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In the last chapter we proved the following result about gradient descent for minimizing L-smooth p-strongly
convex functions.

Theorem 1. Let f : R®™ — R be a L-smooth p-strongly convex function for u > 0. Let xg € R™ and
Zx € Xu(f) be arbitrary and let x4 = xp — %Vf(xk) for allk > 0. Then
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Consequently we can compute an e-optimal point with
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A natural question to ask, is is this optimal? If all we have is a gradient oracle, can we design an algorithm
with improved query complexity? Here we address this question, showing how improved (optimal in some
cases) query complexities through a technique often referred to as acceleration.

queries to a gradient oracle.

Acceleration is powerful and somewhat mysteriouss technique in optimization. Optimal rates for minimizing
smooth convex functions were first achieved by Nesterov in 1983 [2] and has been shown to be quite powerful
in obtaining faster methods in theory and in practice. Consequently, there are a number of perspectives
on acceleration one could take, e.g. viewing it as a type of momentum based method, derviting it from
continuous time dynamics, explaining the method as a careful combination of gradient descent and mirror
descent [1] (an algorithm we will discuss later in the class). There are even interesting geometric views of
the method, and varied potential based approaches to analyzing it, e.g. estimate sequences, and there have
been attempts to explain the method as primal-dual.

Though there are many different approaches to obtaining improved, accelerated query complexities for min-
imizing smooth convex functions, they typically share a few common characterisitcs. They maintain more
than a single point as the state of the algorithm and use more than just function error of the current point to
analyze progress. In this chapter we will provide one particular principled derivation of accelerated smooth-
convex minimization algorithms, simple potential function based analysis, and relate the methods to the
acceleration.

This chapter only covers a few of the perspectives on acceleration; if you would like more references on any
of the others, just let me know.

*These notes are a work in progress. They are not necessarily a subset or superset of the in-class material, there may also be
occasional TODO comments which demarcate material I am thinking of adding in the future, and citations are often omitted.
These notes are intended converge to a superset of the class material that is TODO-free with a more complete set of citations
and pointers to the literature. Your feedback is welcome and highly encouraged. If anything is unclear, you find a bug or typo,
or if you would find it particularly helpful for anything to be expanded upon, please do not hesitate to post a question on the
Piazza or contact me directly at sidford@stanford.edu.



1 Lower Bounds for Faster Methods

So how should we improve upon gradient descent for smooth, convex function minimization? Recall that
f+R™ — Ris L-smooth and p-strongly convex if and only if all z € R™ the induced upper bound, L, : R — R,
and lower bound, L, : R" — R, defined for all y € R" by

Lo(y) = f(z) + V() (y — ) + %Hy — |3 and Uy (y) = f(z) + V()" (y — ) + glly —z|3

satisfy
La(y) < f(y) < Us(y) for ally €R™.

We saw that gradient descent was derived from just the upper bound implied by smoothness, U, as xj11 =
argmin Uy, (v) = xf — %V f(x). Although, strong convexity and the induced lower bounds, L,, were used
in the analysis of gradient descent, it was used in the derivatoin of the algorithm. Consequently, a natural
idea to improve upon gradient descent is to leverage the lower-bounds induced by convexity.

Expanding upon this idea, we first focus on deriving an algorithm in case of strongly convex functions,
f : R® — R. To leverage the lower-bounds induced by convexity, our algorithm will maintain both a
point zj with a function value we wish to decrease (as in gradient descent) and a lower bound function,
L : R™ — R, with the property that Ly(z) < f(x) for all 2. In every step of the algorithm our algorithm
will seek to decrease the difference between the value of x; and the minimum value of the lower bound Ly,
ie. f(zr) — ming Li(z). Not that it suffices to decrease this quantity as f(xg) — ming, Lg(x) < f(zk) — f«
by the fact that min, Ly (z) < Lg(zs) < f(zs) = fa.

