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Abstract

This paper considers the question of tacit collusion in repeated auc-
tions with independent private values and with limited public monitoring.
McAfee and McMillan show that the extent of collusion is tied to availabil-
ity of transfers. Monetary transfers allow cartels to extract full surplus.
A folk theorem proved by Fudenberg at al. shows that transfers of future
payoffs are almost as good if players are patient and communicate before
auctions. We ask how the scope of collusion is affected if players dispense
with explicit communication. Collusion better than bid rotation is still
feasible, but full surplus cannot be extracted. This constraint becomes
less severe with more players and large cartels can become asymptoti-
cally efficient even with very limited monitoring. (This paper is a revised
version of our paper ”Bidding Rings in Repeated Auctions”, Rochester
Center for Economic Research Working Paper No. 463 (1999).)
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1 Introduction.
Existing theoretical work on collusion in repeated auctions allows the players
to communicate before each auction. Such communication makes it easier for
the players to coordinate and select a designated winner in order to maximize
total surplus. Analysis of collusion without communication is interesting for two
reasons: First, in most cases communication is illegal so a truly tacit collusion
should dispense with it. Second, in some cases such communication maybe
impractical for the cartel members (for example if the auctions that take place
with high frequency). In this paper we analyze a model of collusion in repeated
auctions without communication and with limited monitoring to answer the
question how the scope of collusion is affected by the amount of information
shared by the players.
In our model there is a fixed number of players forming an all-inclusive

cartel that participates in infinitely many auctions over time. The valuations
are distributed i.i.d. across time and across players. The auction (the stage
game) is any standard auction with sealed bids, after which the seller announces
only the identity of the winner. The players do not communicate before each
stage. Therefore the public history of the game consist only of the identities of
past winners. In this information setup we consider Public Perfect Equilibria of
the game.
We start with a 2-player case. We obtain a full characterization of the

bidding functions in any stage of any PPE. That provides an upper bound
on the total surplus of a cartel in any PPE. This bound is independent of
the discount factor: The optimal collusive outcome is uniformly bounded away
from efficient collusion for any discount factor. That is in stark contrast with
existing results (mainly Fudenberg Levine and Maskin (1994)) that with pre-
stage communication the optimal collusive equilibrium converges asymptotically
to the first best.
Next we consider N player cartels and provide examples of tacit collusive

schemes involving history-dependent temporary exclusion of players. We show
that such schemes allow for improvement over the bid rotation scheme (BRS)
and non-cooperative bidding. In the end of section 3 we provide an example
of a simple exclusionary ’chips mechanism’ that according to our numerical
calculations is asymptotically optimal, at least for a uniform distribution.
Finally, we show that large cartels can achieve almost efficient collusion.

That provides an interesting contrast between the scope of collusion achievable
by small and by large cartels.

2 The model.
There are N = 2 players participating in infinitely many auctions for separate
objects that take place sequentially over time1. At the beginning of each period

1The generalization of the setup to N > 2 is obvious, but the characterization of equilibria
is not - see the remarks in the end of Section 2.1
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the identity of the good being auctioned is revealed and each player learns vi -
its own valuation of that good. These valuations are distributed independently
across players and across time. They are drawn from the same stationary distri-
bution with a c.d.f. function F (v), which is common knowledge. Assume that F
is continuously increasing and twice differentiable, with a density function f(v)
strictly positive over interval [0, vh]. Denote the unconditional expected value of
v by ev. At time t players know the individual valuations of the good currently
being sold and do not know their valuations of future goods.
The participation in the auction is limited to the N players. All players are

risk neutral and have a common discount factor δ.They cannot resell the good
nor use monetary transfers.
In every period the object is sold through an auction which defines the stage

game. The class of auctions we consider are standard auctions that satisfy the
conditions used in derivation of revenue equivalence theorem - see Riley and
Samuelson (1981). First price sealed bid auction (FPA) and second price sealed
bid auction (SPA) are examples of standard auctions. For convenience we set
the reserve price to zero. Let π denote any player’s expected payoff from a single
stage/auction. Let w denote the discounted sum of such one-period payoffs.
The crucial part of our setup is the information structure. Denote by h(t) the

public history of the game. We assume that the bidders do not communicate
before each auction. Furthermore, we assume that they do not observe each
other’s bids and that the seller publicly announces after each auction only the
identity of the winner. So h(t) contains the sequence of identities of winners
in auctions up to time t but not participation data, bids or payments. In
all that follows we allow the players to use external randomization (to jointly
randomize over continuation strategies). So h(t) contains also the history of
past realizations of this external random variable.
Analyzing this game we restrict our attention to Public Perfect Equilibria

(PPE), i.e. equilibria in which player’s bids depend only on the public history
of the game and their current valuations.2

In our opinion this information structure is an important case that has to
be considered in the study of the scope of collusion. There are four reasons:
First, pre-auction communication is often illegal in the light of antitrust law

and hence players have incentives to avoid it. That implies that the seller may
have incentives to reveal only partial data about the submitted bids hoping to
affect the collusive schemes.3 In many auctions hiding the identity of the winner
is practically impossible - for example in case of a procurement auction for a
contract to build highway, the winner of the auction can be clearly observed ex
post.

2This is not without loss of generality (in the sense that this does not cover all possible
SPNE), as players also know their own past bids and there exist SPNE in which they condition
their current bids on these private histories. Also the prices paid by winners (for example in
SPA) may reveal some information about the bids of other players.

3Partial revelation of information is a common practice in many auctions: for example
in energy auctions each player learns only his quantity and price. The aggregate demand
schedules are revealed with a six-month delay and the individual bids never get revealed.
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Second, the players may find communication impractical: for example in the
case of the energy auctions the auctions take place every ten minutes and there
is simply no time to organize knockout auctions.
Third, players may be interested in simplicity of the collusive scheme. In

particular, if it turns out that a collusive scheme that requires keeping track only
of the history of past winners creates (almost) as large surplus as a collusive
scheme that requires keeping track of all bids (submitted in true as well as
knockout auctions), then players may find it advantageous to trade off simplicity
for profits.
Finally, the scope of collusion is clearly monotonic in the amount of infor-

mation revealed: if a given collusive scheme forms a PPE with less information,
it does as well with more information in the public history. Hence analyzing the
game with only the identity of the winner observed we provide a lower bound
on the scope of collusion.

2.1 Characterization of Bidding Strategies.

Take any subgame of the game. For a moment introduce a restriction that every
player has to submit a bid in every auction. That implies that there are only
two possible public outcomes of the stage: player 1 wins or player 2 wins.
Denote by w1i and w2i the expected continuation payoffs of player i con-

ditional on him winning and losing the current auction respectively. Players
choose their bids to solve4:

Max
b≥0

vQ(b)− P (b) + δ(Q(b)w1 + (1−Q(b))w2) (1)

where Q(b) is probability of winning given bid b and P (b) is expected payment
in the current auction.
This problem can be rewritten as:

Max
b≥0

(v − c)Q(b)− P (b) + δw2 (2)

where c = δ(w2 − w1). If the expected continuation payoffs (for both players)
after winning and losing are the same then c = 0 and the bids are the same as in
a one-shot game. If, however, losing is rewarded with higher continuation payoff
than winning, then c > 0 and the first stage of the dynamic game is equivalent
to a one shot game in which the support of players’ values is shifted to the left
by ci.
The imposed information structure leads to a very limited class of bidding

functions: Looking at the rewritten problem we can see that players with real-
izations v < c strictly prefer to lose than to win even if they could pay nothing
for the good in the current auction. So for of values vi ∈ [0, ci) player i wants
to minimize the probability of winning and hence submits a bid bi = 0 (still
assuming that players are forced to submit bids). If ci are the same for all play-
ers, for values vi ∈ [c, vh] the bids are strictly positive and strictly increasing

