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Plan for Today

Recap • Accelerated Gradient Descent (AGD)

Proof • Approximately optimal AGD for smooth strongly convex functions.

• Non-strongly convex
• Optimal complexity
• Momentum

Extensions Thursday

Generalizations and applications



Recap

Regularity Oracle Goal Algorithm Iterations

𝑛 = 1, 𝑓 𝑥 ∈ [0,1], 𝑥∗ ∈ [0,1] value ½-optimal anything ∞
𝑛 = 1, 𝑥∗ ∈ [0,1], 𝐿-Lipschitz value 𝜖-optimal 𝜖-net Θ 𝐿/𝜖

𝑥∗ ∈ [0,1], 𝐿-Lipschitz in ‖ ⋅ ‖" value 𝜖-optimal 𝜖-net Θ 𝐿/𝜖
#

𝐿-smooth and bounded value, gradient 𝜖-optimal 𝜖-net exponential

𝐿-smooth gradient 𝜖-critical gradient descent 𝑂
𝐿 𝑓 𝑥$ − 𝑓∗

𝜖%

𝐿-smooth 𝜇-strongly convex gradient 𝜖-optimal gradient descent 𝑂
𝐿
𝜇
log

𝑓 𝑥$ − 𝑓∗
𝜖

𝐿-smooth convex gradient 𝜖-optimal gradient descent 𝑂
𝐿 𝑥$ − 𝑥∗ %

%

𝜖

Problem
min
!∈ℝ&

𝑓(𝑥)

Today: prove and discuss improvements to 𝑶 𝑳
𝝁 𝐥𝐨𝐠

𝒇 𝒙𝟎 (𝒇∗
𝝐 and 𝑶 𝑳 𝒙𝟎(𝒙∗ 𝟐

𝟐

𝝐



Recap

Theorem: 𝑓:ℝ: → ℝ is 𝐿-smooth and 𝜇-strongly convex (with respect to ‖ ⋅ ‖;) if 
and only if the following hold for all 𝑥, 𝑦

• 𝑓 𝑦 ≤ 𝑼𝒙 𝒚 ≝ 𝑓(𝑥) + ∇𝑓 𝑥 = 𝑦 − 𝑥 + >
;
𝑦 − 𝑥 ;

;

• 𝑓 𝑦 ≥ 𝑳𝒙 𝒚 ≝ 𝑓(𝑥) + ∇𝑓 𝑥 = 𝑦 − 𝑥 + ?
;
𝑦 − 𝑥 ;

;

Goal #1: improve 

𝑂 >
?
log @ A! B@∗

C
to ~𝑂 >

?
log @ A! B@∗

C

ℝ

𝑓

x



Approach

Approach
• Maintain point (𝑥- ∈ ℝ.)
• Maintain lower bound
• 𝐿-: ℝ. → ℝ s.t.
• 𝐿- 𝑥 ≤ 𝑓(𝑥) for all 𝑥 ∈ ℝ.

• Update both in each iteration

Progress Measure
• 𝑓 𝑥- − min

/∈ℝ!
𝐿-(𝑥)

• ≥ 𝑓 𝑥- − 𝐿- 𝑥∗ = 𝑓 𝑥- − 𝑓∗

• Are many to choose from
• This one is intuitive and mechanical and will let us touch on ideas of other proof
• Will lose a logarithmic factor and will explain how to remove



Tools: Quadratic Lower Bounds

Lemma 1: 𝐿* 𝑥 = 𝑓 𝑦 + ∇𝑓 𝑦 + 𝑥 − 𝑦 + ,
-‖𝑥 − 𝑦‖-

- = 𝜓* +
.
- ‖𝑥 − 𝑣*‖-

-

for 𝜓* = 𝑓 𝑦 − /
-.

∇𝑓 𝑦 -
- and 𝑣* = 𝑦 − /

.
∇𝑓(𝑦).

