Introduction to
Optimization Theory

Lecture #8 - 10/8/20
MS&E 213 / CS 2690 1]

—f
. Aaron Sidford /\/ /\ {\/\/
sidford@stanford.edu . 0\ IR
R 0 \N

1
f
1
Xy



Plan for Today

Recap * |terative methods

Extension #1 BEEIE IS

* Composite functions
* More Extensions



Problem

Reca Y min f(x)

Regularity Oracle Goal Algorithm Iterations
n=1, f(x)€[01], x, € [0,1] value -optimal anything 0
n =1, x, € [0,1], L-Lipschitz value €-optimal €-net O(L/¢€)
€ [0,1], L-Lipschitzin || - |le value e-optimal e-net (G)(L/e))n
L-smooth and bounded value, gradient e-optimal e-net exponential
L(f(x
L-smooth gradient e-critical gradient descent ( (f( 02 f)>
€
. . . L f(xo) — fo
L-smooth u-strongly convex gradient e-optimal gradient descent O | —log|—
U €
Llxy, — x.
L-smooth convex gradient e-optimal gradient descent 0 ( %o Ilz)
€

_ 2
Accelerated Gradient Descent: O ( \[ log (f (xo)=f )) and O < /_L”xoex*llz)
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Extensions

Iterative Method Landscape

* So far — first order methods (gradient / value oracle) and || - ||,
* Our machinery extends to many different settings and oracles
* Goal: see broader theory and understand extensions

Casess
* Different norms (e.g. || - || o)
* Constraints, e.g. melgl f(x)

X

» Composite functions, e.g. min f(x) + [|x||;
X
* Coordinate descent

smooth simple



Extension #1 — Arbitrary Norms

 Definition: || - ||: R® - Ris a norm if and only if for all x,y € R™ and a € R:
lax|l = lal - (IxIl, llx + ¥l < llx]l + ||yl , and [|x]| =0 = x =0
* Definition: For norm || - || its dual norm || - ||, is defined for all x € R" as ||x||, = |fn||a<)§ z'x.
Z||=
* Lemma: ||-||. isa norm if ||-|| is a norm.
* Examples:

+ lxlly and llxllo
1 1
+ lixll, and [lxlly for2 +% = 1when 1 <p,q (e |x[l, and [,

* ||x]|l4 = VxTAx for positive definite A and |[x]| 4,-1

« Lemma (“Cauchy Schwarz”): [xTy| < ||x]| - ||y|l. for all x and y
Analogous to

. i T a 2 _ _ 1 2
. Lemma.mylnx y+Z 1yl oyl B3 1

L
min f(x) + V() (x = y) + llx =yl = fO) =7 IVF I
y



Example Proof el = o 2"

Lemma: minx Ty + 2 [[y[|? = —— [|x|?
y 2 2a
Proof:
* LHS = —max—x"y —% Iyll*
y
T a 2
[ ) e _ ) Z o . Z
BeRzeRMzll=1 (B-z)—|IB -zl
== max B (-0)Tz-E
B.llzll=1 22
= — = _ap”
= mﬁaxﬁ = xll, ==

Maximizing f =

x|l

a

Same as ||z|| = 1 since can
always increase argument
without decreasing objective.



Arbitrary Norms

* Definition: f: R™ — R is L-smooth with respect to ||-|| if and only if
IVF(x) = VFIl. < Lllx =yl forallx,y € R"

* Definition: f: R™ — R is u-strongly with respect t/?t | - || if and only if
f@-y+A-0-x) <t fO)+A-Of() -5t -Dllx—yl*

_ 2 _ 2
Why? 0 <L”x kx*llz) versus 0 (L”x kx*lloo>

Can mean a 0(n) step improvement as ||x|| < llxll; < Vnllx|le




Algoritth? Idea: consider upper bound!!

Lemma: If f: R"™ = Ris L-smooth with respect to || - || then forall x,y € R"

FO) = [f @) + V)T — 0]l <7 llx = ylI?

