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1 Introduction

This note is (expanded) from Xinwen Zhu’s class at Stanford, 2023 Spring.

1.1 Overview

A fundamental invariant of a linear endomorphism f : V — V of a finite dimensional vector space is its trace
Tr(f). The construction f — Tr(f) can be performed in any symmetric monoidal (higher)-category. In recent
years, people realize that several seemingly unrelated theorems/constructions, including but not limited to

Grothendieck-Riemann-Roch formula

Atiyah-Bott fixed point formula

Lefschetz-Verdier formula

Deligne-Lusztig theory

V. Lafforgue’s construction of excursion algebras

can all be understood in the framework of such trace construction. This course aims to give an introduction of
such ideas.

1.1.1 Part L. Higher linear algebra

In this part we discuss the general trace formalism in (higher) symmetric monoidal categories. After explaining
some basic examples, we will in particular perform the construction in

(1) symmetric monoidal (2-)category LinCat; of k-linear (infinity)-categories;

(2) Its Morita category (objects are k-linear monoidal categories and morphisms are bimodule categories).

This part is closely related extended TQFT in dimension 1,2,3, and also related to ideas of non-commutative
algebraic geometry.

1.1.2 Part II. Formalism of sheaf theories (a.k.a. six functor formalisms)

To make the trace formalism useful, one needs to supply many interesting examples of (monoidal) k-linear cate-
gories. They usually come from category of sheaves (e.g. coherent, constructible) on some space. We discuss how
to organize various sheaf theories as (lax) symmetric monoidal functors from the category of correspondences to
LinCat; mentioned above, and specialize to coherent and étale sheaves.

1.1.3 Part III. Applications in algebraic geometry and representation theory

We will apply the methods developed in the course to some of the concrete theories as mentioned above.

1.2 Acknowledgement

I deeply thank Prof. Zhu for the beautiful classes and inspiring discussions. I also thank Daniel Kim and Sean
Cotner for helpful conversations and their patience for my many dumb questions.



Lecture 1: 4/4/2023

2 Linear Algebras and Category Theory

2.1 Motivation: Defining the Trace
The goal: to generalize and to study the following constructions:

(1) Given f : V — V endomorphism of finite-dimensional k-vector spaces, we can define its trace Tr(f|V)
satisfying

(i) additive: Tr(f + g|V) = Tr(f1V) + Tr(g|V);

(i) compatibile with tensor products: Tr(f ® g|V ® W) = Tr(f|V)Tr(g|W);
(iii) compatible with duals: Tr(f|V) = Tr(f¥|VY);
(iv) Given f: V - W, g: W — V, we have Tr(f o g|W) = Tr(g o f|V)).

(2) Let A be an associative k-algebra, define its co-center A := A/[A, A), where [A, A] := span,{ab — bala,b € A}.
Remark 2.1. Why A?
(i) for certain A-module 7 (e.g. x is finite-dimensional), we can define

Xr:A >k
2.1
a — Tr(alr)

which will factor through A. E.g. take A = k[G] group algebra of a finite group G, and then A can be
identified as the k-span of conjugacy classes of G.

(i1) If & is a finite projective A-module, we can define Chern character ch(r) € A, where
ch : Ko(A) — A.
E.g. Take A = J#(G) Hecke algebra of a p-adic group and then ch and y, give a paring.

Recall the definition of the trace of a linear map: pick a basis {v;} of V and {6} the dual basis of V*, then

Te(fIV) = > 6'(Fwi). (2.2)

Alternatively, define unit map (also called co-evaluation map)

uy  k—->VveVy
1 Zv,@éi (2.3)

and evaluation map

ey VYOV sk

2.4)
A®v i A(v)
and then the trace map can be defined via
uy v JSfeidyy v v ey
k— VeV — VeV 2 V'V —«k (2.5)

The upshort: the trace Tr(f|V) can be defined in a category %, equipped with (®,1,...) and X € ¥ equipped with
uxy 11— X®X", (2.6)

and
ex : X'®X - 1. 2.7



Informal definition:

Definition 2.2. A symmetric monoidal category is (%, ®, a, ¢, 1, u), where
e ¥ is a category;
e R:CXE > C,
e associativity: isomorphismayyz : (X®Y)®Z 5x ® (Y ® Z) functorial in X, Y, Z;
e commutativity: isomorphism cxy : X ® Y 5 Y ® X functorial in X, Y.

) le%andu:1®lil,

satisfying certain properties (to guarantee when comparing two ways of multiplying multiple objects, there exists
a functorial isomorphism, compatible with different orders of applying a or c), such as

19(-): ¢ > % 2.8)
is an auto-equivalence (i.e. there exists functorial isomorphism 1 ® X 5 X).

Example 2.3 (Vector spaces). Take 4 = Vect/, ® to be the usual tensor products of vector spaces, unit 1 = &,
commutativity VW = W® V givenby v@w — w®v.

Example 2.4 (Graded vector spaces). Take € = (Vectfr)v, unital object 1 = k placed in degree 0, and ® tensor
products given by (V® W)" := &, j=,V' ® W/, and isomorphism V'@ W/ = W/ ® V' given by v@w - (=) /w®v.
The sign here matters (see Example [2.T8).

Example 2.5. Take % to be the categoty of chain complexes of vector spaces Ch(Vect;) and derived category
D(Vect)).

Remark 2.6. We can replace k by any commutative ring in previous examples.

Example 2.7. Let X be a topological space (or generally a site), and take ¢ = Shv(X, A)” sheaves of A-modules
on X.

Example 2.8. Let X be a quasi-compact quasi-separated scheme, and 4 = QCoh(X)°®.
We can see that symmetric monoidal category occurs.

Example 2.9. Take 4 = Morita(Vect;), defined by
o Objects: associative k-algebras A, B, . ..

e Morphisms: Mor(B,A) = {(A, B)-bimodules} (if we use isomorphism classes, then 1-category; if we don’t
take isomorphism classes, then 2-category),

o Composition of morphisms given by
aMpgo gN¢c := M ®p N. 2.9)

Then % is equipped with ® given by
®:(A,B)—> A®B

and1 = k.



Example 2.10. Take ¢ = Corr(Schg), defined by
o Objects: quasi-compact quasi-separated schemes over S ;

e Morphisms:

Mor(Y,X) = { y (2.10)

SN
Nl

and composition given by

ZxXy W

Z/ \W
SN

Example 2.11 (Cohomological Correspondence). Take & = CohCorr(Schgt), where S is a scheme of finite type
over k, defined by

e Objects: (X,.#), where X is a scheme of finite type over S and .% € Shv(Xg, Fy);

e Morphisms: Mor((Y,¥), (X, %)) is the set of correspondences

N
X Y
withu : LR*Y — %

with® : (X, %), Y,9)) > (X x5 ¥, F K Y).

Example 2.12. Take % to be LinCat; the category of k-linear presentable (cocomplete+accessible) stable co-
categoy, with Mor(%’, 2) consists of k-linear colimit preserving functors, equipped with ® called Deligne-Lurie
tensor product. Examples of this example:

e (A-mod) ® (B-mod) = (A ®; B)-mod.
e Let X, Y be qcqs schemes over k, then

D(QCoh(X)") ® D(QCoh(Y)") = D(QCoh(X x Y)7).
Now let (¢, ®,a, c, 1, u) be a stmmetric monoidal category and X € €.

Definition 2.13. A dual of X consists of (XY, ux, ex),
o XVe¥,
e uy:1-XXY,

e ex : X'®X > 1,

idy®ex =

such that the composition X - 18X - (X ®XV)® X 3Xe X¥®X) —> X®1 — X is exactly idy, and a
a

similar diagram for X".

Remark 2.14. A dual of X (if it exists) is unique up to a unique isomorphism.



Definition 2.15. An object X is called dualizable if a dual of X exists.

Definition 2.16. Let X be a dualizable object in %, and f : X — X an endomorphism. Then we define

Uy idyv = e
T : 15 xo X' 229 xo x¥ 5 xV e x 5 1. @.11)

Example 2.17. Take ¢ = Vect;. Then V € ¢ is dualizable if and only if V is finite-dimensional over k. In this
case Tr(f|V) is the usual trace.

Example 2.18. Take ¢ = (Vect;")”. Then V* is dualizable if and only if }} dim V' < co. In this case
(V) =Y

and

Tr(fIV) = D (=D Te(£1VY).
The signisdueto VO VY = VV®V.

Example 2.19. Take € to be Ch(Vectg) the chain complexes or D(Vect,f). Then V* € € is dualizable if and only
if V* is a perfect complex (quasi-isomorphic to a bounded complex of finite projective modules). In this case,

(VY = (v

and

Te(f* V) = Y (=D Te(FV).

In particular, take f* = id and then
Tr(id|V) = x(V*).

Example 2.20. If € = D(A-mod”) or ¥ = D(QCoh(X)?), then V is dualizable if and only if V is perfect.

Example 2.21. If € = Morita(D(Vecty)), then every object is dualizable. The dual of A is A™" the opposite algebra.
The unit is given by the A ® A”"-module A and similar for the counit (also called evaluation). Then

Tr(idalA) = A ®jpp A = HH(A, A)

is Hoschild homologies. Similarly, given an A-bimodule M, Tr(fy|A) = A ®%® e M = HH(A, M).

Lecture 2: 4/6/2023

Example 2.22. Consider € = Morita(Vect:), any object A is dualizable, with A”" a dual. The unit and counit is
given by A as (k,A ® A™) and (A ® A™, k)-bimodule. Then for any 4 My,

Tr(aM4lA) = A ®ugarer (M ® A™”) ®agarer A € Vect]
visualized as “circular tensor product over A"

N
.

Therefore, Tr(4 Ms|A) = A Qagarr M = M/span{am — mala € A,m € M}.

2.12)

e
o



Example 2.23. Consider ¢ = Corr(Schyg). Every X is dualizable with dual X, the evaluation and unit are given by

'/ \ 2.13)

and

X
A (2.14)
7 N

X Xg X

Given f : X — X, we obtain a correspondence

X
: idy 2.15)

and then Tr(f|X) = X/ fixed points.

Example 2.24. Consider ¢ = CohCorr(Sch‘; ;) where S /k is a scheme of finite type where [ is invertible in the field
k. An object is of the form (X, %), where X is a scheme of finite type over S, and .% € D(Shv(Xg, #)°).

Theorem 2.25. An object (X, %) in CohCorr(Sch{é) is dualizable if and only if % is ULA (universally locally
acyclic) with respectto X — S.

Example 2.26. Consider the category LinCat,. Then D(QCoh(X)"), with X quasi-compact quasi-separated scheme,
is dualizable, with dual D(QCoh(X)")¥ = D(QCoh(X)"). The evaluation map is given by

ex : D(QCoh(X)") ® D(QCoh(X)") — Vecty

L (2.16)
F XY - RIX, 7 QY.
and the unit map is given by
: Vecty —» DQCoh(X x X)”
ux @ Vecty — DQCoh( ) @.17)
k- A* ﬁx
where we use D(QCoh(X)) ® D(QCoh(X)") = D(QCoh(X x X)).
Given f : X — X, we have
Lf* : D(QCoh(X)”) — D(QCoh(X)")
and the trace is
Tr(Lf*|D(QCoh(X)?)) = RI(X/, ©) (2.18)
where X is homotopy pullback (as a derived schemeﬂ
Xy _J) X
. r (2.19)
{ L
X T) XXX

“This is essential since we want base change theorem for quasicoherent sheaves to hold, without flatness condition.

Remark 2.27. Note that we identify Endy,ca(Vecty) = Vect; because a colimit preserving functor on Vecty is
determined by its value on the 1-dimensional vector space k.

Proof. We want to



o verify the unit and evaluation maps.
e justify the description of the trace (2.18).

(A):To check ex and uy defined above are indeed unit and evaluation maps, we should verify that
F - (Ap).Ox .7 — R(idy X ). L(idx X Ax3)*((A12).Ox X .F) (2.20)

is the identity map, where 7 : X — Spec k the structure morphism and

XxX XXXxX XxX
XXXxX XXXxX XxX X X X
(2.21)
(x,y) (x,¥,2) (x,y)
(x, x,) (x5, (x,y) z X y
Note that L(idy X A3)* o Lp}, =id, L(idy X A3)" o Lp; = Lq; and idy X 7 = g;. Then we obtain that
R(idy x 7). L(idx X A23) (A12). Ox B F) = R(q)).(A,Ox @ Lgs.F) = O 6, . (2.22)

Fourier-Mukai transform ®,(—) for quasi-coherent sheaves naturally occurs! Recall that Fourier-Mukai transform
with kernel A, is exactly identity ma;ﬂ
R(q1)+(A, Ox &" Lg5F) = R(q1).A(Ox " LA*Lg5.#) (projection formula)
= R(q1).A(Ox @ F) (use g» o A =idand g; o A = id) (2.23)
= 7.
(B): To proof (2.18). By definition the trace
Tr(Lf*|D(QCoh(X)®)) € Endy jnca(Vecty) = Vecty, (2.24)
is determined by
ki AOx — L(f xidx)"A.Ox — RU(X, LA'L(f X idx)*A.O). (2.25)
Note that (f x idx) o A = I' is graph embedding. Then we see the image of k is

RT(X, LA"L(f X idx)"A.Ox) = RHomy(Ox, LT';A, Ox)
= RHomyx(Ox, Rj.Lj" Ox), (base change formula)
= RHomy/(Lj" Ox, Lj* Ox), (2.26)
= RHomy(Oxs, Oxr),
= RI(X/, Ox»),

where we have to understand things in term of derived geometry so that we have base change theorem for quasi-
coherent sheaves (without flatness assumption in general case). O

Remark 2.28. Later we will see that any sheaf theory will give a symmetric monoidal functor Corr(Sch/S) —
LinCaty, and we can do computation by functoriality of trace.

!For more similar results, see my notes named Fourier Transforms in Algebraic World.