Lemma 2: If 𝑓/, 𝑓-: ℝ0 → ℝ are defined for all 𝑥 ∈ ℝ0 by 
𝑓/ 𝑥 = 𝜓/ +

𝜇
2 𝑥 − 𝑣/ -

- and 𝑓- 𝑥 = 𝜓- +
𝜇
2 𝑥 − 𝑣- -

-

Then for all 𝛼 ∈ [0,1] we have
𝑓1 𝑥 = 𝛼 ⋅ 𝑓/ 𝑥 + 1 − 𝛼 ⋅ 𝑓- 𝑥 = 𝜓1 +

𝜇
2
𝑥 − 𝑣1 -

-

Where
• 𝑣1 = 𝛼 ⋅ 𝑣/ + 1 − 𝛼 ⋅ 𝑣-
• 𝜓1 = 𝛼 ⋅ 𝜓/ + 1 − 𝛼 ⋅ 𝜓- +

.
-
𝛼 1 − 𝛼 𝑣/ − 𝑣- -

-



Accelerated Gradient Descent (AGD)

• Initial 𝑥2 ∈ ℝ0, 𝐿2 𝑥 = 𝜓2 +
.
- 𝑥 − 𝑣2 -

- s.t. 𝑓 𝑥 ≥ 𝐿2(𝑥) for all 𝑥
• Repeat for 𝑘 = 0,1,2, …

• 𝑦3 = 𝛼 ⋅ 𝑥3 + 1 − 𝛼 ⋅ 𝑣3 where 𝛼 ∈ [0,1]
• 𝐿*) 𝑥 = 𝑓 𝑦3 + ∇𝑓 𝑦3 + 𝑥 − 𝑦3 + .

-
𝑥 − 𝑦3 -

-

• 𝐿34/ 𝑥 = 𝜓34/ +
.
-
𝑥 − 𝑣34/ -

- = 𝛽𝐿3 𝑥 + 1 − 𝛽 𝐿*)*+(𝑥) where 𝛽 ∈ [0,1]

• 𝑥34/ = 𝑦3 −
/
,∇𝑓(𝑦3)

Theorem: 𝐿3 𝑥 ≥ 𝑓(𝑥) for all 𝑘 ≥ 0 and 𝑥 ∈ ℝ0. If 𝜅 = ,
. , 𝛼 = 5

54/, and  𝛽 = 1 − 𝜅(//-, then

𝑓 𝑥34/ − 𝜓34/ ≤ 1 −
1
𝜅

𝑓 𝑥3 − 𝜓3

and ~ 𝜅 iterations suffices

Proof?



Plan for Today

Recap • Accelerated Gradient Descent (AGD)

Proof • Approximately optimal AGD for smooth strongly convex functions.

• Non-strongly convex
• Optimal complexity
• Momentum

Extensions Thursday

ü

Generalizations and applications



Accelerated Gradient Descent (AGD)

• Initial 𝑥2 ∈ ℝ0, 𝐿2 𝑥 = 𝜓2 +
.
- 𝑥 − 𝑣2 -

- s.t. 𝑓 𝑥 ≥ 𝐿2(𝑥) for all 𝑥
• Repeat for 𝑘 = 0,1,2, …

• 𝑦3 = 𝛼 ⋅ 𝑥3 + 1 − 𝛼 ⋅ 𝑣3 where 𝛼 ∈ [0,1]
• 𝐿*) 𝑥 = 𝑓 𝑦3 + ∇𝑓 𝑦3 + 𝑥 − 𝑦3 + .

-
𝑥 − 𝑦3 -

-

• 𝐿34/ 𝑥 = 𝜓34/ +
.
-
𝑥 − 𝑣34/ -

- = 𝛽𝐿3 𝑥 + 1 − 𝛽 𝐿*)*+(𝑥) where 𝛽 ∈ [0,1]

• 𝑥34/ = 𝑦3 −
/
,∇𝑓(𝑦3)

Theorem: 𝐿3 𝑥 ≥ 𝑓(𝑥) for all 𝑘 ≥ 0 and 𝑥 ∈ ℝ0. If 𝜅 = ,
. , 𝛼 = 5

54/, and  𝛽 = 1 − 𝜅(//-, then

𝑓 𝑥34/ − 𝜓34/ ≤ 1 −
1
𝜅

𝑓 𝑥3 − 𝜓3

and ~ 𝜅 iterations suffices

𝑣,-. = 𝛽𝑣, + 1 − 𝛽 𝑦, −
1
𝜇
∇𝑓(𝑦,)

Analysis?



Some Intuition

• Initial 𝑥K ∈ ℝ:, 𝐿K 𝑥 = 𝜓K +
?
;
𝑥 − 𝑣K ;

; s.t. 𝑓 𝑥 ≥ 𝐿K(𝑥) for all 𝑥
• Repeat for 𝑘 = 0,1,2, …

• 𝑦L = 𝛼 ⋅ 𝑥L + 1 − 𝛼 ⋅ 𝑣L where 𝛼 = M
MNO

and 𝜅 = >
?