4We omit the subscript i for brevity.
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in vi. When ci are not the same for all the players, then the bidding behav-
ior and expected revenues and payoffs differ across auction formats and players
submit bids that correspond to an equilibrium of a one shot game with values
distributed over [−ci, vh − ci].
To illustrate this result, consider a SPA. In a one-shot game it is a weakly

dominant strategy to submit bids

bi(vi) = vi (3)

In any PPE of the repeated game in any stage the weakly dominant strategy is
to submit a bid:

bi(vi) =

½
vi − ci if vi ≥ ci
0 if vi < ci

¾
(4)

This bidding function is shown in Figure 1 :

v

b(v) Competitive bidding
function

vh

Collusive bidding
function

c

c

Figure 1: Bidding function in SPA with 2 players

As we can see from the figure, choosing c involves a trade-off between efficient
selection and payment minimization. Selection takes place only in the region
v > c. The larger c is, the smaller are the payments to the auctioneer, but the
probability that the player with highest value wins the object decreases.
We now relax the restriction that everybody submits a bid. As the partici-

pation data are not publicly observable, such recommendation is not incentive
compatible. So there are three possible public outcomes: player 1 or 2 wins the
auction or nobody wins. So the whole decision problem is:

Max

½
δ(qw3 + (1− q)w2),

µ
Max
b≥0

(v − c)Q(b)− P (b) + δw2
¶¾

(5)
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where the first Max operator is over the decision to submit a bid, the first
expression is the total expected payoff conditional on not submitting any bid, w3

is the expected continuation payoff conditional on nobody winning the auction
and q is the probability of that event.
Therefore to describe completely the bidding strategy of a player in any

PPE we have to specify the continuation payoff w3. This payoff affects only
the participation decision: in any equilibrium, regardless of w3, conditional on
participating a player with valuation vi < ci submits bid bi = 0 and a player with
vi > ci submits a positive bid. Finally, as the payoff conditional on submitting a
bid is weakly increasing in v, w3 affects the bidding decisions only by introducing
a cutoff vi below which players decide not to submit bids.5

This full characterization of bidding strategies in any PPE allows us to pro-
vide a bound on the scope of collusion. Begin by describing efficient collusion:

Definition 1 A collusive scheme is efficient in a given auction if:
1. The cartel never pays the seller more than the reserve price.
2. The winner of the object is a player with the highest realized value.
3. The cartel wins the object if and only if at least one player has value above
the reserve price.
The collusive scheme is efficient (in the whole game) if it is efficient in every
stage.

A collusive scheme is efficient if it maximizes the ex-post surplus of its mem-
bers.
With this benchmark we now briefly review existing results.
McAfee and McMillan (1992) focus on incentives in a single auction and

show that with side transfers and pre-stage communication cartels can achieve
full efficiency for a wide range of discount factors. M&M also prove that without
transfers, the best the payoffs the cartel can achieve are generated either by non-
cooperative bidding or a bid rotation scheme (BRS) - where the winner is decided
independently of her value and pays the reserve price.6 These two schemes are
somehow two extremes in the attempt to obtain efficiency: In a non-cooperative
equilibrium the good always goes to the player with highest valuation, but the

5 Instead of fully characterizing how w3 affects the participation decision, in most proofs
and examples of PPE, we use the following structure: before each auction one of the players is
chosen randomly (with probability 1

N
) to be a ”sure bidder”. Suppose this is player 1. Then

we choose payoffs w3:

w31 = w11 (6)

w3i = w2i for i 6= 1 (7)

i.e. if nobody wins the collusive scheme recommends behavior as if the ”sure bidder” won.
Given that specification, it is immediate what are the strategies of the players: The ”sure
bidder” bids bi = 0 for vi < ci and all other bidders do not submit bids when their valuations
fall short of cj . Because the selection of the identity of the ”sure bidder” is random, the
expected payoffs from such equilibria are the same as in a game where all bidders always have
to submit bids.

6Which of these two schemes is better depends on the particular distribution of values.
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payment is higher than the reserve price. In BRS the payment is equal to the
reserve price but the good rarely goes to the player with highest value.
M&M suggest that even in a dynamic game these mechanisms cannot be

improved upon. This observation depends on the assumption of symmetric
continuation payoffs and is not correct when asymmetric payoffs are available.
Asymmetric continuation equilibria can work partly as monetary transfers

in their setup. This is the main theme in the several papers that study collusion
in repeated auctions. The most general approach is in Fudenberg Levine and
Maskin (FLM) (1994). They show that as discount factor increases to one, the
optimal collusive scheme converges in average per-period payoffs to the efficient
collusive scheme. Athey and Bagwell (2001) show examples of specific collusive
schemes that achieve full efficiency for δ < 1 in case the distribution of values
is binomial and the probability of highest value is large enough.7

Our information setup is more restrictive than in those papers as we don’t
allow communication and bids are privately observed. Hence the folk theorem
of FLM does not apply: there is not enough information in the public signal
to provide sufficient incentives for the players. Even as the discount factor is
arbitrarily close to 1, the profits of the cartel are substantially smaller than in
the efficient collusive scheme:

Proposition 1 For all discount factors δ < 1 the average per-period payoffs of
the cartel are uniformly bounded away from the payoffs of an efficient collusive
scheme.

Proof. The proof is immediate given the above characterization of the
bidding strategies in any PPE. A uniform upper bound on the average per-
period payoffs in any PPE is obtained by maximizing expected payoffs in a
single auction with supports of distributions of valuations shifted from [0, vh]
to [−ci, vh − ci] . The maximization is with respect to the vector (c1, c2) (plus
the possibility of forcing participation). From our above discussion (and from
the example in Figure 1) it is clear that the maximum is much smaller than the
first best: efficient selection requires ci to be equal across all the players and to
be nonpositive. But that implies non-trivial payments to the seller.
As an example, Table 1 shows average per-period payoffs of each player in

a SPA with two players whose values are distributed uniformly over [0, 1].The
upper bound in our information setup is about 92% of the efficient collusive
scheme.

7Aoyagi (1998) presents a class of collusive schemes with communication, allowing the
values to be continuously distributed and even affiliated. These schemes also rely on asym-
metric continuation payoffs conditional on current reports and improve upon bid rotation and
competitive bidding.
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Table 1 

Type of 
collusive 
scheme 

Efficient 
collusive 
scheme 

Upper bound 
from 
Proposition 1 

BRS Non-
cooperative 
bidding 

Average 
per-period 
payoffs for 
each player 

 
0.333 

 
0.305 

 
0.25 

 
0.167 

 

An interesting special case is when the distribution of values has only a finite
number of possible outcomes. We do not study this setup, but in case of SPA
the bidding function described in Figure 1 (and equation (4)) still applies. If
there are only two possible realizations of vi, say {l,H}, then the upper bound is
equal to the first best: setting ci = H− ε for every player we can get arbitrarily
close to the full efficiency. However, already with three possible realizations (say,
{l,m,H}) the upper bound is much smaller than first best: setting ci = H − ε
destroys selection when one of the players has realization m and the other has
l. Setting ci = m − ε makes the payments to be of the order of H −m when
both players happen to have a high valuation. Asymmetric ci also do not solve
the problem.
That is in contrast with FLM and Athey and Bagwell results, where perfect

collusion can be approached for any finite number of possible realizations of the
values. It turns out that with two possible valuations the identity of the winner
may be sufficient to provide incentives for efficient collusion, but already with
three possible valuations it cannot be enough. In that case observability of the
bids or pre-play communication are necessary to extract the whole surplus.
The model we have studied up to now has N = 2 players. It turns out

that the analysis of all PPE with more players is much more complicated. In
general, with N players there are N + 1 possible outcomes. Consider player i.
If his continuation payoff conditional on losing is independent of the identity of
the winner, the analysis of his bidding choice remains the same as in the case of
two players. If for all players the continuation payoff after losing is independent
of the identity of the winner, our analysis still applies and we know how their
bidding functions look like. However, there exist PPE in which the continuation
payoff of a loser depends on the identity of the winner. Then if other players use
different bidding strategies (because they face different incentives), in general
w2i is a function of bi, as it affects the probability distribution of identities of
winners conditional on losing.
We don’t know how to describe the upper bound on collusive payoffs with

more than 2 players. Also, we don’t know if the upper bound for 2 players
presented in Proposition 1 is always obtainable as δ → 1.8 Instead in the next
section we show examples of collusive schemes that improve upon BRS and
competitive bidding and in the last section we show that large, patient cartels

8A related paper Skrzypacz (2000) shows that it is the case when the distribution of values
is uniform.
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can obtain almost full efficiency.