With this approach in mind, what lower bound Ly (z) should we use? We know that every query to a gradient
oracle at a point x uses a lower bound L, and one natural idea would be simply to let L be the maximum
of all the lower bound functions we have computed, i.e. Ly(z) = max;—x) Lz, () where x1,...,2; € R™ are
the points at which the gradient oracle has been queried before. While this idea could possibly be made to
work, the resulting lower bound function could be complex as k increases complicating both the derivation
and analysis of such a method.

Instead, our accelerated algorithm will simply pick Li(x) to be simple quadratics, i.e. Ly(z) = ¢ + 5|z —
vg||3. We pick such Ly as every L, is of this form and such functions are closed under convex combinations,
ie. for any Ly(z) = ¢y + 4llo — w3, Li(x) = ¥}, + §llz — v}]|3, and a € [0,1] it is the case that
aLi(z) + (1 —a)L)(z) = g + &z — v]|3 for some ¢ and vj'. Consequently, we can obtain and iterative
combine such lower bounds with a gradient oracle. In the remainder of this section we prove some basic facts
about such functions and then in the next section use them to more precisely derive an accelerated method
for minimizing strongly convex functions.

First we give the a simple lemma characterizing quadratics.

Lemma 2 (Characterizing Quadratics). Twice differentiable f : R® — R satisfies V2f(x) = A € R™*" for
all x € R™ if and only if

1
F@)=FW) + Vi) (@ -y) + 5y —2) Aly - ) for allz,y €R".
Consequently, for such functions if z, € R" satisfies Vf(zy) =0 and ||z]|a = V=T Az for all z then

1
f(x) = flz.) + QHCC — CE*H?A for all x € R™

Proof. Suppose V2f(z) = A € R™" for all z € R". Let x; = x + t(y — z) for all ¢ € [0, 1]. We have shown
that
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Since fol fot dadt = fol tdt = $t?|§ = 1 the remaining results follow immediately. O

This lemma shows that we can re-write our lower bounds as quadratics centered around a particular point
and obtain simple formulas for combining quadratics. (Note that these lemmas, and that fact, could also be
proven by direct calculation. )

Lemma 3. For differentiable f : R™ =+ R, L >0, and y € R” define L, : R™ — R for all x € R" by

Ly(x) = (@) + V@) (g~ )+ 5 Iy — 13

Then for all x € R™ we have
M 2
Ly(z) = ¢, + 9 |y — 'UwHQ
where

b = fla) inwuw% and vy =z — iwm.

Proof. Since,

L (2= 295@)) = ) - 5 V@R,
VLQ;( —in >:w Vf()_ﬁ,and
L,(z) = pI for all z € R”
the result follows from Lemma 2. O

Next, we analyze combining quadratics. This lemma shows that when adding an o multiple of one quadratic
to a 1 — o multiple of another (with the same hessian), then we obtain a new quadratic with a center that
interpolates linearly and with a minimum value that interpolates quadratically (e.g. the farther away the
centers are, the more that combining can increases the lower bound).

Lemma 4. Let fy, f1 : R® — R be defined for all x € R™ by

Jfo(z )def¢o+*H$ wlls and f1(33)=¢1+%|\93—111|\5
For i, 11 € R, vg,v1 € R, and u > 0. Then for all « € [0,1] and x € R™ we have
Jal@) = a fol@) + (1= a) - fi(w) = Yo+ Sl = vall3

where u
Vo = avg + (1 — a)vy and Yo = atpg + (1 — a)1 + 5@(1 —a)llvr — o3 -

Proof. Note that
Vale) =a- - (z—v0) + (1= ) - pula —v1).

Since vq, —v9 = (1 — @)(v1 —vp) and v, — v1 = avg — v1) we have that

Viea)=a-p-1—a) (v1—vo)+(1—a) - p-a-(vp—v1)=0.



