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Plan for Today

Recap

Convexity

Algorithm

Gradient descent for smooth function
Notions of convexity

Prove smoothness / convexity equivalences
Example functions
Implications of assumptions

Gradient descent
Algorithm analysis



Recap

Problem

min f(x)

Regularity Oracle Goal Algorithm Iterations
n=1, f(x) €[01], x, € [0,1] value 15-optimal anything 0
n =1, x, € [0,1], L-Lipschitz value e-optimal e-net O(L/€)
X, € [0,1]", L-Lipschitzin || - ||o value e-optimal e-net (@(L/E))n
L-smooth and bounded value, gradient  e-optimal €-net exponential
L(f(xy) — [
L-smooth gradient e-critical gradient descent 0< (f( 02 f)>
€
Today

What if want an e-optimal point with no

dependence on dimension?



Assumptions for Efficient e-optimal Point

Notion #1: Hessian Lower Bound
* fis twice differentiable and zTVZf(x)z > ul|z||5 for all x, z

¢ < Amin(vzf(x)) = U

Variational characterization of eigenvalues?

Notion #2: Quadratic Lower Bounds
* fis differentiable and f(y) = f(x) + Vf(x)T(y — x) +izt ly — x|I* & L,(x)

Notion #3: u-strongly convex with respect to || - || (by default || - ||-)

s fley+(1=0x) <t-fO+ A=) f(x) = t(1 = Dlly — xI|?
Forall x,yandt € [0,1]

Theorem

Say f is convex & f is 0-strongly convex These three notions are equivalent
for twice differentiable functions

Can’t see opt
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Equivalent Notions of Convexity

Notion #1: Hessian Lower Bound
* fis twice differentiable and zTVZf(x)z > ul|z||5 for all x, z

¢ = Amin(vzf(x)) =y

Great for proving
convexity

Notion #2: Quadratic Lower Bounds o
— _ - y - Great for designing
 fis differentiable and f(y) = f(x) + Vf(x) ' (y — x) + ly — x||I* & L, (x) algorithms

Notion #3: u-strongly convex with respect to || - || (by default || - ||)

. — : 1. _ Pl — — |12
flty+@=00) <t-fO)+ 1= f() ~5e = Dlly —xI et e
Forallx,yandt € [0,1]

Say f is convex & f is 0-strongly convex



* Implies equivalence of upper and lower
bounds implied by smoothness and Hessian

Helpful Technical Lemma e sound

* Implies some convexity equivalences

Forall a, B € R U {£} and twice differentiable f: R™ - R and any norm || - || the
following three conditions are equivalent:

+ llx = ylII? < FO) =[G + V)T (¥ — x)] S—f lx — y||* forall x,y € R™

+ Sl —yl2 < (VAG) = V() (x—y) <L llx =yl forall x,y € R

e a||z|]|? < zTVif(x)z < B||z||* foral x,z € R"




Corollary

For all u = 0 and twice differentiable f: R™ — R and any norm || - || the following
three conditions are equivalent:

c fO) = fO)+Vf()(y - x)+i2‘ lx — y||? forallx,y € R"

+ (VFG) = VF() (x—y) 24 llx = yII? forallx,y € R”

e 2TV2f(x)z = p||z||? for al x,z € R"
When f is differentiable the first two conditions are equivalent to

flty+ (1= 00 St fO) + (1= 0 f(@) =5t = Olly = ¥
Forall x,y and t € [0,1]. (See Note.)



What do u-strongly convex functions look like?

fly+ (A -00) <t-fO)+ A —1t)- f(x) = t(1 = Dllx—yli3

VANAYY|

Strongly convex Convex




Example Convex Functions /@ *¢ 70=r/0r07076

* f(x) = % |Ax — b||5 . f(x)d=hg(x) + h(x) for convex
g an
: ;g; z (lelzll)l(x) * f(x) = f(Ax) for convex f

* f(x) = c- f(x) for convex f

* f(x) = xP forevenp ndc >0
e f(x) =—logxforx >0

* f(x) =xlogx



Goal: Minimize Smooth Convex Functions

Theorem: f: R™ — R is L-smooth and u-strongly convex (with respectto || - ||,) if
and only if the following hold for all x, y

CfO)SUNE @O+ -0+ lly—xlF

* ) 2 L) F) V)T — %)+ lly — xll3 /

Question: is this assumption and a gradient oracle . \ [R/

enough to obtain dimension independent efficient

algorithms for e-optimal points? '
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Goal: Minimize Smooth Convex Functions

Theorem: f: R™ — R is L-smooth and u-strongly convex (with respectto || - ||,) if
and only if the following hold for all x, y

def L
O SUE )+ V) (v —x) +- lly — I3 t f
*fO) 2 L(y) € f(x) + V() (y —x) +i2‘ ly — xII3
Question: is this assumption and a gradient oracle ) \ [R/
——\

enough to obtain dimension independent efficient

algorithms for e-optimal points? '



* Goal: compute e-optimal point

° * Assumption f: R™ — R is L-smooth and u-strongly convex
Algorlth m ? * Given: x, € R™ and a gradient oracle
Gradient Descent! Upper Bound Analysis
* Fort=0,..,T—1 * f(xer1) S Uy, (xp41)
« Xpq =X — > VF(x,) L 2
t+1 t L t * Uy, (X¢41) = f(xy) ~ 31 IV f(xe)ll2
* OQutput xr A

¢ fCren) < fQe) =5 IIVF (o) ll3

\ R Question

How lower bound?