• 𝑣LNO = 𝛽𝑣L + 1 − 𝛽 𝑦L −
O
?
∇𝑓(𝑦L) where 𝛽 = 1 − O

M

• 𝑥LNO = 𝑦L −
O
>
∇𝑓(𝑦L)

Note
• ↑ 𝜅 ⇒ ↑ 𝛼 (i.e. the more use gradient point)
• ↑ 𝜅 ⇒ ↑ 𝛽 (i.e. the less use lower bound)
• ↑ 𝜅 ⇒ ↑ (1 − 𝛽)/𝜇 (i.e. the bigger the “gradient step” for 𝑣LNO)

Analysis?



Proof Plan

Theorem: 𝐿3 𝑥 ≥ 𝑓 𝑥 for all 𝑘 ≥ 0 and 𝑥 ∈ ℝ0 and if 𝜅 = ,
. , 𝛼 = 5

54/, and  𝛽 = 1 − /
√5, then

𝑓 𝑥34/ − 𝜓34/ ≤ 1 −
1
𝜅

𝑓 𝑥3 − 𝜓3

and ~ 𝜅 iterations suffices

Plan (since 𝐿3 𝑥 ≥ 𝑓(𝑥) fact is immediate)
• Upper bound 𝑓(𝑥34/) (gradient descent step)
• Lower bound 𝜓3 (lower bound combination analysis)
• Leverage choice of 𝑦3 (algebra)
• Pick 𝛼 and 𝛽 so everything cancels (more algebra)

• 𝑦, = 𝛼 ⋅ 𝑥, + 1 − 𝛼 ⋅ 𝑣,
• 𝐿/! 𝑥 = 𝑓 𝑦, = ∇𝑓 𝑦, 0 𝑥 − 𝑦, + 1

%
𝑥 − 𝑦, %

%

• 𝐿,-. 𝑥 = 𝜓,-. +
1
%
𝑥 − 𝑣,-. %

% = 𝛽𝐿, 𝑥 + 1 − 𝛽 𝐿/!"# 𝑥

• 𝑥,-. = 𝑦, −
.
2
∇𝑓(𝑦,)



Upper bound

• 𝑓 𝑥-OP ≤ ? ? ?
• Gradient descent!

• 𝑓 𝑥-OP ≤ 𝑓 𝑦- − P
QR

∇𝑓 𝑦- Q
Q

• 𝑦, = 𝛼 ⋅ 𝑥, + 1 − 𝛼 ⋅ 𝑣,
• 𝐿/! 𝑥 = 𝑓 𝑦, = ∇𝑓 𝑦, 0 𝑥 − 𝑦, + 1

%
𝑥 − 𝑦, %

%

• 𝐿,-. 𝑥 = 𝜓,-. +
1
%
𝑥 − 𝑣,-. %

% = 𝛽𝐿, 𝑥 + 1 − 𝛽 𝐿/!"# 𝑥

• 𝑥,-. = 𝑦, −
.
2
∇𝑓(𝑦,)



Proof Plan

Theorem: 𝐿3 𝑥 ≥ 𝑓 𝑥 for all 𝑘 ≥ 0 and 𝑥 ∈ ℝ0 and if 𝜅 = ,
. , 𝛼 = 5

54/, and  𝛽 = 1 − /
√5, then

𝑓 𝑥34/ − 𝜓34/ ≤ 1 −
1
𝜅

𝑓 𝑥3 − 𝜓3

and ~ 𝜅 iterations suffices

Plan (since 𝐿3 𝑥 ≥ 𝑓(𝑥) fact is immediate)

• Upper bound: 𝑓 𝑥34/ ≤ 𝑓 𝑦3 − /
-, ∇𝑓 𝑦3 -

-

• Lower bound 𝜓3 (lower bound combination analysis)
• Leverage choice of 𝑦3 (algebra)
• Pick 𝛼 and 𝛽 so everything cancels (more algebra)

ü

• 𝑦, = 𝛼 ⋅ 𝑥, + 1 − 𝛼 ⋅ 𝑣,
• 𝐿/! 𝑥 = 𝑓 𝑦, = ∇𝑓 𝑦, 0 𝑥 − 𝑦, + 1

%
𝑥 − 𝑦, %

%

• 𝐿,-. 𝑥 = 𝜓,-. +
1
%
𝑥 − 𝑣,-. %

% = 𝛽𝐿, 𝑥 + 1 − 𝛽 𝐿/!"# 𝑥

• 𝑥,-. = 𝑦, −
.
2
∇𝑓(𝑦,)



Lower Bound

• Apply Tool #1
• 𝐿R# 𝑥 = 𝜓R# +

?
;
‖𝑥 − 𝑣R#‖;

;

• 𝜓R# = 𝑓 𝑦L − O
;?