Further, this implies that

falva) = a [0 + £ lva = vol3] + (1 = a) [1rr + v — w1l
= agho + (1= a)ur + & [a(l = a)?ljer — woll3 + (1 = a)a?or - voll3]

= ato + (1 = a)ir + La(l - a)llor — vl

Since V2fo(x) =a-p-T+ (1 —a)-pu-IT=p-Iforall x € R the result then follows from Lemma 2. O

2  Accelerating Smooth Strongly Convex Minimization

As discussed in the previous section, our first acceleration approach is as follows. In every iteration k& we
maintain some zp € R™ and some lower bound function Lj : R™ — R such that for all x € R™ we have
Li(z) < f(x). We restrict ourselves to Ly, of the form, Ly (x) = ¢y, + 4[|z — vy |3 for some ¢, € R and some
vg € R™. Now, since clearly min,crn Li(z) = 9, we know that

fxr) = ¥n > f(zx) —min f(z) = fzy) = f.

Consequently, it suffices to show we can decrease f(xy) — 1, with few calls to a gradient oracle.

The way we do this is simple. We pick some « € [0,1] and let
yp=a- -+ (1 —a) vg.

We se this point y; to improve both our lower bound and upper bound. To improve the upper bound we
take a gradient descent step and let xp41 = yi — %V f(yx) and to update the lower bound, we take a convex
combination of the old lower bound Lj and the lower bound from the point vy, i.e. Ly, . Formally we pick

B €10,1] and let Lyy1(y) = 8- Li(y) + (1 — B) - Ly, (y) for all .

That is the entire algorithm and the ultimate pseudocode for it is fairly short. We pick our lower bounds
Li(z) = tr + 4[| — vi||3 as this update rule keeps the Ly, of this form and we can store these L, compactly
and consequently, this method is easy to implement.

What is tricky about this algorithm and the analysis of it, is reasoning about exactly what happens when we

combine lower bounds. In the following lemma we analyze the change in L, through a self contained helper
lemma.

def

Lemma 5. Let f: R™ — R be differentiable p-strongly convex function and let Ly (x) =
such that f(x) > Li(x) for all x. Then for all § € [0,1] and yi € R™ we have that

Lit1(z) =B - Li(x) + (1 = B) - Ly, (2)

where Ly, (x) = f(yi) + V()" (x — yi) + §llz — yell3, satisfies f(x) > Lyia(z) for all z € R™ and

Ui+ Gllz —vell3 be

Lia (2) = g + Sl = vpa3
where
1
Vpp1 = -vp + (1= 0)- {Z/k - va(yk)] and

2

B =B (1= 0) - | Fl) = oI TSI + 550 - 9)-

v — [yk - ivf(yk)]

2



Proof. Since f is p-strongly convex, for all z € R® we know that f(z) > L, (x) and therefore

Lipa(z) = 8- Li(x) + (1 = ) - Ly, (z) < B- f(z) + (1 = B) - f2) = f(2).
Further, by Lemma 3 we know that

Ly, (z) = vy, + gHI — vy, |13 for all z € R"

where

e = 1) = 5 IV S and vy, = 31— V7).

Consequently, the result follows from Lemma .4. [

Using this we can analyze the combination of a gradient descent step from y; and the combining of lower
bounds.

Lemma 6. Under the same assumptions of Lemma 5 if y = o - + (1 — «) - vy, for some a € (0,1) and
Try1 =Yk — £V (yk) then we have
B8)?

