Introduction to
Optimization Theory

Lecture #17 - 11/12/20
MS&E 213 / CS 2690 1]

Aaron Sidford /\/
sidford@stanford.edu 0 | R
|

f
R R

1
fi
1
Xy



Plan for Today

*  Wrap up SVRG proof and discussion

Review

* Brief review of what we have covered in the course so far
Content

Review *  Go over midterm Dimension
Questions Go over additional practice problems Dependent

Cutting plane and interior point methods




Motivating Problem

Finite Sum Optimization Baseline?
. 1 * Gradient Descent
 min F(x) ==), (x
xERM m iepmy fi(*) e Fisatmostm-— - L-smooth

° .1 - m
Eth fi is convex and L-smooth - 0(m(L/u) loge~1) queries
* Fis u-strongly convex

* Have gradient oracle for f; and want e- * AGD solves
optim%l point ' « O(my/L/uloge™1) queries
* Can we improve?
Note

* Natural machine learning problem

* x =model, i = data point, f; = loss of
model on data point i

* Many variants



Stochastic Gradient Descent (SGD)

Problem Notes

* Differentiable f: R" - R * Many many variant

* Goal: min f(x) * Can have g; € 0f (x;)
X

e Stochastic mirror descent

Algorithm * Various n; and x; aggregation
schemes
*fFort=>1
* Etc.

* g; random s.t. Eg; = Vf (x;)

* Xpp1 = X — N Je * Today: simple case of

differentiable convex f



¢ min F() = = Siepm fi)

x€R™
Each f; is convex and L-smooth
F is u-strongly convex

Have gradient oracle for f; and want e-optimal point

lef

X, minimizes and €; & Ef (x,) — f.

SGD

SGD Step: If x;41 = xt —ng; and Eg; = Vf(x;)

1
ce <l - x*u% — Elltgs — %3]+ 2 Ellge I3 cuestion
How pick g; ?
ZtE[T P R Zte i1 Ellgell3

Proof:

* lxess — 213 = llxe — % = ngell3 = llxe — x5 — 2ngf G — %) + 12l gell3
* Eg/ (e — %) = V()T (p — ) = =V () T (. — %) < —[f(xe) — £]

* X741 — 5= 0

2
o lx; — x5 S;'E1

Note: will be a little informal (e.g. with expectations in slides, will be more formal in notes.



min F(x) = izie[m] fi(x)

x€R™ m
* Each f; is convex and L-smooth

F is u-strongly convex

Ra ndom Fu nCtion Have gradient oracle for f; and want e-optimal point

* x, minimizesand ¢, ¥ Ef(x;) — f.

SGD Step: If x;11 = x; + ngs and Eg, = V[ (x;)

* 3 Zeerm € < g €1+ o Seerr) Ellge 1 pobion
¢ Idea: g, = vfit(xt) for random i; € [m] Can be non-zero and large!
Note
. Are prominent cases where is 0, e.g. €; = 0 Example
Analysis (Kaczmarz) Ax = b where 3x, s.t. A);* =b £(x) = gaiTx B bi)z
* Ellg:ll3 = By ||Vfi, (i) = V£, () + V5, () e Qe L

* Ellgell3 < 2 By, [Vfi, i) = VF, [, + 2 By, |VF, (e
Vfi, Oa) = Vi, I, < 2L - [ £, Ga) = [, 06) = Vf, (6T (e — )]
 Eqf[|Vfi o) = Vi, )|, < 2L [FGo) —E]1 < 2L- g Greot

Relative error



. 1
min F(x) = - Yiepm) fi(x)
e Each f; is convex and L-smooth

F is u-strongly convex

DecreaSi ng “Va ria nce” : Have gradient oracle for f; and want e-optimal point

* x, minimizesand €; & Ef(x;) — f.

Problem
« Want E||g¢||5 small relative to the ¢;

|§¢0

* Difficulty: even IEl-k”Vfl-k (x,)

Idea: add mean 0 vector to improve variance

* 9t = Vfi,(x) = Vfi,(x.) Pro:E[lg.|l? =0whenx; =x. Con:need know x,
*It = Vfit(xt) — Vfit(xl) Pro: E||g.]|5 = O whenx; = x,  Con: biased!