∇𝑓 𝑦L ;
; and 𝑣R# = 𝑦L −

O
?
∇𝑓(𝑦L).

• Apply Tool #2
• 𝜓LNO = 𝛽𝜓L + 1 − 𝛽 𝜓R# +

?
;
𝛽 1 − 𝛽 𝑣L − 𝑣R# ;

;

• Algebra
• 𝑣L − 𝑣R# ;

;
= 𝑣L − 𝑦L ;

; + ;
?
∇𝑓 𝑦L = 𝑣L − 𝑦L + O

?$
∇𝑓 𝑦L ;

;

• More algebra
• 𝜓LNO ≥ 𝛽𝜓L + 1 − 𝛽 𝑓 𝑦L − OBS

;?
∇𝑓 𝑦L ;

; + 𝛽∇𝑓 𝑦L = 𝑣L − 𝑦L

• 𝑦, = 𝛼 ⋅ 𝑥, + 1 − 𝛼 ⋅ 𝑣,
• 𝐿/! 𝑥 = 𝑓 𝑦, = ∇𝑓 𝑦, 0 𝑥 − 𝑦, + 1

%
𝑥 − 𝑦, %

%

• 𝐿,-. 𝑥 = 𝜓,-. +
1
%
𝑥 − 𝑣,-. %

% = 𝛽𝐿, 𝑥 + 1 − 𝛽 𝐿/!"# 𝑥

• 𝑥,-. = 𝑦, −
.
2
∇𝑓(𝑦,)



Proof Plan

Theorem: 𝐿3 𝑥 ≥ 𝑓 𝑥 for all 𝑘 ≥ 0 and 𝑥 ∈ ℝ0 and if 𝜅 = ,
. , 𝛼 = 5

54/, and  𝛽 = 1 − /
√5, then

𝑓 𝑥34/ − 𝜓34/ ≤ 1 −
1
𝜅

𝑓 𝑥3 − 𝜓3

and ~ 𝜅 iterations suffices

Plan (since 𝐿3 𝑥 ≥ 𝑓(𝑥) fact is immediate)
• Upper bound: 𝑓 𝑥34/ ≤ 𝑓 𝑦3 − /

-, ∇𝑓 𝑦3 -
-

• Lower bound: 𝜓34/ ≥ 𝛽𝜓3 + 1 − 𝛽 𝑓 𝑦3 − /(8
-.

∇𝑓 𝑦3 -
- + 𝛽∇𝑓 𝑦3 + 𝑣3 − 𝑦3

• Leverage choice of 𝑦3 (algebra)
• Pick 𝛼 and 𝛽 so everything cancels (more algebra)

üü

• 𝑦, = 𝛼 ⋅ 𝑥, + 1 − 𝛼 ⋅ 𝑣,
• 𝐿/! 𝑥 = 𝑓 𝑦, = ∇𝑓 𝑦, 0 𝑥 − 𝑦, + 1

%
𝑥 − 𝑦, %

%

• 𝐿,-. 𝑥 = 𝜓,-. +
1
%
𝑥 − 𝑣,-. %

% = 𝛽𝐿, 𝑥 + 1 − 𝛽 𝐿/!"# 𝑥

• 𝑥,-. = 𝑦, −
.
2
∇𝑓(𝑦,)



Choice of 𝒚𝒌
• Goal

• Lower bound ∇𝑓 𝑦" # 𝑣" −𝑦"
• Note

• 1 − 𝛼 𝑣" −𝑦" +𝛼 𝑥" −𝑦" = 0
• 𝑣" −𝑦" =

$
%&$

(𝑦" − 𝑥")
• (note there is an 𝛼 ∈ [0,1] s.t. $

%&$
= 𝛾 for all 𝛾 > 0)

• Convexity
• 𝑓 𝑥" ≥ 𝑓 𝑦" +∇𝑓 𝑦" #(𝑥" −𝑦")
• (note, this is the first time we have used convexity between two points where one of 

the points is not 𝑥∗)
• Algebra

• ∇𝑓 𝑦" # 𝑣" −𝑦" ≥ $
%&$ 𝑓 𝑦" −𝑓(𝑥")