2.2 Monoidal Category

Definition 2.29. A semi-group (non-unital monoidal) category consists of (¢, ®, a), where
e ¥ is a category,
e R:ECXE >,

ExExE 2 wx@

ws| A s

ECxEC —2—5 ¢

such that the diagram

x®y)®((Zew)
(x®y)®7)®wW X®(Y®(z®w)) (2:27)
x®(rY®2)w > x®(Y®2)®w)

commutes (called pentagon identity).

Definition 2.30. A unit of a semi-group category consists of (1, «), where
o 1%,
e u:1®15 lisan isomorphism,

such that both functors

e 1®-:¢—>%
e -Q1:4—>%
are fully faithful.
Proposition 2.31.
[:1®-—id
(2.28)
IX+— X
r:—®1—id
(2.29)
X®1— X

are isomorphic of functors.

Proof. Note that we have functorial isomorphisms 1® (1® X) = 1® X using asscoiativity a and u. Note that 1 ® —
is fully faithful (in particular, conservative), and hence we obtain functorial isomorphisms 1® X = X. O

Proposition 2.32. The following diagrams are commuatative,

XY - > XR(I®Y)
\ / (2.30)
rQidy idx®ly
XY
deX)®Y g s 1(X®Y)

\ / 2.31)
1, Qidy Ixey
X®Y



and

X®Y)el 4 s XY ®I)
\ / (2.32)
Ixey idx®ry
X®Y
Proof. The proof amounts to pentagon identity and diagram chasing. I would rather omit the proof. O

Proposition 2.33. We have canonical isomorphism [ = r; = u.
Proposition 2.34. Endy 1 is a commutative monoid and Aute(1,u) = id;.

Proof. 1 omit the proof of End and sketch the proof of Aut.

lf®f lf (2.33)

is commutative. But this diagram is the composition of two squares

191 431

o

191 —“3 1 (2.34)

Note the upper square also commutes by Prop.[2.33] Therefore, the lower diagram commutes and we can cancel
f using fully faithfulness of — ® 1 and hence we obtain f = id;. O

Proposition 2.35. If (1',u’) is another unit, then there exists a unique
e:(u) > (')

Proof. Existence is proved using the following diagram

1o1 —1 51

Lo

101 51 (2.35)

le@id lid,/

11 u 1’

and fully faithfulness of — ® 1’. Then use Prop. Iy = u
Uniqueness is by Prop.[2.34] a

Remark 2.36. Therefore, a unit is an inner structure rather than an additional data.

Definition 2.37. A monoidal category is a semi-group category (%, ®, a) such that the unit exists.

Lecture 3: 4/11/2023

Example 2.38. All previous examples are actually monoidal categories.

Example 2.39. Given M a commutative monoid, then we define a catogory BM with object consisting of a point *
and End(x) = M and * ® % = .

10



Example 2.40. Let € be a category with finite products. Then ¢ admits a natural monoidal structure, usually
called Cartesian monoidal structure, given by X ® Y := X X Y and 1 :=final object.

Example 2.41. Let € be a category. Then End(%¢) = Fun(%, ¥) is a natural monoidal category, with ® given by
composition of functors. Exercise: define module categories of a monoidal category.

Example 2.42. Let T be a (finite) group and € := Vect' be the category of I'-graded vector spaces with
{Vy}y ® {Wy’ }y’ = {(V ® W))/" }y”,
where (V® W), := &,.,,—,»V, ® W,, with unit given by k put in degree 0.

Remark 2.43. Actually, Vect! can be viewed as Shv(T, k), i.e. sheaves of k-vector spaces on the discrete space I'.
If we denote the multiplication by m : T X I' — I, then ¥ « # = m.(* X #'). This explanation works in more
general situation.

Example 2.44. Suppose that € is a category of spaces with finite product and & is a “sheaf theory” on €. Let
f : X — Y be a morphism in €. If Z := X Xy X, then under certain assumptions on 2, Z(Z) is a monoidal
category, with

X Xy X Xy MY iy XX XXy X = ZXZ
idxxfxidxlp (2.36)
XXy X

jdxXAxX]
X‘ q

and

%1 D(Z) X D(Z) = D(2), (237)
(Z,9) = pg'(F RY). '
For example, Hecke category: ¥ = BG and X = BH, and then[]
Z =X xy X = H\G/H,

where G is a finite group and H is a subgroup of G. Exercise: spread the meaning of the monoidal structure.

“Note that BH xpg BH(X) is the moduli of (P, P2, ), where Py, P, are left H-torsors over X, @ : Py X2 G S PxHG (quotient by
diagonal action of H). Therefore, the stack classfying (Py, P2, @, €], &) is a H X H-torsor over BH Xpg BH, where €], & are trivializations of

P; and P, respectively. Note that (X X H) xH G = X x G. But then the data is equivalent to (X X G) = (X x G), which is further equivalent to
G(X). Therefore, G is a H X H-torsor on BH Xpg BH, where one H acts on the left and the other one acts on the right (because change of €, &
has effect on the source and the target of « respectively). Therefore, [H\G/H] = BH Xpc BH. Secretly, we are mimicing the proof in topology:
we are proving EG X/ EG is the same as G, which is H X H equivarant and gives the desired isomorphism after quotient by H x H.

2.3 Dual

Let % be a monoidal category throughout this subsection.

Definition 2.45. Let ¥ be a monoidal category and x € % be an object. Then a right dual of x consists of
(xY, ey, uy) with

o XV ¥,
ey, :1—-xxY,
o Vv
e ¢, x'®x—>1,
such that

e the compositionof x =1®x - (x®x")®x > x® (' ®x) > x®1 > xisid, and

11

e the composition of x¥ = x®1 - x® (x¥ ® x) 5 x®x")®x > 1®x > xisid,

Definition 2.46. A left dual of x consists of (Vx, Vu,, Ve,), such that (x, Vu,, 'e,) is a right dual of ¥ x.

11



Remark 2.47. In general, ¥x and x" are different.

Proposition 2.48. Let (x, uy, e;) be a right dual of x. Then there exist canonical isomorphisms

Hom(y ® x,z) — Hom(y,z® x*) (2.38)

functorial in y,z € € and
Hom(y, x ® z) — Hom(x" ® y, 2), (2.39)

Sfunctorial iny,z € 6.

Corollary 2.49. For a dualizable object X € €, — ® X admits a right adjoint — ® X" and X ® — admits a left
adjoint X¥ ® —. In particular, ex and uy is given by the unit and counirt of this adjunction.

Corollary 2.50. Right (resp. left) dual of X € €, if exists, is unique up to a unique isomorphism.

Corollary 2.51. For any dualizable X € €, — ® X commutes with any colimits and X ® — commutes with any
limits.

Proof of Proposition We have that

Hom(y ® x, 2) =, Hom(y® x® x*,z® x¥) — Hom(y,z® x"), (2.40)
and o .
Hom(y,z® x") — Hom(y ® x,z® x¥ ® x) — Hom(y ® x, 2). (2.41)

We want to check that the maps above are inverse to each other. Given any f € Hom(y ® x, z), we have that

1d ®ux®1d id,®e,,

— > yRx®x' ®x 4 7®x' ®x

\ \le ®id,®e, \Lidz®ex
idye,

y®x—>z

(2.42)

Similar for the remainings. O

Corollary 2.52. If every object in € admits a right dual, then € — €, x — x" is fully faithful, where f : x — y
is mapped to ¥ 1y - y'@x®x" - y'@y®x’ — x".

Proof. Note that Hom(x, y) = Hom(1,y ® x¥) = Hom(y", x¥). O

Corollary 2.53. Let f : x —> yand g : y¥ — x" be two morphisms, then g = f" if and only if the following
diagram is commutative

o »
yv®xl—®f)yv®y I#y@)yv

Jseid Je l Jides (2.43)
Yex — 3 1 x®xvﬁ)y®xv

Definition 2.54. A monoidal category % is called rigid if every object x € € admits both a left dual and a right
dual.

Corollary 2.55. If € is rigid and X € € any object, then X ® — and — ® X commute with any limits and colimits.
Moreover,

¢ . C —>C
x o () (2.44)
is an equivalence of category, with a quasi inverse given by
o-Zgl 16 > €
i VO'R) (2.45)

12



2.4 Symmetric Monoidal Categories

Definition 2.56. A symmetric monoidal category consists of (¢, ®, a, c) where (¢, ®, a) is a monoidal category
and

14

C.XQy >y®x
isomorphisms functorial in x and y, such that
0,0 c c oo
e the compositionof x®y — y® x = x ® y is id,gy,

e Compatibily of a and c: the diagram

x®y)®7 —23 x®(Y®2)
ex)®z X®(Z®Yy) (2.46)
2®(®x) <— (2®y)®x

commutes.

Remark 2.57. By Maclane’s coherence theorem, these axioms suffice to show any ways of multiplication (using
a, ¢ and multiplication ® in different orders) of any tuples of objects will be compatible.

Remark 2.58. This is a subtle definition. If you modify ¢ by a twist of certain matrix, then you obtain something
like quantum groups.

Remark 2.59. In a symmetric monoidal category, a left dual is the same thing as a right dual. (Use ¢, and
uniqueness of left/right dual to show this.)

So we can talk dualizable objects.

2.5 Internal Hom
Let ¥ be a symmetric monoidal category throughout this subsection.

Definition 2.60. Let x,y € ¥. Then we define the internal Hom Hom(x, y) to be an object in € (if it exists),
representing the functor
z = Homg(z® x,y),

i.e. functorial (in z) isomorphisms
Hom(z, Hom(x, y)) = Hom(z ® x, ).
We write X* := Hom(X, 1) if it exists.
Lemma 2.61. Let x € ¥.
(1) If x is dualizable, then internal Hom Hom(x, y) exists for any y € €, which is isomorphic to x¥ ®y.
(2) xis dualizable if x*, Hom(x, x) exist and the natural map
x" ® x — Hom(x, x) (2.47)
is an isomorphisnt’]
For proof, one can consult [LZ22| Lem. 1.4].

Definition 2.62. A symmetric monoidal category % is called closed if Hom(x, y) exists for all x,y € €.

Example 2.63. The following categories are closed: Vect;, D(Vect)) and LinCat.

2Note that x* ® x — Hom(x, x) is the same thing as x* ® x ® x — x, then the map is (e, ® idy) o (idy+ ® ¢).
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2.6 Properties of Traces

Definition 2.64. Let f : X — X be an endomorphism of a dulaizable object in a symmetric monoidal category %
Then we define Tr(f|X) € End(1) to be the composition

ux v Sf®idyv v € v ex
1 -5X0X — XX - X" 90X — 1. (2.48)
Proposition 2.65. The followings hold.
(1) Tr(f1X) = Tr(f"1X").
(2) Tr(go fIX) =Tr(foglY)forf: X > Yandg:Y — X.
(3) Tr(fglX®Y)=Tr(fIX) - Tr(glY) for f : X > Xandg:Y — Y.
(4) If € is an additive monoidal category, then Tr(f @ g|lX ® Y) = Tr(f|1X) + Tr(glY).
(5) (relative trace) f : x® y — x®y and x,y are dualizable, can define Tr(f|x ® y|y) € End(x) by
LTI
id ®e,
lid»@m,v (2.49)
v feidy v id®c v
XIQY®y — xQ®y®y’ —— x®y' ®Yy
Then we have Tr(f|x ® y) = Tr(Tr(f1x ® yly)lx)

Corollary 2.66. Trace factors through split Grothendieck group, i.e. Tr : K® — End¢ 1 .

Lecture 4: 4/13/2023

Recall that we define trace for an endomorphism of a dualizable object in a symmetric monoidal category %'
Definition 2.67. In particular, we define dim X := Tr(idx|X) € End% (1) =: k.
Definition 2.68. Let € be a rigid additive symmetric monoidal category. Let
NC ={f: X>Y|Te(fog)=0,Yg:Y - X}. (2.50)
Corollary 2.69. N is a tensor ideal. Forany (f : X - Y) e NE.
(1) foranyg:Y > Z,go f € NG,
(2) foranyh: W —» X, fohe NE;
(3) foranyg:S > T, (fQg:X®S »YQ®T)e NE.
So we can define € := €| N €, whose collection of objects is the same as € but morphisms are modified
Homz(X, Y) := Hom (X, Y)/(/"¢ N Homgx (X, Y)),

which is still an additive rigid symmetric monoidal category.

14



2.7 (Symmetric) Monoidal Functors

Definition 2.70. Let 4" and 2 be two (symmetric) monoidal categories. A (symmetric) monoidal functor is a pair
(F, A1), where

e I: % — 2 afunctor,
e 1: FIX)® F(Y) 5 F(X ®Y) functorial in X and Y,
such that

e 1 is compatible with a ( and ¢), i.e. for any A, B, C € €, we have

F(A®B) ®C) 2 FA®B®C))

F(A® B)® F(C) F(A)® F(B® C)
AT AT
(F(A)® F(B)) ® F(C) - > F(A)® (F(B)® F(C))
2.51)

and similar diagrams for c;
e F(ly) =14.
Lemma 2.71. Let F : € — 2 be a monoidal functor.
(1) If XY € € is aright dual of X € €, then F(X¥) € 9 is a right dual of F(X) € 9;

(2) If F : € — 2 is a symmetric monoidal functor and X € € is dualizable, then the following diagram commutes

Endy X —5— Endy F(X)

ln lrr (2.52)

El‘ld(g 1<g L) El‘ld@ 19

2.8 Rigid Symmetric Monoidal Abelian Categories

Theorem 2.72. Let (¢, ®, a,c) be a rigid symmetric monoidal abelian category. Suppose that we have

0 > a’ a > a > 0

~

(2.53)

<
~
S

0 > a’ a > a > 0

~

then Tr(fla) = Tr(f’|a’) + Tr(f"|a”’).
Corollary 2.73. Tr factors through Ky(¢') — End¢ 1.