* g¢ = Vfi, (x¢) = Vfi, (x1) + VF(x1)

Stochastic Variance Reduced Gradient (SVRG)
m-queries for initial g; then 1 query for each additional g; Johnson Zhang 13



: 1
©omin F(x) = 2 iepm fi(x)
* Each f; is convex and L-smooth

H * Fis u-strongly convex
SVRG Va rla nce * Have gradient oracle for f; and want e-optimal point

+ x. minimizes and €, & Ef (x,) — f.
SVRG Step: g, = Vf;, (x;) — Vf;, (x1) + VF(x,) for random i; € [m]
* Ellgt”% = IE”Vfit(xt) — Vfit(x*) — [Vfit(xﬂ - Vfit(x*)] + VF(M)”E
¢ Ellgell3 < 2 E|[Vf, (x0) — Vi, e
+2- E[|Vf, () — Vi, (x.) — VG|
* Ellv — Ev|l3 < Ellvll7 =

*Ellgell? < 2 [E[|Vf, (x0) — V£, (x.)
* E gt“% < 4L|e; + €]

.|

2+ E[[Vfi, (e — Vi, (x)




* min F(x) == Z m1 fi (%)

x€R™
Each f; is convex and L-smooth

F is u-strongly convex
Have gradient oracle for f; and want e-optimal point

lef

X, minimizes and €; ¥ Ef(x;) — f.

SVRG

SVRG: x;,1 = Xt + ngt and g, = Vf;, (x;) — Vf; (x1) + VF (x;) for i; uniform

° — < - L
= the[ )€ ST €6 + ZTZtE[T] Ellg¢ll5
1 1 1 77
° — < —
= TZtE[T] €t = oy t€1t 4the [Et + €] ]
1-2nL 1
- Dee[r) €c S5 o €+ 2Lne
1 1 16L 1 Query Complexity?
° - — | == €Er <—.€6,+-€ * Can halve error in expectation with
(n 8L) T ZtE[T] r uT 1 2 1 m+T = 0(m+ L/u) queries.
64L 1 3 * Repeating yields expected e-optimal
¢ (T = —) — ZtE[T] ET <- €1 in0((m + L/u)loge™1) queries!
H r 4 .« GD:0(m- (L/p)-loge™1)



* min F(x) = izie[m]fi(@

x€R™ m
* Each f; is convex and L-smooth

* Fis u-strongly convex
State-Of-the-a rt? * Have gradient oracle for f; and want e-optimal point

* x, minimizesand ¢, ¥ Ef(x;) — f.

SVRG: O((m + L/u) log e™1) queries [one of many algorithms]
* Are other ways to achieve

GD: O(m - (L/u) -loge™1) queres

AGD: O(m - (L/n) - loge™1) queres

Accelerated proximal point / Catalyst / SDCA / Coordinate Descent
* 6(m + mL/.u) loge™) . Many generalization!

Katyusha  Many more applications!

» MDPs [SWWY18, SWWYY18]
* O(m +mL/u)loge™") Submodular [CLSW17, HRRS19, ALS19]

Minimax [CJST19]
Regression, non-convey, ...



Plan for Today

*  Wrap up SVRG proof and discussion

Review

* Brief review of what we have covered in the course so far
Content

Review *  Go over midterm Dimension
Questions Go over additional practice problems Dependent

Cutting plane and interior point methods




This Course

Goal Access to f?
* Objective function f: R" - R * Through an “oracle”
e Constraintset S € R" uer
(Next few lectures, unconstrained S = R") e.g. x €R"
* Optimize 1
min X
B3 ) =3
provably efficiently with few 1
assumptions output

e.g. f(x) € R [value]
e.g. Vf(x) [gradient]



min f(x) provably efficiently with

Th iS COU rSE Tk few assumptions

Minimize? Progress Measure?