• 𝑦, = 𝛼 ⋅ 𝑥, + 1 − 𝛼 ⋅ 𝑣,
• 𝐿/! 𝑥 = 𝑓 𝑦, = ∇𝑓 𝑦, 0 𝑥 − 𝑦, + 1

%
𝑥 − 𝑦, %

%

• 𝐿,-. 𝑥 = 𝜓,-. +
1
%
𝑥 − 𝑣,-. %

% = 𝛽𝐿, 𝑥 + 1 − 𝛽 𝐿/!"# 𝑥

• 𝑥,-. = 𝑦, −
.
2
∇𝑓(𝑦,)



Proof Plan

Theorem: 𝐿3 𝑥 ≥ 𝑓 𝑥 for all 𝑘 ≥ 0 and 𝑥 ∈ ℝ0 and if 𝜅 = ,
. , 𝛼 = 5

54/, and  𝛽 = 1 − /
√5, then

𝑓 𝑥34/ − 𝜓34/ ≤ 1 −
1
𝜅

𝑓 𝑥3 − 𝜓3

and ~ 𝜅 iterations suffices

Plan (since 𝐿3 𝑥 ≥ 𝑓(𝑥) fact is immediate)
• Upper bound: 𝑓 𝑥34/ ≤ 𝑓 𝑦3 − /

-, ∇𝑓 𝑦3 -
-

• Lower bound: 𝜓34/ ≥ 𝛽𝜓3 + 1 − 𝛽 𝑓 𝑦3 − /(8
-.

∇𝑓 𝑦3 -
- + 𝛽∇𝑓 𝑦3 + 𝑣3 − 𝑦3

• Choice of 𝑦3: ∇𝑓 𝑦3 + 𝑣3 − 𝑦3 ≥ 1
/(1

𝑓 𝑦3 − 𝑓(𝑥3)
• Pick 𝛼 and 𝛽 so everything cancels (more algebra)

• 𝑦, = 𝛼 ⋅ 𝑥, + 1 − 𝛼 ⋅ 𝑣,
• 𝐿/! 𝑥 = 𝑓 𝑦, = ∇𝑓 𝑦, 0 𝑥 − 𝑦, + 1

%
𝑥 − 𝑦, %

%

• 𝐿,-. 𝑥 = 𝜓,-. +
1
%
𝑥 − 𝑣,-. %

% = 𝛽𝐿, 𝑥 + 1 − 𝛽 𝐿/!"# 𝑥

• 𝑥,-. = 𝑦, −
.
2
∇𝑓(𝑦,)

üü
ü



Algebra
So Far (since 𝐿3 𝑥 ≥ 𝑓(𝑥) fact is immediate)
• Upper bound: 𝑓 𝑥34/ ≤ 𝑓 𝑦3 − /

-,
∇𝑓 𝑦3 -

-

• Lower bound: 𝜓34/ ≥ 𝛽𝜓3 + 1 − 𝛽 𝑓 𝑦3 − /(8
-. ∇𝑓 𝑦3 -

- + 𝛽∇𝑓 𝑦3 + 𝑣3 − 𝑦3
• Choice of 𝑦3: ∇𝑓 𝑦3 + 𝑣3 − 𝑦3 ≥ 1

/(1 𝑓 𝑦3 − 𝑓(𝑥3)

Rearranging

• 𝑓 𝑥34/ − 𝜓34/ ≤ 𝑓 𝑦3 − /
-, ∇𝑓 𝑦3 -

-

−𝛽𝜓3 − 1 − 𝛽 𝑓 𝑦3 − /(8
-.

∇𝑓 𝑦3 -
-

−𝛽(1 − 𝛽) 1
/(1 𝑓 𝑦3 − 𝑓(𝑥3)

= 𝛽
𝛼(1 − 𝛽)
1 − 𝛼 𝑓 𝑥3 − 𝜓3 + 𝛽 1 −

𝛼 1 − 𝛽
1 − 𝛼 𝑓 𝑦3 +

1
2

1 − 𝛽 -

𝜇 −
1
𝐿 ∇𝑓 𝑦3 -

-

• 𝑦, = 𝛼 ⋅ 𝑥, + 1 − 𝛼 ⋅ 𝑣,
• 𝐿/! 𝑥 = 𝑓 𝑦, = ∇𝑓 𝑦, 0 𝑥 − 𝑦, + 1

%
𝑥 − 𝑦, %

%

• 𝐿,-. 𝑥 = 𝜓,-. +
1
%
𝑥 − 𝑣,-. %

% = 𝛽𝐿, 𝑥 + 1 − 𝛽 𝐿/!"# 𝑥

• 𝑥,-. = 𝑦, −
.
2
∇𝑓(𝑦,)