Lemma 2.74. The functor — ® X preserves short exact sequence, for any X € €, where € is a rigid symmetric
monoidal abelian category.

Proof. By Corollary [2.51] O

Lemma 2.75. For 0 > @’ — a — a”’ — 0 a short exact sequence, the sequence 0 — (a’')" = a* — (@’)" - 0
is also exact.

Proof. Note that a” = Hom..(a,1). Now apply adjunction of internal Hom and tensors, and the exactness of
tensor product (Lemma [2.74). m]

15



Let F*% be the category of (finite) filtered objects (X, F*X) of ¥, where X € Ob(%¥) and F* is a finite
decreasing filtration of X by subobjects 0 = F"X < F" !X «s ... < FOX «s F71X < ... such that F'X = X
for some i < 0.

Then we obtain

@:F*¢CQF'¢ — F*'¢

. . . (2.54)
L FHOMF) P (x®y, F*)

where F'(x®y) 1= Y4 joy FIX® Fly — x®y.
Note that F*% is rigid, additive, since (x, F*)" = (xY, F*), where Fix" := (x/F'~'x)" and unit given 1 with
(0C 1< 1---) where the first 1 is in filtration degree (f].

F*¢ (x, F)

forgetful funy \rfunctor / \ (2.55)

€ 4 (x,F) - x grp(x) = &;F'x/F*'x

both are symmetric monoidal functors.

Corollary 2.76. Let € be a rigid symmetric monoidal abelian category. If f : X — X is nilpotent, then
Tr(fIX) = 0.

Let & be arigid symmetric monoidal abelian category as above. If U < 1 is a subobject, then1 = (1/U)" & U.
Note that End¢ 1 = k is a commutative ring. We then have a bijection

{idempotents} < {subobjects of 1}. (2.56)

In practice, we may often assume that End¢ 1 = k is a field and hence 1 is irreducibleﬂ

Proposition 2.77. Let € be a rigid symmetric monoidal pseudo-abelian (i.e. idempotent complete additive cate-
gor)ﬂ). Suppose that Endy 1 =: k is a field. Then

(1) if € is semisimple abelian, then /€ = 0;
(2) suppose that

o NC =0,
e Tr(f) = 0 for any nilpotent f,

e Hom(x,y) is finite dimensional over k for any x,y,
then € is semi-simple abelian.

Proof. (1)forany f: X — Y, X = @X;, Y = ®;Y; decomposition into irreducible objects, f;; = ejofoe; : X; — ;.
Then f € A€ if and only if f;; € A€ for all i, j. Therefore, we can assume without loss of generality that both
X =Y are irreducible.

Now we want 4% N Endy(X) = {0}. Note that 4% N Endx(X) is a two-sided ideal and hence either
End¢(X) € A€ or /€ NEndx(X) = {0}, since End(X) is a division algebra by irreducibility of X. If End«(X) C
A€ holds, then 0 = Tr : Endg(X) — k, i.e. exocopoux = 0 for any ¢ € Endy(X). By the definition of
dualizable (the composition of X SN XeXH)eX % X®X¥®X) 2 Xis idy), we know that uy, ey are both
non-zero unless X = 0 (uy is injective and ey is surjective).

(2) first note that End«(X) is a semi-simple k-algebra. Consider the Jacobson radical #x C End«(X). Then
any element of ¢y is nilpotent, because End«(X) is a finite-dimensional algebra, and by our assumption that
nilpotent elements have trace 0, #x C .46 = 0. Therefore, End(X) is semi-simple k-algebra for any X € €.
Now use the following lemma to complete the proof. O

3We want the dual of 1 to be 1 and that’s why the shift 1 occurs in F'x" := (x/F'~'x)".

4Note that Ende 1 acts on X = X ® 1 = 1 ® X naturally, so idempotents will induce decomposition of %.

SEquivalently speaking, pseudo-abelian category is a category that is preadditive and is such that every idempotent has a kernel. Idempotent
complete means every idempotent splits. Preadditive means that category is enriched over abelian groups, i.e. each Hom set is an abelian group
and compositions are bilinear (distribution law holds).
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Lemma 2.78. Let € be a pseudo-abelian, k-linear category (i.e. Hom(X, Y) is a finite dimensional k-vector space)
for some field k. Then € is semi-simple abelian if and only if End (X) is a semi-simple k-algebra for all X.

Example 2.79 (Fake Motives). Let F be a field and SmProj/F be the category of smooth projective varieties over
F. Given any reasonable equivalence relation (rational equivalence, numerical equivalence, algebraic equivalence,
etc.) on Z°(X) group of cycles, we can define A®(X) = Z*(X)/ ~ with a ring structure given by intersection product.
There is a well-defined pull-back functor and push-forward functor for f : X — Y, i.e. we have

friAYN(Y) - AYX), (2.57)

and ‘ '
f:k A*(X) —)A*_dlmx+dle(Y). (258)

One can define Moty = {(X, p,m)}, where X € SmProj/F, p € AY™X(X x X) such that p * p = p, m € Z, where

A (XX Y)X A*(Y X Z) —> A*(X X Z)

XXYXZ (2.59)

P13
P12Xp23

XXYXYXZ XXZ
and a x b := (p13).(p},(@)ph3 (). Then Hom((X, p, m), (Y, q,n) := g - AS X"+ (X X ¥) - p.

Claim: Mot} is a rigid symmetric monoidal pseudo-abelian category with End1 = k.
Observe that the dual of (X, id, 0) is (X, id, dim X). Fact: for a self-correspondence

Z
(2.60)
X / \ X

Tr(Z|X) = deg(Z N Ax). Then .4#"Mot;. = 0 if and only if ~ is numerical equivalence.

Corollary 2.80. Moty™ is semi-simple abelian.

Lecture 5: 4/18/2023

2.9 Lax (Symmetric) Monoidal Functor
Definition 2.81. A lax (symmetric) monoidal functor consists of (F, 1), where

e F: % — Z is afunctor between two (symmetric) monoidal categories;

e 1: F(X)® F(Y) » F(X®Y) is natural transform,

CxXEC —25 ¢

per| /’ 17 2.61)

Ix9 25 9

such that
e compatible with a (and also c);

o there exists € : 1 — F(1¢), such that the composition
19 F(X) » Flg) @ F(X) » Flg ® X) = F(X)

is Ip(x) for any x € € and similarly for F(X) ® 1.
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Remark 2.82. 1If such e exists, then it is unique up to unique isomorphism.

Example 2.83. The forgetful functor
Vect? — Sets™

is a lax symmetric monoidal functor, where A is givenby VX W > V@ W.

Example 2.84. For € a closed (symmetric) monoidal category , we always have

G : € — Sets™
(2.62)
X — Homg (X, 1)
and this is a lax symmetric monoidal functor with A given by
Home (X, 1) X Home(Y,1) > Home(X ® Y, 1). (2.63)

Definition 2.85. Let (F, 1) and (G, i) be two (symmetric) monoidal functors. A natural monoidal transform is
¢ : F = G, such that

FX)®F(Y) —— F(X®Y)

lso lsﬂ (2.64)

GX)®G(Y) —— G(X®Y)
commutes.

We can organize symmetric monoidal categories into 2-categories.
o Fun'®m"(% 9) contains Fun™" (%, 2) as a full subcategory.
o Fun'™Y™(%, 9) contains Fun®™ (%, 2) as a full subcategory.

e Cat'™mo" contains Cat™" as a subcategory (not 2-full).

2.10 Algebra Objects

Definition 2.86. Let € be a monoidal category. The category of algebra objects in % is Alg(%) := Fun™™m"(x, ©).
Concretely, this means an object A € €, equipped with

e m:AQRA — A,
e c: 1A,
such that

o the following diagram commutes

ARA)®A —23 AQ(ARQA)

ﬁ \Lid@m
A®A A®A (2.65)
\ i /
€e®idy

.. d .. .
o the composition 1 ® A — A®A Z, A coincides with 1.

Similarly, if € is a symmetric monoidal category, we can define

CAIg(%) := Fun'™Y™(x, %).
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Remark 2.87. For € a symmetric monoidal category,
o both forgetful functors CAlg(%) — Alg(¥) — € are symmetric monoidal functors:
(A®A)®(B®B) > (A®A)®(B®B) > A® B.
Example 2.88. For ¢ = (Vect;)®, then
e Alg(%) =k-algebras;
e CAlg(%) =commutative k-algebras.
Example 2.89. For ¢ = Chy, then Alg(¥) =DG-algebras.

Example 2.90. For ¢ = Cat*, Alg(%) consists of strict monoidal categories (A ® B)® C = A ® (B ® C) strictly
holds instead of up to a chosen isomorphism), where the strictness is due to the (strict) commutativity of diagram
(2.86). By Maclane’s strictness theorem, Alg(%) is equivalent to Cat™".

Exercise: Develop the notion of (left) modules in a monoidal category.

2.11 Another Way to Define Monoidal Categories
Now we want to give other (equivalent) definitions of (symmetric) monoidal categoires, which are more suitable
to higher category settings.
2.11.1 Some Category Theory
Definition 2.91. Let A be the category of finite ordered sets with non-decreasing maps.
Remark 2.92. More concretely, A is equivalent the category consisting of
e Objects: [n] ={0,1,...,n};
e Morphisms: ¢ : [m] — [n], such that ¢(i + 1) > ¢(i);

which can be visualized as (only face map and dengeneration map need to be depicted)

. W 7 oW

0] < 1] ¢ 2] == 3 2.66
[]\){[]ﬁ_[]ﬁ_[] (2.66)

Definition 2.93. For a category %, we define
&> = Fun(A, %) (2.67)
called the category of simplicial objects in %

Definition 2.94. Let ¥ be a category with finite product. Then Mon(%) is defined to consist of X, € Fun(A°?, %),
such that

(A) Xy = *(final object in &),

(B) {0,1} = {i,i + 1} — {0,1,...,n} induces n maps X, — X;, which together give an isomorphism X, —
X)X X X;.

Lemma 2.95. The following holds.
(1) A monoidal object {X.} in Mon(%) is uniquely determined by

7
—
X+ X E=X%

because € is an ordinary category.
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(2) Mon(Sets) = Mon. Actually

{1,2}
Xi XX <— X» 3 Xi {0,1} > {0, 1} s {0,1,2) (2.68)
XX X1 4o X = X 0,1} —= {0,2) —> {0,1,2)

m

(3) Alg(Cat™) = Mon(Cat).

Proof. The proof of this lemma is left as an exercise.

Multiplication X, = X; X X; — X is given by {0, 1,2} — {0,2}, and unit u : * — X is given by {0, 1} — {0}.

For (1), by definition, X,, = X; X --- X is determined by X;. We only need to show the morphisms “in higher
degrees” are actually determined by < 2 degrees. Only need to check degeneration maps and face maps, using
inductive method and simplicail identities.

(2) Associativity will be witnessed in X3 — X. ]

_ Recall Grothendieck’s construction. Given a contravariant functor F : €°P — Cat, we can construct a functor
F : ¥ — €. Construction of €

e Objects: {(¢,n)|c € €,n € F(c)}.
e Morphisms: a morphism (¢, 77) — (d, 1) is a morphism ¢ : ¢ = d in € and n — F(¢)(A).
Proposition 2.96. This funtor F : € — € is a Cartesian fibration.

Let me recall the definition of Cartesian fibration.

Definition 2.97. Let F : 2 — % be a funtor, a map (d; — d») € Z is called a Cartesian arrow, if for every d € 2,

Homg(d, d1) — Homg(d, d2) XHome (Fa),F(d)) Home (F(d), F(d))). (2.69)

Remark 2.98. More geometric in mind (view F as a morphism of presheaves, i.e. a map of spaces, or more
rigorously by viewing Hom set Hom(A, B) as A-points of B), we can write in the following way: d; — d, in 7 is
called a Cartesian arrow, if for any d € 2 (tested again any d € &), we have a Cartesian square of d-points

di(d) —— da(d)

l ] l (2.70)

F(di(d)) —— F(dx(d))

Definition 2.99. A functor F : 2 — % is called a Cartesian fibration if for every

°® (c1 2 )€ET,

o d) €Y, F(dy) = ¢,

there exists a Cartesian arrow (d; — d») over (¢; — ¢).

Remark 2.100. Given ¢y — ¢;, db, F(d>) 5 ¢, then a Cartesian lifting d; — d, (if exists) is unique up to unique
isomorphism by Yoneda’s lemma.

Given a category ¢, define
(Cartesian  )strict 2.71)

to be

e Objects: ¥ — € a Cartesian fibration,
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e Morphisms:

D —— 9

»

X <—

such that Cartesian arrows are mapped to Cartesian arrows.

Theorem 2.101. Grothendieck’s construction gives an equivalence of categories

Fun(%°7, Cat) = (Cartesian  )gicr. (2.72)

Similarly, we can define cocartesian arrows and cocartesian fibrations.

2.11.2 Second Definition of Monoidal Categories

Definition 2.102. A monoidal category is a coCartesian fibration ¢ — AP, and %, denotes the fiber over [n], such
that

e %) = = is the final object,
e an isomorphism C, 5 Cy X -+ xCyinduced by [n] 2 {i,i + 1} « [1] = {0, 1}.

Remark 2.103. By this definition, we see easily that Alg(Cat*) = Mon(Cat).

Lecture 6: 4/20/2023

Definition 2.104. Then we define the category Cat™" of monoidal categories to be the full subcategory of

(CoCartam )sirice consisting of objects satisfying the two properties in Definition [2.102] where the morphisms are
strict diagrams

C —— ¢

\ l (2.73)

AP
sending coCartesian arrows to coCartesian arrows.
Definition 2.105. Define Cat“®M°" ¢ CoCart s by
e Objects: ¢ — A coCartesian fibrations satisfying the two properties in Definition 2.102}

e Morphisms:
¢ L5 9

\ l (2.74)

AP

such that F sends coCartesian arrows over p; : [1] = {i — 1,i} — [n] to coCartesian arrows.

