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Plan for Today

SVRG

Review
Content

Review 
Questions

Dimension 
Dependent

• Brief review of what we have covered in the course so far

• Go over midterm
• Go over additional practice problems

Cutting plane and interior point methods

• Wrap up SVRG proof and discussion



Motivating Problem
Finite Sum Optimization

• min
!∈ℝ!

𝐹 𝑥 = $
%
∑&∈[%]𝑓&(𝑥)

• Each 𝑓& is convex and 𝐿-smooth
• 𝐹 is 𝜇-strongly convex
• Have gradient oracle for 𝑓& and want 𝜖-

optimal point

Note
• Natural machine learning problem

• 𝑥 = model, 𝑖 = data point, 𝑓& = loss of 
model on data point 𝑖

• Many variants

Baseline?
• Gradient Descent

• 𝐹 is at most 𝑚 ⋅ $
%
⋅ 𝐿-smooth

• 𝑂(𝑚 𝐿/𝜇 log 𝜖)$) queries
• AGD solves 

• 𝑂(𝑚 𝐿/𝜇 log 𝜖)$) queries
• Can we improve?



Stochastic Gradient Descent (SGD)

Problem
• Differentiable 𝑓:ℝ! → ℝ
• Goal: min

"
𝑓(𝑥)

Algorithm
• For 𝑡 ≥ 1
• 𝑔# random s.t. 𝔼𝑔# = ∇𝑓(𝑥#)
• 𝑥#$% = 𝑥# − 𝜂#𝑔#

Notes
• Many many variant
• Can have 𝑔# ∈ 𝜕𝑓(𝑥#)
• Stochastic mirror descent
• Various 𝜂# and 𝑥# aggregation 

schemes
• Etc.
• Today: simple case of 

differentiable convex 𝑓



SGD

SGD Step: If 𝑥*+$ = 𝑥* − 𝜂𝑔* and 𝔼𝑔* = ∇𝑓(𝑥*)

• 𝜖* ≤
$
,-

𝑥* − 𝑥∗ ,
, −𝔼 𝑥*+$ − 𝑥∗ ,

, + -
,
𝔼 𝑔* ,

,

• $
/
∑*∈[/] 𝜖* ≤

$
/-0 ⋅ 𝜖$ +

-
,/
∑*∈[/]𝔼 𝑔* ,

,

Proof:
• 𝑥*+$ − 𝑥∗ ,

, = 𝑥* − 𝑥∗ − 𝜂𝑔* ,
, = 𝑥* − 𝑥∗ ,

, −2𝜂𝑔*1 𝑥* − 𝑥∗ + 𝜂, 𝑔* ,
,

• 𝔼𝑔*1 𝑥* − 𝑥∗ = ∇𝑓 𝑥* 1 𝑥* − 𝑥∗ = −∇𝑓 𝑥* 1 𝑥∗ − 𝑥* ≤ − 𝑓 𝑥* −𝑓∗
• 𝑥/+$ − 𝑥∗ ,

, ≥ 0

• 𝑥$ − 𝑥∗ ,
, ≤ ,

0 ⋅ 𝜖$

• min
"∈ℝ!

𝐹 𝑥 = %
&
∑'∈[&] 𝑓'(𝑥)

• Each 𝑓' is convex and 𝐿-smooth
• 𝐹 is 𝜇-strongly convex
• Have gradient oracle for 𝑓' and want 𝜖-optimal point
• 𝑥∗ minimizes and 𝜖* ≝ 𝔼𝑓 𝑥* − 𝑓∗

Note: will be a little informal (e.g. with expectations in slides, will be more formal in notes.

Question
How pick 𝑔* ?



Random Function

SGD Step: If 𝑥567 = 𝑥5 + 𝜂𝑔5 and 𝔼𝑔5 = ∇𝑓(𝑥5)

• 7
8
∑5∈[8] 𝜖5 ≤

7
8<=

⋅ 𝜖7 +
<
>8
∑5∈[8]𝔼 𝑔5 >

>

• Idea: 𝑔5 = ∇𝑓?"(𝑥5) for random 𝑖5 ∈ [𝑚]

Analysis

• 𝔼 𝑔5 >
> = 𝔼?# ∇𝑓?# 𝑥@ − ∇𝑓?# 𝑥∗ + ∇𝑓?# 𝑥∗ >

>

• 𝔼 𝑔5 >
> ≤ 2 ⋅ 𝔼?# ∇𝑓?# 𝑥@ − ∇𝑓?# 𝑥∗ >

>
+ 2 ⋅ 𝔼?# ∇𝑓?# 𝑥∗ >

>

• ∇𝑓?# 𝑥@ − ∇𝑓?# 𝑥∗ >
>
≤ 2𝐿 ⋅ 𝑓?# 𝑥@ − 𝑓?# 𝑥∗ − ∇𝑓?# 𝑥∗

B(𝑥@ − 𝑥∗)

• 𝔼?# ∇𝑓?# 𝑥@ − ∇𝑓?# 𝑥∗ >
>
≤ 2𝐿 ⋅ 𝐹 𝑥@ − 𝐹∗ ≤ 2𝐿 ⋅ 𝜖@

• min
"∈ℝ!

𝐹 𝑥 = %
&
∑'∈[&] 𝑓'(𝑥)

• Each 𝑓' is convex and 𝐿-smooth
• 𝐹 is 𝜇-strongly convex
• Have gradient oracle for 𝑓' and want 𝜖-optimal point
• 𝑥∗ minimizes and 𝜖* ≝ 𝔼𝑓 𝑥* − 𝑓∗

Problem
Can be non-zero and large!

Example
𝑓' 𝑥 = 𝑎'+𝑥 − 𝑏'

,

and 𝑏' = 𝑎'
+𝑥∗ + 𝜖' where 

𝔼𝜖' = 0 and 𝑚 → ∞

Note
Are prominent cases where is 0, e.g. 𝜖' = 0
(Kaczmarz) 𝐴𝑥 = 𝑏 where ∃𝑥∗ s.t. 𝐴𝑥∗ = 𝑏

Great!
Relative error



Decreasing “Variance”

Problem
• Want 𝔼 𝑔# &

& small relative to the 𝜖'
• Difficulty: even 𝔼'2 ∇𝑓'2 𝑥∗ &

&
≠ 0

Idea: add mean 0 vector to improve variance
• 𝑔# = ∇𝑓'3 𝑥# − ∇𝑓'3(𝑥∗)
• 𝑔# = ∇𝑓'3 𝑥# − ∇𝑓'3(𝑥%)
• 𝑔# = ∇𝑓'3 𝑥# − ∇𝑓'3 𝑥% + ∇𝐹(𝑥%)

• min
"∈ℝ!

𝐹 𝑥 = %
&
∑'∈[&] 𝑓'(𝑥)

• Each 𝑓' is convex and 𝐿-smooth
• 𝐹 is 𝜇-strongly convex
• Have gradient oracle for 𝑓' and want 𝜖-optimal point
• 𝑥∗ minimizes and 𝜖* ≝ 𝔼𝑓 𝑥* − 𝑓∗

Pro: 𝔼 𝑔5 >
> = 0 when 𝑥7 = 𝑥∗ Con: need know 𝑥∗

Pro: 𝔼 𝑔5 >
> = 0 when 𝑥7 = 𝑥∗ Con: biased!