Xt Xt+1




* Goal: compute e-optimal point

° * Assumption f: R™ — R is L-smooth and u-strongly convex
Algorlth m ? * Given: x, € R™ and a gradient oracle
Gradient Descent! Upper Bound Analysis
* Fort=0,..,T—1 * f(xer1) S Uy, (xp41)
« Xpq =X — > VF(x,) L 2
t+1 t L t * Uy, (X¢41) = f(xy) ~ 31 IV f(xe)ll2
* OQutput xr

¢ fCren) < fQe) =5 IIVF (o) ll3

Progres Meassures

* IVf(x)I|5 - norm of gradient Question
* f(x) — f. where f, = xierﬁ{nf(x) - function error How lower bound?

e |Ix — x.]|5 - for minimizer x, (i.e. f(x.) = f.)




o |IVF(x)II5 - norm of gradient

Smoothness Implication - 7 -7 wheref. = inf - function error

x€R™
o |lx — x.|5 - for minimizer x, (i.e. f(x.) = f.)

Lemma If f : R™ — R is differentiable then Vf (x,) = 0. If f is L-smooth then

LIV < Fo) — £ << llx — x12
IVF@IE < f() — f(x) <5 llx = x.lI3
Proof
» Differentiability and V£ (x) # 0= f(x —nVf(x)) < f(x) for small
¢ fo < flx— A/LVF@) < FG) =5 IVFII3
C FO) S FO) + V)T —x) +5 llx — x.13

L
= () + 35 llx — %13 x,



o |IVF(x)II5 - norm of gradient

CO nVEXity Im pl ication « f(x) — f. where f, = inf f(x) - function error

x€R™
o |lx — x.|5 - for minimizer x, (i.e. f(x.) = f.)

Lemma If f : R™ - Ris differentiable and u-strongly convex

i IVF GOl = £(x) = f(x.) 2%‘ Il — .12

Proof

RISENIORAICONCEED +7 Il — x.113
= f () +3 llx = .13

+ f(e) 2 minLe(y) = min £(0) + VF @)@y =) +5 lly — 23
= min £ () =2 IVF @I +4 [ly = (x = A/ @)

= f(0) =5 IVF (O3




s Goal: compute e-optimal point

Strongly Convex Case . ¢ il iemoe oo
+ Algorithm: : i1 = xi == Vf (x)

s e = flxx) — f

¢ fOesn) < FQ0) — - IVFGIIZ = €ran < €6 — o IIVF G2

*IVFCll5 = 2ulf (i) — £l = 21 - €,

.:>Ek+1 < (1—%)61(

K
=g, < (1 —%) €o < exp(—kT”) €o [as 1 + x < exp(x) for all x]
L €o
° — | = - <
=k Hlog ( _ ﬂ thene, <€ o

Gradient descent computes e-critical point

with O (ﬁ log (@) ) gradient queries.




2_111 I7FCOlI3 = £ — f(x.) 2%'“ el

Non-strongly Convex Case (u = 0)

Lemma If f is differentiable and convex then for all minimizers x,

fG) = £ < NVFEIlz - llx — .13

Proof
c fFlx) = F(x)+ V()T (x, — x)
> f) = IVf @z - llx. = xll2



* Goal: compute e-optimal point
* Assumption f: R™ - R s L-smooth and convex

CO nvex Ca Se * Given: xy € R™ and a gradient oracle

* Algorithm: : X1 = X}, ——i Vf(x,)

c¢c, ¥ f(x,)—f.and D £ max min X, — X
2 fCo) — £, nax  min_ Iz —x.l;

* fOter) < fCr) =5 IVF Gl 50 € < € = IVF ()13

* € < |IVF(xp)llz - D so€prq < € —2_1L
ol 1 e 11
€k~ €kx+1 2LD%€pyq — €k+1  2LD? Theorem
S . Gradient descent computes e-critical

€ €9 2LD?

L L
€0 < EDZ (f (xx) — f- =7 |, — x.115)
2LD?

. H L — b ;
k+4 Optimal? Note: can improve to O (M) for ||l

2

point with O (%) gradient queries.

:>EkS
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Thursday

Geometry and optimality