Definition 2.106. Alg(%) := Fun™™m"(x, ¥)=sections of € — A° sending p; to coCartesian arrows.
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Definition 2.107. A symmetric monoidal category is a coCartesian fibration 4° — Fin,, where Fin, is the category
of all finite pointed sets (/, *) with morphisms given by maps between sets sending the specified point * to %, such

that %7 is the fiber over the finite pointed set /, satisfying

e %) = = is the final object,
e an isomorphism %; 5 [1ic/—() € induced by
pi I — {x1}
, {i, if j =i
J= e,
w, if j#1i.
We can similarly define the categories Cat™¥™, Cat'™ Y™ CAlg(%).

Fact:

Cut : A°® — Fin,
[n] — Setof {[n] =S UT|S and T are convex subsets}

with * = (§ = 0).

Remark 2.108. Compare with Lurie’s notation: < n >=Cut[n] via

Je 0L - U+, n)

2.12 Enriched Category

Let 7 be a monoidal category.

Definition 2.109. A category % enriched over <7 consists of

(1) A collection of objects;

(2) For x,y € Ob(%¥), a Hom space Hom(x, y) € <7

(3) For x,y,z € ¢, Hom(z,y) ® Hom(x,y) — Hom(x, z) satisfying the pentagon axiom.

(4) There exists id, : 1 — Hom(x, x) satisfying the usual axiom for units.
Given an enriched category % (over /), we can recover an ordinary category € by
e Objects: the same as 4;

e Morphisms: Hom(x, y) := Hom (1, Hom(x, y)).

(2.75)

(2.76)

2.77)

Example 2.110. If </ is a closed symmetric monoidal category, then %7 is enriched over itself and &/ = <7, by
replacing the set Hom,/ (x, y) with the object Hom(x, y) € 7. In this case we easily see by adjunction of tensor

product and inner Hom that Hom (1, Hom(x, y)) = Hom (1 ® x,y) = Hom(x, y).

Example 2.111. A category enriched over Chy is called a DG-category.

3 Higher (Linear) Algebra

3.1 Introduction to Higher Categories

Due to the limitation of time, we could only sketch the basic ideas and languageﬂ For details, one can always

consult [Lur09] and [Lurl7].

%Due to laziness, I will be even more sketchy than the class.
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3.1.1 Vocabularies

w_n 6 N

Principle: forbid strict equality and replace it with isomorphisms “~".

Therefore, we upgrade Sets— Groupoids—2-Groupoids— - - - — co-groupoids. However, it is combinatorially
hard to describe them in category theory language. However, we can realize Groupoids as homotopy 1-types,
i.e. fundamental groupoids and 2-groupoids as homotopy 2-types and so on. Then co-Groupoids should be
understood as Spaces up to homotopy. Given a space S, we can construct a simplicial set Sing,(S') by considering
{A" - § }1120~

We introduce the notions:

o simplicial sets;

o A" AL

e Kan complexes;

e geometric realization functor

|e]:sSet » CG C Top

X. b X.| 3.1

where CG denotes the category of compactly generated spaces. The geometric realization functor is defined
to be the left adjoint to Sing,, or the unqiue (up to unique isomorphism) functor satisfying

(1) sending A" to |A"] := {(to, ..., t,) C [0, 11" 2Lyt = 1};

(2) preserving colimits.
Facts:

e Since simplicial sets are presheaves on A°P, all limits and colimits exist (and are computed pointwisely).
Therefore, sSet™ is a closed symmetric monoidal category. In other words, the Hom spaces can be enriched
over simplicial sets. Then by adjunction of internal Hom and tensor products (given by Cartesian products
in this case), we must have

Hom(S, T), = Hom(A", Hom(S, T)) = Hom(A" X S, T). (3.2)
Then the category Kan of all Kan complexes inherts a closed symmetric monoidal category structure.

e The two functors

o]
—{
Kan CG (3.3)
Y’ —

Sing,

both preserve finite products (and are Quillen adjunctions to each other). In particular, |S X T'| = |S| X |T|,
where the product on the right hand side is calculated in CG (i.e. endowed with CG topology).

e We can define Homotopy pullback of Kan complexes by
RX% T := R xg0 Hom(A', S) xgu T, (3.4)
whose geometric realization is the homotopy fiber product (invariant under homotopy)
IR x5 T| = |R| xjg; IT| = {r € IRl € |T|,y : [0.1] = S[¥(0) = f(r). ¥(1) = g(0)}, (3.5)
where f: R — S and g : T — S denote the maps.

e Similarly we can define homotopy pushouts which are compatible with homotopy pullbacks of compactly
generated topological spaces, R I_IIS’ T = R Ujoxs A! X S Ujpyxs T. For example, homotopy pushout of

St —— «

l“’ (3.6)

S 1

is D? the disk.
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Lecture 7: 4/25/2023

Recall that infinity category theory upgrades set theory to co-groupoids/spaces/Ani. We have (CG, W) as a model,
where CG stands for compactly generated spaces and W denotes the weak equivalence given by weak homotopy
equivalence (i.e. the morphisms which induce isomorphism on 7y and all 7;). Note that we also have (sSet, W).
Then we have adjoint functors

| o] :sSet < (CG, W) : Sing, 3.7

and both sides are closed symmeyric monoidal category and the two functors are symmetric monoidal functors.
Then using localization of categories, we obtain their homotopy category

A= sSet[W™'] S CG[W™'], (3.8)
where sSet[W~!] = Kan/homotopy and CG[W~] = CW /homotopy.
Definition 3.1. Two maps f, g : K — L of Kan complexes are homotopy equivalent, if there exists a map
F:A'xK— L,

such that Fliowx = f and Fliyxkx = g.

There exists good notion of homotopy limits and colimits in sSet and CG, such that
h ~ h
Hom(X, lim F) — lim Hom(X, F(i)). 3.9
1 1

Moreover,
e we have a final object *;
e loop space QX := x X x;
e homotopy groups m;(X, *) = m;_1(QX, ), and 7y : sSet — Set;

e fiber sequences give long exact sequences of homotopy groups.

3.1.2 Infinity Categories

Definition 3.2. A topological (resp. simplicial) category is a category enriched over CG (resp. sSet).

Definition 3.3. A functor F : 4 — 2 of topological (resp. simplicial) categories is an enriched functor, i.e. any
X,yETC,
Maps(x, y) — Maps(F(x), F(y)) (3.10)

is a morphism in CG (resp. sSet). A funtor F is called

o fully faithful, if for any x,y € %,
Maps(x,y) — Maps(F(x), F(y)) (3.11)

is a weak equivalence;

o essentially surjective, if hF : h¢ — hP is essentially surjective, where 4% is the homotopy category (an
ordinary 1-category) of ¢, i.e.
Obh¥ = Ob¥

and
Homy« (x,y) = mo(Maps(x, y)).

e an equivalence, if it is fully faithful and essentially surjective.

Remark 3.4. If a functor F is fully faithful (resp. an equivalence), then AF is fully faithful (resp. an equivalence)
on homotopy categories.

Remark 3.5. Sadly, an equivalence may not admit a “quasi-inverse" as in ordinary 1-category theory.
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3.1.3 Quasi-categories

We have a pair of adjoint functors
G :sSet & Cat : N,, 3.12)

where G(S,) = colim[nhs.[n], where the partial ordered set [] is identified with the corresponding 1-category.
The nerve functor N, can be described explicitly by

(NeE)n ={Co = C1 = -+ = C,|(C; = Cis1) € Mor(%)}. (3.13)
Definition 3.6. Let S be a simplicial set, then the followings are equivalent:
e § = N,% for some 1-category % ;

e § satisfies strong lifting property for inner horns: for any n > 2,0 < i < n, there exists a unique lifiting

AN —— S
l 3'\T (3.14)
AT

113

e S satisfies Segal condition: for any n, an isomorphism S, — S| Xg, S1 X --- Xg, S| induced by [1] =
{i—1,i} — [n].

Definition 3.7. A quasi-category is a simplicial set S, satisfying inner horn lifting property, i.e. for any n > 2,
0 < i < n, there exists a lifting

A —— §
| 3.7 (3.15)
AT

Example 3.8. Kan complexes are quasi-categories.
Example 3.9. Ordinary categories are quasi-categories (identified with their nerves).
Definition 3.10. A functor F : 4 — 2 of quasi-categories is a map of simplicial sets.

o We have Fun(¥’, 2) functor category.
e Objects of ¥ are elmements in %), morphisms are elements in %}, 2-morphisms are elements in %>, etc.

b x’y € %09
Map..(x,y) := {x} X¢ Fun([1], €) X« {y} (3.16)

is a Kan complexﬂ
o F:% — P is called fully faithful, if

Maps(x,y) 5 Maps(F(x), F(y)) 3.17)
is an equivalence for any x,y € 6.
e We can define homotopy category h%'.
e F is called essentially surjective if AF is essentially surjective.

e Fis called an equivalence if F is fully faithful and essentially surjective.

"This is deduced from the exponential laws for inner/left/right/Kan fibrations, see Kerodon or my notes on infinity categories.
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Fact: F : € — 2 is an equivalence, if and only if there exists G : Z — €, such that

GoF =idy;
) (3.18)
FoG=idg.
We can define a colimit preserving functor
€ : sSet — {SimplicialCategories}, (3.19)

by defining €[] be the category

Objects: 0,1,...,n.

Mapping spaces:

0, ifi > j;
Maps i,j) =
PSepn (0 J) {Piﬁ ifi<)
where P;; is the partially ordered set consisting of subsets of {i,i + 1,..., j}.

Define homotpy coherent nerve N”¢ to be the right adjoint of €, using adjoint functor theorem.

Theorem 3.11. Let € be a simplicial category, such that for any x,y € €, Maps,(x,y) € Kan, then N*% is a
quasi-category.

Example 3.12. The category Kan consisting of all Kan complexes is enriched over itself, and

N"Kan =: Spc (or denoted by Ani). (3.20)

N"QCat = Cat, (3.21)

where QCat is

e Objects: quasi-categories;

e Morphisms: Fun(%¢’, 2)* (taking cores, i.e. the maximal Kan sub-complex).

Note that Cat., is the (00, 1)-category of (oo, 1)-categories, which is not an (oo, 2)-category.
We also have the following notions:

Final/Initial object: x is called final (resp. initial) if for any y € %, Maps(y, x) (resp. Maps(x,)) is a
contractible Kan complex.

Over/under category: given a functor F : I — ¢, define
G = € Xpuna,e) Fun([1] X I, €) Xpuna,6) {F} (3.22)

where ¢ — Fun(l, ¢) is the constant map. Similarly define €%,. If I is a singleton, then we identify F' with
its image X € %), and write 6)x (resp. €x;).

limit and colimit: given F': I — ¢, lim, F is a final object of € and colim, F is an initial object of Cr,.
Fact: all (small) limits and colimits exist in Spc and Cateo.

Homotopy limits and colimits in Kan corresponds to limits and colimits in Spc.

. . . . f .
Cartesian fibration and coCartesian fibration: let F : € — 2 be a functor, an arrow ¢; — ¢5 is called an
F-Cartesian arrow, if for any ¢ € ¥

Maps(c, c1) 5 Maps(c, ¢2) XMaps(F(c),F(c2)) Maps(F(c), F(c1)) (3.23)

is a weak equivalence. Then F is called a Cartesian fibrations, if for every arrow d; — d, in 2, and ¢, € %)
such that F(cy) = d», then there exists a Cartesian arrow ¢; — ¢, lying over g : d; — d>.
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Lecture 8: 4/27/2023

3.1.4 (1-)Full subcategoires

Definition 3.13. We say 4 < 2 is a full subcategory of Z if this functor is fully faithful.
Remark 3.14. This implies h¢ — hZ to be fully faithful.

Definition 3.15. We say ¥ — Z is 1-full, if it fits into

C — 9

l ) l (3.24)

€¢° —— h9

Note that (Cart/g)s, — Fun([1], Z) X, Z is 1-full:
e Objects: F : € — 2 a Cartesian fibration;

e |-morphisms: strict commutative diagram

such that F sends Cartesian arrows to Cartesian arrows.

Theorem 3.16. We have straighten-unstraighten correspondence
(Cart/ )y — Fun(2°?, Cat.,)

and N
(CoCart/ ¢)gr — Fun(2, Cat,,).

3.1.5 Yonenda’s Lemma
Theorem 3.17. Yoneda embedding € — Fun(€°P, Spc) given by ¢ — Maps..(—, ¢) is fully faithful.

Proof. 1dea:

e Approach 1 (see Lurie’s HA book for details): Using the quasi-category model, we can define twisted arrow
category 2 — € X €°P is aright fibration, which corresponds to €7 X ¢ — Spc.

e A model free proof:
Fun([1],4) ——> € X €

\ lpr, (3.25)

both projections are Catesian fibrations (check this!) and

Cat., —> Cate,

7\ T o <T (3.26)

©€°r

gives Fun(¢°?, Fun([1], Cat.,)), which by straightening gives us €7 — CoCart .
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Theorem 3.18 (Enhanced Straightening). The straightening correspondence is functorial in 9, i.e. there exists
Cat’’ x Caty, — Cate,, (3.27)

given by (¢, ) — Fun(¥, 9).

3.1.6 Adjoint Functors

Let ¥ and 2 be two co-categories, and let F' : € < & : G be a pair of functors. Then the followings are
equivalent:

(1) there exists .# — [1] Cartesian and CoCartesian fibration, such that .#{;; = ¢ and #p, = 2, which is
equivalent to say F € Fun([1]°?, Cats,) and G € Fun([1], Cat.,).