Stochastic Variance Reduced Gradient (SVRG)
Johnson Zhang 13𝑚-queries for initial 𝑔% then 1 query for each additional 𝑔*



SVRG Variance

SVRG Step: 𝑔# = ∇𝑓'3 𝑥# − ∇𝑓'3 𝑥% + ∇𝐹(𝑥%) for random 𝑖# ∈ [𝑚]

• 𝔼 𝑔# &
& = 𝔼 ∇𝑓'3 𝑥# − ∇𝑓'3 𝑥∗ − ∇𝑓'3 𝑥% − ∇𝑓'3 𝑥∗ + ∇𝐹 𝑥% &

&

• 𝔼 𝑔# &
& ≤ 2 ⋅ 𝔼 ∇𝑓'3 𝑥# − ∇𝑓'3 𝑥∗ &

&

• +2 ⋅ 𝔼 ∇𝑓'3 𝑥% − ∇𝑓'3 𝑥∗ − ∇𝐹 𝑥% &
&

• 𝔼 𝑣 − 𝔼𝑣 &
& ≤ 𝔼 𝑣 &

& ⇒

• 𝔼 𝑔# &
& ≤ 2 ⋅ 𝔼 ∇𝑓'3 𝑥# − ∇𝑓'3 𝑥∗ &

&
+ 𝔼 ∇𝑓'3 𝑥% − ∇𝑓'3 𝑥∗ &

&

• 𝔼 𝑔# &
& ≤ 4𝐿 𝜖# + 𝜖%

• min
"∈ℝ!

𝐹 𝑥 = %
&
∑'∈[&] 𝑓'(𝑥)

• Each 𝑓' is convex and 𝐿-smooth
• 𝐹 is 𝜇-strongly convex
• Have gradient oracle for 𝑓' and want 𝜖-optimal point
• 𝑥∗ minimizes and 𝜖* ≝ 𝔼𝑓 𝑥* − 𝑓∗



SVRG

SVRG: 𝑥#$% = 𝑥# + 𝜂𝑔# and 𝑔# = ∇𝑓'3 𝑥# − ∇𝑓'3 𝑥% + ∇𝐹(𝑥%) for 𝑖# uniform

• ⇒ %
)
∑#∈[)] 𝜖# ≤

%
)-.

⋅ 𝜖% +
-
&)
∑#∈[)]𝔼 𝑔# &

&

• ⇒ %
)
∑#∈[)] 𝜖# ≤

%
)

%
-.
⋅ 𝜖% +

-
&
⋅ 4𝐿 ∑#∈[)][𝜖# + 𝜖%]

• ⇒ %/&-0
)

∑#∈[)] 𝜖# ≤
%

-.)
⋅ 𝜖% + 2𝐿𝜂𝜖%

• 𝜂 = %
10

⇒ %
)
∑#∈[)] 𝜖) ≤

%20
.)

⋅ 𝜖% +
%
&
𝜖%

• 𝑇 = 230
.

⇒ %
)
∑#∈[)] 𝜖) ≤

4
3
𝜖%

• min
"∈ℝ!

𝐹 𝑥 = %
&
∑'∈[&] 𝑓'(𝑥)

• Each 𝑓' is convex and 𝐿-smooth
• 𝐹 is 𝜇-strongly convex
• Have gradient oracle for 𝑓' and want 𝜖-optimal point
• 𝑥∗ minimizes and 𝜖* ≝ 𝔼𝑓 𝑥* − 𝑓∗

Query Complexity?
• Can halve error in expectation with 
𝑚 + 𝑇 = 𝑂(𝑚 + 𝐿/𝜇) queries.

• Repeating yields expected 𝜖-optimal 
in 𝑂( 𝑚 + 𝐿/𝜇 log 𝜖-%) queries!

• GD: 𝑂(𝑚 ⋅ (𝐿/𝜇) ⋅ log 𝜖-%)



State-of-the-art?

• SVRG: 𝑂( 𝑚 + 𝐿/𝜇 log 𝜖/%) queries [one of many algorithms]
• Are other ways to achieve

• GD: 𝑂(𝑚 ⋅ (𝐿/𝜇) ⋅ log 𝜖/%) queres
• AGD: 𝑂(𝑚 ⋅ (𝐿/𝜇) ⋅ log 𝜖/%) queres
• Accelerated proximal point / Catalyst / SDCA / Coordinate Descent
• N𝑂 𝑚 + 𝑚𝐿/𝜇 log 𝜖/%)

• Katyusha
• 𝑂 𝑚 + 𝑚𝐿/𝜇 log 𝜖/%)

• min
"∈ℝ!

𝐹 𝑥 = %
&
∑'∈[&] 𝑓'(𝑥)

• Each 𝑓' is convex and 𝐿-smooth
• 𝐹 is 𝜇-strongly convex
• Have gradient oracle for 𝑓' and want 𝜖-optimal point
• 𝑥∗ minimizes and 𝜖* ≝ 𝔼𝑓 𝑥* − 𝑓∗

• Many generalization!
• Many more applications!

• MDPs [SWWY18, SWWYY18]
• Submodular [CLSW17, HRRS19, ALS19]
• Minimax [CJST19]
• Regression, non-convex, …



Plan for Today

SVRG

Review
Content

Review 
Questions

Dimension 
Dependent

• Brief review of what we have covered in the course so far

• Go over midterm
• Go over additional practice problems

Cutting plane and interior point methods

• Wrap up SVRG proof and discussionü



This Course

Goal
• Objective function 𝑓:ℝ! → ℝ
• Constraint set 𝑆 ⊆ ℝ!

(Next few lectures, unconstrained 𝑆 = ℝ!)

• Optimize

min
"∈$⊆ℝ4

𝑓(𝑥)

provably efficiently with few 
assumptions

Access to f?
• Through an “oracle”

oracle

query
e.g. 𝑥 ∈ ℝ!

output
e.g. 𝑓(𝑥) ∈ ℝ [value]
e.g. ∇𝑓(𝑥) [gradient]



This Course
Minimize? Progress Measure?

𝝐-(sub)optimal point or a point with 𝝐-additive function error: 
• 𝑥 ∈ 𝑆 s.t. 𝑓 𝑥 ≤ 𝑓∗ + 𝜖 where 𝑓∗ = min

!∈5
𝑓(𝑥)

𝝐-critical point:

• 𝑥 ∈ 𝑆 s.t. ∇𝑓 𝑥 , ≤ 𝜖 where 𝑦 , ≝ ∑&∈[6]𝑦&,

Efficency? 

• Oracle complexity = #calls to oracle
• Runtime = # oracle calls × (average computational cost per call)

min
"∈$⊆ℝ.