3 Tacit Collusion with Temporary Exclusion.
This section presents examples of simple cartel schemes based on temporary
exclusion of some players that improve upon both BRS and non-cooperative
bidding. The analysis is in two parts. First, we prove that if certain asymmet-
ric continuation equilibria exist, then both BRS and non-cooperative bidding
are dominated by some collusive schemes. This result applies to any repeated
standard auction with any number of bidders. Second, we state that such asym-
metric equilibria can be constructed in repeated SPA and FPA. In the end of
this section we provide an example of a simple exclusionary ’chips mechanism’
that according to our numerical calculations is asymptotically optimal, at least
for a uniform distribution.
An important insight is that in order to improve upon the BRS and non-

cooperative bidding the players have to use asymmetric equilibria. And they
have to use them not only as threats that are never used along the equilibrium
path, but they have to behave asymmetrically along the equilibrium path. That
corresponds to the result of McAfee and McMillan: symmetric continuation
payoffs imply no transfers between players and hence the most the cartel may
hope for is either BRS or non-cooperative bidding.
The following two propositions state that asymmetric continuation equilibria

allow to dominate BRS and non-cooperative bidding:

Proposition 2 Consider any infinitely repeated standard auction with N play-
ers. If for δ < 1 there exist asymmetric equilibria with payoffs wi = w and
w−i = w for any i such that δ(w−w) ≥ vh and 1

N ((N−1)w+w) ≥ 1
N

ev
1−δ , then

there exists a symmetric PPE (with players conditioning only on the history
of wins) with expected payoffs strictly higher than in the repeated bid rotation
scheme BRS.

Proof. See appendix

Proposition 3 Consider any infinitely repeated standard auction with N play-
ers. If for δ < 1 there exist asymmetric equilibria with payoffs wi = w and
w−i = w such that w > wnc and w > w , then there exists a symmetric PPE
with payoffs strictly higher than in a repeated non-cooperative equilibrium wnc.

Proof. See appendix
The way the improvement is achieved is by inducing ci = vh−ε and ci = ε in

the two cases correspondingly. This is done by a using the asymmetric equilibria
(that give the winner smaller payoff) with possible probability after the first
auction. For ε = 0 the expected payoffs of this scheme are equal to the payoffs
of the equilibrium we try to improve upon. Finally, by increasing ε a little the
payoffs increase.
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3.1 Sufficient Conditions for Second and First Price Auc-
tions.

Propositions 2 and 3 state that improvement is feasible if there exist some
asymmetric equilibria. To complete the result we need to show existence of
these equilibria. The examples provided in Propositions 2 and 3 as well as in
the following Corollaries are far from being optimal and in fact provide only
a very small improvement. This is a price that we pay for generality. Reader
interested in examples of schemes that provide much larger improvements is
advised to jump to section
Unfortunately, once we study asymmetric behavior, we cannot study all stan-

dard auctions at once. Instead, we have to present examples of these asymmetric
equilibria for particular auctions. The structure of these equilibria suggests that
they could be constructed for any standard auction.
We begin the results with Second Price Auction, as the asymmetric equilibria

are easier to construct in that case and in general collusion is easier to sustain9.

Corollary 1 In Repeated Second Price Auctions for large enough δ < 1, there
exists a symmetric equilibrium with players conditioning only on the history of
wins with payoffs strictly higher than in the repeated bid rotation scheme BRS.

Proof. We only need to show that we can construct the asymmetric contin-
uation equilibria required in Proposition 2. Consider the following asymmetric
bid rotation scheme. Call player i to be excluded player and all other players to
be included players. Before each auction one of the included players is chosen to
be the winner. He bids vh in the given auction and all other players (including
the excluded one) bid 0. This set of strategies constitutes a Nash Equilibrium in
each stage game so it generates a SPNE. In this equilibrium the expected payoff
for the excluded player is w = 0. This equilibrium is symmetric for the N − 1
included players and the expected payoff for any of them is: w = 1

1−δ
ev

N−1 .
Now let’s verify the conditions of the proposition. Clearly 1

N ((N−1)w+w) =
1
N

ev
1−δ . Furthermore δ(w − w) = δ

1−δ
ev

N−1 grows to infinity as δ grows to 1. So
there exists δ0 < 1 s.t. δ(w − w) ≥ vh for all δ ≥ δ0.

Corollary 2 For any δ > 0 in Repeated Second Price Auctions there exists a
symmetric equilibrium with players conditioning only on the history of wins and
with payoffs strictly higher than in repeated Non-Cooperative Equilibrium wnc if
N = 2 or N is large.

Proof. Again, it’s sufficient to show that there exist asymmetric equilibria
satisfying the conditions of Proposition 3. Take simply the equilibrium con-
structed in the above corollary: w = 1

1−δ
ev

N−1 and w = 0 < wnc. To show that
w > wnc notice that for N = 2, a player that achieves w wins in every auction

9The mechanisms we propose rely on the use of Nash Equilibria in which players use weakly
dominated strategies which are simple to construct. As will be clear in the discussion of FPA
it is possible to construct other sufficient asymmetric equilibria without relying on these NE.
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while the other never wins. So clearly w > wnc > w. Furthermore, notice that
Nw decreases in N to ev

1−δ while Nwnc decreases in N to zero. So for large N
again w > wnc > w.

Corollary 3 For sufficiently large δ in Repeated Second Price Auctions with
N > 2 players there exists a symmetric equilibrium with players conditioning
only on the history of wins and with payoffs strictly higher than in repeated
Non-Cooperative Equilibrium wnc.

Proof. A detailed proof is presented in the appendix. The reason the case
N >2 is different from N = 2 is that while for N = 2 we have 1

1−δ
ev

N−1 >
wnc(N), this inequality does not necessarily hold for intermediate N. So we
construct an alternative asymmetric equilibrium: in the first auction only N−1
players participate bidding competitively (the remaining player is called the
excluded one) and in all remaining auctions there is competitive bidding among
all players. This makes w just a little bit higher than wnc, which is all that is
needed for Proposition 3. The reason δ needs to be large is to provide some
punishment in case the excluded player bids and wins in the first auction.
The results for First Price Auctions are more involved, as construction of

asymmetric equilibria is more complicated. The following two lemmas provide
us with sufficient asymmetric equilibria.

Lemma 1 Consider an infinitely repeated First Price Auction. If the single
period payoff from BRS, 1

N ev > πnc(N) then for large enough δ there exist
asymmetric PPE in repeated FPA with expected payoffs wi = w and w−i = w
satisfying the conditions of Proposition 2.