(2) Thereexistse : F oG — idg and u : id¢ — G o F, such that
F—>Fo(GoF)=(FoG)oF > F
is homotopy to identity 2-morphism and similar for
G—>(GoF)oG=Go(FoG)— G,

which is equivalent to say (F, G) form an ajoint pair between ¢ -enriched categories h'6’ = h9.

(3) there exists
e:FoG—idg

and
u:idg > FoG

such that for any ¢ € ¢ and d € &, we have

Maps.,(F(c),d) —2= Maps,(G o F(c), G(d)))

e (328)

Maps(c, G(d))
(Actually once we fix u, then e is unique up to a contractible Kan complex).

3.1.7 (Symmetric) Monoidal Categories

We can define a symmetric monoidal category €’® to be a coCartesian fibration €°? — Fin,,, such that the fibers
satisfy

° G, = x,
e 6 = [|;e; €, induced by p;.

Similarly, we can define a monoidal category €™® to be a coCartesian fibration €°? — A°P, such that the fibers
satisfy

o G, = x,
® 61 = [li; €, induced by p;.
Therefore,

~ .S
Cat™" < (CoCart/fin, Jsr

N (3.29)
CatM

™ s (CoCartypen )sie

are full subcategories.
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Proposition 3.19. Let € be an co-category with finite products. Then it admits a natural cartesian symmeyric
monoidal structure €.
Proof. Idea: want > — Fin,, such that the fiber over I is €'~*. Define
Fin?’ — Cat.,,
(3.30)
- Fll[l([, (6) XFun(+,%€) *,

where x denotes the final object in 4. Then pass to its straightening. The strategy is that you construct things
using machinery of infinity categories instead of construction by hand. Then you check properties. O

Alg(Cat’) = Cat™,

- ~ Sym (3.31)
CAlg(Cat,_,) = Cat,
admit arbitrary limits and colimits.
Remark 3.20. CAat:0 admits all limits and colimits and
Alg(Cat’) — Cat,
CAlg(Cat’) — Cat},
preserve all limits and colimits.
Fact: let F : I — € be a functor and ¢ := coliml F, then for any d € €,
Maps, (¢, d) = lim Maps(F (i), d). (3.32)
iel
If¢ = @1 F, then
Maps.(d, ¢’) = lim Maps(d, F(i)). (3.33)

iel
3.1.8 Compactly Generated Infinity Categories

Definition 3.21. Suppose that € admits all filtered colimits.

(1) An object ¢ € ¥ is called compact, if Maps.(c, lim

lim,, d;) = lim,, Maps(c, d;) commutes with any filtered
colimits.

(2) % is called compactly generated, if there exists a set of compact objects {c;}, such that every ¢ € % can be
written as a filtered colimit of {c;}.

Remark 3.22. Let ° c € be the full subcategory spanned by {c;}. Consider
t:6 - P(€°) = Fun((¥°), Spc) (3.34)
given by the restriction of Yondeda’s embedding to €. Then ¢ is compactly generated if and only if
(1) ¢1is fully faithful;
(ii) the essential image consists of F' : (¥°)°P — Spc that preserve finite limits.
In this case, all the compact objects are generated by {c;} under finite colimits and retract.
Example 3.23. Spc and Modj are compactly generated, where A is any commutative ring.
Fix a regular cardinal «, then we can define
(1) An object ¢ € ¢ is called k-compact, if Maps(c, lim,_, d;) = lim,_, Maps(c, d;) for all -filtered /.

(2) % is called compactly generated, if there exists a set of k-compact objects {c;}, such that every ¢ € % can be
written as a k-filtered colimit of {c;}.

If we take k = Ny, then we recover Definition [3.21
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Lecture 8: 5/2/2023

3.1.9 Adjoint Functor Theorem

e Prt C Cat,, 1-full subcategory, whose objects are presentable co-categories and morphisms are colimit
preserving functors.

e Prt c Pr’ 1-full subcategory consisting of compactly generated co-categories, 1-morphisms are continuous
functors that admit continuous right adjoints (i.e. 1-morphisms are colimit preservering functors which
preserve compact objects).

Theorem 3.24. Let € be presentable co-category. Then
(1) F: € — Spc is representable if and only if F (colim, ¢;) = lim, F(c;).

(2) F : € — Spc is representable if and only if F is accessiblﬂ and F(lim, ¢;) = lim, F(c;).

“A functor F is called accessible if F commutes with «-filtered colimits for some «.

Corollary 3.25 (Adjoint Functor Theorem). Let F : € — 2 be a functor between presentable co-categories.
Then

o F admits a right adjoint if and only if F preserves colimits, a.k.a. F is a continuous functor;

o F admits a left adjoint if and only if F preserves limits and F is accessible.
Proof. A direct corollary of Theorem [3.24] O
Corollary 3.26. Limits exist in €.

Proof. Given diagram F : I — %, we want

Maps(c, m F)= h_m Maps(c, F(i)).
1

iel
Note that the functor lim,_, Maps(—, F(¢)) preserves colimits and hence by Theorem[T_Téf], itis representable. O
Remark 3.27. We can also define Pr® in a similar pattern. Then we have Prl = (Prf)°p.

Proposition 3.28. Let € be a compactly generated co-category, and F : € — 9 be a continuous functor between
presentable co-categories. Then its right adjoint FR is a continuous functor if and only if F sends compact objects
to compact objects.

Theorem 3.29. Arbitrary limits and colimits exist in Pr" and the inclusion functor Prt < Cat,, preserves limits
(but not colimits in general).

Given a functor

F:I— Pt
; (3.35)
L= C
we then obtain a functoG : I° - Cat,,. Then we have
colim F = limG. (3.36)

I Jop

Theorem 3.30. Pr’ has a natural closed symmetric monoidal structure with Hom(¢, 2) = Fun(€, ). The
inclusion functor Prt C Caty, is a lax symmetric monoidal functor with € X 9 — € ® 9 = Fun®(€°?, 9).

Remark 3.31. Warning: for € a presentable co-category, in general €°P is NOT presentable.

8For ¢ : i — j, we have a continuous functor F(y) : F(i) — F(j) (by defintion morphisms in Pr’ are continuous functors), then it admits a
right adjoint functor F(j) — F(i).
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Example 3.32. Let €° be a small category and ¢ = Z2(€°) := Fun((¢°)°, Spc). Fact: € = Z(%°) is compactly
generated. If € = Z2(€°) and 2 = 2(2°), then € ® 2 = 2(€° x 2°).

Prt C Pr* clsoed symmetric monoidal subcategory of Pr.
Definition 3.33. Define Idem®* C Cat,, 1-full subcategory by
e Objects: small idempotent completef’| category with finite colimits;

e |-morphisms: right exact (a.k.a. finite colimit preserving functors).

“By [Lur09][5.4.3.6], a small (co, 1)-category is idempotent complete if and only if it is accessible. In ordinary category theory, idempotent
morphism e satisfies e = e but in infinity category it is not a strictly equality but homotopic coherently, i.e. an additional structure instead of a
property. Idempotent complete means every idempotent splits.

Example 3.34. For a commutative ring R, (Modg)y.p,. finitely presented R-modules in Modz.

Theorem 3.35.

Ind : Idem® 5 PrL : ()
€ — Ind(%), (3.37)
P9° — 9,

where 9% is defined to be the full subcategory of compact objects of 2 and Ind(¥) is obtained by formally adding
all filtered colimits, i.e. Ind(¢) = {X € Z(€)|X(lim,, ¢;) = lim,_, X(c;) for I finite}.

Remark 3.36. Idem®®* has limits and clomits, and the inclusion IdemR®* ¢ Cat., preserves limits and Pr(l; c Cate,
does not preserve limits in general.

3.2 Non-abelian Derived Categories
Let % be a small category with finite coproducts and

Ps(€) = (X € P(F)| X(u ¢) = 1—[ X(c;), i € I finite)

is a presentable co-category. In fact, #5(%) is the subcategory of Z?(%) generated by ¥ under sifted colimts
(filtered colimits + geometric realizatiorﬂ).

Now let € be an ordinary 1-category with colimits. We can define 4’ to be the full subcategory consisting of
compact objects X (a.k.a. Hom(X, —) commutes with filtered colimits), and define ”* to be the full subcategory
consisting of projective objects (Hom(c, —) preserves reflective coequalizerﬂ. Define compact projective objects
CP =6 NEP. Assume that € is generated by €“P compact projective objects under colimits and €7 is small.

Then define

Ani(%) := P5(€P) (3.38)

the derived category of €.
Example 3.37. Let € be the category Sets. Then ¢’ “P=finite sets. Then Ani(Sets) = Spc.
Example 3.38. Let ¢ := Mody, for a commutative ring R. Then ¢ = (Mody)/, and €” = Projy finitely

presented projective R—module Then Ani(ModR) =: Modfeo. Then hMod§° = D(R)=° ordinary derived category
of R-modules concentrated at non-positive degrees.

“Note that an exact sequence 0 — M L) N Q — 0 with Ker(g) = Im(f) is equivalent to say that Q is the reflexive coequalizer of

f
M :0; N . Hence the assumption Hom(X, —) preserves reflexive coequalizers implies that Hom(X, —) preserves all short exact sequences

Reg

and hence X is a projective module. But for a projective module X, it always preserves finite colimits, and hence preserves reflexive coequalizers.

9 A geometric realization is a colimit over A°P.

10 According to [Lur09][5.5.8.5] The formation of the geometric realizations of simplicial objects should be thought of as the co-categorical
analogue of the formation of reflexive coequalizers. So for a general quasi-category %, a projective object C is to mean that Map(C, —)
commutes with geometric realizations. This definition is motivated by the fact that the geometric realization of a simplicial space is (homotopy
equivalent to) its homotopy colimit
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Note that Sets < Spc preserves limits and filtered colimits but not geometric realization in general.

3.3 Stable Categories
Definition 3.39. We say that %’ is a stable co-category, if
e ¢ admits an initial and final object, and they coincide, denoted by 0.

e Forevery f: X — Y, it admits fiber

(3.39)

Lo

fib(f) — X
Y

and cofiber
X
l l (3.40)
0

e adiagram

o — >

— Y
l (341
—Z

is a pushout diagram if and only if it is a pullback diagram.
Fact:
o Stable categories admits all finite limits and colimits, since the followings are equivalent

— % has all finite limits.
— % has all equalizers and binary products.

— % has all pullbacks and a terminal object.
e /1% has a natural triangulated category structure if ¢’ is a stable co-category.

e The subcategory Pr’ consisting of stable presentable infinity categories is closed under tensor products and
the unit is Sp the spectra category.

Lecture 9: 5/4/2023

Lemma 3.40. An co-category € is stable if and only if
(1) any finite limits and finite colimits exist;

(2) a (homotopy coherent) diagram [1] X [1] » €

X —Y
l l (3.42)
zZ — W
is a pullback diagram if and only if a pushout diagram.
If € is pointed (i.e. there exists a zero object), ¥ admits fiber product
Q:¢->%F
(3.43)

Xl—)QX:ZOXxo
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and admits pushout

X:6->%
(3.44)
X ZX:=0UxO0
If € is stale, then Q, X are inverse to each othelEl
Theorem 3.41. If € is a stable co-category, then h6 admits a triangulated category structure with
T :h€¢ - he (3.45)

given by X. Distinguished triangles are given by cofiber sequences.

Example 3.42. If A is a commutative ring, take the DG-category whose objects are finite complexes of finite
projective A-modules and morphisms are complexes Hom(X, Y) = XY ® Y with suitable differentials. By taking
DG-nerve, we obtain Perf, an infinity category. The co-category Perf, turns out to be stable and idempotent
complete. Then we define

Mod, := IndPerf, (3.46)

which is stable and presentable.
We can organize all stable categories into an co-category.

Definition 3.43. A functor F : ¥ — 2 between stable categories preserves finite colimits (right exact) if and only
if it preserves finite limits (left exact). Such a functor is called an exact functor.

Lemma 3.44. Let F : € — 9 be an exact functor between stable co-categories, then the followings are equiva-
lent:

(1) F preserves all colimits;
(2) F preserves all coproducts;
(3) F preserves all filtered colimits.

Proof. Any colimit can be written as a coequalizer and coproducts, and a coequalizer is a finite colimit. Any
colimit can be written as a filtered colimit and a finite colimit. O

Definition 3.45. Define LinCat c Pr’ to be the full subcategory consisting of all stable presentable co-categories.

Definition 3.46. Define LinCat,, C Pri to be the full subcategory consisting of all stable compactly generated
co-categories.

Definition 3.47. Define LinCatq, C Idem®™ to be the full subcategory consisting of all small, stable, and idempo-
tent complete co-categories.

Theorem 3.48. The co-category LinCat is preserved under the tensor product of Pr’, with the unit Sp. Therefore,
LinCat is closed symmetric monoidal category.

Theorem 3.49. The co-category LinCat,, C LinCar is a symmetric monoidal subcategory. Moreover,

Ind : LinCat,, — LinCat,, : (—). (3.47)
Fact:

e limits and colimits exist in any of them.

e The inclusions LinCat C Pr” and LinCat,, C Pr’ preserve limits and colimits.

Remark 3.50. Note that
Sp € CAlg(Prt)

and
LinCat = LMod;..(Sp).

Note that Sp itself is a symmetric monoidal category.

"'Think of homotopy pullback and homotopy pushout for topological spaces. For cofibers, think of homotopy cofibers (mapping cones).
Also note that the mapping cone of ¥ — Cy where Cy is the mapping cone for f : X — Y is always the suspension ZX.
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3.4 Algebra and Modules
Recall that for a (symmetric) monoidal category ¢, we defined
e Alg(%) C Fun(A’?, %) and CAlg(%) C Fun(Fin., ).
We can define LMod(%’) € Fun(A°P x [1], €) with
o Ay i AP = AP x {1} - ¥,
o M, : A®? = A% x {0} — ¥,
e M, — A,, such that
(1) A, is an algebra object;
(2) M, = A, x M.
Then we obtain LMod(%) — Alg(%). For each A € Alg(%), we define
Mod4 (%) := (Mod(%)) Xalg,, {A}. (3.48)

Fact: if ¥ is symmetric monoidal and A is commutative, then Mods (%) has a natural symmetric monoidal
category structure and
Modu(¢) —» € (3.49)

is a lax symmetric monoidal functor.
e FEj-alg:= Alg(Sp), called associative ring spectra.
o E-alg:= CAlg(Sp) commutative ring spectra.
Given A € Alg(Sp) (resp. CAlg(Sp)).
Example 3.51. The unit of Sp is a commtative algebra, called the sphere spectra.