𝑓(𝑥) provably efficiently with 
few assumptions



This Course

Iterative Method Approach
• Start at initial point 𝑥'
• For 𝑡 = 0,… , 𝑇 − 1
• Query oracle
• Take “local step” to obtain 𝑥()*
• Repeat

• Output aggregation of the 𝑥(

e.g.
• Last iterate: 𝑥+,*
• Average iteration: *

+
∑-∈[+,*] 𝑥-

Analysis
• Oracle complexity = # iterations
• Runtime = # iterations * cost per 

iteration (iteration complexity)



Fully General Optimization Impossibility

• 𝑓:ℝ → ℝ (one dimensional)
• Have evaluation oracle (can compute 𝑓(𝑥) with 1 query)
• Promised ∃𝑥∗ ∈ [0,1] such that 𝑓 𝑥 = 𝑓∗ = inf

@∈ℝ
𝑓(𝑦)

• Promised 𝑓 𝑥 ∈ [0,1] for all 𝑥 ∈ ℝ
• Goal: compute 1/2-optimal  point
• i.e. compute 𝑥 with 𝑓 𝑥 ≤ 𝑓 𝑥∗ + 1/2

• Question: what oracle complexity achievable?
• Answer: ∞ is optimal

ℝ𝑓∗

𝑥∗

𝑓

1

1

0
0



Problem: oracle gives only pointwise information, no local information.

Solution:
• This is a class on continuous optimization
• Today: assume more structure and analyze a working method

Continuous Optimizatiion

ℝ

𝑓



Part I

Regularity Oracle Goal Algorithm Iterations

𝑛 = 1, 𝑓 𝑥 ∈ [0,1], 𝑥∗ ∈ [0,1] value ½-optimal anything ∞
𝑛 = 1, 𝑥∗ ∈ [0,1], 𝐿-Lipschitz value 𝜖-optimal 𝜖-net Θ 𝐿/𝜖

𝑥∗ ∈ [0,1], 𝐿-Lipschitz in ‖ ⋅ ‖" value 𝜖-optimal 𝜖-net Θ 𝐿/𝜖 #

𝐿-smooth and bounded value, gradient 𝜖-optimal 𝜖-net exponential

𝐿-smooth gradient 𝜖-critical gradient descent 𝑂 𝐿 𝑓 𝑥$ − 𝑓∗ 𝜖%&

𝐿-smooth 𝜇-strongly convex gradient 𝜖-optimal gradient descent 𝑂 𝐿/𝜇 log 𝑓 𝑥$ − 𝑓∗ /𝜖

𝐿-smooth convex gradient 𝜖-optimal gradient descent 𝑂 𝐿 𝑥$ − 𝑥∗ &
&/𝜖

𝐿-smooth 𝜇-strongly convex gradient 𝜖-optimal gradient descent 𝑂 𝐿/𝜇 log 𝑓 𝑥$ − 𝑓∗ /𝜖

𝐿-smooth 𝜇-strongly convex gradient 𝜖-optimal gradient descent 𝑂 𝐿 𝑥$ − 𝑥∗ &
&/𝜖

Problem
min
"∈ℝ.

𝑓(𝑥)• Coordinate descent!
• Composite functions!



L-Lipschitz Functions

• ⇔ −𝐿‖𝑥 − 𝑦‖ ≤ 𝑓 𝑦 − 𝑓 𝑥 ≤ 𝐿‖𝑥 − 𝑦‖ for all 𝑥, 𝑦 ∈ ℝR

• ⇔ 𝑓 𝑥 − 𝐿‖𝑥 − 𝑦‖ ≤ 𝑓 𝑦 ≤ 𝑓 𝑥 + 𝐿‖𝑥 − 𝑦‖ for all 𝑥, 𝑦 ∈ ℝR

• If 𝑛 = 1 and ‖ ⋅ ‖ = ‖ ⋅ ‖S (i.e. 𝑥 = 𝑥 S = 𝑥 S 7/S = |𝑥|) then
⇔𝑓 𝑥 − 𝐿 𝑑 ≤ 𝑓 𝑥 + 𝑑 ≤ 𝑓 𝑥 + 𝐿|𝑑| (slope at most 𝐿)

𝑓 is 𝐿-Lipschitz w.r.t. ‖ ⋅ ‖ if 𝑓 𝑥 − 𝑓 𝑦 ≤ 𝐿‖𝑥 − 𝑦‖ for all 𝑥, 𝑦 ∈ ℝR

ℝ

𝑥

𝑓(𝑥)

𝑦
𝑑

𝑓 𝑥 + 𝐿𝑑

𝑓 𝑥 − 𝐿𝑑

Value of 𝑓 lies in this range



Lipschitz Functions 

Theorem: If 𝑓:ℝ! → ℝ is 𝐿-Lipschitz with respect to ‖ ⋅ ‖0 can compute 

𝜖-optimal point  with 1
2

!
queries to a value oracle.

𝑓: ℝ/ → ℝ is 𝐿-Lipschitz with respect to norm ‖ ⋅ ‖ if for all 
𝑥, 𝑦 ∈ ℝ/ it is the case that 𝑓 𝑥 − 𝑓 𝑦 ≤ 𝐿‖𝑥 − 𝑦‖.

Algorithm (𝜖-net)
• Pick 𝑘 ∈ ℤ'(

• Query )0
*
, )1
*
, … , )2

*

+
for all possible 𝑖, ∈ [𝑘]

• Return point of minimum value

Analysis

• ∀𝑖 ∈ [𝑛], ∃𝑗 ∈ [𝑘] s.t. 𝑥∗ 𝑖 −
,
* ≤ .

*

• ∃𝑞 queried s.t. 𝑥∗ − 𝑞 / ≤ .
*

• 𝑓 𝑞 ≤ 𝑓 𝑥∗ + 0
*

• Point output is 0
*

-optimal

• 𝑘! queries are made

• 0
1

!
-queries suffice

0 1

1

0

Optimal up to constants!
( 𝑐𝐿/𝜖 ! queries are needed)



Smooth Functions Corollary: If 𝐿-smooth and 𝑥, 𝑦 ∈ ℝ!:

𝑓 𝑦 − 𝑓 𝑥 + ∇𝑓 𝑥 + 𝑦 − 𝑥 ≤
𝐿
2 𝑥 − 𝑦 2

2

𝑥3

ℝ

𝑓

𝑇"" 𝑥 = 𝑓 𝑥3 + ∇𝑓 𝑥3 +(𝑥 − 𝑥3)

𝑈"" 𝑥 = 𝑓 𝑥3 + ∇𝑓 𝑥3 + 𝑥 − 𝑥3 +
𝐿
2
𝑥 − 𝑥3 ,

,𝐿"" 𝑥 = 𝑓 𝑥3 + ∇𝑓 𝑥3 + 𝑥 − 𝑥3 −
𝐿
2
𝑥 − 𝑥3 ,

,

Corollary implies that 𝐿"" 𝑥 ≤ 𝑓 𝑥 ≤ 𝑈""(𝑥) for all x!
Gradient descent!

𝑥45% = argmin
"

𝑈"# 𝑥 = 𝑥4 −
%
6
∇𝑓(𝑥4) ‼!

𝑥%

𝐟 is 𝑳-smooth if ∇𝑓 𝑥 − ∇𝑓 𝑦 ≤ 𝐿‖𝑥 − 𝑦‖ for all 𝑥, 𝑦 ∈ ℝ!