Proof. (Sketch) A detailed proof is presented in the Appendix. We con-
struct a class of asymmetric bid rotation strategies and we show that for large δ
they form a PPE. Then we show that in fact for any vh we can find δ and such
an equilibrium to satisfy δ(w − w) > vh.
The asymmetric bid rotation strategies are as follows. Let T be a positive

integer. Before each of the first T (N − 1) auctions one of the players achieving
w is chosen to be the sole bidder. Then the player that is to obtain w is chosen
to be the sole bidder in periods T (N − 1) + 1 to TN and the scheme starts
over. So every player wins on average the same number of auctions and the
asymmetry is achieved by the fact that one player has to wait T (N − 1) before
having chance to win. The extent of this asymmetry increases in T. Finally, to
prevent cheating we use the threat of switching to competitive bidding forever.
To make this a sufficient deterrent we need δ to be large enough.

Lemma 2 Consider an infinitely repeated First Price Auction with N ≥ 3 play-
ers10 . For large enough δ there exist asymmetric equilibria such that the strate-
gies depend only on the history of wins and the equilibrium payoffs are wi = w
and w−i = w, s.t. w > wnc > w.

10When N = 2 the presented scheme does not work, because there are not enough players
to ”compete for the carrot”. In that case exists a very similar scheme (that is not a PPE
but a SPNE) in which the players condition on the history of wins and own bids. Details are
available from the authors upon request.
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Proof. See Appendix for the detailed proof. Along the equilibrium path
the PPE looks the same as the one in Corollary 3: In the first auction one
player stays out while the remaining N − 1 players bid competitively. From the
second auction on all players bid competitively. The difficult part is to provide
incentives for the excluded player not to participate in the first auction. In
the case of SPA we used repeated asymmetric NE in which a deviant gets zero
payoff forever but in a FPA this equilibrium does not exist. In the previous
lemma we used as a threat switching to competitive equilibrium forever. Here
it is not sufficient as players switch to competitive bidding in the next period
even if nobody deviates.
To find an equilibrium with payoffs lower than in competitive equilibrium

we construct a stick and carrot ”bidding war” equilibrium. However, this is not
a conventional one. The stick phase (the bidding war) requires that players bid
more aggressively than in a competitive equilibrium for a period of time. In the
standard application of stick and carrot strategies such behavior is sustained by
the threat of restarting the stick phase when somebody deviates. But in our
setup all we observe is the identity of the winner, so players cannot tell if all
are bidding as high as they are supposed to. To introduce the right incentives
for high bidding we make this war a tournament for the carrot: Once the war
is finished one player is chosen to get the carrot11 and the probability of being
the lucky one is proportional to the number of wins during the war phase. This
makes players bid aggressively during the war not only for the sake of current
gains but also to improve their chances of winning this tournament. Asymmetric
values can be generated and one player can be punished with this bidding war
by excluding him from the tournament.
We are now ready to state the corollaries:

Corollary 4 In Repeated First Price Auctions with large enough δ < 1, there
exist a symmetric equilibrium with players publicly observing only the history
of wins and with payoffs strictly higher than in repeated non-cooperative equilib-
rium12 .

Proof. The proof follows immediately from Proposition 2 and the above
lemma.

Corollary 5 In Repeated First Price Auctions with large enough δ < 1, there
exists a symmetric equilibrium with players publicly observing only the history
of wins and with payoffs strictly higher than in the repeated bid rotation scheme
BRS.

Proof. If 1
N ev < πnc(N), then the BRS is dominated by the competitive

equilibrium. If 1
N ev = xce(N), then BRS is dominated if and only if the com-

petitive equilibrium is. As shown in the previous corollary, the competitive

11 I.e. the players switch to an equilibrium in which this particular player has higher payoff
than others - for example by allowing him to win a few auctions without competition.
12For N ≥ 3 it’s sufficient that the players condition their strategies only on the public

signal. For N = 2 they condition also on their own bids.
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equilibrium is dominated for large enough δ. Finally if 1
N ev > πnc(N) we can

use Proposition 2 and Lemma 1 to show the existence of better equilibria than
BRS.
This finishes our results on the existence of better equilibria than BRS and

competitive bidding in repeated auctions.

3.2 Two examples of simple collusive schemes

The collusive schemes In Propositions 2 and 3 provide improvement, but a very
small one, limited to the first auction only. To gain intuition that much better
improvements are feasible even with simple strategies, consider the following
collusive scheme with 2 players (in the next section we use a generalization
of this scheme with N players to prove asymptotic efficiency of large cartels).
The scheme has two modes: normal and exclusive. The game starts in the
normal mode, where both players are allowed to submit any bids in the current
auction.13 After the auction with probability α the scheme stays in the normal
mode (i.e. restarts). With probability (1−α) it move to the exclusive mode and
the winner of the current auction is called excluded while the lose is included.
In this mode the excluded player is recommended not to bid at all, so that
the included bidder wins without any competition. After the auction, with
probability α the scheme switches to the normal mode and with probability
(1 − α) it stays in the same mode (with the identities of the included and
excluded players unchanged).
That collusive scheme generates following average per-period payoffs if it is

in the normal mode:

V = (1− δ)π(c) + δ
1

2
(V0 + Ve) (8)

where V0 and Ve are the per-period average expected payoffs of the included
and excluded players in the exclusive mode and are equal to:

V0 =
αV + (1− α)(1− δ)ev

1− δ(1− α)
(9)

Ve =
αV

1− δ(1− α)
(10)

π is a function of c which given these expressions is:

c =
δ

1− δ
(V0 − Ve) =

δ(1− α)

1− δ(1− α)
ev (11)

Rearranging we get:

V =
1

2
(c+ 2π(c))

ev

c+ ev
(12)

13For simplicity assume that they always have to submit bids; as should be clear by now,
we can relax this assumption, introduce a ”sure bidder”, and construct PPE with the same
payoffs.
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for δ large enough so that for the given c we get α ≥ 0 in equation (11). For
v symmetrically distributed, (so that ev = 1

2v
h), for any c < vh there exists δ

large enough so that this constraint is not binding.
To show that this proposed collusive scheme is indeed a PPE we have to

specify continuation equilibria in case the excluded player wins an auction (de-
spite he is not supposed to). As a punishment we suggest simple Nash reversion.
To provide right incentives, it is sufficient to satisfy:

vh +
δ

1− δ
πnc ≤ δ

1− δ
Ve =

µ
δ

1− δ
− c

ev

¶
V (13)

It is relatively easy to show that V ≥ πnc for distribution functions such that
BRS dominates competitive bidding, hence there exist δ sufficiently high that
Nash reversion is a sufficient deterrent and therefore this scheme is a PPE.
We can optimize within this class of collusive schemes by choosing c in the

range [0, vh]. To get some idea how much improvement can be achieved with
this type of a scheme it is worthwhile to compare some numbers, shown in
Table 2 for a repeated SPA with values distributed uniformly over [0, 1].The
first four columns are repeated from Table 1. Column labeled Scheme 1 shows
the average per-period payoff for each player for the optimal choice of c in the
scheme described above. It turns out that the optimal c within the proposed
class of collusive schemes is about 0.51. That generates average per-period
payoffs of 0.276. Given that the maximal potential improvement is from 0.25 to
0.305, this extremely simple scheme achieves 47% of it. Although far away from
being optimal, it is a good example that much better collusion than the one in
Propositions 2 and 3 is feasible.

