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Introduction and formulation

Introduction and Motivation

motivation

@ bubbly flows are ubiquitous in
nature.

o even at low void fractions, their
presence can significantly change

e sound speed
e attenuation characteristics
o inertia of the medium

o crucial to understand the dynamical
properties of the medium.
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objectives

o derive governing equations and
disturbance relations for
bubble-liquid mixture.

o perform stability analysis of
spacewise problem of inviscid
bubbly shear flow, following
d’Agostino et al., JFM, 1997.

o study the effect of presence of
bubbles.
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Basic equations niversity

Individual phase continuity equation (IPCE):

pi and «a; are the density and volume fraction of phase 1.

Individual phase momentum equation (IPME):

Opit; = L
%—&-V%piui@ui +pil) =0,
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Derivation of mixture continuity equation

Starting with IPCE for liquid phase:

Opray

V- (priey) =0,
o T (prty o)

Rewrite,

If p = f(p, s), for an isentropic process,
Dy _ 2Dp
Dt Dt
where, c is the speed of sound. Using this above,
1 Dp 1 Do -

— 4+ ——+V- 14 =0,
pic; Dt a; Dt b
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Introducing terminologies University
Let,
e (3 - number of bubbles per unit liquid volume
e n - number of bubbles per unit total volume
o 7 - individual bubble volume ;
@ ay - volume fraction of bubbles = nr 00 O
Now, OO O O O OO
# gas vol.  tot. vol. 00 O O O
1481 =1+ (= Jr=14— = —— Ooo O OO
lig. vol. liq. vol. lig. vol. OO OO OO
e # _ #  liguid B OQOQOOO
tot. vol.  lig. vol. tot. vol 1+ 871 O O ®) O
BT
ap =
1+ 6871

Substituting in the equation,

Mixture continuity equation:

1 \Dgr 1 Dp = .
() - g =
1+87/) Dt pc2 Dt
where, D/Dt = 8/8t + ;- V and 7 = 4/37R3

(assuming spherical bubbles)
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Mixture momentum equation ety

Start with IPME for liquid phase:

Op1t;
ot

+V (il ® @ +p1) =0,

Rewriting,

ul{a'gal +V- (pzalul)} +Plal{7 + Vﬁl} ==V,

Mixture momentum equation:
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Closure HvEsy

Assuming volumetric mode of oscillation of the bubbles,

modified Rayleigh-Plesset equation (also called as Keller-Miksis equation)

(1—éR)RR+gR2(1—3iCZR) _ (HC%R) pR(t)+p;§t+R/cl)}+pTzipR(t)

where, dots are D/Dt, pgr is the liquid pressure at bubble surface and p; is the
driving pressure.

D1

Boundary condition

o 4,uR
t) = D) S 2— - ——
py(t) = prt) + 27 + =2
where, pp is the uniform bubble internal pressure,
o is the surface tension and p is the liquid
viscosity.

[Keller & Miksis, J. Acoust. Soc. Am., 1980.]
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Mixture continuity equation:

( 1 )DBT 1 Dp;

- =1 =V,
1+ 87/ Dt pic; Dt

Mizture momentum equation:

Dy .
1—op) =t = ¥
pr(l — ap) 0 DI

modified Rayleigh-Plesset equation (also called as Keller-Miksis equation):

(- cllR)Rm 332(1 - 3%3) = (1+ CllR) pr(t) + pi(t + R/c) bt e

P

Boundary condition:
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Stability analysis of 2D parallel flows

Let,
° u = U(y)éz + ﬂ(xryv t) and v, = ﬁ(xzyv t)
° pr=po+p(,y,t)

° Rl = Ro + R(I,y, t)

Let, ap — @, pp = p, g — ¢,
Substituting these in mass and momentum equations, linearizing and subtracting

base flow and (assuming /3 to be uniform),

disturbance mass equation

Il
<
Sy

DR 1 Dp
(%)% a5t

where, D/Dt = 8/0t + Ud/dz

disturbance momentum equation

1—a){—+U 4 U }= —

-2 v }———

where, prime denotes 0/dy

Stability of bubbly flows
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If gas is assumed to behave polytropically, then,

B <R0>37
Pb = Pbo R

Linearizing,
Ro
—po(1-3 7)
Pv PbO( Y R

Substituting these in Keller-Miksis equation and the boundary condition,
linearizing and subtracting base flow,

disturbance equation for bubble dynamic response

3yk  20R 4uR 3yR 2R _4uR _ p

cRy cR(z) Ropc a Rio

R e
PR+ pro R2 R3 R 4F

where, dots represent 15/ Dt
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Normal mode assumption

Now, making an ansatz for the disturbance,
° il = ,a(y)ei(szwt)
ﬁ(y)ei(szwt)

0 V=
o p=p(y)eithr—wt)
° R: R(y)ei(kz—wt)

Substituting these in the disturbance equations,

disturbance mass equation

3 &
ikii+ o = —iLw R+ i-Lp
R pc2

disturbance momentum equation

p(1 — a)(—iwpa + U'D) = —ikp

p(1— a)(iwy0) =

where, w;, = w — Uk is the Lagrangian frequency.

ity of bubbly flows
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inertial ~damping  compressiblity

where,
w2 R, 4
N= LLfto 7’“2 + (thermal = 0)
@ PRy
- S~
acoustical viscous

is the damping coefficient and

2 _ Pe03y 20
“TR2 RS
Py 0

is the natural frequency of the bubble
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Dispersion relation for homogeneous medium ety

Let both =z and y be homogeneous.
Repeating the whole process again,

Then eliminating 4, ¥ and R from the 4 disturbance equations = wave equation
for p,

[ g(l—a)(ww%u<1C—2a>}w2_{kg+k§} p=0

RZ (—w? —iw) + w?)