Flonn) = s 810 an) = o]+ 6+ [ 1= a- 122 () = o) + |15

- 52| IV 700)1B.

e L _ 1 _ ke
Consequently if Kk = = ﬂ—l—\/g, anda—H_\/E then

f@r) = pa < (1 - \}E) [f (k) — Vi

Proof. Now by our assumption on y; we have
— | | © e — )
—yp = [y — T — Y = — [Yx — Tk -
Uk =Yk = T Wk T @ Tk =Yk = 7 Wk — Tk
Since f(x1) > f(yr) + V£ (yx) " (2 — yi) by convexity and ||vy — yx||3 > 0 trivially we have
2

oo [ = 29s@] | = [ - w18 + 2950070 = 0 + 19001
> V) - o) + 5 VSR
> T2 ) = f@l + 5 ISl

Consequently, by Lemma 5 we have

B 2 B+ (L= 6)- | F) = LIV S| + 80 8)- |12 ) = Sa] + IV £

Combining this with the fact that f(zx11) < f(yr) — 52 |Vf(yx)|3 yields

1-— 1-5
Flanin) = buss < B =0 - flan) = B+ [1= (1= ) = a8 1= | Fl)
1-8 11 )
P B.(1=8) — — —
15l -8 am o - or | IVIR
This yields the first formula. The values for 5 and « were chosen by solving for (1 — 8)? = & = %

yielding the first formula and then solving for « - % = 1 which yields that % = 1 — « which then yields

1 _ e 0
1+ﬁ T l+VET

o =



The preceding lemma shows how to construct a step that decreased an upper bound on f(z) — f« by a
multiplicative 1 — \/% in every iteration. To turn this into a full algorithm, all that remains is to show how
to bound the initial error, i.e. how to get an initial quadratic lower bound on our function. However, by
Lemma 3 we already know that how to get a lower bound, so all that remains is to analyze the initial error
with this lower bound.

Lemma 7. Let f : R™ = R be a L-smooth p-strongly convez function then for any xog we have that for

Yo = (o) - inwwn% and vy = zo — iww

def

it is the case that f(x) > Lo(z) = o + §llz — vol|3 and f(zo) — ¥ < % [f (o) — fil-
Proof. The fact that f(z) > Lo(z) is immediate from Lemma 3. Since ||V f(z0)||3 < 2L - [f(z0) — fi] we
obtain the desired upper bound on f(x¢) — o. O

Putting this all together yields the following. Note that although our algorithm was motivated by maintaining
Ly, we in fact only need to maintain vy in the algorithm.

Theorem 8 (An Accelerated Gradient Descent Method). Let f : R™ — R be a L-smooth p-strongly convex

function and let k = % For arbitrary o € R™ compute vg = g — %Vf(xo) and for all k >0 let

o yp =a- -+ (1 —a) v fora= 1{'%

® vpp1 =0 o+ (1) [yk_ivf(yk)} Jor =1~

® Tpy1 =yr — VS (k)

k
Then we have that f(xy) — fu« < (1 — ﬁ) k- [f(x0) — fi] and consequently we can compute an e-optimal
point for f with 1+ [/klog(k - [f(xo) — fi]/€)] queries to a gradient oracle.

Proof. For all k if we let Lj(z) = ¢y, + &|lz — v||3 then we have by previous lemmas that there is a way to
choose the 9y, such that f(z) > Li(x) for all z and therefore f(xy) — f. < f(zr) — ¥r. We have also proven

that this can be done so that f(xgy1) — Yrr1 < (1 — ﬁ) [f(zr) — ] and f(zo) — o < k- [f(x0) — fi]
yielding the result. O

A natural question to ask is can accelerated gradient descent algorithm be further improved? It can be
shown that the dependence on k in the asymptotic rate cannot, in general, be improved if the function can
be accessed only through a first-order oracle and there is no dependence on dimension.

However, the  in the logarithmic term can be improved just by slightly improving the analysis. Careful
inspection of the analysis in this section shows that in fact it suffices for Ly (z4) < f(x.), i.e. Li(z) < f(x)
for all x € R™ is not required. More formally, it can be shown that if Lo(x.) < f(z.) then for all k¥ we have
Li(zy) < f(z«) and again

k
flzg) = fo < (1— \/1E) [f(zo) — o] -

Further, since Lo(x) = tho + & |lvg — z[|3 for vg = xo and ¢ = fi — §|wg — .3 trivially has the property
that Lo(z.) < f(z) and f(x0) — o = f(z0) — fu + §llwo — z.]|3 < 2[f (x0) — f+] by strong convexity we see
that if in Theorem 8 we simply set vg = x then the k factor can be changed to a 2.