Critical Points
Corollary: If 𝐿-smooth and 𝑥, 𝑦 ∈ ℝ6:

𝑓 𝑦 − 𝑓 𝑥 + ∇𝑓 𝑥 1 𝑦 − 𝑥 ≤
𝐿
2 𝑥 − 𝑦 ,

,

Theorem: ≤ 2𝐿 𝑓 𝑥L −𝑓∗ /𝜖, queries suffices to compute 
𝜖-critical ( ∇𝑓 𝑥 , ≤ 𝜖) point of 𝐿-smooth function.

• 𝑥45% = 𝑥4 −
%
6
∇𝑓(𝑥4)

• 𝑓 𝑥45% ≤ 𝑓 𝑥4 + ∇𝑓 𝑥4 + 𝑥45% − 𝑥4 + 6
,
𝑥45% − 𝑥4 ,

, ≤ 𝑓 𝑥4 − %
,6

∇𝑓 𝑥4 ,
,

• ∑'∈[4] 𝑓 𝑥' ≤ ∑'∈[4] 𝑓 𝑥'-% − %
,6

∇𝑓 𝑥'-% ,
,

• 𝑓 𝑥4 − 𝑓 𝑥3 ≤ − %
,6
∑'∈[4] ∇𝑓 𝑥'-% ,

,

• %
4
∑'∈[4] ∇𝑓 𝑥'-% ,

, ≤ ,6 7 "" -7 "#
4

≤ ,6 7 "" -7∗
4

• ⇒ ∃𝑖 ∈ [0, 𝑘 − 1] s.t. ∇𝑓 𝑥' ,
, ≤ ,6 7 "" -7∗

4
• ⇒ 𝜖-critical point found when 𝑘 ≥ 2𝐿 𝑓 𝑥3 − 𝑓∗ /𝜖, !



Assumptions for Efficient 𝝐-optimal Point
Notion #1: Hessian Lower Bound
• 𝑓 is twice differentiable and 𝑧+∇2𝑓 𝑥 𝑧 ≥ 𝜇 𝑧 2

2 for all 𝑥, 𝑧
• ⇔𝜆3)! ∇2𝑓 𝑥 ≥ 𝜇

Notion #2: Quadratic Lower Bounds
• 𝑓 is differentiable and 𝑓 𝑦 ≥ 𝑓 𝑥 + ∇𝑓 𝑥 + 𝑦 − 𝑥 + 4

2 𝑦 − 𝑥 2 ≝ 𝐿5(𝑥)

Notion #3: 𝜇-strongly convex with respect to ‖ ⋅ ‖ (by default ‖ ⋅ ‖2)

• 𝑓 𝑡𝑦 + 1 − 𝑡 𝑥 ≤ 𝑡 ⋅ 𝑓 𝑦 + 1 − 𝑡 ⋅ 𝑓 𝑥 − 4
2 𝑡 1 − 𝑡 𝑦 − 𝑥 2

For all 𝑥, 𝑦 and 𝑡 ∈ [0,1]

Say 𝑓 is convex ⇔𝑓 is 0-strongly convex

ℝ

𝑓

x

current 
point

optimum

Can’t see opt

Theorem
These three notions are equivalent 
for twice differentiable functions



Minimizing Smooth Convex Functions 

Theorem: 𝑓:ℝR → ℝ is 𝐿-smooth and 𝜇-strongly convex (with respect to ‖ ⋅ ‖>) if 
and only if the following hold for all 𝑥, 𝑦

• 𝑓 𝑦 ≤ 𝑼𝒙 𝒚 ≝ 𝑓(𝑥) + ∇𝑓 𝑥 B 𝑦 − 𝑥 + f
>
𝑦 − 𝑥 >

>

• 𝑓 𝑦 ≥ 𝑳𝒙 𝒚 ≝ 𝑓(𝑥) + ∇𝑓 𝑥 B 𝑦 − 𝑥 + =
>
𝑦 − 𝑥 >

>

Question: is this assumption and a gradient oracle
enough to obtain dimension independent efficient
algorithms for 𝜖-optimal points?

ℝ

𝑓

x



Algorithm?

Gradient Descent!
• For t = 0,… , 𝑇 − 1

• 𝑥567 = 𝑥5 −
7
f
∇𝑓(𝑥5)

• Output 𝑥8

Upper Bound Analysis
• 𝑓 𝑥567 ≤ 𝑼𝒙𝒕 𝒙𝒕6𝟏
• 𝑼𝒙𝒕 𝒙𝒕6𝟏 = 𝒇 𝒙𝒕 − 𝟏

𝟐𝑳
𝜵𝒇 𝒙𝒕 𝟐

𝟐

• 𝑓 𝑥567 ≤ 𝑓 𝑥5 − 7
>f

∇𝑓 𝑥5 >
>

• Goal: compute 𝜖-optimal point
• Assumption 𝑓: ℝ/ → ℝ is 𝐿-smooth and 𝜇-strongly convex
• Given: 𝑥3 ∈ ℝ/ and a gradient oracle
• 𝑓 𝑦 ≤ 𝑼𝒙 𝒚 ≝ 𝑓 𝑥 + ∇𝑓 𝑥 + 𝑦 − 𝑥 + 6

,
𝑦 − 𝑥 ,

,

• 𝑓 𝑦 ≥ 𝑳𝒙 𝒚 ≝ 𝑓(𝑥) + ∇𝑓 𝑥 + 𝑦 − 𝑥 + 9
,
𝑦 − 𝑥 ,

,

ℝ

𝑓

𝑥6 𝑥67.

Question
How lower bound?



Algorithm?

Gradient Descent!
• For t = 0,… , 𝑇 − 1

• 𝑥567 = 𝑥5 −
7
f
∇𝑓(𝑥5)

• Output 𝑥8

Upper Bound Analysis
• 𝑓 𝑥567 ≤ 𝑼𝒙𝒕 𝒙𝒕6𝟏
• 𝑼𝒙𝒕 𝒙𝒕6𝟏 = 𝒇 𝒙𝒕 − 𝟏

𝟐𝑳
𝜵𝒇 𝒙𝒕 𝟐

𝟐

• 𝑓 𝑥567 ≤ 𝑓 𝑥5 − 7
>f

∇𝑓 𝑥5 >
>

Lower Bound Analysis (𝜇 > 0)
• 𝑓∗ ≥ 𝑳𝒙𝒕 𝒙∗
• 𝑓∗ ≥ min

N
𝐿!" 𝑢 = 𝑓 𝑥* − $

,0
∇𝑓 𝑥* ,

,

• $
,0

∇𝑓 𝑥* ,
, ≥ 𝑓 𝑥* −𝑓∗

• Goal: compute 𝜖-optimal point
• Assumption 𝑓: ℝ/ → ℝ is 𝐿-smooth and 𝜇-strongly convex
• Given: 𝑥3 ∈ ℝ/ and a gradient oracle
• 𝑓 𝑦 ≤ 𝑼𝒙 𝒚 ≝ 𝑓 𝑥 + ∇𝑓 𝑥 + 𝑦 − 𝑥 + 6