€-(sub)optimal point or a point with e-additive function error:
* x ESst f(x) < f. +ewheref, = mei?f(x)
X

e-critical point:

e x €Sst [VFX)|l, < € where ||y, & /Zie[n] yf

Efficency?

* Oracle complexity = #calls to oracle
* Runtime = # oracle calls X (average computational cost per call)



This Course

Iterative Method Approach
e Start at initial point x
e Fort=0,..T—1

* Query oracle

* Take “local step” to obtain x;, ¢
* Repeat

* Qutput aggregation of the x;

e.g.
* Last iterate: x;_4

: .1
* Average iteration: ;Zke[T—u X

Analysis
* Oracle complexity = # iterations

* Runtime = # iterations * cost per
iteration (iteration complexity)



Fully General Optimization Impossibility

* f:IR = R (one dimensional)

* Have evaluation oracle (can compute f (x) with 1 query)

* Promised 3x, € [0,1] suchthat f(x) = f, = ifelﬂf%f(Y) '
y 1

* Promised f(x) € [0,1] forallx € R

* Goal: compute 1/2-optimal point
* i.e. compute x with f(x) < f(x,) +1/2 0

* Question: what oracle complexity achievable?
* Answer: oo is optimal



Continuous Optimizatiion

Problem: oracle gives only pointwise information, no local information.

f

Solution:
 This is a class on continuous optimization
* Today: assume more structure and analyze a working method



Problem

Pa rt I * Coordinate descent! min f(x)
* Composite functions! XERN

Regularity Oracle Goal Algorithm Iterations

n=1, f(x)€[01], x, € [0,1] value 15-optimal anything o0
n =1, x, € [0,1], L-Lipschitz value e-optimal e-net O(L/e)

x, € [0,1], L-Lipschitzin || - |le value e-optimal e-net (@(L/e))n

L-smooth and bounded value, gradient e-optimal €-net exponential
L-smooth gradient e-critical gradient descent O(L(f(xg) — f)e™?)
L-smooth u-strongly convex gradient €-optimal gradient descent 0((L/u) log([f (x) — ﬁ]/e))
L-smooth convex gradient €-optimal gradient descent O(L||xy — x.|5/€)

L-smooth p-strongly convex gradient e-optimal gradient descent  O(y/L/ulog([f(x,) — £.1/6))
L-smooth u-strongly convex gradient e-optimal gradient descent 0 (\/Lllxo = x*||5/6>




L-Lipschitz Functions

fis L-Lipschitzw.rt. || - || if |f(x) — f(y)| < L||Jx — y|| forall x,y € R"

* o —Lllx-yll < f(y) - f(x) <L|lx -yl forallx,y € R"
* o f)-Lilx—yll < f) < f)+L|lx -yl forallx,y € R"

sifn="1and | || =|-l, (ie llx]| = [|x]l, = ([x[")'/? = |x|) then
S f(x)—Lld| < f(x+d) < f(x)+ L|d| (slope at most L)

~ e

J‘—f(x)+LZl\\ .-
—_ f(x) :,K: :|‘ Value of f lies in this range
- f(x) —,L,d«’/ T\\ R
< -7 | =< >
r Ty
d
\4




Optimal up to constants!

] f:R™ - R is L-Lipschitz with respect to norm || - || if for all
((cL/e)™ queries are needed) x,y € R™ itis the case that |f(x) — f(3)| < L||x — y|.

Theorem: If f: R™ — R is L-Lipschitz with respect to || - || can compute

: : A :
e-optimal point with H gueries to a value oracle.

Algorithm (e-net) Analysis
. . ) 7 1
* Pick k € Zsy + Vi€ [n], 3 € [k] st. |x.() —L| <<

dq queried s.t. ||x, — 9]l _71
L
@) < fGe) +5

. . L .
Point output is ;-optlmal

i1 iy i\ ¥ o
* Query (;,;, ...,;) for all possible i; € [k]

* Return point of minimum value

k™ queries are made

E]n-queries suffice




fis L-smooth if [|[Vf(x) — Vf(y)|| < L||x — y|| forall x,y € R"

Smooth Functions T A—

FO) ~ 1) + V@0~ 011 <5 llx — 13

L
Ly, (x) = f(x0) + Vf(x0) T (x — %) —£21 llx — x,]l3 Ur, () = f(x0) + V£ (x0) T (x — x0) t5 llx — %113
f

Xo

Ty, (x) = f(x0) + Vf(xo) " (x — xo)

Gradient descent!