Proof: x; = x + t(y — x)
s A=) = [FO) + V)T — 0] = [, (VF(x) = VF () (v — x) dt
14l < [ (VG - V@) v - )|

o < L NVFGe) = VFEOILNly — xllde
s IVF(x) = VF@II. < Lllx, — x|l = Lelly — x|



Equivalence?

Lemma: If f: R™ — R is convex and differentiable with !
fO)<fOM+YDT =y +5llx = ylII*

then f is L-smooth, i.e. [|[Vf(x) — Vf(D)Il. < Lllx — yll.

Proof:
* Lletg(2) = f(2) = [f(x) + Vf(x) T (z — x)]
» gisconvexand Vg(x) =0

+ 0= g(x) = ming(z)
¢+ 9@ < FO) VO (2= y) +5 11z = ylIP] = [F(x) + V() (2 — x)]
* fO)SFE+ VT -0+ lly — xII?

+ 0 <min(VF(y) = VF(0) (2= ) +5 2=yl +3 Iy — xI2

: T « 2 2
s L minx"y + > [lylI? = == llyll
= — = IVF () = VF @I +5 lly = x? y 2 2a



More Equivalences

Lemma: f: R" —» R is L-smooth and u-strongly convex with respect to
| - || if and only if for all x,y € R"

L
—~ le —ylIF<f») - [fx) +V ) (y —x)] < <= llx - ylI?

Lemma: twice differentiable f: R™ — R is L-smooth and u-strongly
convex with respect to || - || if and only if for all x,z € R"

ullzll* < z"V2f (x)z < Lllz||?



Algorithm? Bl =y < ) ~ [FGO) + Vf ()T (v~ 2] <

T @ 2 ! 2
minx 'y + > [|y[|* = == llyllx
Upper Bound Oracle! y 2 2a

. L
* X1 = argmin f(x) + V() T (x — x) +3 llx — x I?

* = flreen) < FO0) = IVF G2

Example: || || = || - |
. ;ﬁgﬁnin fO) +V ()T (B - 2) +‘; 1B - zIl%
NZlleo=1

1 X >0
« z=—sgn(Vf(x,)) wheresgn(x); =<-1 x;<0
0 otherwise

+ argmin f (o) = BV sl +28 = o) — 2 IV @3

VS Gl
© X1 = X — % -sgn(Vf (xx))

N |~

lx = ylII?



N |~

lx = ylI?

Analysis Bl = yI2 < ) - [F) + )Ty~ )] <

Upper Bound Oracle!

. L
* Xp4+1 = argmin f(x;) + Vf(xk)T(x — Xg) +5 l|x — xkllz

* = f(Xps1) < fx) _2_1L ||Vf(xk)”>|2<

Theorem: Gradient descent computes
e-optimal point with

Lemma 0 (ﬁ log (U(LE)_HD gradient queries
1

LIV < FO0 — £ <
1

c SIVFCONE = F) — . <

2
u Acceleration? u=20
2

Depends on norm! Next extension!
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Composite Function Minimization

Problem ;rell%&r}l f(x) where f(x) = g(x) + ¥(x)

* g:R™ = Ris L-smooth with respect to || - || and convex
* Y:R" - Ris “given / simple” (TBD)
* f:R — Ris u-strongly convex with respect to || - ||

Examples
* Constrained minimization: min f(x) — mln f(x) +Y(x) where p(x) =0if x € S and
Y (x) = oo otherwise xes

* Regularization
 ¢,-regularization: f(x) = g(x) + Al|x||; (encourage sparsity)
* £,-regularization: f(x) = g(x) + Allx — x,||5 (strong convexity)
* Many more!



Composite Function Minimization

Problem nel]}%n f(x) where f(x) = g(x) + Y(x)
X n
* g: R" - Ris L-smooth with respect to || - || and convex
« : R™ - Ris “given / simple” (TBD)
* f:R = Ris u-strongly convex with respect to || - ||

Question
* How to optimize?

* Note: f may not be smooth! May not be differentiable!
*eg flx) =gx) + Alxll;