Every (ordinary/classical) commutative ring A gives a commutative algebra in Sp (sometimes denoted by HA
and called Elenberg-Maclane spaces).
Fact: If A is ordinary, then Modg4(Sp) = Mod,.

LinCaty := Modp,g, (LinCat). (3.50)

Remark 3.52. Informally speaking, ¥’ € LinCat, should be thought as an A-linear stable presentable monoidal
category.

Given % € LinCaty, and x,y € ¥, we have Mody, ® € — €
Maps(M, Hom(x, y)) = Maps(M ® x,y) 3.51)

and
Maps.,(x,y) = DK (==°Hom(x, ). (3.52)

3.5 Derived Algebraic Geometry
3.5.1 Derived Rings and Modules

Fix A an ordinary commutative algebra. We have CAlg{ ordinary commutative A-algebra, with compact projec-
tive objects being polynomial rings of finitely many variables. Then we define the category of simplicial rings (or
called derived rings)

CAlg, := Ani(CAlgY).

Fact: There exists a functor CAlg, — connective E-Rings, 5, which preserves colimits and limits. It is an
equivalence when A 2 Q. In general, it is not even fully-faithful (it doesn’t preserve free objectsfﬂ
For A € CAlg,, we can define Mod, := Mody..

12The problem arises because in positive characteristic taking S ,-invariants or coinvariants is not an exact functor.

34



Remark 3.53. Define Mod” := {(A, M)|A € CAlg", M left A-module}, and then Ani(Mod”) = Mod
Ani(Mod") Xcalg, {A}is Ani(Mod,9), which is a full subcategory of Mod,. Then we have

h(Ani(Mod})) < hMod,

1= l;

D(A)=) ——— D(A)

3.5.2 Schemes and Stacks

Definition 3.54. A prestack over A is an accessible functor (a.k.a. commutes with k-filtered colim
cardinal «)
Z : CAlg, — Spc.

Definition 3.55. We define AffSch/, := CAlgy’ < Fun*“(CAlg,, Spc).

Definition 3.56. Let.% be a prestack over A, define

QCoh(#) := lim Mody
Spec A— F

in LinCat,.

Lecture 10: 5/16/2023

Recall that a prestack over A is an accessible functor & : CAlg, — Spc. Note that

(CAlg, ) 25 PreStk, — Fun(CAlg,, Spc).

We define QCoh to be the right Kan extension of Mod

PreStk” X% CAlg(LinCaty)

e T

CAlg,

Recall that given functors
¢ —t &

l /7(
e
7 KangF

7
We say KangF is a right Kan extension of F if

Maps(G, KangF) — Maps(Res(G), F),

where Res : Fun(2, &) — Fun(¥, &) is the restriction functor.
Similarly, we can define left Kan extension.

e Assuming limit exists, Kang F(d) = (liLnL,E%/X@%

F(o).
o If € — 2 is fully faithful, then the canonical map ResKangF' = F is an isomorphism.
The previous formula

QCoh(Z£) = lim Mod,
SpecA—> 2

is just deduced from this general formalism of Kan extensions.
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Remark 3.57. Note that Mod, is a symmetric monoidal category, and hence Mody, — CAlg(LinCats) — LinCatp
and the last forgetful functor commutes with limits, we see QCoh(.%) is actually a A-linear symmetric monoidal
category.

Definition 3.58. A — B in CAlg, is called flat if

(1) mp(A) — m(B) is flat.

(2) 7i(A) ®nya) mo(B) = mi(B).

Definition 3.59. We say A — B is called Zariski (étale, smooth, ...) if A — B is flat, and my(A) — m(B) is a
Zariski (étale, smooth, ...) localization.

Remark 3.60. A — B is flat, if and only if VM an A-module in degree 0, M ®4 B is in degree 0.
Example 3.61. Given f € mp(A) & f € mp(Maps(A[x],A)),

Af = A ®pp Alx, x7']

is a Zariski localization.

Let T = Zariski or étale.
Definition 3.62. A 7-stack is a prestack 2 : CAlg, — Spc satisfying
(1) Z{d1;A) =T1; Z (A)) for any [ finite.

(2) For A — B aTt-covering (i.e. A — B is a T-map and Spec(my(B)) — Spec(my(A)) is a surjection), we have
Z(A) —— lim(2'(B) —= 2 (B®1 B) == 2 (B®, B®, B) g ) (3.59)

Example 3.63. Spec(A) and Maps(A, —) are stacks.
We define | - | : PreStk — Top to be the left Kan extension

CAlg?

l *ﬂ Spec | (3.60)

PreStk —— Top

left Kan
where Top is the ordinary 1-category of topological spaces (not Spc!). In particular,

|Z| = colim |SpecA|. (3.61)
SpecA> X

Then by adjoint functor theorem, |-| : PreStk — Top admits a right adjoint T + TPS%x Explicitly, by adjunction
Hom(Spec A, T?"*5%) = Hom(| Spec 7o(A)|, T), we see that

TPS%(A) = {Continuous maps Spec mo(A) — T}. (3.62)
Definition 3.64. Let 2" be a prestack and an open substack % C 2" is a subfunctor of y of the form

4 Xl%‘PreSlk UPreSlk

for some open subset U C |Z].

More explicitly,
%'(A) = {Spec A — Z'||Spec A| — | 2| factors through U}. (3.63)

Definition 3.65. A (derived) scheme over A is a prestack 2" satisfying
(i) Z is a Zariski sheaf;
(ii) there exists {U; € 2" open substacks }, such that

o U; = SpecA;;
o VU =|Z].
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Example 3.66. Every quasi-compact separated classical scheme X gives a derived scheme. Write X = U Spec 4;
and U = LI Spec A;. Take colimit of
UxxU=sU (3.64)

and then Zariski sheafify it, we recover X.

Given a classical prestack 2°, we can define its derived stack 2 der to be left Kan extension

CAlgy —— Grp

J}un \%/L l (3.65)

CAlgA Qfde} SpC
Remark 3.67. Question: does this construction send classical schemes to derived schemes?

Theorem 3.68 (Flat Descent). Let f : X — Y be a faithfully flat morphism of derived schemes, then
QCoh(¥) = lim(QCoh(X) = QCoh(X xy X) — ---).

Remark 3.69. U;SpecA; = Spec [[; A; requires I to be finite.

Lecture 11: 5/18/2023

3.6 Quasi-coherent Sheaves

3.6.1 Dualizability and Duality

Theorem 3.70. Let X be a quasi-compact quasi-separated derived scheme over A. Then
(1) QCoh(X) is compactly generated.

(2) QCoh(X) is dualizable in LinCat,.

(3) QCoh(X)® = Perf(X) = dualizable objects.

(4) For any prestack % over A
QCoh(X) ®, QCoh(Y) — QCoh(X x4 Y). (3.66)

Remark 3.71. (2) is deduced from (1).

Definition 3.72. Let 2 be a prestack. We define Perf(2") € QCoh(Z") consisting of 2 € QCoh(Z") such that
f*F € Mody is perfect for every f : SpecA —» 2 .

Definition 3.73. M € Mod, is called perfect if M belongs to the smallest idempotent complete stable subcategory
that contains A.

Now we begin our proof of Thm.[3.70}
Proposition 3.74. Thm.[3.70(1) and (2) holds when X = SpecA and QCoh(X) = Modj.
Proof. Dualizable object in Mod, is contained in (Mod,)® = Perf,.

Lemma 3.75. Let € be an idempotent complete symmetric monoidal stable category. Then the full subcategory
of dualizable objects is stable under finite colimits and retracts.

Proof. Direct sums of dulaizable objects is still dualizable (we can write down units and counits directly).
Projecting on factors justify retracts. For taking cones, x — y — z, consider ¥ — y* — x*. O

Since A is obviously dualizable, by this lemma we see that Perf, Cdualizable objects. 0O

Lemma 3.76. Let ¢’ = lim, ¢; in CAlg(LinCaty ). Then an object ¢ € € is dualziable if and only if its image c; is
dualizable.
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Remark 3.77. By the lemma, we see that for any prestack 2, Perf(X) =dualizable objects.

Proof. The natural maps ¥ — %; are symmetric monoidal functors, which send dualizable objects to dualizable
objects.

Definition 3.78. A commutative square
[1] x [1] — LinCats

%G00 L) 601

lg, lg (3.67)

1o L) G

is called right adjointable if both f, f’ admit continuous right adjoint f%, (/)X and the induced Beck-Chevalley
map (or called base change map)

go(ff o fRofog o(f = ffogofo(f)f—ffog
is an isomorphism.

Let I be a small category. Let Fun“4?(J, LinCat,) C Fun(/, LinCat) be the 1-full subcategory consisting of
C : I — LinCat such that C; — C; admits continuous right adjoint and Maps(C, D) are right adjointable for any

i — C;

l l (3.68)

D; — D;

Similarly one can define Fun®4(J, LinCat,).
Proposition 3.79. Fun®(I, LinCat,) and Fun¢(I, LinCat,) are presentable and natural inclusion
Fun®4(I, LinCat,) < Fun(/, LinCat,) (3.69)
Fun’“(1, LinCat,) — Fun(/, LinCat,) (3.70)
commutes with limit.

Now apply the proposition to
Mod, L} Mod,
lf* lf* (3.71)
QCoh(X) —2% QCoh(X)
we see that ®c is left and right adjointable. The adjunction identities will give the dualizablility data. O
Proposition 3.80. Let X be a quasi-compact quasi-separated scheme. Then Ox:=the unit of QCoh(X) is compact.

Proof. If X = SpecA, it is known. If X = U U V with U,V affine and U N V affine (using the assumption
that X is quasi-compact and quasi-separated to reduce the general situation to this specific case), Hom(0x, —) =
fiber(Hom(0y, —) ® Hom(Oy, —) — Hom(Oyny, —)) and use fiber=cofiber in stable co-categories. O

Remark 3.81. The proposition above implies that dualizable objects in QCoh(X) are compact.

Lemma 3.82. Let f : SpecA — X be a morphism with X quasi-compact quasi-separated (qcgs). Then f, := (f*)F
is continuous.

Remark 3.83. This lemma implies that f* preserves compact objects.
Therefore, we proved Thm.[3.70](3).

Theorem 3.84. Let € be a compactly generated category, such that € is dualziable in LinCat,. Then

Ind(€°)°F = €V = €* = Fun®(%,Mod,). (3.72)
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Proof.

()P x € — Mod,,

(3.73)
(¢,d) » Hom(c, d).
Consider Ind(€“)°? @, € — Mody,. O
Theorem above implies that QCoh(X) is dualizable for X quasi-compact quasi-separated.
3.6.2 Fourier-Mukai Transform
Proposition 3.85. Let 2" be a prestack such that QCoh(Z") is dualizable. Then for any %/,
QCoh(Z£") ® QCoh(#') —» QCoh(Z xx %) (3.74)
is an equivalence.
Proof.
QCoh(Z)® lim Mody = lim QCoh(2Z")® Mody
SpecA—>% SpecA—>%
>~ (th Modg ® Mody,
Spec A>% ,Spec B—> %
= h_m MOdA®B (375)
Spec A>% ,Spec B—> %
=1 lim Modags
Spec AxSpec B— Z X\ %

= QCoh(Z xp Z).

Corollary 3.86. Let F : QCoh(X) — QCoh(Y) be a contiunous functor with X, Y quasi-compact quasi-separated.
Suppose that there exists

Dy : QCoh(X)" 5 QCoh(X). (3.76)
Define F - = (pr,).( & pry(-)). Then
Fun"(QCoh(X), QCoh(Y)) = QCoh(X)" ® QCoh(Y)
+ QCoh(X) ® QCoh(Y) (3.77)
= QCoh(X x Y),
i.e. in this case any functor is given by a Fourier-Mukai transform (with a suitable kernel).
O

Let us investigate the self-duality condition. Note that QCoh(X) = Ind(Perf(X)) and QCoh(X)" = Ind(Perf(X)°P).
Thus, we will get

Dy : Perf(X)® = Perf(X). (3.78)
Consider Perf(X) ® Perf(X) — Mod, given by .%#,¥ — Hom(A, Oy, % X 9).
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Lecture 12: 5/23/2023

Theorem 3.87. Let
x tx

fi lf (3.79)

V—7
be a Cartesian of quasi-compact quasi-separated schemes. Then

(1) The natural Beck-Chevalley map
gofi—=(folg) (3.80)
is an isomorphism.

2) f(F)RY > f(F ® [*(9)) for any F € QCoh(X) and 4 € QCoh(Y).