Corollary implies that L, (x) < f(x) < Uy, (x) for all x! Xp41 = argmin Uy, (x) = x; _%Vf(xk) n
X



Corollary: If L-smooth and x, y € R":

Critical Points FO) ~ [FG) + VF T (v = 01l <7 llx — ¥

Theorem: < 2L[f(x,) — f.]/€? queries suffices to compute

e-critical (||[Vf(x)]|, < €) point of L-smooth function.

" Xeps = X =7 V(%)
o flge1) < flxp) + Vf(xk)T(xk+1 —xp) += - ”xk+1 — xiell5 < f (i) —le IVf Ce)ll5
* Siepg S < Tiee [f(xi D == I9f (e DIE 2]

o flx) = fxo) < Zze[k]”Vf(xl DII2
1 2L 2L
i ZiepllVf (- 1)II2 < 2IC Sl 240/ G-/

+ =23i€[0,k—1]st ||Vf(xl)||2 _[f(+)f]

« = e-critical point found when k > 2L[f(x,) — f.]/€? !



Assumptions for Efficient e-optimal Point

Notion #1: Hessian Lower Bound
* fis twice differentiable and zTVZf(x)z > ul|z||5 for all x, z

¢ = Amin(vzf(x)) = U

Notion #2: Quadratic Lower Bounds
* fis differentiable and f(y) = f(x) + Vf(x)T(y — x) +izt ly — x|I* & L,(x)

Notion #3: u-strongly convex with respect to || - || (by default || - ||-)

s fley+ (A=) <t fO)+ A=) f(x) =5 t(1 =Dy — xI|?
Forall x,yandt € [0,1]

Theorem

Say f is convex & f is 0-strongly convex These three notions are equivalent
for twice differentiable functions

Can’t see opt




Minimizing Smooth Convex Functions

Theorem: f: R™ — R is L-smooth and u-strongly convex (with respectto || - ||,) if
and only if the following hold for all x, y

def L
O SUE )+ V) (v —x) +- lly — I3 t f
*fO) 2 L(y) € f(x) + V() (y —x) +i2‘ ly — xII3
Question: is this assumption and a gradient oracle . \\ [R/
X

enough to obtain dimension independent efficient

algorithms for e-optimal points? '



Algorithm?

Gradient Descent!

e Fort=290,..,T—-1

1
* Xt+1 = Xt — va(xt)

* OQutput xr

ﬂk

* Goal: compute e-optimal point
* Assumption f: R™ — R is L-smooth and u-strongly convex
* Given: x, € R™ and a gradient oracle

C O SULO) 2 FE)+ VT —x) +2 lly — xII3
* O 2 L) E f@)+ V)T -0 + 4y — x5

Upper Bound Analysis

* f(xeq1) S Uy, (Xp41)
1

¢ Uxt(xt+1) = f(xy) ey’ ”Vf(xt)”%

¢ fCren) < fQe) =5 IIVF (o) ll3

f

R Question

Xt+1

How lower bound?