This analysis can be strengthened and shown more directly simply by changing the potential function used
to analyze progress. Rather than analyzing f(z)) — ¢y it can be shown that f(zy) — fi + §|lvo — 2.3 also

decreases by a multiplicative 1 — x~1/2 in each iteration. We how this in Section 4.



3 Non-strongly Convex Functions

How can we use the above result to minimize non-strongly convex functions? There is a fairly general trick
to reduce non-strongly convex function minimization to strongly convex function minimization and that is
regularization. This is a commonly used term with multiple applications and interpretations. When we use
this term in the class, we will simply use it to refer to the idea of adding a simple function we understand
to improve the behavior of our iterative methods.

The idea we use here is simple. Instead of minimizing f(x) directly, given some point we just minimize
g(x) = f(x) + 4]z — xo||3. Clearly this function is p strongly convex and thus we can apply accelerated
gradient descent as analyzed above to it. Below we analyze the performance of this scheme.

Lemma 9. If f is a L-smooth convex function then given any xg € R™ we can compute an e-optimal point

with
NH ol — I o (1l —ﬂ
€ €

queries for any z. € X.(f).

Proof. Given zy € R™ we run accelerated gradient descent to minimize g(z) = f(z)+4 |lz—a0||3 for a value of
1 we pick later. Since g is pu-strongly convex and L+ p smooth we know that by accelerated gradient descent

we can compute an e-sub-optimal point, denoted z., for g with [ #log (2-[g(x0) — g«]/€)] gradient

queries.

Now, since g(x) > f(z) for all z we have g, > f.. Furthermore, since g(zo) = f (o) we have

L

g(xo) — g+« < f(wo) — fu < 3 2o — @|3 -

Furthermore, by the definition of g and x. if we let 2y denote a minimizer of f we have that

J(ed) < e+ min g(x) < e+ gleg) = e+ fo + Sl — .3

Consequently, computing z1, for p = m yields the desired result. O
* 112

%
There are two natural ways to remove the log factor in the above analysis. The first is to change the
accelerated gradient descent algorithm itself and the second is to minimize f(z) 4+ 4|lz — 20|3 in phases
changing perhaps what the regularization is with respect to. Both can be used to remove the logarithmic
factors. The first has the advantage of perhaps being a more natural way of running the algorithm, but
the second has the virtue of being a fairly general reduction. In the next section we provide such a direct
accelerated method.

4 Direct Potential Based Proofs of Optimal Dimension-Free Rates

Here we show how to strengthen then analysis of the preceding sections providing method which we can
directly analyze to show they achieve the optimal dimension free rates for minimizing smooth strongly
convex functions. The main result of this section is the following.

Theorem 10. Let f : R® — R be a L-smooth p-strongly convexr function for p > 0. Let zg € R™ and
2 € Xu(f) be arbitrary. There is an algorithm which with k queries to a gradient oracle outputs a point xy,

with
k

fan) = £ (1= /%) 2taw) - £



and method which outputs a point xj with

L|jzo — 2.3

f(xk)ff* < 22

Consequently, it is possible to compute an e-optimal point with

0] (min{\/glog (f(fﬁo)e— f*) 7 L||$06—x*||% })

queries to a gradient oracle.