Table 2 

Scheme First  
Best 

Upper 
Bound 

BRS NC Scheme 
1 

Scheme 
2 

Scheme 
3 

Scheme 
4 

Average 
per-period 
payoffs  

 
0.333 

 
0.305 

 
0.25 

 
0.167
 

 
0.276 

 
0.292 

 
0.295 

 
0.301 

Discount 
factor 

     
≥0.92 

 
0.9 

 
0.95 

 
0.99 

3.2.1 The chips mechanism.

The remaining columns of Table 2 show the payoffs generated by another scheme
that we call a ’chips mechanism’. The scheme works like this: in the beginning
of the game each of the 2 players gets T chips. After each auction, the winner
gives one chip to the loser. If player i runs out of chips, he is supposed to allow
player j to win k auctions in a row without any competition and for that he
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receives one chip back. Deviations (i.e. when it is observed that player i wins
when he was not supposed to) are punished by the worst possible punishment.
For a given T there are 2T +1 states possible for a given player. Denote the

state in which he won T auctions more by S = 2T +1 the state in which he won
T auctions less by S = 1 and the state that the players won the same number
of auctions by S = T + 1.Denote by π(S) the expected payoff in the current
auction given the state S , by q(S) the ex-ante probability of winning given the
state S. Finally, denote by V (S) the expected sum of per-period profits. The
V (S) for S 6= {1, 2T + 1} is described by the following set of equations:

V (S) = (1− δ)π(S) + δ(q(S)V (S + 1) + (1− q(S))V (S − 1))
and V (1) and V (2T + 1) are:

V (1) = (1− δk)ev + δkV (2) (14)

V (2T + 1) = δkV (2T ) (15)

For a uniform distribution we solve this system of equations numerically.
For different discount factors we optimize over T and k and report the results
in the last three columns of Table 2. As we can see, these schemes achieve
respectively 76%, 82% and 93% of the potential gain. Numerical calculations
for larger discount factors show that the optimal ’chips mechanism’ converges to
the upper bound, so it asymptotes the optimal scheme, at least for the uniform
distribution.14

4 Asymptotic Efficiency of Large Cartels.
In this section we come back to the quest for efficiency and show that as the
number of players grows, the constraints put by the information structure on
the success of collusion become less severe, and in the limit they disappear.
Large cartels are potentially more successful. That leads to a surprising result
that seller’s expected revenue may be smaller if there are more bidders.
We start with a definition of asymptotic efficiency of a collusive scheme:

Definition 2 The optimal symmetric PPE (optimal collusive scheme) is as-
ymptotically efficient for large cartels if for any p < 1 and ε > 0 we can find
N∗ large enough such that for every N ≥ N∗ exists δ∗ so that for all δ ≥ δ∗

there exists a PPE that satisfies for every auction along the equilibrium path:

1. The good is always obtained by some bidder.

14The optimal schemes can be also found numerically using a generalization of the methods
of Abreu Pearce and Stacchetti (1986) and (1990). This is relatively easy for two players and
SPA, as the bidding behavior in any stage given the continuation payoffs is easy to characterize.
It becomes much more difficult in FPA (as the bidding functions when players have different
ci have to be calculated numerically following the methods of Riley and Li (1994)) and for
larger number of players, when the bidding functions get more complicated.
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2. The expected payment is at most ε.

3. With probability at least p the winner has value at most ε less than the
highest realized value.15

The particular collusive scheme that we propose is similar to the examples
we have presented in the previous section and is also based on providing incen-
tives to reduce bids by temporary exclusion of winners. It works as follows. At
any given point in time, conditional on the history of the game, there is a set of
players who are supposed to participate in the auction and a set of players that
should not participate. Call them included and excluded players correspond-
ingly, with M included players and T excluded players. The excluded players
are ranked 1...T.
Before each auction one of the included players is chosen (randomly) to be

the ‘sure bidder’. Any included player can submit a bid. The excluded players
are recommended not to bid at all.
In any period, if an excluded player wins the auction, the scheme switches

forever to a punishment phase - Nash reversion. If an included player wins
the auction then with probability α the winner becomes excluded with rank
T and the excluded player with rank 1 becomes included. The ranks of all
other excluded bidders decrease by 1.With probability (1− α) the status of the
players does not change. If there is no winner in the auction, the sure bidder is
treated as one.
To finish the description of the scheme, we suggest the following starting

procedure to make the scheme stationary and ex-ante symmetric: Before the
first auction T players are chosen randomly in an order to be the excluded
bidders in the first auction. They obtain ranks according to the order in which
they are selected.
The following proposition states that for large N and sufficiently high δ

this particular scheme achieves asymptotic efficiency for any repeated standard
auction:

Proposition 4 In any repeated standard auction the optimal collusive scheme
is asymptotically efficient for large cartels (large cartels can achieve almost first
best without transfers or communication, conditioning only on the history of
wins).16

Proof. We use the collusive scheme described above. The proof is in the
appendix. The outline is:
1. We know that given the symmetry and stationarity of the scheme, the in-

cluded players bid according to symmetric, strictly increasing bidding functions

15A different, but often-used criterion is convergence of average per-period payoffs to the
first-best payoffs. Our definition of asymptotic efficiency is stronger.
16We are grateful to Andreas Blume and Paul Heidhues for pointing out an error in the

proof of this proposition in a previous draft of the paper. As they pointed out, in order to
achieve asymptotic efficiency with temporary exclusion, the fraction of the excluded players
has to grow to 1. See step 4 of the proof in the appendix.
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over interval
¡
vh − ci, v

h
¢
. The sure bidder additionally submits bid b = 0 for

all values below c.
2. Show that there exists M2 such that if M ≥ M2 players are bidding as

described above, then the scheme satisfies conditions (1-3) of Definition 2. This
is done by setting c = vh − ε.
3. Show that there exists M3 such that for all M ≥ M3 the per-period

expected total surplus (per-period payoffs summed over all players) from such
bidding functions is higher than c < vh.
4. Show that for any c < vh there exist N4 such that for all N ≥ N4 we

can pick δ4 so that for all δ ≥ δ4 we can find T and α such that the these
bidding functions are best responses for included players in every auction (and
M = N − T ≥ max {M2,M3}).
5. Show that no player has ever incentives to deviate. It is sufficient to

show that Nash reversion is a strong enough punishment to make deviation
unprofitable for the excluded player with rank T and current value vh.
6. Look at the interception of the conditions obtained so far and get N∗ and

corresponding δ∗ (and T and α) that satisfy all of them.
There are two observations we want to make about this proposition.
First, it shows that large, patient cartels can extract almost all surplus.

That corresponds to our original motivation for the information structure: the
benefits from explicit communication before each auction as well as from creating
more complicated schemes (that keep track of all past bids) are very limited
for large cartels. As communication is illegal and complicated schemes can be
difficult to monitor and coordinate on, players may have a tendency to use
simple collusive schemes, like the ones presented in this and previous sections.
Second, as we have mentioned above, a related paper (Skrzypacz 2000) shows

that in a SPA with 2 players and uniform distribution of values, the optimal
collusive scheme converges (in average per-period payoffs) to the upper bound
in Proposition 1. That corresponds to strictly positive expected revenues for
the seller17 . Proposition 4 shows that very large cartels, if sufficiently patient,
by using optimal schemes generate very small revenue for the seller. So in some
cases increasing the number of bidders may lead to a decrease of the expected
revenues!

5 Concluding Remarks.
In this paper we have shown that in the absence of side payments, some collusion
is still possible through implicit transfers of equilibrium continuation payoffs.
However, unlike in previous studies that allow pre-play communication (and/or
observability of bids) we have shown that without communication a small cartel
is not able to achieve full efficiency even approximately, no matter how patient
it is. In other words, with finite number of players, publicly observing only the

17 In case of a uniform distribution over [0, 1] the expected per-period revenues get close to
0.145 contrasted with 0.333 in a non-cooperative bidding
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identity of the winner is enough to sustain some amount of profitable collusion,
but is not enough to extract (even approximately) all of the surplus.
In the profitable collusive schemes, to keep bids low, bidders are punished

for winning and rewarded for losing by lowering or increasing, respectively, their
continuation payoffs. In this way, bidders are faced with an intertemporal trade-
off: winning in the current period decreases their probability of winning in the
future. This result suggests an empirical test for collusion where, accounting for
fixed effects, the probability of a player winning an auction should decrease with
previous wins. Notice however, that tests looking at unconditional distributions
of bids may not detect collusion at all: in most of the examples provided the
distributions of submitted bids are indistinguishable from the distribution of
bids in a non-cooperative equilibrium in which players values are distributed
over [0, vh− c] instead of [0, vh] (disregarding the bids of the sure bidder). If the
seller doesn’t have any information about f(v) apart from the bids itself, such
detection may be extremely difficult or even impossible18 : another reason why
the bidders may prefer this kind of a collusive scheme over more profitable ones
involving communication.
Throughout we have considered only PPE. There exist other SPNE in which

the players condition their strategies not only on the public history of the game,
but also on private histories. It remains an open issue how much more im-
provement can be achieved by incorporating such strategies. One interesting
observation is that with 2 players, all discussed PPE can be implemented as
SPNE even if the seller does not reveal any information (even the winner):
each player knows the identity of the winner simply based on his private his-
tory. However with N ≥ 3 the private histories are not informative enough for
such implementation.

