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Plan for Today

Accelerated Gradient Descent (AGD)

Recap

* Approximately optimal AGD for smooth strongly convex functions.

* Non-strongly convex

* Optimal complexity Thursday
* Momentum

Generalizations and applications



Problem

Recap min £(x)

Regularity Oracle Goal Algorithm Iterations
n=1, f(x)€[01], x, € [0,1] value -optimal anything 0
n =1, x, € [0,1], L-Lipschitz value €-optimal €-net O(L/¢€)
€ [0,1], L-Lipschitzin || - |le value e-optimal e-net (G)(L/e))n
L-smooth and bounded value, gradient e-optimal e-net exponential
L(f(x
L-smooth gradient e-critical gradient descent ( (f( 02 f)>
€
. . . L f(xo) — fo
L-smooth u-strongly convex gradient e-optimal gradient descent O | —log|—
U €
Llxy, — x.
L-smooth convex gradient e-optimal gradient descent 0 ( %o Ilz)
€

N2
Today: prove and discuss improvements to O ( \[ log (f (xo)=f )) and O ( L||x0€x*||2>



Recap

Theorem: f: R™ — R is L-smooth and u-strongly convex (with respectto || - ||,) if

and only if the following hold for all x, y
def L
CFO) S UL E F) + VDT —x) +2 lly — xII3

*fO) 2 L) & fO)+ V)T — %)+ lly — xlI3

Goal #1: improve

0 (5108 ("22)) 0~0 [ 1og ("))

74

X

<
<



* Are many to choose from

Ap p Yoac h * This one is intuitive and mechanical and will let us touch on ideas of other proof

*  Will lose a logarithmic factor and will explain how to remove

Approach Progress Measure
* Maintain point (x;, € R") o f(x;) — rrellkn Ly (x)
X n
* Maintain lower bound e > f(x,) — L.(x) = f(x) — f.

* L. R" - Rs.t.
* L, (x) < f(x)forallx € R"
* Update both in each iteration



Tools: Quadratic Lower Bounds

Lemma 1: Ly, (x) = f() + VF ) (x = ) + lx = ¥lI3 = 1y, +2 |lx — v, II3
forhy = () =5 IVf DIl and v, =y = V().

Lemma 2: If f, f>: R™ — R are defined for all x € R" by
GO = +5 =0l and 60 =y +5 llx = vall}
Then for all « € [0,1] we have
fo0) = @+ i) + (L= @) - () = Yo +5 I = v}
Where
cvy=a-vm+{1—a) v,

cYg=a-P;+ (A —a) Y, +L;a(1 — a)llv; — v, 15



Accelerated Gradient Descent (AGD)

* Initial xo € R", Ly(x) = 3y +I—; lx — voll5 s.t. f(x) = Lo(x) for all x

* Repeatfork =0,1,2, ...
* Vg =a-xx+ (1—a)- v, wherea € [0,1]

* Ly, () = fr) + V) T (x — yi) +L; llx — yill3
* Liy1(x0) = Yiqq +l—; lx — vis1ll5 = BLi(x) + (1 = B)Ly, ,, (x) where B € [0,1]

1
* X1 = Yie =7 V(W)

Theorem: L (x) = f(x) forallk > 0and x € R™. If k =2 , 0= \]_:Zl, and B =1—k"1/?, then
1
Foern) = i < (1= ) [F 00 = W]
N

and ~+/Kk iterations suffices

Proof?
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Accelerated Gradient Descent (AGD)

* Initial xo € R", Ly(x) = 3y +I—; lx — voll5 s.t. f(x) = Lo(x) for all x

1
* Repeatfork =0,1,2,... Pers = Bue + (1= ) [)’k Loren
* yp =a-x,+ (1 —a): v, wherea € [0,1] M

* Ly, () = fr) + V) T (x — yi) +L; llx — yill3
* Liy1(x0) = Yiqq +l—; lx — vis1ll5 = BLi(x) + (1 = B)Ly, ,, (x) where B € [0,1]

1
* X1 = Yie =7 V(W)

Theorem: L (x) = f(x) forallk > 0and x € R™. If k =2 , 0= \]‘:Zf and B =1—k"1/?, then
1
Foern) = i < (1= ) [F 00 = W]
N

and ~+/Kk iterations suffices

Analysis?