,
𝑦 − 𝑥 ,

,

• 𝑓 𝑦 ≥ 𝑳𝒙 𝒚 ≝ 𝑓(𝑥) + ∇𝑓 𝑥 + 𝑦 − 𝑥 + 9
,
𝑦 − 𝑥 ,

,

Lower Bound Analysis (𝜇 = 0)
• 𝑓∗ ≥ 𝑳𝒙𝒕 𝒙∗ = 𝒇 𝒙𝒕 + 𝛻𝑓 𝑥5 B(𝑥∗ − 𝑥5)
• 𝑓∗ ≥ 𝑓 𝑥5 − ∇𝑓 𝑥5 > ⋅ 𝑥∗ − 𝑥5 >



Strongly Convex Case

• 𝜖_ ≝ 𝑓 𝑥_ − 𝑓∗
• 𝑓 𝑥_$% ≤ 𝑓 𝑥_ − %

&0
∇𝑓 𝑥_ &

& ⇒ 𝜖_$% ≤ 𝜖_ −
%
&0

∇𝑓 𝑥_ &
&

• ∇𝑓 𝑥_ &
& ≥ 2𝜇 𝑓 𝑥_ − 𝑓∗ = 2𝜇 ⋅ 𝜖_

• ⇒ 𝜖_$% ≤ 1 − .
0
𝜖_

• ⇒ 𝜖_ ≤ 1 − .
0

_
𝜖` ≤ exp − _.

0
𝜖` [as 1 + 𝑥 ≤ exp 𝑥 for all 𝑥]

• ⇒ 𝑘 = 0
.
log aO

a
then 𝜖_ ≤ 𝜖

• Goal: compute 𝜖-optimal point
• Assumption 𝑓: ℝ/ → ℝ is 𝐿-smooth and 𝜇 > 0-strongly convex
• Given: 𝑥3 ∈ ℝ/ and a gradient oracle
• Algorithm: : 𝑥45% = 𝑥4 −

%
6
𝛻𝑓(𝑥4)

Theorem
Gradient descent computes 𝜖-critical point 
with 𝑂 f

=
log o p% qo∗

r
gradient queries.



Convex Case

• 𝜖- ≝ 𝑓 𝑥- − 𝑓∗ and 𝐷 ≝ max
-4'

min
"∗:6 "∗ 76∗

𝑥- − 𝑥∗ 8

• 𝑓 𝑥-)* ≤ 𝑓 𝑥- − *
81

∇𝑓 𝑥- 8
8 so 𝜖-)* ≤ 𝜖- −

*
81

∇𝑓 𝑥- 8
8

• 𝜖- ≤ ∇𝑓 𝑥- 8 ⋅ 𝐷 so 𝜖-)* ≤ 𝜖- −
*
81

22
9

8

• ⇒ *
22
≤ *

22PQ
− 22

819R22PQ
≤ *

22PQ
− *

819R

• ⇒ *
22
≥ *

2O
+ -

819R

• 𝜖' ≤
1
8
𝐷8 (𝑓 𝑥- − 𝑓∗ ≤

1
8
𝑥- − 𝑥∗ 8

8)

⇒ 𝜖- ≤
819R

-):

• Goal: compute 𝜖-optimal point
• Assumption 𝑓: ℝ/ → ℝ is 𝐿-smooth and convex
• Given: 𝑥3 ∈ ℝ/ and a gradient oracle
• Algorithm: : 𝑥45% = 𝑥4 −

%
6
𝛻𝑓(𝑥4)

Theorem
Gradient descent computes 𝜖-critical 
point with 𝑂 fs'

r
gradient queries.

Note: can improve to 𝑂 f p%qp∗ '
'

r
for ⋅ >



Acceleration and More

Regularity Oracle Goal Algorithm Iterations

𝐿-smooth 𝜇-strongly convex gradient 𝜖-optimal gradient descent 𝑂
𝐿
𝜇
log

𝑓 𝑥3 − 𝑓∗
𝜖

𝐿-smooth convex gradient 𝜖-optimal Accelerated 
gradient descent 𝑂

𝐿 𝑥3 − 𝑥∗ ,
,

𝜖

Problem
min
"∈ℝ.

𝑓(𝑥)

Theorem
Suppose that 𝑓 𝑥45% ≤ min

"∈ℝ!
𝑓 𝑥 + 6

,
𝑥 − 𝑥4 , for all 𝑘 ≥ 0 and suppose 

that 𝑓 is 𝜇-strongly convex with respect to arbitrary norm ‖ ⋅ ‖ then

𝑓 𝑥45% − 𝑓∗ ≤ min 1 −
𝜇

𝐿 + 𝜇

4
𝑓 𝑥3 − 𝑓∗ ,

𝐿𝐷,

𝑘 + 3



Generalizations
Problem
min
"∈ℝ.

𝑓(𝑥)

Theorem
Suppose that 𝑓 𝑥45% ≤ min

"∈ℝ!
𝑓 𝑥 + 6

,
𝑥 − 𝑥4 , for all 𝑘 ≥ 0 and suppose 

that 𝑓 is 𝜇-strongly convex with respect to arbitrary norm ‖ ⋅ ‖ then

𝑓 𝑥4 − 𝑓∗ ≤ min 1 −
𝜇

𝐿 + 𝜇

4
𝑓 𝑥3 − 𝑓∗ ,

𝐿𝐷,

𝑘 + 3

Lemma
If 𝑓: ℝ/ → ℝ is defined for all 𝑥 ∈ ℝ/ by 𝑓 𝑥 = 𝑔 𝑥 + 𝜓(𝑥) for 𝑔:ℝ/ →
ℝ that is 𝐿-smooth with respect to ‖ ⋅ ‖ and convex and

𝑥45% = argmin
"∈ℝ

𝑔 𝑥4 + ∇𝑔 𝑥4 + 𝑥 − 𝑥4 +
𝐿
2
𝑥 − 𝑥4 , + 𝜓(𝑥)

then 𝑓 𝑥45% ≤ min
"∈ℝ!

𝑓 𝑥 + 9
,
𝑥 − 𝑥4 ,.

Corollary: in the setting of this lemma can compute an 𝜖-optimal 

point with 𝑂 min 6
9
log 7 "" -7∗

:
, 6;

%

:
gradient queries to 𝑔.



Randomized Coordinate Descent
Lemma: If 𝑓: ℝ → ℝ is 𝐿'-smooth in coordinate 𝑖 for each 𝑖 ∈ [𝑛] and and 𝑗 ∈ [𝑛] is chosen at random with 
Pr 𝑗 = 𝑖 = 𝑝' for all 𝑖 ∈ [𝑛] and 𝑦 = 𝑥 − %

6&
∇𝑓 𝑥 <1< then 

𝔼𝑓 𝑦 ≤ 𝑓 𝑥 − {
'∈[/]

𝑝'
2𝐿'

∇𝑓 𝑥 '
, .