Cancellations

Choice of 𝜷

• %&( $

)
− %
*
= 0

• ⇔ 1−𝛽 + = 𝜅&%

• ⇔𝛽 = 1− 𝜅&%/+

Choice of 𝜶

• T OBS
OBT

= 1⇔ T
OBT

= O
OBS

= 𝜅

• ⇔𝛼 = -
-.%

• 𝑦, = 𝛼 ⋅ 𝑥, + 1 − 𝛼 ⋅ 𝑣,
• 𝐿/! 𝑥 = 𝑓 𝑦, = ∇𝑓 𝑦, 0 𝑥 − 𝑦, + 1

%
𝑥 − 𝑦, %

%

• 𝐿,-. 𝑥 = 𝜓,-. +
1
%
𝑥 − 𝑣,-. %

% = 𝛽𝐿, 𝑥 + 1 − 𝛽 𝐿/!"# 𝑥

• 𝑥,-. = 𝑦, −
.
2
∇𝑓(𝑦,)

𝜅 = 𝐿/𝜇, 𝛼 = 3
3-.

, 𝛽 = 1 − 𝜅4./%

Pick 𝛂 and 𝛃 so extra Terms Cancel

𝑓 𝑥34/ − 𝜓34/ ≤ 𝛽
𝛼 1 − 𝛽
1 − 𝛼 𝑓 𝑥3 − 𝜓3 + 𝛽 1 −

𝛼 1 − 𝛽
1 − 𝛼 𝑓 𝑦3 +

1
2

1 − 𝛽 -

𝜇 −
1
𝐿 ∇𝑓 𝑦3 -

-



Proof Plan

Theorem: 𝐿3 𝑥 ≥ 𝑓 𝑥 for all 𝑘 ≥ 0 and 𝑥 ∈ ℝ0 and if 𝜅 = ,
. , 𝛼 = 5

54/, and  𝛽 = 1 − /
√5, then

𝑓 𝑥34/ − 𝜓34/ ≤ 1 −
1
𝜅

𝑓 𝑥3 − 𝜓3

and ~ 𝜅 iterations suffices

Plan (since 𝐿3 𝑥 ≥ 𝑓(𝑥) fact is immediate)
• Upper bound: 𝑓 𝑥34/ ≤ 𝑓 𝑦3 − /

-, ∇𝑓 𝑦3 -
-

• Lower bound: 𝜓34/ ≥ 𝛽𝜓3 + 1 − 𝛽 𝑓 𝑦3 − /(8
-.

∇𝑓 𝑦3 -
- + 𝛽∇𝑓 𝑦3 + 𝑣3 − 𝑦3

• Choice of 𝑦3: ∇𝑓 𝑦3 + 𝑣3 − 𝑦3 ≥ 1
/(1

𝑓 𝑦3 − 𝑓(𝑥3)
• Pick 𝛼 and 𝛽 so everything cancels (more algebra)

• 𝑦, = 𝛼 ⋅ 𝑥, + 1 − 𝛼 ⋅ 𝑣,
• 𝐿/! 𝑥 = 𝑓 𝑦, = ∇𝑓 𝑦, 0 𝑥 − 𝑦, + 1

%
𝑥 − 𝑦, %

%

• 𝐿,-. 𝑥 = 𝜓,-. +
1
%
𝑥 − 𝑣,-. %

% = 𝛽𝐿, 𝑥 + 1 − 𝛽 𝐿/!"# 𝑥

• 𝑥,-. = 𝑦, −
.
2
∇𝑓(𝑦,)

üü
üü



Accelerated Gradient Descent (AGD)

• Initial 𝑥2 ∈ ℝ0, 𝐿2 𝑥 = 𝜓2 +
.
- 𝑥 − 𝑣2 -

- s.t. 𝑓 𝑥 ≥ 𝐿2(𝑥) for all 𝑥
• Repeat for 𝑘 = 0,1,2, …

• 𝑦3 = 𝛼 ⋅ 𝑥3 + 1 − 𝛼 ⋅ 𝑣3 where 𝛼 ∈ [0,1]
• 𝐿*) 𝑥 = 𝑓 𝑦3 + ∇𝑓 𝑦3 + 𝑥 − 𝑦3 + .