Some Intuition

* Initial xo € R", Lo(x) = g +7 llx = vgll3 s.t. f(x) = Lo(x) for all x
e Repeatfork =0,1,2, ...
K L
Ve =@ X+ (1 —a): vy, wherea = K+1andK—L

+ Virr = B+ (L= B) |y = V()| where p = 1——
* X1 = Y _%Vf(:)’k)

Note

* Tk =T «a (i.e. the more use gradient point)

* Tk =T/ (i.e. the less use lower bound)

* Tk=>T(1-p)/ulie.the bigger the “gradient step” for vy, 1)

Analysis?



* Yr=a-x+ (1 —a)- v

* L, (X) =fl) = Vf()’k)T(x = Vi) +§ |l — J’k”%

Proof p|an . Lk+1<x>—¢k+1+ lx = visqlIZ = BLp () + (1

* Xk+1 = Yk — va(Yk)

Theorem: L (x) = f(x) forallk = 0and x € R" and if k ——PLL a = \/_‘Zl

Fe) = = (1= ) G0 =

and ~+/k iterations suffices

Plan (since Ly (x) = f(x) fact is immediate)

* Upper bound f (xk+1) (gradient descent step)

* Lower bound Yy, (lower bound combination analysis)
* Leverage choice of y, (algebra)

* Pick a and [ so everything cancels (more algebra)

and f =1——

\/ ’

- 'B)LJ/I<+1 (X)

then



s yp=a-x,+ (1 —a) v
* Ly, (x)=f(n) = V)T (x — yi) +l_; lx — yill3

U pper bound o Lip1(0) = PYrgr +E11x = vies 12 = LG + (1= B)Ly,, (x)

1
* Xk+1 = Yk — va(Yk)

* flxgq1) <7727

* Gradient descent!

¢ f Q1) < FO) — - IVF @3



* Yr=a-x+ (1 —a)- v

* Ly, (x)=f(n) = V)T (x — yi) +l_; lx — yill3

Proof p|an * Lie1(0) = Prpr + S llx —vppall = BLX) + (1

* Xk+1 = Yk — va(J/k)

Theorem: L (x) = f(x) forallk = 0and x € R" and if k ——PLL a = \/_‘Zl

Fe) = = (1= ) G0 =

and ~+/k iterations suffices

Plan (since L, (x) = f(x) fact is immediate)

1

* Upper bound: f(xk+1) < f(ri) —5; IVF (i)l

* Lower bound Yy, (lower bound combination analysis)
* Leverage choice of y, (algebra)

* Pick a and [ so everything cancels (more algebra)

and f =1——

\/ ’

- 'B)LJ/k+1(x)

then



s yp=a-x,+ (1 —a) v
* Ly, (x)=f(n) = V)T (x — yi) +L2L lx — yill3

Lower Bound * Lirn () = Yiar + 510 = v lf = L () + (1= B)Ly,,, ()
* Xk+1 = Yk — %Vf(Yk)
* Apply Tool #1
o Ly, () =1y, +E]lx — vy, |13 1
* Yy, = f (k) Yy ”Vf(YR)”% and v, =Yg _;vf(YR)
e Apply Tool #2
2
* Yrrr = B+ (L= By, +5 B(L = B)||vic — vy, [}
* Algebra
2 2, 2 T 1 2
v = vy ||, = v = wiell o V) (e = yid + 5 IV )l
 More algebra

s Pieer 2 B+ (L= B |F 1) =2 IVF@IE + BYF 3i)T (W — v |

2u




s yp=a-x,+ (1 —a) v
* Ly, (x)=f(n) = V)T (x — yi) +l_; lx — yill3

Proof p|an * Lis1 () = PYrar + 5 lx = v I3 = BLi(x) + (1 = B)Ly,,, (%)

* Xk+1 = Yk — va(Yk)

Theorem: L (x) = f(x) forallk = 0and x € R" and if k =—PLL, a = \/_\];1 and =1 —7, then

1
FGrern) =i < (1= ) [F G — 0]

and ~+/k iterations suffices

Plan (since L (x) = f(x) fact is immediate) / /

+ Upper bound: f (1) < f () — 5 IVf io)lI3

* Lower bound: P41 = By + (1= B) [0 =52 IV Gl + BVF 0T (i = )|

 Leverage choice of y (algebra)
* Pick a and [ so everything cancels (more algebra)



s yp=a-x,+ (1 —a) v
* L, (X):f(YIc)—Vf()’k)T(X_YR)‘FL;”X_YRH%

Choice of Yk L () = Yieer + Ellx = vl = LG + (1 = B)Ly,,, (%)