* Goal: compute e-optimal point
* Assumption f: R™ - R is L-smooth and u-strongly convex

o ? * Given: x, € R" and a gradient oracle
Algorlth m: s SV L)+ (y—2x) +§ ly — xli3
* ML) E )+ VT -0+ lly —xl3
Gradient Descent! Upper Bound Analysis
* FOI‘ t - O, ...,T - 1 ¢ f(xt+1) S Uxt(xt+1)
« Xpq =% —~VF(xp) _ L 2
t+1 t L t * Uy, (x41) = f(xy) Y IVf(xo)ll2
* OQutput xr

¢ fCren) < fQe) =5 IIVF (o) ll3

Lower Bound Analysis (u > 0)
* fo2 Ly (x)
+ fozminLy, @) = () =5 IV I3

* o IVFGIE = f () — £,

Lower Bound Analysis (u = 0)
i th(x*) = f(xe) + VfQxe) " (x — x¢)
* i = ) = IVFx)Il2 - e — xell2




s Goal: compute e-optimal point

Strongly Convex Case . ¢ il iemoe oo
+ Algorithm: : i1 = xi == Vf (x)

s e = flxx) — f

¢ fOesn) < FQ0) — - IVFGIIZ = €ran < €6 — o IIVF G2

*IVFCll5 = 2ulf (i) — £l = 21 - €,

.:>Ek+1 < (1—%)61(

K
=g, < (1 —%) €o < exp(—kT”) €o [as 1 + x < exp(x) for all x]
L €o
° — | = - <
=k Hlog ( _ ﬂ thene, <€ o

Gradient descent computes e-critical point

with O (ﬁ log (@) ) gradient queries.




* Goal: compute e-optimal point
* Assumption f: R™ - R s L-smooth and convex

CO nvex Ca Se * Given: xy € R™ and a gradient oracle

* Algorithm: : X1 = X}, ——i Vf(x,)

c¢c, ¥ f(x,)—f.and D £ max min X, — X
2 fCo) — £, nax  min_ Iz —x.l;

* fOter) < fCr) =5 IVF Gl 50 € < € = IVF ()13

* € < |IVF(xp)llz - D so€prq < € —2_1L
ol 1 e 11
€k~ €kx+1 2LD%€pyq — €k+1  2LD? Theorem
S . Gradient descent computes e-critical

€ €9 2LD?

L L
€0 < EDZ (f (xx) — f- =7 |, — x.115)
2LD?

. L A 5
k+4 Note: can improve to O (M) for ||,

2

point with O (%) gradient queries.

:>EkS



Problem

Acceleration and More min £(x)

Regularity Oracle Goal Algorithm Iterations
. . . L f(xo) — -
L-smooth u-strongly convex gradient e-optimal gradient descent 9| |—log(————
U €
2
L-smooth convex gradient e-optimal Ac.celerated 0 Lllxo — x.l12
gradient descent B

Theorem
Suppose that f(xg41) < r‘rsll%gn f(x) +—; lx — x4 ||% for all k > 0 and suppose
X n

that f is u-strongly convex with respect to arbitrary norm || - || then

U

_ k LD?
fxks1) — fi < m1n{<1 _ﬁ) [f (x0) — fi] K+ 3}




Problem

Generalizations min ()

Theorem
Suppose that f(xy4,) < rg&gn f(x) +—2 lx — x4 ||% for all k > 0 and suppose
X n
that f is u-strongly convex with respect to arbitrary norm || - || then
U

. k LD?
Fe) ~ f. < mm{(l T U~ Al 3}

Lemma
If f: R™ - Ris defined for all x € R" by f(x) = g(x) + ¥ (x) for g: R" -
R that is L-smooth with respect to || - || and convex and

L
X1 = ArgMin 90 + Vg 00" O = xi) + 5 llx = xill* + 9 (x)
XE

then f(x41) < min £(x) + £ [lx — x,||%.
x€ERM 2

Corollary: in the setting of this lemma can compute an e-optimal
. . . L f(xo)-f.\ LD? . .
point with O (mm{[;] log( xoe ), . }) gradient queries to g.




Randomized Coordinate Descent

Lemma: If f: R — R is L;-smooth in coordipate i for each i € [n] and and j € [n] is chosen at random with

Pr[j =i] =p;foralli € [n]andy = x "y [Vf(x)]jlj then
]

Ef(y) < f(x) - % [VF ()%

i€n]

Theorem: Let f: R" — R be u-convex and L;-smooth in coordinate i for all i € [n].