6 Appendix.
Proof of Proposition 2. Denote the expected payoffs from a repeated bid

rotation by

wBRS =
1

N

ev

1− δ
(16)

If 1
N ((N − 1)w + w) > 1

N
ev
1−δ , then trivially, playing the asymmetric equilibria

with equal probabilities already dominates the BRS. So let’s look at a case when
1
N ((N − 1)w + w) = 1

N
ev
1−δ = wBRS

Consider the following scheme. Before the first auction one player is chosen
randomly. Call this player a sure bidder. In the first auction all players can bid
and the continuation payoffs depend on the identity of the winner. If there is a
winner in the first auction (i.e. when at least one player submits a bid) the con-
tinuation payoffs for all players conditional on winning and losing respectively,

18Recent empirical work on collusion in repeated auctions (see Pesendorfer (2000) and Porter
and Zona (1999)) has focused exclusively on bid distributions unconditional on the history of
the game.
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are:

w1 = αw + (1− α)wBRS (17)

w2 = αw + (1− α)wBRS

If nobody wins, the sure bidder gets continuation payoff w1 and all others get
w2. These continuation payoffs for α ∈ [0, 1] are feasible because wBRS can
be obtained by randomizing between w and w with probabilities N−1

N and 1
N

respectively, and we allow for randomization among equilibria.
As we explained above, the repeated auction with payoffs of the losers in-

dependent of the identity of the winner, is equivalent to a single auction with
values vi−c instead of vi and with additional payoff δw2 independent of the bid
(and also independent of participation). First notice, that all players, except
for the sure bidder, are better off not bidding at all than bidding any amount,
when their value is below c. Second, the sure bidder’s optimal choice is to bid
0 when he has value v − c ≤ 0. This is optimal, because that bid leads to a
win only if nobody else bids (or if somebody bids 0, what happens with zero
probability in the equilibrium) and the sure bidder gets the same continuation
payoff when he wins and when nobody wins, but the current payoff is higher in
the first case. Hence he is better off bidding 0 than not bidding at all even if he
has current value below c.
So players with values v below c (except for the sure bidder) do not bid at

all. In our case c = δα(w − w) hence by assumption, we can choose α ∈ (0, 1],
such that c = vh. In that case in the first auction the sure bidder bids zero, and
all others do not bid at all. So ex-ante (before the choice of the sure bidder) the
behavior is as in BRS. Hence the probability of winning in the first auction is
1
N and the expected continuation payoff for any player is:

δ(
1

N
w1 +

N − 1
N

w2) = δwBRS (18)

So the scheme with c = vh gives the same expected payoffs as the BRS.
Now we will show that decreasing c a little (by decreasing α) increases the

payoff for any player. We can find that the expected payoff for any player (but
the sure bidder) with value v below c is:

U(v) = δw2 (19)

and for the sure bidder:

U(v) = F (c)N−1v + δ
£
F (c)N−1w1 + (1− F (c)N−1)w2

¤
(20)

= F (c)N−1(v − c) + δw2 (21)

So ex-ante the payoff for every player with value below c is:

U(v) =
F (c)N−1

N
(v − c) + δw2 (22)
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Considering the equivalent revelation game, the expected utility for any player
with value v above c is:

U(v) = U(c) +

vZ
c

F (x)N−1dx (23)

After integrating by parts, the total expected payoff is:

W (c) = −F (c)
N−1

N

cZ
0

F (x)dx+

vhZ
c

FN−1(x)(1− F (x))dx+ δw2(c) (24)

Take the derivative:

W 0(c) =
−f(c)(N − 1)FN−2(c)

N

cZ
0

F (x)dx−FN (c)

N
−FN−1(c)(1−F (c))+δ ∂w

2

∂c

(25)
In our case we have:

δ
∂w2

∂c
=

w − wBRS

w − w
=
1

N
(26)

Evaluate W 0(c) at c = vh :

W 0(c)|c=vh =
−f(vh)(N − 1)

N

vhZ
0

F (x)dx < 0 (27)

This implies that there exists a scheme (characterized by α, that induces c < vh)
that strictly dominates the BRS.
Proof of Proposition 3. The scheme is similar to the one above. Before

the first auction one player is chosen randomly to be the sure bidder. Consider
the continuation payoffs:

w1 = αw + (1− α)wnc (28)

w2 = αw + (1− α)wnc

As before if there is a winner in the first auction, she gets continuation payoff
w1 and all others get w2. If there is no winner the sure bidder gets w1 and all
others get w2. Again, the sure bidder bids 0 if v < c and all others do not bid at
all when their value is below c.When α = 0, we have c = 0 and this equilibrium
is equivalent to the competitive equilibrium.
Now let’s prove that increasing c a little (by increasing α) increases expected

payoff. By the same reasoning as in the previous proof:

W 0(c) =
−f(c)(N − 1)FN−2(c)

N

cZ
0

F (x)dx−FN (c)

N
−FN−1(c)(1−F (c))+δ ∂w

2

∂c

(29)
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Now we have:

δ
∂w2

∂c
=

w − wce

w − w
(30)

Evaluate W 0(c) at c = 0 :

W 0(c)|c=0 = w − wce

w − w
> 0 (31)

This implies that there exists a scheme (characterized by α > 0 that induces
c > 0) that strictly dominates the noncooperative bidding.

Proof of Corollary 3. Consider the following scheme. Call included
players the (N − 1) players that achieve w and the excluded player the one
that obtains w.In the first auction the N − 1 included players are supposed to
bid competitively and the excluded player is supposed not to bid at all. If the
winner turns out to be one of the included players, the continuation equilibrium
is noncooperative bidding forever. If not, i.e. if it is observed that the excluded
player won, the continuation payoff is w = 0 for him and w = 1

1−δ
ev

N−1 for all
others. To show that this is an equilibrium we need to show that the excluded
player does not have incentives to deviate in the first auction. Depending on
the number of bidders the gain from deviation can be smaller or larger. In any
case it is bounded from above by vh. Consequently a sufficient condition for
this scheme to be an equilibrium outcome of a PPE is:

vh ≤ δ

1− δ
πnc(N) = δwnc (32)

where πnc(N) is one player’s one-period expected profit in a one-shot game with
N players.
Clearly, for any number of players there exists δ0 < 1 such that for all

δ > δ0 this scheme is a PPE outcome. Finally as πnc(N) is decreasing in N,
the equilibrium payoffs satisfy:

πnc(N − 1) + δ

1− δ
πnc(N) = w > wnc(N) > w = δwnc(N) (33)

Thus we have constructed the sufficient asymmetric equilibria.