Theorem: Let 𝑓: ℝ/ → ℝ be 𝜇-convex and 𝐿'-smooth in coordinate 𝑖 for all 𝑖 ∈ 𝑛 .
Let 𝑥3 ∈ ℝ/ and for all  𝑘 ≥ 0 repeat repeat

• 𝑖4 ∈ [𝑛] chosen independently at random with Pr 𝑖4 = 𝑗 =
6&
=

with 𝑆 = ∑<∈[/] 𝐿<

• 𝑥45% = 𝑥4 −
%
6'#

𝛻𝑓 𝑥 '#1'#

Then 𝔼𝑓 𝑥4 − 𝑓∗ ≤ min 1 − 9
=

4
𝑓 𝑥3 − 𝑓∗ ,

6 ""-"∗ %

45>
and therefore 

O min =
9
log 7 "" -7∗

:
, = ""-"∗ %

%

:
partial derivatives suffices to compute an expected 𝜖-optimal point.

Proof: 𝔼𝑓 𝑥45% ≤ 𝑓 𝑥4 − %
,=

∇𝑓 𝑥4 ,
,



Next Few Weeks

• What if function is non-differentiable?
• What if function is very non-smooth?
• What if cannot make sufficient local progress?

𝑥∗

𝑥4

What to 
do here?

Idea
Develop new potential functions!
Develop new notions of progress!

Develop new methods!



Our Approach

Step #1
• Obtain a better understanding of 

convex sets
• Connect convex set structure to 

convex function structure

Step #2
• Consider different oracles for 

convex functions
• Subgradient oracle and 

subgradient methods
• Separation oracle and cutting 

plane methods
• Barrier oracle and interior 

point methods

Step #3
• Have a good winter break!
• Along the way we will learn
• Online learning, SGD, 

Newton’s method, and more!



Convex Set

Definition: a set 𝑆 ⊆ ℝ! is convex if and only if for all 𝑥, 𝑦 ∈ 𝑆 and 𝑡 ∈
[0,1] we have 𝑡𝑥 + 1 − 𝑡 𝑦 ∈ 𝑆. 

• “contains the line segment between every pair of points”
• “closed under convex combinations” 

𝑡𝑥 + 1 − 𝑡 𝑦 for 𝑡 ∈ [0,1] is a 
”convex combination” of 𝑥 and y”

𝑥

𝑦

Convex Convex

𝑥

𝑦

Non-convex

𝑥

𝑦



Convex function minimization?

(sub)level set: levelb 𝑓, 𝑣 = 𝑥 ∈ ℝ! | 𝑓 𝑥 ≤ 𝑣
strict (sub)level set: levelc 𝑓, 𝑣 = 𝑥 ∈ ℝ! | 𝑓 𝑥 < 𝑣
Note: 𝑥 is 𝜖-optimal ⇔ 𝑥 ∈ levelb 𝑓, 𝑓∗ + 𝜖

Lemma: If 𝑓:ℝ convex then levelb and levelc are always convex.

Proof: if 𝑓 𝑥 ≤ 𝑣 and 𝑓 𝑦 ≤ 𝑣 then
𝑓 𝑡 ⋅ 𝑥 + 1 − 𝑡 ⋅ 𝑦 ≤ 𝑡 ⋅ 𝑓 𝑥 + 1 − 𝑡 ⋅ 𝑓(𝑦)
𝑓 𝑡 ⋅ 𝑥 + 1 − 𝑡 ⋅ 𝑦 ≤ 𝑡 ⋅ 𝑣

Problem
min
"∈ℝ.

𝑓(𝑥)

𝑥∗

𝑥4

What to 
do here?

Use convexity 
structure!

Optimizing a convex function ⇔ finding a point in a convex set



Convexity and Convex Functions?

Definition: for 𝑓:ℝ! → ℝ its epigraph is
epi 𝑓 = 𝑥, 𝑡 | 𝑥 ∈ ℝ! , 𝑡 ∈ ℝ, 𝑓 𝑥 ≤ 𝑡

Theorem: 𝑓:ℝ! → ℝ is a convex function ⇔ epi(𝑓) is a convex set
Proof ⇐: 𝑥, 𝑓(𝑥) , 𝑦, 𝑓(𝑦) ∈ epi 𝑓 for all 𝑥, 𝑦 ∈ ℝ!

Convexity: 𝑡 𝑥, 𝑓(𝑥) + 1 − 𝑡 𝑦, 𝑓(𝑦) ∈ epi(𝑓)
Definition of epigraph:𝑓 𝑡 ⋅ 𝑥 + 1 − 𝑡 ⋅ 𝑦 ≤ 𝑡 ⋅ 𝑓 𝑥 + 1 − 𝑡 ⋅ 𝑓 𝑦



Separating Hyperplane Theorem • 𝐻∗ 𝑎, 𝑏 ≝ 𝑥 ∈ ℝ/ | 𝑎+𝑥 ∗ 𝑏

For all convex 𝑆 ⊆ ℝ! and 𝑥 ∉ 𝑆 or 𝑥 ∈ 𝜕(𝑆) (boundary of 𝑆) 
there exists 𝑔 ≠ 0 such that 𝑆 ⊆ 𝐻' 𝑔, 𝑔+𝑥 .

• 𝝏(𝑺) - Boundary of 𝑺: 
• Intersection of the closure of 𝑆

and complement of 𝑆
• Points that are the limit of a 

sequence of points ∈ 𝑆 and the 
limit of a sequence of points ∉ 𝑆.

𝑆 𝜕(𝑆)

𝑆

𝑥

𝐻?(𝑔, 𝑔+𝑥)

𝐻@ (𝑔, 𝑔+𝑥)

𝐻? 𝑔, 𝑔+𝑥 called 
separating hyperplane 

for 𝑥 and 𝑆.

𝐻? 𝑔, 𝑔+𝑥 called 
supporting hyperplane 

when 𝑥 ∈ 𝜕(𝑆).



separation 
oracle

query
𝑥 ∈ ℝR

output
𝑔 ∈ ℝR such that 

level� 𝑓, 𝑓 𝑥 ⊆ 𝐻� 𝑔, 𝑔B𝑥
With 𝑔 = 0 only if 𝑓∗ = 𝑓(𝑥)

Cutting Plane 
Methods

• Will cover in a few weeks

subgradient
oracle

query
𝑥 ∈ ℝR

output
𝑔 ∈ 𝜕𝑓(𝑥)

Subgradient: 𝑔 is subgradient of 𝑓 at 𝑥 (i.e. 𝑔 ∈ 𝜕𝑓(𝑥)) if 
and only if 𝑓 𝑦 ≥ 𝑓 𝑥 + 𝑔+(𝑦 − 𝑥) for all 𝑦 ∈ ℝ/

Subgradient
descent

• Will cover in next few weeks

Oracle Existence?
For all convex 𝑆 ⊆ ℝ! and 𝑥 ∉ 𝑆 or 𝑥 ∈
𝜕(𝑆) (boundary of 𝑆) there exists 𝑔 ≠ 0

such that 𝑆 ⊆ 𝐻' 𝑔, 𝑔+𝑥 .