Let x, € R™ and for all k > 0 repeat repeat

* i, € [n] chosen independently at random with Pr[i; = j] =2 with § = Yjern Lj

s
1 —

* Xeer = X — 7 V(O] 1,
Lk

k _ 2
Then Ef (xx) — f. < min {;(11 —;) [f(xo) — f*],%} and therefore
_ _ 2
0 (min {i log ([f(x") f*]) , lx"e - lz}) partial derivatives suffices to compute an expected e-optimal point.

€

Proof: Ef (xic+1) < f (i) =52 IV (xi)lI3



NEXt Few Weeks Develop new plgfntial functions!

Develop new notions of progress!
Develop new methods!

* What if function is non-differentiable?
* What if function is very non-smooth?
* What if cannot make sufficient local progress?

What to
do here?




Our Approach

Step #1 Step #2

* Obtain a better understanding of < Consider different oracles for
convex sets convex functions

e Connect convex set structure to * Subgradient oracle and
convex function structure subgradient methods

e Separation oracle and cutting

Step #3 plane methods

 Have a good winter break! * Barrier oracle and interior

e Along the way we will learn point methods

 Online learning, SGD,
Newton’s method, and more!



tx+ (1 —t)yforte[01]isa

CO nvex SEt “convex combination” of x and y”

Definition: a set S € R" is convex if and only if forall x,y € Sand t €
[0,1] we have tx + (1 — t)y € S.

* “contains the line segment between every pair of points”
» “closed under convex combinations”

RN Z

Convex Convex

Non-convex



Optimizing a convex function < finding a point in a convex set

Problem

Convex function minimization? min 00

xXERN

(sub)level set: level.(f,v) = {x € R" | f(x) < v}
strict (sub)level set: level.(f,v) = {x € R" | f(x) < v}
Note: x is e-optimal © x € level.(f, f. + €)

Lemma: If f: IR convex then level. and level_ are always convex.

Use convexity
structure!

Proof: if f(x) < vand f(y) < v then What to
fE-x+@Q-0-y)<t-fl)+@A—t)-f(y)  dohere
<t-v




Convexity and Convex Functions?

Definition: for f: R" — R its epigraph is
epi(f) ={(x,t) | x e Rt ER, f(x) <t}

Theorem: f: R™ - R is a convex function < epi IS a convex set
p

Proof <: (x, f(x)), (v, f(y)) € epi(f) forall x,y € R™
Convexity: t(x, f(x)) + (1 = t)(y, f(¥)) € epi(f)
Definition of epigraph:f(t - x+ (1 —¢t) - y) <t-f(x)+ (A —-1t) - f(y)




e H(a,b) ¥ {xeR"|a"xx*b}

Separating Hyperplane Theorem

H_(g,g" x) called
separating hyperplane
forx and S.

H-(g,g"x) called
supporting hyperplane
when x € 9(S).

For all convex S € R™and x & S or x € d(S) (boundary of S)

there exists g # 0 such that S € H.(g, g "x).

* d(S) - Boundary of §:
* Intersection of the closure of §
and complement of S
* Points that are the limit of a

sequence of points € S and the
limit of a sequence of points & S.

H. (g9,9"x)

H_(g,9"x)




For convex functions

Forallconvex S C R"andx € Sorx €

I d(S) (boundary of S) there exi 0
Oracle Existence? () tboundary of ) there exists g 7
/ output Cutting Plane

Uer separation T
x € R" ' oracle ' g € R™ such that ethods

level(f, f(x)) € Hs (9,97 x)
With g = 0 on|y |1:]’-:I< — f(X) * Will cover in a few weeks

uer subgradient output Subgradient
x € R" oracle g € df (x) descent

* Will cover in next few weeks
Subgradient: g is subgradient of f at x (i.e. g € 0f (x)) if
andonlyif f(y) = f(x) + g"(y — x) forally € R"



fiR*" > R

Subgradient Convex

L-Lipschitz with respect to || - ||,

Subgradient: g is subgradient of f at x (i.e.
g € 0f (x)) ifand only if f(y) = f(x) +
g ' (y—x) forally € R

