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Plan for Today

Gradient descent for smooth function (u-strongly) convex functions

Recap

Linear systems, eigenvalues, and ellipsoids

Geometry

Acceleration Motivation Thursday
* Method derivation

Proof and extensions



Recap

Problem

min f(x)

Regularity Oracle Goal Algorithm Iterations
n=1, f(x) €[01], x, € [0,1] value 15-optimal anything o
n =1, x, € [0,1], L-Lipschitz value e-optimal €-net O(L/€)
X, € [0,1], L-Lipschitzin || - ||o value e-optimal €-net (@(L/e))n
L-smooth and bounded value, gradient e-optimal €-net exponential
L(f(xy) — [
L-smooth gradient e-critical gradient descent 0< (f( 02 f)>
€
. . . L f(xo) — fo
L-smooth u-strongly convex gradient e-optimal gradient descent |[—log|—
U €
Ll||xqg — x.|2
L-smooth convex gradient e-optimal gradient descent 0 < %o ||2>
€

What does this look like and can we improve?



Recap

Theorem: f: R™ — R is L-smooth and u-strongly convex (with respectto || - ||) if
and only if the following hold for all x, y

CfO) S UL FE)+ VT —x) + lly — xI13

*fO) 2 L) & fO)+ V)T — %)+ lly — xlI3

Algorithm: gradient descent

74

* Compute upper bound, minimize, repeat

1
* Xg+1 = X — Vi(xk)

<
<



o |IVF(x)II5 - norm of gradient

Progress Measu res * f(x)— f. where f, = xl;l}éi f(x) - function error

o |lx — x5 - for minimizer x, (i.e. f(x,) = f.)

Lemma If f : R™ - R is differentiable then Vf(x,) = 0. If f is L-smooth then

* Y 2 < L 2
S IVFGOIIE < £Go - f(x.) <7 llx = x.13

Note
Minimizer unique for strongly

n g : )
Lemma If f : R" = Ris differentiable and u-strongly convex convex (4 > 0) functions,

1
22 IPFGOIE > £G0) = ) 25 llx .13

Note

. g . . All progress measures
Lemma If f is differentiable and convex then for all minimizers x, e

fO) = £ < NIVFEOIlz - llx — .13

decrease by 1 — '—: with one

gradient descent step when
twice differentiable (in £,).
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* Method derivation
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lllustrative Example

Goal: solve Ax = b where A € R™" is symmetric, A = A", and A is
positive definite (PD), i.e.z"Az > 0 forallz # 0

Step #1: turn into optimization problem
* One of simplest smooth, strongly convex problems

° min f(X) for f(.X') = —1 xTAx — bTx * Good to look at for method intuition
x€ERM 2

?
Why? Critical point = linear system solution!
*Vf(x) =Ax—Db

. U2 _
Vif(x) =4 Strongly convex! approximate min =
(z'Az > 0 forallz + 0) approximmate system solution!



e Goal: Ax = b= min f(x) for f(x) =—;xTAx —bTx
X n

lllustrative Example . smmetica- i

e PD:z"Az > O forallz# 0

Step #2: look at structure
* What does this look like?
* What are smoothness and strong convexity parameters?

Lemma: If f: R™ - R is twice differentiable and V2f(x) = M for all x € R"
Then f(y) = f(x) + VF(x) T (y — x) +—; (y —x)"M(y — x) forall x,y € R™.

Proof: x; = x +t(y — x)
cfO) =F)+ VT =0 + [, [;(v =)V f(x)(y — x) da dt

=§ (x—x)"M(x —x,)



e Goal: Ax = b= min f(x) for f(x) =—;xTAx —bTx
X n

lllustrative Example . smmetica- i

e PD:z"Az > O forallz# 0

Step #2: look at structure?
* What does this look like?
* What are smoothness and strong convexity parameters?

Lemma: If f: R™ - R is twice differentiable and V2f(x) = M for all x € R"
Then f(y) = f(x) + VF(x) T (y — x) +—; (y —x)"M(y — x) forall x,y € R™.

Implication: for all x and unique minimizer x,

CfO) = FO) + V()T —x) +5 G — x)TAGx — %)
« f(x)—f(x,) = % lx — x, 115 where ||z|| 4 & VzTAz

Note: this is a norm whenever A PD (z" Az > 0 for all z # 0)
Note: semi-norm whenever A is PSD (z" Az > 0 for all z € R™)



e Goal: Ax = b= min f(x) for f(x) =—;xTAx —bTx
X n

What iS ZTAZ? s Symmetric: A = AT

e PD:z"Az > O forallz# 0

Theorem (spectral): If A € R™*" is symmetric then there exists an
orthonormal basis of eigenvectors, vy, ..., v, € R™ with real eigenvalues.