For convex functions

ü

ü



Subgradient
Descent
Subgradient Descent
• For 𝑡 = [𝑇]

• 𝑔5 ∈ 𝜕𝑓(𝑥5)
• 𝑥567 = 𝑥5 − 𝜂𝑔5 for 𝜂 > 0

• Output: 𝑥��� =
7
8
∑5∈[8] 𝑥5

Analysis
• 𝑥567 − 𝑥∗ >

> = 𝑥5 − 𝑥∗ − 𝜂𝑔5 >
>

• 𝑥567 − 𝑥∗ >
> = 𝑥5 − 𝑥∗ >

> − 2𝜂𝑔5B 𝑥5 − 𝑥∗ + 𝜂> 𝑔5 >
>

• ⇒ ∑5∈[8] 𝑔5B(𝑥5 − 𝑥∗) =
7
><

𝑥7 − 𝑥∗ >
> − 7

><
𝑥867 − 𝑥∗ >

> + ∑5∈[8]
<
>
𝑔5 >

>

• ⇒∑5∈[8] 𝑓 𝑥5 − 𝑓∗ ≤
7
><

𝑥7 − 𝑥∗ >
> + <

>
𝑇𝐿>

• 𝑓: ℝ/ → ℝ
• Convex 
• 𝐿-Lipschitz with respect to ‖ ⋅ ‖,
• Subgradient oracle

Analysis

• 𝑓 𝑥��� − 𝑓∗ ≤
7
8
∑5∈[8] 𝑓 𝑥5 − 𝑓∗

• 𝑓 𝑥��� − 𝑓∗ ≤
7
><8

𝑥7 − 𝑥∗ >
> + <

>
𝑇𝐿>

• 𝜂 = p(qp∗ '
'

8f'
⇒ 𝑓 𝑥��� ≤ f' p(qp∗ '

'

8

• 𝝐-optimal point with 𝑶 𝑳 𝒙𝟏 − 𝒙∗ 𝟐
𝟐𝝐q𝟐

Subgradient: 𝑔 is subgradient of 𝑓 at 𝑥 (i.e. 
𝑔 ∈ 𝜕𝑓(𝑥)) if and only if 𝑓 𝑦 ≥ 𝑓 𝑥 +

𝑔+(𝑦 − 𝑥) for all 𝑦 ∈ ℝ/



Online Linear Optimization

• Given closed convex 𝑆 ⊆ ℝ!
• Iterate for round 𝑡 ∈ [𝑇]
• We pick 𝑥( ∈ 𝑆
• Adversary reveals penalty 𝑝( ∈ ℝ!

Goal: 
• Minimize regret 𝑇 ≝ ∑(∈[+]𝑝(;𝑥( −min"∈<

∑(∈[+]𝑝(;𝑥

• Want average regret → 0 : lim
+→0

>?@>?A +
+

→ 0
• More generally: bound ∑(∈[+]𝑝(;(𝑥( − 𝑧) for all 𝑧



Follow the Regularized Leader (FTRL)

Online Linear Optimization
• For 𝑡 ∈ 𝑇
• We pick 𝑥5 ∈ 𝑆
• Adversary picks 𝑝5 ∈ ℝR

• ∑5∈[8]𝑝5B(𝑥5−𝑧) .

Algorithm
• “regularizer” 𝑟: 𝑆 → ℝ that is 

differentiable and 𝜇-strongly convex 
with respect to ‖ ⋅ ‖

• Let Φ8 𝑥 ≝ 𝜂 ∑5∈ 8 𝑝5B𝑥 + 𝑟(𝑥)
• Let Φ� 𝑥 ≝ 𝑟(𝑥)
• Let 𝑥867 = argminp∈�Φ8(𝑥)

Analysis
• 𝑝5B𝑥5 ≤

7
<
Φ5 𝑥567 −Φ5q7 𝑥5 + <

>=
𝑝5 ∗

>

• ∑5∈[8]𝑝5B(𝑥5−𝑧) ≤
<

>=8
∑5∈[8] 𝑝5 ∗

> + 7
<8

𝑟 𝑧 − min
p∈�

𝑟(𝑥)



Mirror Descent Analysis

Lemmas
• 𝑝5B 𝑥5 − 𝑧 ≤ 7

<
[𝐷�(𝑧| 𝑥5 − 𝐷� 𝑧 𝑥567 + <'

>=
𝑝5 ∗

> (Mirror Descent)

• 𝑝5B𝑥5 ≤
7
<
Φ5 𝑥567 −Φ5q7 𝑥5 + <

>=
𝑝5 ∗

> (FTRL)

Theorem: Mirror Descent

• ∑5∈[8]𝑝5B 𝑥5 − 𝑧 ≤ ∑5∈[8]
<
>=

𝑝5 ∗
> + 7

<
𝐷�(𝑧||𝑥�)

Theorem: Dual Averaging (FTRL)

• ∑5∈[8]𝑝5B 𝑥5 − 𝑧 ≤ ∑5∈[8]
<
>=

𝑝5 ∗
> + 7

<
𝑟 𝑧 − min

p∈�
𝑟(𝑥)

• 𝐷A(𝑥| 𝑐 = 𝑟 𝑥 − 𝑟 𝑐 + ∇𝑟 𝑐 + 𝑥 − 𝑦
• 𝑥*5% = argmin

"∈=
𝜂 ⋅ 𝑝*+𝑥 + 𝐷A(𝑥||𝑥*)

• Similar bound!
• Resulting methods are 

often the same!



Learning from Experts

Setup

• 𝑆 = Δ! = 𝑥 ∈ ℝk`! |1l𝑥 = 1
• 𝑝# 𝑖 ∈ [0,1]

FTRL
• Φ) 𝑥 ≝ 𝜂 ∑#∈ ) 𝑝#l𝑥 + 𝑟(𝑥)
• Let 𝑥)$% = argmin"∈mΦ)(𝑥)

Online Linear Optimization
For 𝑡 ∈ 𝑇
• We pick 𝑥* ∈ 𝑆
• Adversary picks 𝑝* ∈ ℝ/

regret 𝑇 ≝ ∑*∈[B] 𝑝*+𝑥* − min
"∈C

∑*∈[B] 𝑝*+𝑥.

Questions
• What regularizer?
• What norm?

Idea
• 𝑝# n ≤ 1 and 𝑥# % = 1
• Use ℓ% norm (dual ℓn)



ℓ𝟏-Regularizer?
Negative Entropy: e: ℝR → ℝ with 
𝑒 𝑥 = ∑?∈[R] 𝑥? ln 𝑥?

Lemma: 𝑒 is 1-strongly convex with 
respect to ‖ ⋅ ‖7 on ΔR.
• ∇𝑒 𝑥 ? = 1 + ln 𝑥?
• ∇>𝑒 𝑥 = diag 7

p

• 𝑧 7 = ∑?∈ R
�)
p)

𝑥?
>

• ≤ ∑?∈ R
�)
'

p)
∑?∈ R 𝑥? = 𝑧B∇>𝑒 𝑥 𝑧

Lemma: 𝑧 = argmin
p∈�!

𝑓 𝑥 =𝑝B𝑥 + 𝑒(𝑥) for 
𝑝 ∈ ℝR satisfies for all 𝑖 ∈ [𝑛]
z� =

��� qS)
∑*∈[!] ��� qS*

• Minimizer if and only if for all 𝑥 ∈ ΔR
∇𝑓 𝑧 B 𝑥 − 𝑧 ≥ 0

• ∇𝑓 𝑧 = 𝛼1 for some 𝛼

Lemma: max
p∈�!

𝑒 𝑥 − min
p∈�!