* Subgradient oracl
Descent ubgradient oracie
Subgradient Descent Analysis
* Fort = [T] £ 1
* fxout) — fi S = Xeerrm F(xe) — [
* g € 9f (x2) e
* Xer1 = X — g forn >0 * f(Xour) — fi < P lxg — x|z +5TL
1
° Output: Xout = _ZtE[T] Xt o, —x.||2 L2 ]|, —x, |2
! *n= #ﬁf(xout)s\[ 1T :
Analysis » e-optimal point with O(L||x; — x. 3¢ 72)
 lxerr — x5 = llxe — x. —ngell5

= llxe — %113 — 2ng/ (e — x.) + 12l gell
T _1 2 _ 1 2 n 2
* = Zte[T] ge (X —x,) = 2n 21 — %l o 71 — xllz + Zte[T]—z gell

1 n
* :>ZtE[T] flxe) — f. SZ_TI 1 — .15 +ETL2



Online Linear Optimization

* Given closed convex S € R™
* |terate for round t € [T]
* We pick x; € S
* Adversary reveals penalty p; € R"

Goal:

* Minimize regret(T) & ¥, cir Pf x¢ — min Yee[r) Pt X
XES

e Want average regret = 0 : lim regret(®) 0

T—>o0

* More generally: bound Ztem pl (x; — z) for all z



Follow the Regularized Leader (FTRL)

Online Linear Optimization Algorithm

* Fort € [T] * “regularizer” r: S - R thatis
* We pickx, € S differentiable and p-strongly convex

with respect to || - ||
* Adversary picks p; € R™ et
- * Let @7 (x) & 0 Xerr pt x + r(x)
* Zte[T] pe (xt—2) .

e Let ®y(x) & r(x)

* Let X741 = argmin,cs®Pr(x)

Analysis
© pixg < 77[ t(e1) — Ppe 1(xt)]+—||Pt||2

° — i 2 i — 1
Seerr PF (5=2) <5 Seerllpell? +-2[r(2) = minr(x)



* Dr(x|le) =7r(x) = [r(c) + Vr(c)"(x — y)]

Mirror Descent AnalySiS * Xypq = argminn - pf x + D, (x]||x;)

XES

Lemmas
1 n? .
* pf (xp —2) < " [Dr(z[lx:) — Dr(2]lx¢41)] to. IpellZ (Mirror Descent)

1
* pae < " [P (xp41) — Prq(x4)] +2—nu lp: % (FTRL)

Theorem: Mirror Descent * Similar bound!

1 . Iting methods are
¢ Srerr PP Ot — 2) < Sperri Ipell? +2 Dy (z]|x resulting
te[T] Pt \X¢ te[r] 3, 1Pt n r(zl1%o) often the same!

Theorem: Dual Averaging (FTRL)

° T —_ _77 2 1‘ — 1
Zte[T] pe (xg — 2) < Zte[T] 21 lpells + m [T(Z) min r(x)]




Online Linear Optimization

Fort € [T]
Learning from Experts | dvrsan icks , € B

regret(T) £ X,c(r pt Xt — mlnztE ptx.
Setup FTRL
e S=M={xeRY1x=1} * Pr(x) & nX i x +7(x)
* p(i) € [0,1] * Let xpyq = argminges®r(x)
Questions Idea
* What regularizer? * Ipelle < 1and [[x¢][; =1

° What norm? * Use ’gl norm (dual foo)



Want bounded strongly convex function on simplex

£ 1-Regularizer?