Theorem 3.88. Let @ : QCoh(X) — QCoh(X) be a A-linear continuous functor with X quasi-compact quasi-
separated scheme over A. Then there exists Ko € QCoh(X X X), such that

© = (p2).(pi(-) ® Ko), (3.81)
where p; : X Xo X — X are projections.
Let % be a dualizable A-linear category. Then € = FunA"i"" (% Mod,). We have evaluation funtor
ew 1 €Y @p € — Mody (3.82)

and also the unit
ug : Mody » €@F". (3.83)

Note that we can view uy € € €.
In general, given F : ¥ — & continuous functor, we construct kernel Kr € €V ® 2 by

Krp = (idgv ® F)(ug). (3.84)

Conversely, given any Kr € €Y ® 9 = Fun(Mod,, €Y ® 9), we recover the functor by

id¢®Kp e Qidgy

% > G oy Mody ——5 C@E" © 7 s 9. (3.85)
Recall that if 4 is compactly generated, then ¢ is dualizable, and ¢ = Ind(4*“)°P. We have
(6“)* @ ¢“ — Mod (3.86)

and
e : Ind((T“)P) ® € — Mod,. (3.87)

But u« is hard to write down in general.
Take € = QCoh(X) with X quasi-compact quasi-separated, then QCoh(X)“ = Perf(X), and

Perf(X)°? = Perf(X) (3.88)

by ¥ — ¥. Therefore,
e : QCoh(X)" ® QCoh(X) — Mod, (3.89)

corresponds to

e : QCoh(X) ® QCoh(X) —» Modx

(F,9) — Hom(Ox, .F @9) (3.90)

under QCoh(X) = QCoh(X)".
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Lemma 3.89. The unit u € QCoh(X) ® QCoh(X) = QCoh(X XA X) is A, Oy.

Proof of Thm.[3.87] By the general process, @ corresponds bijectively to Ko € QCoh(X) ® QCoh(X), where

Ko = (id ® ®)(A.(Ox)).

QCoh(X) — QCoh(X x X X X) — QCoh(X)

Using A7, is a symmeytric monoidal functor, we see that (p,).A},(# X Kg) = (p2).(p}.Z ® Ko).

Example 3.90. Suppose that € is dualizable. The Serre functor
S € - C - €
is a continuous functor corresponding elfg(A) = K5, € €Y ® €, which represents

ew €Y € — Mod,
¢’ X ¢ — Hom(eg(c’ X ), A).

Note that e always admits a right adjoint (though its right adjoint might not be continuous).

Take ¥ = QCoh(X),
¢ : QCoh(X x5 X) 25 QCoh(X) 2> Mod,,

where p : X — pt. Let
wyx = (PN

Then Ks., = Ax ® wxy and S¢ = () ® wy.
Example 3.91. Suppose that € is compactly generated. Then

Home (d, S 4(c)) = Homg(c, d)",
for any c € €“,d € €.

Now let € be dualizable, ® : ¥ — ¥, recall that we define Tr(®, %) by

Ue DORidcv e
Mods 25 ¢ 0% — 40" = €' 0% <% Mod,.

We can view Tr(®, %) = e« (Kop) € Mod,. This is sometimes called the Hochschild homology of %.

Remark 3.92. We can also define the Hochschild cohomology of ® as Homggy (e, Kop) € € @ €.
In particular, take ® = ids, Z(%) = Endgves(us) = Endp,ra 4 4 (ide) is called the center of €.

e () = Hom(Tr(%',id%), A) = Hom(us, Ks.,),

(3.91)

(3.92)

(3.93)

(3.94)

(3.95)

(3.96)

(3.97)

(3.98)

where the right hand side is the Hochschild cohomology of the Serre functor. In particular, if % is 0-Calabi-Yau

(i.e. S¢ =id¢), then
Tr(%,id¢)" = Z(%).
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Example 3.93. Take ¥ = QCoh(X) with X quasi-compact and quasi-separated. Take ® = f* for f : C — X.

pt < X > XXX
e
fxid
XxX
For example, take f = idy, then '
X9 = X xxx X.

If X = SpecA, then X Xxxx X corresponds to
Al A= (P,

when A is smooth. In general , if X is a smooth variety over k a field of characteristic 0,
H' Oxyyx = Q.
Then
RT(X'Y, Ox) = &;H'(X, Q).
Example 3.94. Let A be an associative ring (E;-algebra) and 4 = LMod,. Then
¢ = LModre
and ug € € ® ¢ = Modpgar, given by

€€ — Mody,
M- M®A®Arev A
Then
Tr(¢,id%) = A ®pear A = HH,(A).
Remark 3.95. The functor

Morita(Vect,) — LinCat,,
A — LMody,

(3.100)

(3.101)

(3.102)

(3.103)

(3.104)

(3.105)

which is fully faithful and is a symmetric monoidal functor. Therefore, we can calculate the trace in any of the

two categories. We have already seen that Hochschild homologies are traces in Morita.

4 Trace Formula

4.1 Smoothness and Properness
Suppose that % is dualizable. We have unit
ug : Mody, —» €€

and evaluzation map
€' Q€ — Mod,.

“.1)

4.2)

Definition 4.1. We say ¢ is smooth if ue admits a continuous right adjoint (which is equivalent to say uy € €®%6"

is compact).

Definition 4.2. We say € is proper if ex admits a continuous right adjoint.

Remark 4.3. If € is compactly generated, then % is proper if and only if Hom(c, d) € Perf, for any ¢,d € €.
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4.2 Constuctions

Lecture 13: 5/25/2023

Let A € CAlg(LinCat) (most important case: A = Mod,).

Let LinCat := LMod4(LinCat).

Note that LinCat, is a closed symmetric monoidal category with internal hom given by Fun’ (M, N) A-linear
continuous functors.

AeM 2 AgN
acty lacw (4.3)
Mm—L 3N
Suppose that FR is continuous . Then we have
acty o (Idy ® F®) — FR o acty. (4.4)

If the above base change map is an equivalence, then FX is A-linear.

Definition 4.4. Let C be a dualizable object in LinCat4. We have
Uc/A - A—> C®y Cv, 4.5)

eclA - Cv R4 C - A. (46)

We say € is smooth over A, if uc/4 admits an A-linear right adjoint. We say C is proper over A if ec/4 admits an
A-linear right adjoint. We say C is 2-dualizable over A if C is smooth and proper over A.

Example 4.5. A = Mod,, X/A smooth and proper, then C = QCoh(X) is 2-dualizable.
Suppose that F : M — N admits an A-linear right adjoint FX. Then we have
F° = (F®Y : MY - NY. 4.7)
Lemma 4.6. F° := (F?)Y admits an A-linear right adjoint F".
Now M = N = C is 2-dualizable, Tr(C, F) € A is dualizable,
A coc' B coc =V @, C 5 AL 4.8)
Example 4.7. If A = Mod,, then Tr(C, F) is a perfect complex.

Lemma 4.8. Let F : C — D be an A-linear functor between dualizable A-mod, with A-linear right adjoint FR,
then
(F®F°)ouc — up, 4.9)

ec @ epo (FQF°). (4.10)
Let ¢c : C — C, ¢p : D — D be right adjointable A-linear functors.
Letn: Fogec = ¢poF.

4.11)

U(TQ
U(TQ

K

Then we have

Tr(F, 1) : Tr(C, ¢c) = ec((@c®lde)uc)) = ep(Fc®Fo)uc)) = ep((¢poF®Fo)uc)) = ep(¢p@ldp: (up)) = Tr(D, dp).
(4.12)
Diagram is as following:

¢c®idey

Ly e CY =S e CY —3 Ve C —5 A

i for| L rer | / | (4.13)

idv ~
Zw s pe, DY P2 Do, DY —=3 DV, D —2y A
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4.3 Trace Formula

Suppose that C is a 2-dualizable over A and ¢, ¢, : C — C right adjointable A-linear endomorphism. Let

n:¢rody = ¢r0¢) (4.14)

Then in End1,4 we have
Tr(Tr(C/A, $1), Tr(d2, 7)) = Tr(Tr(C/A, ¢2), Tr(1, m)). (4.15)
Example 4.9. A = Modc and C = QCoh(X). Let X be smooth proper over C, ¢; = f*,for f : X - X, ¢, = (-)®&

where & is a vector bundle, 77 : f¢ = &. Then we will recover Bott-Atiyah fixed point theorem.

Definition 4.10. Let C be A-mod, then C = Fun/ﬁ(A, C)under ¢ — (F. : a— a®c). We say c is A-compact, if F,
admits A linear right adjoint. We say c is A-admissible if F, admits A-linear left adjoint.

Example 4.11. A = Mod, and C is A-linear. Suppose that C is compactly generated and ¢ € C. The map
F.: M~ M ® c admits a right adjoint FX = Hom(c, -), since

Hom(M, Hom(c, d)) = Hom(M ® c, d). (4.16)

Then FX = Hom(c, -) is continuous if and only if ¢ is compact.

Example 4.12. Note that Hom(F.(d), A) = Hom(d,c). Then d compact implies F.(d) is a perfect A-module.
Therefore, F CL exists if and only if Hom¢(d, ¢) is perfect for every d € C“. Consider C = Rep(G), where G is a
p-adic representation. Then we recover the admissibily of p-adic representations.

Let C be dualizable in LinCat4. Suppose that ¢ € C is A-compact with F, : A — C. Let ® : C — C is A-linear.
Suppose that we have g : c > @, (: F.oldy — ® o F,).
We have
Tr(Fe,n) : 14 — Tr(C, ®c). “4.17)

Example 4.13. A = Moda, ch(c,n) := Tr(F.,n) € HOTr(C, ®¢) is called twisted Chern character. If ®¢ = Id¢, and
n = 1d,, then ch(c) € H°Tr(C,Id¢) is called Chern character.

Example 4.14. 1f C = QCoh(X) with X smooth, % € QCoh(X) is A-compact if and only if % € Perf(X). Then
Tr(C,1dc) = ®H* (X, Qy), (4.18)

and then ' A
H(Tr(C,1do)) = ®H (X, Q). 4.19)

Theorem 4.15 (Riemann-Roch Theorem). A = Mody and C compactly generated, A-linear:
(1) ch: Ko(C®) — HTr(C, Idc).

(2) Let F : C — D be right adjointable. Then

Ko(C®) — s HOTH(C,1dc)

l l (4.20)

Ko(D¥) —5 HOTH(D,1dp)
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Definition 4.16. Let A € Alg(LinCat). A sequence of A-modules M 5 C %, Nis called a localization sequence

if
(1) FR,GF exist as A-linear functors and Idy — FX o F and G o GF = Idy.

(2) Go F =0, and for every c € C,
Fo FR(c) > ¢ - GR o G(c)

is a cofiber sequence in C.
If in addition G¥ is also right adjointable, then (M, GR(V)) forms a semi orthogonal decomposition.
Suppose that A € CAlg(LinCat) and M, N, C are dualizable. uy — M @, M.
Proposition 4.17. The following
(F ® F)uy — uc = (GX ® (G°)uy

is a cofiber sequence in C ®4 C".

Lecture 14: 5/30/2023

Let A € Alg(LinCat).

Definition 4.18. A sequence M e S, N of A-;inear categories is called a localization sequence if

(1) both F and G admit A-linear right adjoints F® and G® respectively, and

(2) GoF =0and forany c € C,
F(FR(c)) - ¢ > G*(G(0))

is a fiber sequence in C.

421

(4.22)

(4.23)

(4.24)

(4.25)

If in addition GR admits an A-linear right adjoint, then we say (F(M), GR(V)) forms a semi-orthogonal decom-

position of C.

Remark 4.19. If A = Mody and M, N, C compact, then the existence of F R GRis equivalent to the requirment that
FR,GF preserve compact objects, and the existence of (GR)R is to say G¥ preserves compact objects. Then we get

me —L co Sy N@
K__~

GR

So localization sequence
Ko(M®) = Ko(C?) = Ko(N®).

Note that F'(;m) compact implies m compact, since
Hom(m, th m;) = Hom(F(m), F(@ m;))
= Hom(F(m), lim F(m;))
= 1_111 Hom(F(m), F(m;))

= lim Hom(m, m;).
i

Therefore, Ko(C®) = Ko(M®) ® Ko(N®).
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Proposition 4.20. Let M 5 C s, N be a localization sequence. Then
(F ® FO)uy — u. = (G* & (G°Y)uy
is a fiber sequence in C ®4 C".
Proof. Note that we have fiber sequences
(F @ id)(F* @ id)uc — uc — (G* ® id)(G @ id)uc,

and
(id ® F°)(id ® (F°)?)(G @ id)uc — (G ® id)uc — (id ® (G°)*)(id ® G°)G ® id)uc,

and
(id® FO)(id ® (FO)®)NFR @ id)uc —» (FR ® id)uc — (id ® (G°)®)(id ® G°)(FR @ id)uc.

We claim that
(id® F°)(id ® (F*)®)G @ id)uc = 0

and
(d ® (G (id ® G°)(FR @ id)uc = 0.

To be added here.

(4.29)

(4.30)

4.31)

(4.32)

(4.33)

(4.34)

O

F G
Proposition 4.21. Let M — C — N be a localization sequence. Suppose that there exists an A-linear functor

¢C2C—>C.

Letpyy =FRogcoF, oy =GogcoGR,n: Fogy = pcoF,6:Gopc = ¢y oG. Then

THE) THG.9)
Tr(M, ) — Tr(CC, pc) — Tr(N, ¢u)

is a fiber sequence in A. In addition, if (F(M)), GR(N)) forms a semi-orthogonal decomposition, then
Tr(C, ¢c) = Tr(M, dpr) ® Tr(N, ).
Proof. Letec : C®4 CY — A be the evaluation map. Note that we have natural transfroms
ey = eco(FQF°),

(F®F°)ouy = uc,
ec = ey o (G®G),

and
(G ®Guc = uy.

By fully-faithfulness, ey, = ec o (F ® F°) is an equivalence. Note that we have

ec(@c ® D(F @ F)uyy — Ti(C,dc) — ec(pc ® DG ® (G uy

:T l:

ec(dc o F @ Fuy ec(de 0 GR @ Guy
ec(F o ¢I® Fo)uy ec(GF o iv ® Guy
eM(¢ML Id)uy eN(¢N£> Id)uy
Tr(Z_VIT, ém) Tr(l\% én)

To be added.
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(4.40)
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Let A = Mod,. Consider

ch: C¥ - Tr(C,idc). (4.43)
Proposition 4.22. This map ch induces
Ko(C?) = HY(Tr(C, idc)) € Mod,. (4.44)
Proof. Given ¢’ — ¢ — ¢, we want
ch(c) = ch(c’) + ch(c”). (4.45)
Let S,C C Fun(A?, C) be the category of fiver sequences.
Consider
F:C—-S,C
id (4.46)
cH (c—c—0)
which admits a right adjoint
FR s c- )=
Also define
G:5,C->C
’ ’” ’” (447)
(c">c—->")Hc
which admits a right adjoint
GRe)= (0 - ¢S ¢ = o). (4.48)

Claim: C — S,C — C forms a semi-orthogonal decomposition.

