x; do not move to much relative

to reference point



Centered Regularizer?

Bregman Divergence Distance

* Let r be differentiable and u-strongly with respect to some norm.
* Dr(x]lc) = r(x) — [r(c) + Vr(c)"(x — ¢)]

Notes Examples
1
* Dy(x|lc) = £ ||x — c||? + 7(0) = llx —dll3
1
*D.(x|lc)=0x=c . Dr(x||C)=5||x—C||%
* D.(x||y) not necessarily D,.(y||x) * Doesn’t depend ond

e r(x) = Dicn] Xi 108 X;
D (xIIC) —Z n1 Xi log(x;/c;)
* KL-divergence



Bregman Projection

Bregman Divergence Distance
* Let r be differentiable and u-strongly with respect to some norm.

* Dy (x|lc) = 7(x) — [r(c) + Vr(c) " (x — )]

Bregman Projection

* For closed convex S € R" let § (y) = argmin D,.(x||y)
XES

Bregman Pythagorean Theorem (obtuse angles)
* D,.(x|ly) + D.(y||z) < D, (x||z) forallx € S
c &y =15(2)

Proof
e Algebra and optimality of projection




* Dr(x|le) =7r(x) = [r(c) + Vr(c) " (x — y)]

Mirror Descent AnalySiS * X4 = argminn - pf x + D, (x]||x;)

XES

Lemma

2
* D, (z||xt41) — Dr(2]lxe) < Z_ﬂ ”Pt”f — Upg(xt — Z)

Theorem: Mirror Descent

N . 1 * Similar bound!
* ZtE[T] pe (xp —2) < ZtE[T]ZL Ipells +77 D,-(z||x) * Resulting methods are
often the same!

Theorem: Dual Averaging (FTRL)
° T — i 2 _1 — 1
ZtE[T] pe (x — 2) < ZtE[T] 20 Ipells + 77 [T(Z) min r(x)]
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