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Problem

Reca Y min f(x)

Regularity Oracle Goal Algorithm Iterations
n=1, f(x)€[01], x, € [0,1] value -optimal anything 0
n =1, x, € [0,1], L-Lipschitz value €-optimal €-net O(L/¢€)
€ [0,1], L-Lipschitzin || - |le value e-optimal e-net (G)(L/e))n
L-smooth and bounded value, gradient e-optimal e-net exponential
L(f(x
L-smooth gradient e-critical gradient descent ( (f( 02 f)>
€
. . . L f(xo) — fo
L-smooth u-strongly convex gradient e-optimal gradient descent O | —log|—
U €
Llxy, — x.
L-smooth convex gradient e-optimal gradient descent 0 ( %o Ilz)
€

_ 2
Accelerated Gradient Descent: O ( \[ log (f (xo)=f )) and O < /_L”xoex*llz)



Extensions

Iterative Method Landscape

* So far — first order methods (gradient / value oracle) and || - ||,
* Our machinery extends to many different settings and oracles
* Goal: see broader theory and understand extensions

Cases
* Different norms (e.g. || - || o)
* Constraints, e.g. melgl f(x)

X

» Composite functions, e.g. min f(x) + [|x||;
X
* Coordinate descent

smooth simple



N |~

lx = ylI?

General Norms ‘i v17 <700 -7+ 7076 - 0] =

Upper Bound Oracle!

. L
* Xp4+1 = argmin f(x;) + Vf(xk)T(x — Xg) +5 l|x — xkllz

* = f(Xps1) < fx) _2_1L ||Vf(xk)”>|2<

Theorem: Gradient descent computes
e-optimal point with

Lemma 0 (ﬁ log ([f(%)—f])) gradient queries
1

VO < FO) - £ <3
1 U

"o IVFCOIZ = f(x) — fo <% llx — x|

Acceleration? u=20

Depends on norm! Next extension!
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Composite Function Minimization

Problem ;rell%&r}l f(x) where f(x) = g(x) + ¥(x)

* g:R™ = Ris L-smooth with respect to || - || and convex
* Y:R" - Ris “given / simple” (TBD)
* f:R — Ris u-strongly convex with respect to || - ||

Examples
* Constrained minimization: min f(x) — mln 1 f(x) +(x) where p(x) = 0if x € S and
Y (x) = oo otherwise xes

* Regularization
 ¢,-regularization: f(x) = g(x) + Al|x||; (encourage sparsity)
* £,-regularization: f(x) = g(x) + Allx — x,||5 (strong convexity)
* Many more!



Composite Function Minimization

Problem nel]}%n f(x) where f(x) = g(x) + Y(x)
X n
* g: R" - Ris L-smooth with respect to || - || and convex
« : R™ - Ris “given / simple” (TBD)
* f:R = Ris u-strongly convex with respect to || - ||

Question
* How to optimize?

* Note: f may not be smooth! May not be differentiable!
*eg flx) =gx) + Alxll;




+ min f(x) where f(x) = g(x) + Y (x)
X
g:R™ = Ris L-smooth with respect to || - || and convex

U pper Bou nd OraCIe : Y: R™ - Ris “given / simple” (TBD)

* f:R — Ris u-strongly convex with respect to || - ||

Algorithm
5 def L
* Xkp1 = argmin Uy, (v) & g(xx) + Vg ) T (v — xi) +- lly = xill? + ¥ (y)
y

Note
* Only need 1 gradient evaluation! (if Y is known)

* Y “given” & can solve above problem



min, f(x) where f(x) = g(x) + ¥ (x)
X n
Anal Sis * g:R™ - Ris L-smooth with respect to || - || and convex
y  Y:R"™ > Ris “given / simple” (TBD)
 f:R - Ris u-strongly convex with respect to || - ||
Algorithm

: def L
* Xrr = min Uy () = g0 + Vg (i) " O = 0 +5 1y = xell* + 9 ()

L
Lemma: f(y) < Uy, () < f) + lly — x|l for all x;., y € R™
Proof:

* Smoothness: f(y) < Uy, (¥)
+ Convexity: g(¥) 2 g(ai) + Vg () Ty — x1) = Uy, () < £ )+ lly — xi1?

: L :
Corollary: f(x;4+1) < 3%1%11 f) +- ly — x|I2 Is this property enough to

obtain e-optimal points?

. . . L
Proximal Point Method: X, = argmin f(y) +7 [ly — x|l Is progress of proximal point method enough?
y



St rongly CO nvex Ca Se Challenge! f may not be differentiable!

Lemma: If f: R"™ - Ris ,u—stron%ly convex with respect to || - || then
: 2
= +-lly —x|I* < - - f.
minp(y) = f(y) +5 lly = xlI < f(x) L+ [f (x) = £]

Proof: x; = x + t(x, — x)

L
g 1 < 1 = 1 —_ 2 — 2
minp(y) < min p(xe) = min f(x) +7 - %flx — x|

cf) St f)+ (=6 fO) =t = llx - x.I?
s minp(y) < min £(0) = tlf () = F)] +5 (Lt — (1 = O] - llx — x|

. Dirli _h
Picking t = Lih yields result



+ min f(x) where f(x) = g(x) + Y (x)

* g:R™ - Ris L-smooth with respect to || - | and convex
Strongly Convex Case  Y:R™ - Ris “given / simple” (TBD)

* f:R - Ris u-strongly convex with respect to || - ||

Lemma: If f: R™ - Ris ,u-i,trongly convex with respect to || - || then
U
. — +_ . 2 S = _ -
minp(y) = f) +5lly —xlI" < fG) =77 p [f (x) — f.]

Implications:
: . L
* ey = argmin Uy, (1) = f (esn) S minf ) +5 ly = xll?
X

+= 0o — £ < (1=-2) [fGxo) — £1]

u+L
: L [f (xo)—f]
-:f(xk)—ﬂS6|n0(;log( x(;

Question: did we need ) convex? No! But can’t be too non-convex.

)) oracle queries



Non-Strongly Convex Case

Lemma: If f:R™ = Ris convex and x, is a m|n|m|zer

minp() = £0) + £y~ < £~ (1) — £ m {1}

Lllx = x.]|?"

Proof: x; = x + t(x, — x)

° < — = 2 2
mlnp(y) min, p(x) = [min f(xt)+ 2l — x|

'f(xt)<t fx)+@A—-1) f(x)
. m1np(y)< min_f(x) — t[f(x) — f(x. )]+— llx — x. %

te[0,1]

]|C|§c 0 jlclz yieldsresultift <1

* Otherwise L||x — x.||* < f(x) — f, and picking t = 1 yields the result

* Pickingt =



L 1 —f

Non-Strongly Convex Case

Lemma: If f convex and x;, satisfy f(x;4+1) < min f(x) +—§ lx — x.||%
X

: 2LD?
andD = max  min |lx — x| then f(x;) — f, <=
X0,X1,..- MINIMIZer x, +3
k=1
k €k 2€k41 €k+1
Proof: €, = f(x;) — f. °* min {—2 1} > min {LDZ' Y } =
€k€k+1
€ € _
¢ €piq < € —Xmin{—X 1! * Eg+1 = € ;
k+1 k 2 LD2 LD
o 1 1 _ Ek—6k+1 1
" Ek+1 S Ek €k+1 €k €k€k+1  2LD?
L 2LD?
e, <--D?forallk > 1 ¢ ¢, <
2 — k+3

Acceleration? Yes! If norm is ||-||,!

|
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