-
𝑥 − 𝑦3 -

-

• 𝐿34/ 𝑥 = 𝜓34/ +
.
-
𝑥 − 𝑣34/ -

- = 𝛽𝐿3 𝑥 + 1 − 𝛽 𝐿*)*+(𝑥) where 𝛽 ∈ [0,1]

• 𝑥34/ = 𝑦3 −
/
,∇𝑓(𝑦3)

Theorem: 𝐿3 𝑥 ≥ 𝑓(𝑥) for all 𝑘 ≥ 0 and 𝑥 ∈ ℝ0. If 𝜅 = ,
. , 𝛼 = 5

54/, and  𝛽 = 1 − 𝜅(//-, then

𝑓 𝑥34/ − 𝜓34/ ≤ 1 −
1
𝜅

𝑓 𝑥3 − 𝜓3

and ~ 𝜅 iterations suffices

𝑣,-. = 𝛽𝑣, + 1 − 𝛽 𝑦, −
1
𝜇
∇𝑓(𝑦,)

How obtain 𝐿<?



Initial Lower Bound?

• Goal: 𝐿S 𝑥 = 𝜓S +
T
Q
𝑥 − 𝑣S Q

Q s.t. 𝑓 𝑥 ≥ 𝐿S(𝑥)

• Idea: 𝐿// 𝑥 + 𝑓 𝑥S = ∇𝑓 𝑥S U 𝑥 − 𝑥S + T
Q
𝑥 − 𝑥S Q

Q

• 𝐿// = 𝜓S +
T
Q
𝑥 − 𝑣S Q

Q

• 𝜓S = 𝑓 𝑥S − P
QT

∇𝑓 𝑥S Q
Q

• 𝑣S = 𝑥S −
P
T
∇𝑓(𝑥S)

• One gradient evaluation!



A Proof!!

• For initial 𝑥2 ∈ ℝ0 compute 𝑣2 = 𝑥2 −
/
.∇𝑓(𝑥2)

• Repeat for 𝑘 = 0,1,2, …
• 𝑦3 = 𝛼 ⋅ 𝑥3 + 1 − 𝛼 ⋅ 𝑣3 where 𝛼 = 5

54/ and 𝜅 = ,
.

• 𝑣34/ = 𝛽𝑣3 + 1 − 𝛽 𝑦3 −
/
.∇𝑓(𝑦3) where 𝛽 = 1 − /

5

• 𝑥34/ = 𝑦3 −
/
,∇𝑓(𝑦3)

• Theorem: 𝑓 𝑥34/ − 𝜓34/ ≤ 1 − /
5 𝑓 𝑥3 − 𝜓3 for all 𝑘 ≥ 0 where each 𝜓3 ≥ 𝑓(𝑥∗) and 

𝜓2 = 𝑓 𝑥2 − /
-. ∇𝑓 𝑥2 -

-

• Corollary: Can compute 𝜖-optimal point in 𝑂( 𝜅 log 𝜅 𝑓 𝑥2 − 𝑓∗ /𝜖 ) queries !!!
• Proof: ∇𝑓 𝑥2 -

- ≤ 2𝐿[𝑓 𝑥2 − 𝑓∗] and 𝑓 𝑥3 − 𝑓∗ ≤ 1 − 𝜅(//- 3 ⋅ 2𝜅 𝑓 𝑥2 − 𝑓∗



Plan for Today

Recap • Accelerated Gradient Descent (AGD)

Proof • Approximately optimal AGD for smooth strongly convex functions.

• Non-strongly convex
• Optimal complexity
• Momentum

Extensions Thursday

ü

ü

Generalizations and applications



A Proof!!

• For initial 𝑥2 ∈ ℝ0 compute 𝑣2 = 𝑥2 −
/
.∇𝑓(𝑥2)

• Repeat for 𝑘 = 0,1,2, …
• 𝑦3 = 𝛼 ⋅ 𝑥3 + 1 − 𝛼 ⋅ 𝑣3 where 𝛼 = 5

54/ and 𝜅 = ,
.

• 𝑣34/ = 𝛽𝑣3 + 1 − 𝛽 𝑦3 −
/
.∇𝑓(𝑦3) where 𝛽 = 1 − /

5

• 𝑥34/ = 𝑦3 −
/
,∇𝑓(𝑦3)

• Theorem: 𝑓 𝑥34/ − 𝜓34/ ≤ 1 − /
5 𝑓 𝑥3 − 𝜓3 for all 𝑘 ≥ 0 where each 𝜓3 ≥ 𝑓(𝑥∗) and 

𝜓2 = 𝑓 𝑥2 − /
-. ∇𝑓 𝑥2 -

-

• Corollary: Can compute 𝜖-optimal point in 𝑂( 𝜅 log 𝜅 𝑓 𝑥2 − 𝑓∗ /𝜖 ) queries !!!
• Proof: ∇𝑓 𝑥2 -

- ≤ 2𝐿[𝑓 𝑥2 − 𝑓∗] and 𝑓 𝑥3 − 𝑓∗ ≤ 1 − 𝜅(//- 3 ⋅ 2𝜅 𝑓 𝑥2 − 𝑓∗

How to improve?