We prove this theorem by analyzing a slightly generalized variant of the accelerated algorithms we have seen
earlier in this section. The accelerated method we saw earlier maintained two points, x; € R™ and v, € R™,
combined them to obtain a new point yx = ay - x + (1 — ag) - vg. Then let vg+1 be a combination of v,
Yk, and the gradient at yi, i.e. vg41 = Br v + (1 — Br) -y — MV f(yx), and let z11 be the result of a
gradient descent step from yy, i.e. x11 = yr — %V f(yx). To derive our accelerated methods we analyze one
step of this method for arbitrary ag, Ok, and 7. In particular we analyze the effect of this method on the
function error of xy, i.e. €x = f(xr) — f+ and the squared, scaled distances from v to a minimizer ., i.e.
re = 5ok — 2.3

Lemma 11. Let f : R™ — R be a L-smooth p-strongly convex function for p > 0 and suppose that for some
x and v, we let

° yk:ak'mk—l—(l—ak)mk
® Vpp1 =Bk vr+ (1= Be) - yx — eV f(yr)

o Zpy1 =yk— £ V.S(yr)

Then if x, is a minimizer of f and we let e = f(xy) — fo and 1 = tlve — 4|3 then we have

ag B
U}%L'Gkﬂ-f—?“kﬂéﬁk'm—i-liak-nk-ek—i—Ek
where 8
(0%
Ep = [(1 = Br) — p-me] il + nkL—l—lfO'jk e

Consequently, if p-nx = (1 — Bg) and qp L = 1+ f_’“Z’; = 17(11:5:)0”“ then
ML - €1 + i1 < B ri+ (L — 1) - ni - €
Proof. Letting z; < B - v, + (1 — Br) - yx we see that
1 2
Thtl = §||Zk — 2w — MV f(yr)ll2
1 2 T 771% 2
= Sl =l — V) — ) + V)

Now, letting €/ = f(yx) — f. and ¥ = $llyk — x.||3 we see that by smoothness

o = Flaen) = F) < F) = Fo2) = 52 IVFIE = — 93



and by convexity of || - ||3

1 1
3 llzn = @3 = S1Bk(vn = 2) + (1= Bi) (e = @Iz < Bi - e+ (1= Bi) -7
Combining yields that

Thar < Be i+ (1= Be) - rp — eV () T (26 — ) + i L€}, — exqa] .-

Further, since

(1 — ag)[vr — Y] = aryx — ox] and vy = yx +

(75
1 [yk - ffk]
— Qg

we have that

Q
2 — T =B v+ (1= Br) - yb = Yr — T + Yk — x1] .

1-— A
By p-strong-convexity we have that for all z € R”

F(2) = fl@) > ) = fl@) + V) (= =) + Sz — 2l
= e = V) (e = 2) + Sllz = well3-
Consequently, picking z = z, implies
~V ) (g —2) < € — pr and — V f(yr) " (g — 2x) < —[ef —ex] — prf .

Combining yields

o B
V) (k=) < —ef —prf = 7 (e
and
Yy y y o B " 271y
Thtt S B+ (L= Br) g — e €+ prg o+ 1— o ~lep — el | +niLle} — x4l
which yields the result. -

This lemma turns the problem of designing an accelerated scheme to picking g, Sk, and ni to certify as
much progress as possible. We focus on choosing parameters where Ej in the preceding lemma its 0, i.e.

a
1~ By = g and Iy = 1+ 2P%
1— oy

though other schemes are possible.

In the case of strongly convex functions, p > 0 we wish to show that in
ML - er1+rri1 < B+ (el — 1) - - ex

we have a multiplicative decrease of By from ry and €; to ryy1 and €41, i.e. that the decrease is balanced
among the two error measures. Consequently, we wish to have for n; > 0

(meL — Lm = By, - L or equivalently (1 — 5)L = 1

Letting x = L/p and combining with 1 — 8y = uny this implies that um, =
Br = 1—k~/2. Further, L, = 1+ ok 1=k

lfak 1—

NG
1+vVk
We analyze this algorithm below.