Proof of Lemma 1. We construct a class of asymmetric bid rotation
strategies and we show that for large δ they form a PPE. Then we show that
in fact for any vhand large δ we can choose such an equilibrium to satisfy
δ(w − w) > vh. As usual, call the player obtaining w to be the excluded player
and players obtaining w included players. Let T be a positive integer. Before
each of the first T (N−1) auctions one of the included players is chosen randomly
to be the sole bidder. He bids 0 in the given auction while all others do not
bid at all. Then, from periods T (N − 1) + 1 to TN the excluded bidder is
automatically chosen to be the winner by solely bidding 0.At this time the
scheme starts all over. If at any point in time the designated winner does not
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win, all players switch to competitive bidding forever. To verify that this is an
equilibrium for large enough δ, it is sufficient to check that the excluded player
doesn’t have incentives to deviate even in the first auction when he gets value
vh. The expected ex-ante payoff for the excluded player in the mechanism is:

w = ev
δ(N−1)T (1− δT )

(1− δ)(1− δNT )
(34)

The payoff from deviation is bounded from above by:

vh +
δ

1− δ
πnc(N) (35)

So to show that this scheme is incentive compatible it’s sufficient to show that:

vh ≤ 1

1− δ

"
ev

δ(N−1)T (1− δT )

1− δNT
− δxce(N)

#
(36)

Now notice that as δ → 1, the term in brackets converges to ev 1N −πnc(N) > 0,
so the whole RHS grows to infinity. By continuity, there exists δ0 < 1 s.t. for
all δ ≥ δ0 this scheme forms a PPE. Now let’s look at w. Any of the included
players has equal probability of win in any of the first (N−1)T auctions. Hence:

w = ev
1− δ(N−1)T

(1− δ)(1− δNT )

µ
1

N − 1
¶

(37)

It can be easily verified that 1
N ((N − 1)w + w) = 1

N
ev
1−δ for any δ, T and N.

Finally let’s show that we can choose T in order to satisfy δ(w − w) > vh

without violating the incentive constraint.

δ(w − w) = evδ
1

N − 1

"
1−Nδ(N−1)T + (N − 1)δNT

(1− δ)(1− δNT )

#
(38)

It can be found that:

lim
δ→1

δ(w − w) = ev
T

2
(39)

Because δ0 is increasing in T, we can find T large enough and δ0 large enough
that δ0(w − w) > vh.
Proof of Lemma 2. First we construct an equilibrium in which one player

has higher payoffs than all others. Consider the following collusive scheme
consisting of two phases: a cooperative phase and a bidding war phase that
plays a role of a punishment. The recommended actions of the players in the
cooperative phase are as follows. In the first T auctions there is one favored
player who is supposed to bid 0 and all others not to bid at all. If it is observed
that the favored player won in all T auctions, the continuation equilibrium is
competitive bidding forever. If at any of the T auctions somebody else wins, this
player is called the deviant and the mechanism goes immediately to a bidding
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war phase of length k (if nobody wins the favored player is the deviant). In this
phase all other players are called non-deviant.
The bidding war is described as follows. During the k periods everybody

can bid any amount. After period k one of the non-deviant players is chosen to
become the new favored player and the probability of being chosen is propor-
tional to the number of wins a player had in the bidding war phase. All other
players as well as the deviant become the non-favored. (For N = 2, during the
war the deviant is supposed to bid vh and the non-deviant vh + ε.)
Along the equilibrium path this mechanism generates payoffs:

w =
1− δT

1− δ
ev + δTwnc > wnc for the favored player (40)

w = δTwnc < wnc for all other players

Let’s consider the bidding war. This phase is a variant of a stick and carrot
equilibrium. We construct the scheme in such a way that:
1) During the war the non-deviant players bid above vh to try to obtain the

carrot of being the new favored player after the war.
2) The deviant does not bid at all during the war.
3) The bidding war is a sufficiently severe for the deviant that he has no

incentives to deviate in the cooperative phase.
As before, at a given auction the behavior of a player depends on v − c

where c = δ(w2 − w1). Usually we have w1 < w2 to provide incentives for
lower than competitive bidding. During the war phase however, a win increases
the probability to become the favored player after the war, so the continuation
payoff conditional on winning is higher than conditional on losing. So c < 0 and
players bid more aggressively than in an equilibrium of the stage game. Hence
the name bidding war.
As the bidding war continues, the players have different number of wins

and hence differ in their current expected payoff. But as the difference w2 −
w1 is independent of the number of past wins, the non-deviant players bid
symmetrically in all k auctions (however the bidding functions differ over time,
as explained below).
To make the deviant not want to participate in the auction, it is sufficient

that in every auction all non-deviant players bid above vh, as winning in that
case would bring the deviant immediate loss and no gain in terms of the con-
tinuation payoff. So it is enough to show that −c > vh at every stage of the
bidding war.
At the first period of the bidding war (given that the deviant has zero

probability of winning which is consistent with the equilibrium strategy when
−c > vh) we have:

c = δ(w2 − w1) = −1
k
δk(w − w) = −1

k
δk
1− δT

1− δ
ev (41)

As there are less and less war stages left, c increases (making the firms bid more
and more aggressively) so for the incentive for the deviant not to participate in
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the war is sufficient to find k and T s.t.:

vh ≤ 1

k
δk
1− δT

1− δ
ev (42)

Now we can check the incentive constraint for the non-favored player in phase 1
of the collusive scheme: It is sufficient to check that a player with value vh does
not have incentives to deviate in the first auction. If he does deviate he gets:

vh + δk+1w = vh + δk+T+1wnc (43)

If he does not deviate he gets:

w = δTwnc (44)

So it’s sufficient to find δ, k, T to satisfy simultaneously:

vh ≤ 1

k
δk
1− δT

1− δ
ev (45)

vh ≤ δT
(1− δk+1)

1− δ
πnc (46)

These can be found as:

lim
δ→1

1

k
δk
1− δT

1− δ
ev =

T

k
ev (47)

and

lim
δ→1

δT
(1− δk+1)

1− δ
πnc = (k + 1)πnc (48)

By continuity of these expressions in δ, there exists δ0 < 1 such that for all
δ > δ0 we can find T and k for which this scheme constitutes a PPE with
expected payoffs:

w =
1− δT

1− δ
ev + δTwnc > wnc (49)

w = δTwnc < wnc

So we have constructed an asymmetric equilibrium with wi = w and w−i = w
s.t. w > wnc > w. But we need an equilibrium in which one player is ”punished”
and all others are ”rewarded”: wi = w0 < wnc <w−i = w0.Unfortunately, simple
randomizing between these equilibria s.t. w0 = w and w0 = 1

N−1w+
N−2
N−1w does

not necessarily satisfy the condition wnc < w0,as it is equivalent to ev
N−1 >

πnc(N) which in general does not hold. However, using the bidding war phase,
we can construct a different collusive scheme. Call the player that has to get the
lower equilibrium payoff the excluded player and all others the included players.
The scheme is the following. In the first auction the excluded player is not
supposed to bid at all. All included are supposed to bid competitively among
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themselves. If one of the included players or nobody wins, the continuation
equilibrium is competitive with all players. If the excluded player wins, the
continuation game is the bidding war constructed above: the excluded player
becomes the deviant and all others non-deviant.
Along equilibrium path, the expected payoffs are:

w0 =
δ

1− δ
πnc(N) = δwnc < wnc (50)

for the excluded player and

w0 = πnc(N − 1) + δ

1− δ
πnc(N) > wnc (51)

for the included players, where πnc(N) denotes expected payoff in one auction
for one player in competitive equilibrium with N players.
In order to complete the proof we only need to show that this scheme forms

an equilibrium. It’s enough to check the incentives of the excluded player. The
largest gain he can realize by deviating is:

vh + δk+T+1wnc (52)

so the sufficient incentive constraint is:

vh ≤ δ(1− δk+T )wnc (53)

As δ(1− δk+T ) ≥ δT (1− δk+1), every time the bidding war constitutes a PPE,
this constraint is satisfied, what completes the proof.