* Xk+1 = Yk — va(Yk)

Goal
* Lower bound Vf(y) " (vy — yi)
Note
(1 )k —yi) + alxg —yi) =0
— Yk = (_) (Vi — xx)
(note there is an a € [0,1] s. t — =y forally >0)
Convexity

« flx) = f) + V) T (e — yi)

* (note, this is the first time we have used convexity between two points where one of
the points is not x,)

Algebra
* VE)T @i — i) = (75 [F ) — F ()



s yp=a-x,+ (1 —a) v
* Ly, (x)=f(n) = V)T (x — yi) +l_; lx — yill3

Proof Plan * Lis1 () = PYrar + 5 lx = v I3 = BLi(x) + (1 = B)Ly,,, (%)

1
* Xk+1 = Yk — va(Yk)

Theorem: L (x) = f(x) forallk = 0and x € R" and if k =—PLL a = \/_\];1 and f =1-—

1
FGrern) =i < (1= ) [F G — 0]

?T,then

and ~+/k iterations suffices

Plan (since L (x) = f(x) fact is immediate) / /

+ Upper bound: f (1) < f ) — 52 IVf io)lI3
¢ Lower bound: Y1 = Bypx + (1 = B) [F ) =52 IVF Qi3 + BYf )T (s = )|
+ Choice of yie: Vf (i) (v = y1) = (7 )[f(yk) - fol

* Pick a and [ so everything cancels (more algebra)



s yp=a-x,+ (1 —a) v
* Ly, (x)=f(n) = V)T (x — yi) +L2L lx — yill3

Algebra * Lgy1 () = Ppyqr + % lx — vesall5 = L (x) + (1 — BIL,, . (x)

1
* Xk+1 = Yk — va(Yk)

So Far (since L, (x) = f(x) fact is immediate)

+ Upper bound: f (xi41) < f i) =5 IVf i3

+ Lower bound: Y41 = Bt + (1= B) |[f ) =52 IVfGil3 + BYF 010 T i = )|
+ Choice of ye: VA ()T (Wi — yi) = (2= ) [f ) — - fex)

Rearranging

* f41) — Vi1 < f) _z_L ||Vf()’k)||2
B — (1= B) |[F o) =52 IV I3

| _oha- B (=) [f ) — £ 00 -
=5[22 o - ¢R]+/3[1—( T2 ro0 45 [ | iwrowns




s yp=a-x,+ (1 —a) v
* Ly, (x)=f(n) = V)T (x — yi) +§ lx — yill3

Cancellations * Lia (0 = Yo 45 0= vl = LG + (L= By, ()

1
* Xk+1 = Yk — va(Yk)

Pick a and f8 so extra Terms Cancel

_ 2
)f( k) — l/Jk] +pB [1 — ( all ﬁ))]f( k) W —%] IVf ll5

fOs1) — Y1 < B [(

Choice of Choice of a
,a-p? 1 , a-p) _ a 1
u L=V 1-a _1(:)1—04_1—[3_\/’_C

° @a:
c o f=1—K1/2 Vet



s yp=a-x,+ (1 —a) v
* Ly, (x)=f(n) = V)T (x — yi) +l_; lx — yill3

Proof Plan * Lis1 () = PYrar + 5 lx = v I3 = BLi(x) + (1 = B)Ly,,, (%)

1
* Xk+1 = Yk — va(Yk)

Theorem: L (x) = f(x) forallk = 0and x € R" and if k =—PLL a = \/_\];1 and =1 —7, then

1
FGrern) =i < (1= ) [F G — 0]

and ~+/k iterations suffices

Plan (since L (x) = f(x) fact is immediate) / /

+ Upper bound: f (1) < f ) — 52 IVf io)lI3
Lower bound: Y1 = Bypx + (1 = B) [F ) =52 IVF Gil3 + BYf )T (e = )|

/Jmoiceofyk:wmmk yio = (- )[f(yk) - feo

* Pick a and [ so everything cancels (more algebra)



Accelerated Gradient Descent (AGD)

* Initial xo € R™, Lo(x) = 1o +% Ilx = voll3 s:t. £(x) = Lo(x) for all x

1
* Repeatfork =0,1,2,... Pers = Bue + (1= ) [yk Loren
* yp =a-x,+ (1 —a): v, wherea € [0,1] M

* Ly, () = fr) + V) T (x — yi) +L; llx — yill3
* Liy1(x0) = Yiqq +I—; lx — vis1ll5 = BLi(x) + (1 = B)Ly, ,, (x) where B € [0,1]

1
* X1 = Yie =7 V(W)

Theorem: L (x) = f(x) forallk > 0and x € R™. If k =£, a = \]‘:Zf and B =1—k"1/?, then
1
Ftern) = i < (1= ) [F G = ]
N

and ~+/Kk iterations suffices




Initial Lower Bound?