=0 = dispersion relation

speed of propagation of harmonic disturbance w in the bubbly mixture medium

1 3a(l-a(+iwi) (1-a)
2, (w)  R2 (—w? — iwA + w?) c?
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Going back to the parallel flow setup

Eliminating & and p from the 4 disturbance equations,

equivalent Rayleigh system for bubbly flows

" ’
o = ikd — z’Eﬁ — iy 2 (on) (iwpd — U'D)
v = —ika + kc27() (iwLﬁ — U’f})

In the limit of ¢, — o0,
1
' =ikt —i—9
wr,

' = —ikd

Eliminating @, it reduces to the classical Rayleigh equation,

(U—-e)(D?—k)o—-U"9=0
where, D is 8/9y
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Base flow:

Inviscid shear layer

= U +U; + U2 — U tanh(g)

Ul(y) 5 > 3

Boundary conditions:
When y — 00 = U = const, then the system reduces to,

o = ikd
2
w
o = —ika + z'ziLa
ke2,(wr)

This admits a close form solution as,

Asymptotic solutions

= Ae:ty(k27w%/cgn)1/2

. ik (k2 —w2 /2 )1/2
GG eyt

where A is an arbitrary complex constant.
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Method: Shooting method.
Spacewise problem: complex k£ and real w is assumed.

Procedure

e Guess a complex eigenvalue k.

e Choose A such that initial conditions at y = —nd simplifies, where n > 1
(n =5 in this project)
=1
ik

YT R w23 )

o Integrate upto y = nd (using RK4 in this project).
o Check if the solution is continuous with the asymptotic solution at y = nd
ik

Uh=——"—7———7?
RS YENTE

o Iteratively correct eigenvalue k until convergence (using 2D Newton-Raphson
method in this project)

Suhas S Jain ty of bubbly flo



Stability ar

Stanford
Verification of the solver University

o d’Agostino et al. (1997) verified their solver against Michalke, JFM, (1965)
results for ¢,, — oo.
o same reference used here.

Verification for single phase (Cyy — 00)

0.25
02 4
0.15 —
,k"‘
0.1 4
0.05 4
0 . )
0 0.1 05

Figure 1: Verification against values from Table 1. of Michalke, JFM, (1965). In the
present project, w* values from 0 to 0.5 has been used with a step size of 0.005.
Solution is computed from lower w™ to higher. —k] values from previous w” is used as
an initial guess for next w™.

Suhas S Jain



Stanford

University
Effect of presence of bubbles
Ef fect of bubble resonance frequency
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Figure 2: Presence of bubbles have a stabilizing effect on the flow. Left: current work,
Right: d’Agostino et al., JFM, (1997). In all cases a = 0.01 and Ro = 0.01.

o as wy, decreases (approaches towards excitation frequency w*), flow stabilizes.

® wyy > w* = fluid behaves barotropically — asymptotes to single-phase
behavior.
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Maximum amplification rate
Effect of void fraction
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Figure 3: Maximum amplification rate —k}; 4 x as a function of natural frequency of
the bubbles wy, for different values of void fraction a. Left: current work, Right:
d’Agostino et al., JFM, (1997). In all cases Ry = 0.01.

o as wy, decreases, —k}, 4 5 reduces and flow stabilizes as observed before.

® wy, also decreases as « increases hence stabilizing the flow for higher void
fractions.
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Effect of bubble resonance

o Numbers for wy, in previous two cases were picked that are relevant to
practical applications.

Effect of bubble resonance frequency
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Figure 4: Left: current work, Right: d’Agostino et al., JFM, (1997). In all cases
a = 0.003.

e doesn’t match the paper exactly, since Rf values are missing in the paper,
but the results are close (I use R§ = 0.32).

°® as wy, decreases, flow again stabilizes.

e at resonance wy, ~ w*, flow is more stable (a local minimum can be seen).
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o Compressibility effect: “a certain amount basic flow energy must be used to
do work against the force due to the elasticity of the medium, before it
becomes available to initial instability” (Blumen et al. (1975)).

o Bubble dynamic damping: this provides another source of energy absorption,
which at resonance is significant due to the large amplitude of bubble

response.
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summanry

Governing equations of bubble-liquid mixtures along with the closure were
formally derived.

Disturbance relations were derived making appropriate assumptions.
Inviscid stability analysis of a bubbly inviscid shear flow was performed.
Stabilizing effect of presence of bubbles was studied.

Stability as a function of natural frequency of bubbles and void fraction was
also studied.

Stabilizing effect of bubbles at resonance was also investigated.

Work of d’Agostino et al., JFM, (1997) was successfully reproduced.
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