Improved Potential Function
• For initial 𝑥2 ∈ ℝ0 let 𝑣2 = 𝑥2
• Repeat for 𝑘 = 0,1,2, …

• 𝑦3 = 𝛼 ⋅ 𝑥3 + 1 − 𝛼 ⋅ 𝑣3 where 𝛼 = 5
54/ and 𝜅 = ,

.
• 𝑣34/ = 𝛽𝑣3 + 1 − 𝛽 𝑦3 −

/
.∇𝑓(𝑦3) where 𝛽 = 1 − /

5

• 𝑥34/ = 𝑦3 −
/
,∇𝑓(𝑦3)

• Theorem: 𝑝3 = 𝑓 𝑥3 − 𝑓∗ +
.
- 𝑣3 − 𝑥∗ -

- satisfies 𝑝34/ ≤ 1 − 𝜅(//- 𝑝3 for all 𝑘 ≥ 0

• Corollary: Can compute 𝜖-optimal point in 𝑂( 𝜅 log 𝑓 𝑥2 − 𝑓∗ /𝜖 ) queries !!!
• Proof:  .- 𝑥2 − 𝑥∗ -

- ≤ 𝑓 𝑥2 − 𝑓∗

• Proof: 𝑓 𝑥3 − 𝑓∗ ≤ 𝑝3 ≤ 1 − 𝜅(
+
6
3
𝑝2 ≤ 1 − 𝜅(

+
6
3
⋅ 2 𝑓 𝑥2 − 𝑓∗



Momentum?

Algorithm 1 (initial 𝑥2 ∈ ℝ0)
• Let 𝑣2 = 𝑥2
• Repeat for 𝑘 = 0,1,2, …

• 𝑦3 = 𝛼 ⋅ 𝑥3 + 1 − 𝛼 ⋅ 𝑣3
• 𝑣34/ = 𝛽𝑣3 + 1 − 𝛽 𝑦3 −

/
.
∇𝑓(𝑦3)

• 𝑥34/ = 𝑦3 −
/
,
∇𝑓(𝑦3)

Algorithm 2 (initial 𝑥2 ∈ ℝ0)

• Let 𝑥/ = 𝑥2 −
/
,∇𝑓 𝑥2

• Repeat for 𝑘 = 1,2, …

• 𝑦3 = 𝑥3 +
5(/
54/

𝑥3 − 𝑥3(/
• 𝑥34/ = 𝑦3 −

/
,
∇𝑓(𝑦3)

𝜅 = ,
. , 𝛼 = 5

54/ , and 𝛽 = 1 − /
5

These algorithm are equivalent!

The 𝑥, are identical in each algorithm.



What if not strongly convex?
Idea

• min
0
𝑔 𝑥 = 𝑓 𝑥 + 1

+
𝑥 − 𝑥2 +

+

• 𝑔(𝑥) is 𝜆-strongly convex

• Can compute 𝑥3 an 4
+
-optimal point  in 𝑂 *.1

1
log 5 0! &5∗

4
steps

• 𝑓 𝑥 ≤ 𝑔(𝑥) so 𝑔∗ ≥ 𝑓∗
• 𝑔 𝑥2 −𝑔∗ = 𝑓 𝑥2 −𝑔∗ ≤ 𝑓 𝑥2 −𝑓∗ ≤

*
+ 𝑥2 − 𝑥∗ +

+

• 𝑓 𝑥3 ≤ 𝑔 𝑥3 ≤ 𝑔∗ + 𝜖 ≤ 𝑓 𝑥∗ + 1
+ 𝑥2 − 𝑥∗ +

+ + 𝜖

• If 𝜆 = 4
‖0!&0∗‖$$

have 𝜖 optimal point in 𝑂 * 0!&0∗ $
$

4 log * 0!&0∗ $
$

4 queries

Problem
min
!∈ℝ&

𝑓(𝑥)

Can remove the log factor by both a better reduction and a more direct algorithm (see notes)



Plan for Today

Recap • Accelerated Gradient Descent (AGD)

Proof • Approximately optimal AGD for smooth strongly convex functions.

• Non-strongly convex
• Optimal complexity
• Momentum

Extensions Thursday

ü

ü

ü
Generalizations and applications