» Goal: Lo (x) = o+ llx — vgll5 s:t. £(x) = Lo(x)

* Idea: L, (x) + f(xo) = Vf(x9)" (x — x¢) +i2L 1x — %115
* Ly, =Yg +§||X — vgll5
* Yo = f(x0) =5 IIVf (xo)lI3
* Vo = X —ivf(xo)

* One gradient evaluation!




A Proof!!

* Forinitial xo € R™ compute vy = x —in(xO)
* Repeatfork =0,1,2, ...

. yk=a-xk+(1—a)~vkwherea=%andk—£
1
* Vgs1 = Pr+ (1 —f) [)’k—;Vf(J’k) where ff = 1‘@

1
* X1 = Yie =7 V(W)

* Theorem: f(xx11) — Yia1 < (1 —ﬁ) [f (xx) — Yy ] forall k = 0 where each Y, = f(x,) and
Yo = f(xo) 2 IVF (xo)ll5

* Corollary: Can compute e-optimal point in 0 (v/k log(k[f (x¢) — f]/e)) queries !!!
+ Proof: |[Vf (xo)13 < 2LIf (xo) — £ and £ () — f. < (1 — x72)" - 2k[f (xo) — f.]
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* Forinitial xo € R™ compute vy = x, —%LVf(xO)
* Repeatfork =0,1,2, ...
VK L
* Vi =a-xk+(1—a)-vkwherea=mandk—7‘
1
* s = Bt (L= ) [y =5 V00| where f = 1
* Xk+1 = Yk =7 V()

* Theorem: f(x11) — Yry1 < (1 —ﬁ) [f (xx) — Yy ] for all k = 0 where each ¥, = f(x,) and
Yo = f(xo) 2 IVF (xo)ll5

* Corollary: Can compute e-optimal point in O (\/k log(k[f (xg) — f]/e)) querles !
« Proof: [|Vf (xo)lI3 < 2L[f(xo) — £ and f(xe) — £ < (1= k72)" - 26[f (xo) — f.]



Improved Potential Function

* Forinitial xy € R" let vy = X
* Repeatfork =0,1,2, ...
VK L
. yk=a-xk+(1—a)~vkwherea=K—+1andk=;
1 1
* Vg1 =P+ (1 —p) [)’k V)| wheref =1-——

1
* X1 = Yie =7 V(W)

* Theorem: p;, = f(x) — f +L; vy, — x.||3 satisfies pr,q < (1 —k~Y2)py forallk = 0

* Corollary: Can compute e-optimal point in O (\k log([f (xo) — f.]/€)) queries !!!

* Proof: g”xo — x5 < f(x) — fi
1. k 1k
» Proof: f(x) — f. < pi < (1-#72) po<(1-x72) -2[fCxo) = ]



1

Momentum? K=<, a=2T andf=1-=

Algorithm 1 (initial x, € R") Algorithm 2 (initial x, € R")
* Let vy = X * Letx; =x0—%Vf(x0)
* Repeatfork =0,1,2, ... - Repeatfork = 1,2, ..

-1
* Yk =X T (ﬁﬂ) [k = Xk-1]

1
* X1 =Y =7 VI(K)

*Yyr=a-x,+ (1 —a)- v
* Vi = Bor + (1= B) [y =5 V)
* Xi+1 = Yk _%Vf(YR)

These algorithm are equivalent!

The x,, are identical in each algorithm.



Problem

What if not strongly convex? min £ ()

XERM

Idea

. A
. ngcmg(x) =f0) +3llx — x5

* g(x) is A-strongly convex
* Can compute x7 an g—optimal point in O < /L—/:A log (@)) steps

 f@) < g sog. = f.
+ g(x0) — g. = f(x0) — gu < f(x0) — fu <7 llacg — x.13

A
* flxr) <glxr) < g.+e<f(x) +‘2 [ER —x*ll% +€

. _ € : Lo /Lllxo—x*ll% Ll|xo—x.15 :
IfA = E— have € optimal pointin O ( . log( . )) queries

Can remove the log factor by both a better reduction and a more direct algorithm (see notes)
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