𝑒 𝑥 ≤ ln 𝑛
• 𝑥 ln 𝑥 convex with 1 ln 1 = 0 ln 0 = 0
• max
p∈�!

𝑒 𝑥 = 0

• min
p∈�!

𝑒(𝑥) = 𝑒 7
R
1 = − ln 𝑛

Want bounded strongly convex function on simplex

after ignoring zero coordinates of 𝑥



Learning from Experts

Setup

• 𝑆 = Δ! = 𝑥 ∈ ℝk`! |1l𝑥 = 1
• 𝑝# 𝑖 ∈ [0,1]

FTRL
• Φ) 𝑥 ≝ 𝜂 ∑#∈ ) 𝑝#l𝑥 + 𝑟(𝑥)
• Let 𝑥)$% = argmin"∈mΦ)(𝑥)

Multiplicative Weightss
• Let 𝑤� = 1 ∈ ℝR

• For 𝑡 ∈ [𝑇]
• 𝑥5 𝑖 = �)

� (
• 𝑝5 revealed
• 𝑤5 ? = 𝑤5q7 ? ⋅ exp −𝜂 ⋅ 𝑝5 ?

Note

• 𝑥# 𝑖 =
opq /- ∑2∈ 3 s2 S

∑T∈[4] opq /- ∑2∈ 3 s2 T

Corrollary: for 𝜂 = , UV 6
/

have

regret(𝑇)
𝑇 ≤

2 lg𝑛
𝑇

Corollary
If 𝐷 ≥ max

"∈=
𝑟 𝑥 − min

"∈=
𝑟 𝑥 and 

𝜂 = ,;9
B6%

then DEFDEG B
B

≤ ,;B6%

9

• 𝐿 = 1
• 𝐷 = ln 𝑛
• 𝜇 = 1



Regret ⇒ Optimization
Suppose
• 𝑓:ℝR → ℝ convex
• 𝑝5 ∈ 𝜕𝑓(𝑥5) with 𝑝5 > ≤ 𝐿
• 𝑥∗ ∈ argmin

p∈ℝ!
𝑓(𝑥) and 𝑥� − 𝑥∗ > ≤ 𝑅

FTRL Algorithm

• 𝑟 𝑥 = .
2 𝑥 − 𝑥( 2

2

• 𝑥67. = argmin
"∈ℝ.

𝜂 ∑*∈[6]𝑝*6 𝑥 + 𝑟(𝑥)

• 𝑥567 = 𝑥� − ∑@∈ 5 𝜂𝑝@ = 𝑥5 − 𝜂𝑝5

Analysis

• 𝑓 7
8
∑5∈ 8 𝑥5 − 𝑓∗

• ≤ 7
8
∑5∈[8] 𝑓 𝑥5 − 𝑓∗

• ≤ 7
8
∑5∈[8]𝑝5B(𝑥5 − 𝑥∗)

• ≤ ∑5∈[8]𝑝5B𝑥5 −minp∈�
∑5∈[8]𝑝5B𝑥

• = ������ 8
8

• ≤ <
>=
⋅ 𝐿> + 7

<8
𝑟 𝑥∗ −min

p∈�
𝑟(𝑥)

• ≤ <
>
⋅ 𝐿> + 7

><8
⋅ 𝑅>

• 𝜂 = 𝑅>/(𝑇𝐿>) ⇒ ≤ 𝑅>𝐿>/𝑇

Subgradient Descent

• 𝐿 = max
*∈[B]

𝑝* ∗
, :

• ∑*∈[B] 𝑝*+ 𝑥* − 𝑧 ≤ H
,9

⋅ 𝑇 ⋅ 𝐿, + %
H
𝑟 𝑧 − min

"∈=
𝑟(𝑥) .

• 𝐷 ≥ max
"∈=

𝑟 𝑥 − min
"∈=

𝑟 𝑥 and 𝜂 ≝ 𝐷𝜇/(𝑇𝐿,)

• regret 𝑇 /𝑇 ≤ 𝐷𝐿,/(2𝜇𝑇)

𝜖-optimal with 
𝑅,𝐿,/𝜖, queries!Generalizes to constraints and 

other norms!



Regret ⇒ Smooth Convex Minimization

Suppose
• 𝑓:ℝ6 → ℝ convex and 𝐿-smooth
• 𝑥∗ ∈ argmin

!∈ℝ!
𝑓(𝑥)

FTRL Algorithm
• 𝑝* = ∇𝑓(𝑥*)

• 𝑟 𝑥 = $
, 𝑥 − 𝑥L ,

,

• 𝑥*+$ = argmin
!∈ℝ!

𝜂∑W∈[*]𝑝W* 𝑥 + 𝑟(𝑥)

• 𝑥*+$ = 𝑥L −∑W∈ * 𝜂𝑝W = 𝑥* − 𝜂𝑝*

• 𝜂 = $
,X⇒ 𝑓 $

/
∑*∈ / 𝑥* −𝑓∗ ≤

,X
/ ⋅ 𝑥L − 𝑥∗ ,

,

Analysis

• 𝑓 $
/
∑*∈ / 𝑥* −𝑓∗

• ≤ $
/
∑*∈[/]𝑓 𝑥* −𝑓∗

• ≤ $
/
∑*∈[/]𝑝*1(𝑥* − 𝑥∗)

• ≤ -
,0
⋅ 𝐿, + $

-/
𝑟 𝑧 −min

!∈5
𝑟(𝑥)

• ≤ -
,0/

∑*∈[/] 𝑝* ∗
, + $

-/
𝑟 𝑧 −min

!∈5
𝑟(𝑥)

• ≤ -X
/
∑*∈[/] 𝑓 𝑥* −𝑓∗ +

$
-
𝑟 𝑧 −min

!∈5
𝑟(𝑥)

• ⇒ $)-X
/

∑*∈[/] 𝑓 𝑥* −𝑓∗ ≤ $
,-/ 𝑥L − 𝑥∗ ,

,

Idea: use full theorem

𝜖-optimal point with 
2𝐿 𝑥3 − 𝑥∗ ,

,/𝜖, gradient 
queries

Different “best-case scenario” 
than gradient descent.



Motivating Problem
Finite Sum Optimization

• min
!∈ℝ!

𝐹 𝑥 = $
%
∑&∈[%]𝑓&(𝑥)

• Each 𝑓& is convex and 𝐿-smooth
• 𝐹 is 𝜇-strongly convex
• Have gradient oracle for 𝑓& and want 𝜖-

optimal point

Note
• Natural machine learning problem

• 𝑥 = model, 𝑖 = data point, 𝑓& = loss of 
model on data point 𝑖

• Many variants

Baseline?
• Gradient Descent

• 𝐹 is at most 𝑚 ⋅ $
%
⋅ 𝐿-smooth

• 𝑂(𝑚 𝐿/𝜇 log 𝜖)$) queries
• AGD solves 

• 𝑂(𝑚 𝐿/𝜇 log 𝜖)$) queries
• Can we improve?



Plan for Today

SVRG

Review
Content

Review 
Questions

Dimension 
Dependent

• Brief review of what we have covered in the course so far

• Go over midterm
• Go over additional practice problems

Cutting plane and interior point methods

• Wrap up SVRG proof and discussionü
ü
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