*v'v; =0ifi #jand v v; = 1

e Av; = Ajv; foralliwithA; <A, <-- < 4,

Implications ES < {z| ||zl = €} is an Ellipse

* 2= Yierm(V] 2)v; length €/,

2 length €/,
_ T
e 7'z = Zie[n](vi Z)

¢ 2747 = Sierm Ai(v7 2)°



e Goal: Ax = b= min f(x) for f(x) =—;xTAx —bTx
X n

What iS f(x)? s Symmetric: A = AT

e PD:z"Az > O forallz# 0

cfx) - fi = % lx = x. 17 = —; (x —x)"Alx — x,)
« “e-level set” ={x € R" | f(x) — f. = €}

EY2% (7] ||zll, = V2e)



e Goal: Ax = b= min f(x) for f(x) =—;xTAx —bTx
X n

lllustrative Example . smmetica- i

e PD:z"Az > O forallz# 0
Step #2: look at structure?/
?

* What does this look like
* What are smoothness and strong convexity parameters?

Lemma: If f: R™ - R is twice differentiable and V2f(x) = M for all x € R"
Then f(y) = f(x) + VF(x) T (y — x) +—; (y —x)"M(y — x) forall x,y € R™.

Implication: for all x and unique minimizer x,

CfO) = FO) + V()T —x) +5 G — x)TAGx — %)
« f(x)—f(x,) = % lx — x, 115 where ||z|| 4 & VzTAz

Note: this is a norm whenever A PD (z" Az > 0 for all z # 0)
Note: semi-norm whenever A is PSD (z" Az > 0 for all z € R™)



e Goal: Ax = b= min f(x) for f(x) =—;xTAx —bTx
X n

L, ” ? s Symmetric: A = AT

e PD:z"Az > O forallz# 0

* Recall: f: R" = R is L-smooth and u-strongly convex if and only if
ullzlls < zTV2f(x)z < L||z||5 for all x, z € R"

cou<iM <l forallz %0 T
CH=T5, S Tfoga 27 * 2= Yiepm(vi 2)vi
Y. Ai(v; z — .
. & ‘Ll S ie[n] l(Tl 2) S Lfor GIIZ :/: O e ZTZ — Zie[‘n](vi—rz) )
z:ie[n](vi z) « z'Az = Zie[n] Ai(vi-rz)

o @Ai S [,U,L]

* = fis Ay g (A)-smooth and A,,,;;, (4)-strongly convex
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e Goal: Ax = b= min f(x) for f(x) =—;xTAx —bTx
X n

s Symmetric: A = AT
e PD:z"Az > O forallz# 0

—
~\

\ v .. .
EYZ€ - minimum enclosing sphere



e Goal: Ax = b= min f(x) for f(x) =—;xTAx —bTx
X n

lllustrative Example . smmetica- i

e PD:z"Az > O forallz# 0
Step #2: look at structure?/
* What does this look like?
* What are smoothness and strong convexity parameters?

Lemma: If f: R™ - R is twice differentiable and V2f(x) = M for all x € R"
Then f(y) = f(x) + Vf(x)T(y — x) +—; (y —x)"M(y — x) forall x,y € R™.

Implication: for all x and unique minimizer x,

C FO) = f) + V)T — 1) +5 (x — 2 )TA(x — x.)
« f(x)—f(x,) = % lx — x, 115 where ||z|| 4 & VzTAz

Note: this is a norm whenever A PD (z" Az > 0 for all z # 0)
Note: semi-norm whenever A is PSD (z" Az > 0 for all z € R™)



lllustrative Example

Step #3: iterative method

Note

Note: for linear systems, can also obtain as Taylor expansion of inverse.

Gradient descent is essentially a non-quadratic generalization.

e Goal: Ax = b= min f(x) for f(x) =—;xTAx —bTx
X n

Symmetric: A = AT
 PD:z"Az > Oforallz# 0

For linear systems, can improve to 0 (\/k log(e,/€))

Gradient descent
! through Chebyshev iteration / polynomials and CG.

1 q
Xg+1 = X =7 Vf(xg) What about general smooth strongly convex functions?

Xper1 = X =3 — > [Ax; — b] (Richardson iteration)
. H H . £ f(xo)_f* _ Amax IIxO—x*IIi
Obtain e-optimal pointin O (” log (—6 )) =0 (_ﬂmin log (—E ))

. .2
Can convert between different error measures (||x — x.||, and ||Ax — b|| losing—""%)

)Lmin

def )lmax

Kk ¥ —=is known as “condition number”

Amin

Is axis-ratio / ellipse ratio
Natural iteration bound. Can we improve?