Negative Entropy: e: R"™ - R with
e(x) = iepn) Xi Inx;

Lemma: e is 1- strong)y convex with
respectto || - ||{ on

e [Ve(x)]; =1+ Inx;

- [V2e(®)] = diag (%)

[ ] — @ 2
12 = (Sierm v )

ZZ

. < [Zie[n]_i] [Zle xl] = z"V?e(x)z

Xi

after ignoring zero coordinates of x

Lemma: z = argminf(x) =p'x + e(x) for
p € R" satisfictfor all i € [n]
exp(—p;)
Z]E exp( p])
* Minimjzer if and only if for all x € A™
VFC) G - 2) = 0

* Vf(z) = a1 for some a

Zi:

Lemma: maxe(x) — mln e(x) <lnn
XEAT eAT

* x In x convex with 11n1 =0In0=0

e maxe(x) =0
XEAT ()

* min e(x) = e(IT) =—Inn

XEAM



Learning from Experts

Setup
+S=A"={x € R} |17x = 1}

Multiplicative Weightss
o« letw, =1 € R"
* Fort € [T]
© (D =
* p; revealed
* [weli = [weqli - expl—n - [pe]i]

Corollary

If D > maxr(x) — minr(x) and L=1
XES X€ES D =Inn
n = / then regr;t(T) < ZD:LZ U= 1
FTRL
def
¢ O7(x) & 1 Sy PEx + (%)

* let x4 = argmmeSCI)T(x)

Note

. x (l) _ eXp(—n Zke[t][pk]i)
‘ Zje[n] eXp(—n Zke[t] [pk]j)

Corrollary: forn = /2 ngn have
regret(T) - 2lgn
T - T




Regret = Optimization

Suppose
* f:R" - R convex

* pt € 0f (x) with |[pell, < L

* x, € argmin f(x) and||xy — x,|l, <R

XERN

FTRL Algorithm

1
* 7(x) = llx = xoll3

* X411 = argmlnnzke
xeRM

* Xt41 = Xo — Zke
Subgradient Descent

Generalizes to constraints and
other norms!

pk x +r(x)
NPr = Xt — NPt

e-optimal with
R2L?/€? queries!

* L= maX“ptHZ :
te[T

* Derr) Pe ¢ (g —2) < i T - L* + i[r(z) - rnin T(X)]
e D> r?ggr(x) mmr(x) and n & \W
« regret(T)/T < W

Analysis

* f(%ZtE[T] xt) fs
¢ <= Tiem fO) — fo
° S %Z e[T] Pt ¢ (g — x.)

n g2, 1 -
o < — L +—[rx* —mlnrx]
2p nT (x.) XES (%)
QSQLZ_FLRZ
2 2nT

= JR%/(TL?) = < \/R212T



Idea: use full theorem
Regret = Smooth Convex Minimization

Different “best-case scenario”

S—ugm An—alyﬁ than gradient descent.
o £ RN _ 1
f:R™ - R convex and L-smooth .« f (;Zte[T] xt) —f.
* x, € argmin f(x) 1
x€ERM e-optimal point with * < ;ZtE[T] f(xt) — [
2L||xy — x.|5/€? gradient 1
: e < =) Xt — X,
FTRL Algorithm queries T &t€E[T] Pt ( t )
* pe = Vf(xe)

1
r(x) = llx — xoll3

< S e lpell? +; [r(2) — minr ()]
* Xt+1 = argmlnnZke[t Pic X +7(x) o < "—LZ L Cee) — £ + lr(z) — minr(x)]

XERM
> (FF) Zeenlf &) = £1 < 57 Mo — .13

Xt+1 = Xo — Zke 1Pk = Xe — NPt
1

2L
= ff(;ztemxt) £ <%l — x. 3



Motivating Problem

Finite Sum Optimization Baseline?
. 1 * Gradient Descent
 min F(x) ==), (x
xERM m iepmy fi(*) e Fisatmostm-— - L-smooth

° .1 - m
Eth fi is convex and L-smooth - 0(m(L/u) loge~1) queries
* Fis u-strongly convex

* Have gradient oracle for f; and want e- * AGD solves
optim%l point ' « O(my/L/uloge™1) queries
* Can we improve?
Note

* Natural machine learning problem

* x =model, i = data point, f; = loss of
model on data point i

* Many variants



Plan for Today

*  Wrap up SVRG proof and discussion

Review
Content

Review *  Go over midterm Dimension
Questions Go over additional practice problems Dependent

Cutting plane and interior point methods

* Brief review of what we have covered in the course so far
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