Proof of Proposition 4. A candidate for the equilibrium is the scheme
described in the text.
Step 1:
Because the scheme is stationary and symmetric, it induces bidding strate-

gies as described in Section 2.1: for values between c and vh all included players
use strictly increasing symmetric bidding functions. Additionally, for values
below c the sure bidder bids 0.
Step 2
There exists c = vh− ε and M2 such that for all M ≥M2 if M players bid

according to the above strategies, then the equilibrium satisfies conditions (1-3)
of Definition 2.
The probability that highest realized value among theM included players is

higher than c is:
1− FM (c) (54)

In that event the winner is a player with a value at most ε lower than the
highest realized value. Therefore, to satisfy condition (3) it is sufficient that
this probability is at least as high as p. For any c < vh clearly exists M2 such
that for all M ≥M2 it is the case.
Given c, the expected payments are bounded above by ε, as the bidding

strategies correspond to an equilibrium in which players have values bounded
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above by ε. So condition (2) is satisfied. Finally, condition (1) is satisfied as the
sure bidder always bids.
Step 3
Show that there exists M3 such that for all M ≥M3 the per-period expected

total surplus (per-period payoffs summed over all players) from such bidding
functions is higher than c < vh.
Introduce notation:
v
(1)
M is the first order statistic from M draws and
v
(2)
M is the second order statistic from M draws
Given that theM players bid symmetrically, we can use revenue equivalence

theorem to calculate expected payoffs and payments for all standard auctions.
Without loss of generality consider a second-price auction. Total (summed over
all players) one-period profit from the scheme is:

xTotal = (1−FM (c))E
v
(1)
M

h³
v
(1)
M − Prob(v

(2)
M > c)E

v
(2)
M

(v
(2)
M − c|v(2)M > c)

´
|v(1)M > c

i
+FM (c)E(v|v ≤ c) (55)

This expression is derived from the fact that with probability (1 − FM (c)) at
least one player has value above c. In that case the winner is the one with the
highest value v(1)M . His payment is 0 when the second highest valuation is below
c and is v(2)M − c when the second highest valuation is above c. Finally, with
probability FM (c) all players have value below c and in that case the winner is
the sure bidder. He pays 0 and has expected value E(v|v ≤ c).
Trivially, when M →∞, xTotal converges to c, as FM (c) converges to 0 and

the highest and the second highest valuations converge to vh. We now show
that it converges from above. The expected current auction value of the winner
is at least equal to the expected first order statistic given it is larger than c

times the probability of v(1)M being greater than c.
Expected payment is equal to:

M

vhZ
c

[(v − c)f(v) + F (v)− 1]FM−1(v)dv (56)

This leads to:

xTotal ≥M

vhZ
c

£
vf(v)FM−1(v)− [(v − c)f(v) + F (v)− 1]FM−1(v)

¤
dv

= c(1− FM (c)) +M

vhZ
c

(1− F (v))FM−1(v)dv (57)
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Therefore to show that the convergence is from above, it is sufficient to show
that for large M :

cFM (c) < M

vhZ
c

(1− F (v))FM−1(v)dv (58)

To verify that this is the case, note that:

M

vhZ
c

(1− F (v))FM−1(v)dv ≥MFM−1(c)

vhZ
c

(1− F (v))dv (59)

Because
vhR
c

(1 − F (v))dv is positive and independent of M, there clearly exists

M3 large enough such that for all M ≥M3, xTotal > c.

Step 4
Show that for any c < vh there exist N4 such that for all N ≥ N4 there

exists δ4 such that for all δ ≥ δ4 for some α ∈ (0, 1] and T < N these bidding
functions are best responses for included players in every auction (and M =
N − T ≥ max {M2,M3}).
Fix c = vh − ε and M ≥ max {M2,M3} . Now we show that we can find N4

large enough so that for all N ≥ N4 we can find δ4 such that for all δ ≥ δ4 for
some α ∈ (0, 1] the proposed scheme indeed induces c.
Due to the stationarity and symmetry of the scheme it is easy to find ex-

pected payoffs of all players given xTotal. We have M included players that are
ex-ante (before choosing the sure bidder) symmetric. Denote their average per-
period expected payoff by x0. There are also T excluded players that have to
wait different number of periods to become included. Denote their payoffs by
xe,r where r ∈ {1, ...T} is the rank of the excluded player.
Summing over all players, the expected per-period total surplus of the cartel

is:

xTotal =Mx0 +
TX
r=1

xe,r (60)

The expected payoffs of the excluded players can be expressed as:

xe,r = δ (αxe,r−1 + (1− α)xe,r) for r < 1 (61)

xe,1 = δ (αx0 + (1− α)xe,1)

Therefore,
xe,r = drx0 (62)

where d =
³

δα
1−δ(1−α)

´
. Summing over all players we get:

xTotal = x0

µ
M + d

1− dT

1− d

¶
(63)

27



Now consider the total (not average) expected payoffs of an included player
conditional on winning and losing:

w1 =
αxe,T + (1− α)x0

1− δ
=

¡
αdT + (1− α)

¢
1− δ

x0 (64)

w2 =
1

1− δ
x0

That implies c = δ(w2 − w1) = δα
1−δ

¡
1− dT

¢
x0. Substituting (63) for x0:

c =

µ
(1− δ)M

δα (1− dT )
+ 1

¶−1
xTotal = (µ(δ, α,M, T ) + 1)

−1
xTotal (65)

The function µ(δ, α,M, T ) varies continuously in α from M 1−δ
(1−δT )δ to infinity

for any δ < 1. Moreover,

lim
δ→1

µ(δ, α,M, T ) =
M

T
(66)

Recall that xTotal - the total expected per-period surplus of the cartel - depends
only on M and c (and not on T or δ or α) and that xTotal > c. Therefore for
any c and M we can find N4 such that:

c <

µ
M

N4 −M
+ 1

¶−1
xTotal (67)

Now, for all N ≥ N4 there exists δ4 < 1 such that for all δ ≥ δ4 we can pick
α ∈ (0, 1] such that c = vh − ε. Note that for small ε we need that the share
of the included players gets negligible and the cartel member with the highest
realized value will almost surely not win the object. That does not destroy
asymptotic efficiency, because the winner will have almost surely a very similar
value.
Step 5
Show that for large N and sufficiently high δ no player has ever incentives

to deviate
We have shown in the previous step that given the derived N, M, δ and α

the included players have no incentives to deviate from the prescribed bidding
functions. We only need to show that the excluded players do not have profitable
deviations as well. It is sufficient to consider a player that is excluded with rank
T and got a draw vh in the current auction.
From equation (62) and c = δα

1−δ
¡
1− dT

¢
x0 we get:

xe,T =
1− δ

δα

dT

(1− dT )
c (68)

Therefore the total expected payoff of the excluded player with rank T if he
does not deviate is:

we,T =
dT

δα (1− dT )
c (69)
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Now consider any deviation. The highest current payoff he can get is vh. Then
the expected continuation payoff is:

Ev
(1)
N −Ev

(2)
N

N

1

(1− δ)
(70)

Therefore deviation is not profitable if:

dT (1− δ)

δα (1− dT )
c ≥ vh (1− δ) + δ

Ev
(1)
N −Ev

(2)
N

N
(71)

As δ → 1, the LHS converges to c
T and the RHS converges to Ev

(1)
N −Ev(2)N

N .

Clearly, for N large enough we have c > Ev
(1)
N −Ev(2)N . Call the smallest N that

satisfies it N5. Then, for any N ≥ N5 we can find δ5 such that for all δ ≥ δ5
the incentive constraint is satisfied and the excluded players have no incentives
to deviate.
Step 6
Now takeN∗ =Max{N4, N5}. Then for anyN ≥ N∗ take δ∗ =Max{δ4, δ5}.

Finally take α and T andM found in Steps 2-4. These satisfy all the steps above
and hence the proposed scheme constitutes a PPE and satisfies conditions of
asymptotic efficiency for large cartels.
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