Plan for Today

Gradient descent for smooth function (u-strongly) convex functions

Recap

* Linear systems, eigenvalues, and ellipsoids

Acceleration Motivation Thursday
* Method derivation

Proof and extensions




Accelerating Smooth Convex Minimization

Question

2

*Are O (ﬁlog (E—E(’))and 0 (%) optimal?

Answer

* No! “Acceleration” is possible

LD?

N0 (\/%log (E—:))and 0] ( —) are optimal (if dimension independent)

€



One of the more mysterious theory of
optimization phenomena.

Why iS ACCEIEratiOn POSSibIE? Can be very useful in theory

and in practice.

* Many perspectives 2 Key Barriers
* Momentum _ * Beyond greedy
* Gradient descent and mirror * Analysis use more than function
descent value to analyze progress
* Algebra

* Beyond one point

* Primal dual e Algorithms use more than one
* Chebyshev point as state

* Ellipsoid

* Continuous time Some Key ldeas

* Use both upper and lower bounds to
make progress

Warning  Maintain model (lower bound) and
make progress

Probably the most mysterious and
algebraically intensive proof in class.

* Today: develop and motivate method
* Tuesday: prove, study, extend



Today: Smooth Strongly Convex Functions

Theorem: f: R™ — R is L-smooth and u-strongly convex (with respectto || - ||,) if

and only if the following hold for all x, y
def L
O SUE )+ V) (v —x) +- lly — I3

*fO) 2 L) & fO)+ V)T — %)+ lly — xlI3

Goal: improve

0 (ﬁlog (f(xoe)—f*)) ‘0 ~0 ( ﬁ log (f(xoe)—f*))?

f

oy

X

N\



* Are many to choose from

Ap p Yoac h * This one is intuitive and mechanical and will let us touch on ideas of other proof

*  Will lose a logarithmic factor and will explain how to remove

Approach Question: what lower bound?
* Maintain point (x;, € R") * |dea: Quadratic!
it * L) = P + 5 llx — vl
e Li(x) < f(x) forall x € R"
* Update both in each iteration Why?
» Strong convexity gives quadratic lower
Progress Measure bounds
* Linear combinations of quadratics are
* flxg) — ,Erel[i[{rlz Ly (x) quadratic

* Why?
- > f(xk) — Lk(x*) = f(xk) _ﬁk



Tool 1: Quadratic Lower Bounds

1

Lemma L, (x) = y + llx = vy |13 for, = £3) == IVFO)II3 and vy, = y =2 V£ ().

Proof
* Ly(0) = fO)+VF O (x =) +4 llx =y

* VL () =Vf() +5(x — )

* VLy(vy) =0
. VZLy(x) = ul , \ v

>
»

* L,(x) =L,(v,) + VLy(vy){(x —vy) +L2L || — Uy“i ‘ \\.//
|

Py 0



Tool 2: Combining Lower Bounds

Lemma If f3, f5: R® — R are defined for all x € R™ by
RGO = +5lx—will} and f00 =, + Il = vl
Then for all « € [0,1] we have

fo0) = @+ () + (L= @) - () = Yo +5 lx = 03
Where
cv,=a-vi+0—a)- v,

*Yg=a- P +(1—a) Y, +L2t“(1—a)||v1 — 1,15

Proof: see notes
Note: if f(x) = f1(x) and f(x) = f,(x) then f(x) = f,(x) (can combine lower bounds)



Tool 2: Picture



Accelerated Gradient Descent (AGD)

* Initial xo € R™, Lo(x) = 1o +% Ilx = voll3 s:t. £(x) = Lo(x) for all x

* Repeatfork =0,1,2, ...
Pk =acxet (L-a) v Vs = B+ (1= B) [y == V70|
¢ Ly, (0) = Fi) + Vi) TG = yie) +2 llx = yell 3
* Liy1(x) = Pp41 +l—; lx — vieqall5 = BL(x) + (1 — ,B)Lyk+1(x)

1
* X1 =Y =7 Vi(k)

) 1
Theorem: if k = \/L/u, a = —\/:_frl, and f =1 — thlen
FGen) = iera < (1= ) [F Giesn) = il
VK

and ~+/k iterations suffices



Accelerated Gradient Descent (AGD)
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Gradient descent for smooth function (u-strongly) convex functions

Recap

* Linear systems, eigenvalues, and ellipsoids

SOl © Motivation Thursday
* Method derivation
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