L%n and n, = i and

1—Bk) - : a
(akﬂ") implies /k(1—ax) = 1—=7&. Thus, (k—1)a = k—/k

. Thus, this choice of parameters recovers the strongly convex algorithm we analyzed earlier!

and o =




Lemma 12. In the setting of Lemma 11 if u >0, k = ﬁ, ag = 1_‘(5@ and B, =1 — ﬁ then

1
€k+1 + grk+1 < (1 — \/E> [Ck + %m} .

Proof. Let n = (1 — B)i = ﬁ Note that

[0
1—5k:MnkandL7lk:1+k76k
170%

as we argued above and therefore by Lemma 11
ML - €rr1 + i < Br i+ (L — 1) - i - e

Further, since L — 1 = niL - B) as argued above and n7L = i the result follows by multiplying each side
by u. O

Leveraging this lemma we obtain the optimal dimension-free rate for minimizing smooth, p-strongly convex
functions for p > 0.

Theorem 13 (Strongly Convex Accelerated Gradient Descent). Let f : R™ — R be a L-smooth p-strongly

conver function and let K o % For arbitrary xqg € R™ let xg = vg and for all k > 0 let

NG
1+Vk

oy, =a- -z, + (1 —a) v fora=

o veri = Bvet (1= B)- [y — £V )| for =1~ &

K

® Tpp1=yr — £V Iy

k
Then we have that f(xy) — fo < (1 — ﬁ) -2 [f(xo) — f«] and consequently we can compute an e-optimal
point for [ with [/klog(2 - [f(xo) — f«]/€)] queries to a gradient oracle.

Proof. Noting that (1 — 3) - i = ﬁ and applying Lemma 12 we have that

k
an) = ot o=zl < (1= 22 [fe0) = £+ Sl = .]B]

Since &lvg — x.[|3 < f(xo) — f« by strong convexity, the result follows. O

Next, we consider the setting when o = 0. In this case, to set 1 — 5 = un we see that we should set 5, = 1.
Further, to set n = % [% + 1] this implies we wish to set n = m This choice of parameters yields
that

ML - €1 + i1 < (kL — 1) -1 - € + 7 -
To obtain an algorithm, we simply imagine we have a bound on Ay -€e,+ry, solve for n, such that (nyL—1)-n; =
Ay, and consider the algorithm this induces. We analyze this formally in the following lemma.

Lemma 14. In the setting of Lemma 11 if Ay > 0 and p = 0 if we let ), = S THALAL JQ"ZA‘LA’“ (i.e. the positive
solution to (Lmx — V) = Ag), ag, =1 — WlfL’ and B =1 then

(A + k) - €pp1 + 11 < Ag e + 15

10
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Proof. Note that 1 — B, =0 = un and 1, = % [a’“—ﬁk + 1} = m Thus by Lemma 11 we have

ML €1 +rop1 < B+ (e — )i - €
Further, note that 7y, is a solution to (Lny — 1)1, = Aj. Since Ln,% = Aj + ni the result follows. O

Leveraging this lemma we obtain the optimal dimension-free rate for minimizing smooth, convex functions.

Theorem 15 (Convex Accelerated Gradient Descent). Let f : R™ — R be a L-smooth convex function and
suppose that for some Ay > 0, zg,v9 € R, and all k > 0 we let

1++14+4L A
2L

,ap =1— andAk+1:Ak+nk

° N = I
o yp=ap-xp+ (1 —ag) v

® Vpr1 =k — NV f(yr)

o Tpy1 =yr — VS (Yk)

Then if ., is a minimizer of f and we let e, = f(x1) — fo and rp = 3llve — 2|13 then for all k > 0 we have

A€ +r < Ag-eotro- (4.1)

Further, A, > (/Ao + %)2 Consequently, if vg = o and Ag = 0 we have that for all k > 0

[0 — I3
— f, < 20— xll2
flag) — fe < 572

Proof. By Lemma 14 we have that Apy1 - €xyr1 + 1 < A - €, + 1 for all £ > 0. Applying this repeatedly

yields (4.1). Further, since for all £ > 0 we have n; > ﬁ + % we have that

1 Ak 1 2
= + > + — 41 [ 22— [ {/
Ak+1 Ak Nk = Ak o, 7 ( Ak f)

Consequently, /Ax11 > VA + ﬁ and applying this repeatedly yields that v/ Ay > v/ A+ % forall k >0
yielding the result. O

We now have everything to prove the main theorem of this section.