F

e
c > §2C > C

l“h l . l“h (4.49)

Tr(C) —— Tr(S,C) —— Tr(C)
X ~—
Consider

(' —>c—>c")-e

S,C C

Lo l (4.50)

Tr(C) ® Tr(C) —— Tr(S,C) —45 Tr(C)

[m]

Theorem 4.23 (Grothendieck-Riemann-Roch). C, D are A-linear and F : C — D admits a continuous right
adjoint. THen

Ko(C®) —5 HOTH(C)

l l 4.51)

Ko(D*) —L—5 HOTH(D)

Example 4.24. Take C = QCoh(X) where X is smooth over C. Then HTr(C) = ®H'(X, Q) by KRH. Take F = f.
for some proper morphism X — Y, we recover Grothendieck-Riemann-Roch in algebraic geometry.

Example 4.25. Take C = Rep*™(G), where G is a p-adic group. Then Ko(C*) — HY A Qg H) =
NI, 7] = A, where 7 = CZ(G) is the Hecke algebra. We can apply to the case where F' is either
parabolic induction or restriction.

MOre on A-admissible algebras. Suppose that C is A-linear. Recall that ¢ € C is A-compact, if

F.:A->C

ab a®c

(4.52)
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admits A-linear right adjoint and ee say c is A-admissible if ', admits A-linear left adjoint.
Now suppse that C is dualizable. Let ¢ be A-admissible. Then FZ : C — A gives

(Tr(FE) : Tr(C) — 1) € Z(C, S ¢). (4.53)
Explicitly, let ¢V = (F£)Y(14) € CV. Then
uc — ¢C |X|A CV, (454)
and
ec(c' My c) = 14 (4.55)
which is equivalent to
CV |ZA Cc — KS(.v (456)

such that
¢ 1,8 e = (ide®ec)ue®ide)(14H40) = (ide®ec)(ucRac) — (de®@ec)(c®ac’Bac) — cRyly = c. (4.57)
is equivalent to identity and similar map for ¢".

Example 4.26. Take A = Mod, and C = Rep®™(G), where G is a p-adic group. Then 7 is A-admissible if and only
if RHom(c-IndgA, m) is perfect for every K open compact subgroup. Then Tr(FL) gives character

O, : H = H|[ A, H] > A.

Lecture 15: 6/1/2023

Recall that given a finitely dimensional vector space V equipped with an linear endomorphism f : V — V, we
have Tr(f|V) € Endl.

For A a k-algebra and F an A-bimodule, we have HH(A, F) = A Qgar F.

Given C € LinCat, dualizable and F' : C — C, we have Tr(F|C) € Endpinca, 1 = Moda.

Given A € Alg(LinCat,), F an A-bimodule, we have HH(A, F) := A Qg4 F € LinCat called categorical
trace.

Relative tensor product: let R be a symmetric monoidal category with geometric realizations and tensor prod-
ucts commute with geometric realizations. Let A € Alg(R) and Mod,(R) := LModr (R). We define

RMod,(R) x LMod,(R) — R

(4.58)
(N, M) — N ®, M,
by

Mapsg(N ®4 M, L) = A-bilinear maps N x M 5 L, (4.59)

i.e. the colimit of

/\ ¢oacty
NXAXAXM — NxAxM  *1L (4.60)
A

\_/ goacty

In general, N ®4 M :=geometric realization of N ® A* ® M, where A*® is the simplicial object defining A.

Example 4.27. F = A, then HH(A) := HH(A, A).
Example 4.28. A = Modp = lyinca, then bimodules BMod(A) = LinCat,, and HH(A, F) = F.

Example 4.29. Suppose that o : A — A is an algebra endomorphism, then HH(A, 7 A) is called twisted categorical
trace.

Example 4.30. M left A-module and N right A-module, F = M ®, N is an A-bimodule, and HH(A,F) = N® M.
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Remark 4.31. Recall Hoschild cohomology is categorical trace in Morita(Vect,). Here we can also construct
Morita(LinCat, ).

Recall that Morita(Vecty) < LinCat, given by A — LMod,(Vect,) is a fully-faithful symmetric monoidal
functor. Then we can realize categorical trace above as ordinary trace in LinCaty.

Hypothetical, we should have Moritay jnca, < 2-LinCaty by A — LinCaty, which is fully faithful and sym-
metric monoidal functor. LinCat is (oo, 2)-category and 2-LinCat, is (oo, 3)-category.

Some functoriality of categorical trace.
Let A, B be two algebras and 4 Mp be an (A, B)-bimodule.

Definition 4.32. We say M is left dualizable if there exists a (B, A)-bimodule N together with

uy :B — p(N ®4 M)p,

4.61)
ey :A(M ®p N)y — A,
satisfying the usual Zorro relations.
Remark 4.33. Given an (A, B)-bimodule M,
M ®p (-) : LinCatg — LinCat
B (=) B A 462)
L— M®gL
M is left dualizable if and only if this functor admits a right adjoint.
Now given
e (A, Fs) and (B, Fp),
e M left dualizable (A, B)-bimodule, and
L] UIM®3F3—>FA®AM,
then we have
HH(B, F'g) := B®pgpe Fp — (N ® M) ®pgp= Fp
= A Qugarey (M ®p Fp ®p N)
e A ®A®A"CV (FA ® M ®B N) (463)
— A Qagar (Fa ®A)
= HH(A, Fy).

Definition 4.34. Given A € Alg(R), where R is a symmetric monoidal category, is
e called smooth, if A € 4g4=vBMod,, is left dualizable as (A ® A™', 1g)-bimodule.
e called proper, if A € |,BModrvgy is left dualizable as (1, A™ ® A)-bimodule.
e called 2-dulazable, if it is smooth and proper.

Remark 4.35. A is smooth, if and only if there exists 74 with
o Ty ®agarey A = 1p,
e AQRTHy > ARA™,

satisfying certain conditions.
A is proper, if and only if there exists a Serre module S 4, with

e ARA™ - S, QA,
® A®ugaer Sa — g,

satisfying certain conditions.
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There exists similar trace formula for A 2-dualizable. Let F, F; be left (A, A)-dualizable,

a:Fi®yF), > Fr®y Fy, (4.64)

then
Tr(HH(F,, @ Y)HH(A, F)) = Te(HH(F,, )| HH(A, F»)). (4.65)

Example 4.36. R = LinCaty, A = F4 = Mody, B = Fp = Mod,, then M is left dualizable (A, B)-bimodule if and
only if M is dualizable in Mod,. In this case

Tr(M,n) : Mody = HH(Mod,) — HH(Mody) = Mod,.
Definition 4.37. Let M be a left dualizable (A, B)-bimodule in LinCat,. We say M is

e left smooth, if uy; : B — N ®4 M admits a B-bilinear right adjoint.

o left proper, if e)y : M ®3 N — A admits an A-linear right adjoint.
Example 4.38. A = B = Mod,, this recovers the previous definition of smooth/proper A-linear categories.

Example 4.39. B = Modx, M = A as left A-module, then M is always left dualizable as (A, 1)-bimodule, with
N=A,
Uy :Mody, > AQu A=A, (4.66)

and
ey A®RA > A (4.67)

multiplication. M = A is left proper if e); admits a continuous right adjoint. M is left smooth if 14 is compact.
Definition 4.40. An A-linear monoidal category A is called

e semi-rigid if m : A® A — A admits continuous right adjoint,

o (locally) rigid, if it is semi-rigid and 14 is compact.

Lemma 4.41. IfA € Alg(LinCaty) is compactly generated, then A is (locally) rigid, if and only if compact objects
admit both left and right duals.

Example 4.42. We can take A = Mod or A = QCoh(X) where X is quasi-compact quasi-separated.

Example 4.43. Take A = IndD¢onstrucitble (B\G/B).

Now consider

* (A, Fy), (B, Fp),

e M left proper/smooth (A, B)-bimodule,

e n:Fp®pM— FasQ®s M,
and suppose that 7 admits a continuous right adjoint, then

HH(M,n): HH(B,Fg) > HH(A, F,) (4.68)

admits a continuous right adjoint.

Corollary 4.44. Let M be a left A-module, and assume that n : M — Fx ®4 M admits continuous right adjoint.
Then HH(M,n) : Mody — HH(A, F4) corresponds to an object [M,nlr, € HH(A, Fa). If M is left smooth and
proper, then [M,nlF, is compact in HH(A, F4).

Proof. Take (B, Fp) = (Moda, Mody).
Arigid, M = A, n: M - FA®4 M & x € Fy. Then [M,n]r, = Tr(X). If X is compact, then Tr(X) is
compact. O
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5 Lecture 16: 6/6/2023

Recall A € Alg(LinCat), is called rigid if
e m:A®A — A admits an (A ® A™")-linear right adjoint;
e 1, is compact.
Example 5.1. If A is compactly generated then A is rigid if and only if
e every compact object admits both left and right duals;
e 1, is compact.

Proposition 5.2. Let A be rigid.

(1) Let F : M — N be an A-linear functor of left A-modules. Then if FR is continuous, then it is A-linear:

idpoF,

A®M — A®N

lactM \LMIN
M—f s N
and base change map
acty o (idy o F) = FR o acty

is an isomorphism.

5.1)

(5.2)

(2) Let M be a left A-module. Then M is dualizable in LinCaty if and only if M is left dualizable as an A-module.

Mody —> N M

\L: lright adjoint

Mody —— N®s M

M®N —— Mody

l: lHom( 1a,—)

M@N — A
(3) A is dualizable as an object is Modp,
14 mR
m Hom(1,4,—-)
A®A > A ——— Mod,.
A is 2-dualizable as an algebra in LinCaty. A is 2-dualizable if and only if

o AAugare is left dualizable as Moda-module.

o asawAp is left dualizable as A ® A™"-module.
Corollary 5.3. Suppose that A is rigid.

1. Let F1 — F, be an A-bilinear functor, then

Fi —— HH(A, F1)

| l

F, —— HH(A, F»)

is right adjointable.
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2. Suppose that F\ — F, admits a continuous right adjoint. Then

F{ ———m R

l l

HH(A, F1) —— HH(A, F»)

is right adjointable.

(5.7)

Proof. HH(A,F|) = A Qagarr F. Pass the bar resolution to right adjoints to get a co-simplicial object. Taking

limits also computes the Hoschild homology.

Theorem 5.4. Assume that A is rigid, equipped with a monoidal endomorphism ¢ : A — A.
Endunasay([1alea) = Tr(A, ¢)
as N-algebras. Let M be a left dualizable A-module equipped with
d: M- M=’M.

Hom([14lo4, [M, ¢ploa) = Tr(M, ).

Idea of Proof of Thm.
ARA ———— > %A

I I

HH(A, %A ® A) = A 4 HH(A,*A)

Theorem 5.5 (S=T). Let A be rigid and let a € A be compact (¢ = id for simplicity). Then define
Sa:laloa = [a®a’log = [a’ ®alogy — [14]oa.
Note that S, € Hom([14]4, [14]a) = Tr(A) > ch(a) =: T,. The theorem is that S, = T,.
Example 5.6. Larforgue’s work. Take A = Shv(L*G\LG/L*G).
Suppose that A is rigid. Let F, F, be two A-bimodules, both of which admit left duals.
@:F @ Fy > Fy0, F)

Tr(HH(A, F1), HH(Fy, o)) = Tr(HH(A, F»), HH(F), ).
Now let M be a left smooth and proper A-module equipped with

o

Fireoa M Froa M

\LidFl B2 \Lisz &P

a®idy,

FiouFo@y M —— Fr, Q4 F1 ., M

Theorem 5.7. (1)

[MB11r,
Mody, ——% HH(A, F)

/

[M.B1]r, )

HH(A, F})

(2) [M, BilF, is compact in HH(A, F;).
(3)ch(IM, Bi1F,, TrHH(F2, a1, 1)) = ch(IM, B]F,, THHH(F, o, ))).
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Example 5.8. G reductive group over IF, and B a Borel. Take A = Ind(D2(B\G/B, Q))). Then
Proposition 5.9. A is rigid.
There is an algebra structure on A given by the correspondence
B\G/B x B\G/B < B\G x® G/B — B\G/B. (5.16)
Take ¢ : A — A g-Frobenius pullback. Then
Tr(A, ¢) = C(BEH\G(F,)/B(Fy)). (5.17)

Remark 5.10. It is true that in this case l-adic sheaves on the product is the tensor product of I-adic sheaves. In
general this is false. This is a property which generally holds for quasi-coherent sheaves instead of I-adic sheaves.

Theorem 5.11. HH(A,%A) = A ®ugaw ®A. There is a commutative diagram

IndD%(B\G/B) ———  IndD’(G/Frob,B)
l[ I, ! (5.18)
¢ Sully faithful A
HH(A,?A) ——— IndD;(G/Adgob,) = Rep(G(F,), Q)
B\G/B « G/Adpmqu — G/Adpmqu = [*\G(F,)](by Lang isogeny), (5.19)

where b - g = b~ gFrob(b). Then note that B\G/B = U,ewS gives Schubert cells.
[jw.1]ea =compactly supported cohomology of Deligne-Lusztig variety associated to w.
Tr(A, ¢) = C(BFH\G(Fy)/B(Fy)). Take w = e, [jeloa = C(G(Fy)/B(IFy)) and

Endg,)(C(G(EF,)/BEFy)) = CBE\GEF,)/B(EF,)). (5.20)
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