Proof of Theorem 10. This follows immediately from Theorem 13 and Theorem 15 O

5 Momentum

Another popular viewpoint or perspective on acceleration is that it can be viewed as gaining momentum in
some sense, i.e. once you move in the direction of the gradient you keep moving in that direction for some
time afterwards. This view can be confirmed by a rearranging of the variables in the method we derived and
gives alternative statement of the accelerated gradient descent algorithms we have derived.

Lemma 16. Let f : R® — R be a L-smooth p-strongly convex function and suppose that for all k > 0 it is
the case that xk, vk, yx € R™ are given by Lemma 11 with nxyL =1+ % then for all k > 1 we have

11



® yp =T+ ((11,::51) : 011#1»31@71) (v — Tp—1)
® Tpp1=yr — £V I(yr)

Proof. For all k > 0 we have that

1
__1,—-ak

g, e — ou - ) = yi + [yr. — x1] and V f(yr) = L(yx — Tr41)

1 — O
Consequently, we have that

Vg1 = Brvr + (1= Be) -y — - V. (yr)

o Bk
1 [y — k] — L -k - [ye — Trga]
~an

=Ykt

o B
1-— (67

= Tg41 + TRy — 2]

kB
1—ayg

where we used that ny, L =1+ in the last line. Consequently,

Ybt1 = Qkt1 - Tht1 + (1 — Qpg1) - Vb1

1 — O
= Tpq1 + <1+1> Pk - [Thy1 — Tk
o

yielding the desired result. O

Theorem 17. Let f : R® — R be a L-smooth p-strongly convex function and let k = % For arbitrary
zo € R" let ¢1 = 9 — %Vf(a:o) and for all k > 1 let

® Yp =1+ (ﬁﬁ) (Th — Tk-1)

® Tpp1=yr — 1tV I(yr)

k
Then we have that f(xx) — fo < (1 — ﬁ) -2 [f(xo) = f+] and consequently we can compute an e-optimal
point for [ with [/klog(2 - [f(xo) — f«]/€)] queries to a gradient oracle.

Proof. We will show that the sequence of x; generated by this method are the same as those generated by
Theorem 15 and therefore the result follows. First, note that as vg = xg it is the case that yg = x¢ and

Ty = X9 — %Vf(:co). Further, as for ay, = \/\E/il and B =1 — ﬁ = ‘/\E/; it is the case that

(5] () (52) 45

the result follows from Lemma 16. O

Theorem 18. Let f : R® — R be a L-smooth u-strongly convex function and let k = % For arbitrary

xo € R" let 1 = x9 — %Vf(xo), Ay = %, N = %, and for all k> 1 let

_ 14++/14+4LA; _ 1 —
) nk‘_Tkﬂ ak—l—m, andAk-+1—Ak-+nk

® yp =T+ (nf,i;l 'ak71> (xk — Th—1)

12



® Tpy1 =yr — VS (k)

Then if x, is a minimizer of f we have that for all k > 0 that

on _x*”%
— fy < — "2
flzk) = f < 572

Proof. We will show that the sequence of x; generated by this method are the same as those generated by
Theorem 13 and therefore the result follows. First, note that as vg = zg it is the case that yo = x¢ and
T =20 — %Vf(xo). Further, for Ag = 0 we see that 7y = % and A; = %.Further, as for B = 1 we have

1—ag _ Mk—1
— ) o1 B = —
1—ap_1 Mk

the result follows from Lemma 16. I
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