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REPRESENTATION SEMINAR AT STANFORD

1. IWAHORI HECKE ALGEBRAS, XINYU LI

1.1. Notations.
e F: a NA local field;
O': the ring of integers;
m: the maximal ideal of O
m: a uniformizer in m;

[ ]

[ ]

[ ]

e k: the residue field k = 0'/m;

* q = 7k;

e (: a split connected reductive group defined over 7
e T a split maximal torus T

e B: a Borel subgroup containing 7'

e B=TN, where N is the unipotent radical of B;
e N: the unipotent radical of opposite Borel B:;

e K :=G(0) C G(F) hyperspecial,

e ev:G(O) — G(k);

e Iwahori 7 := ev~1(B(k)).

1.2. Some Structure Theory.

1.2.1. Factorizations. Iwahori factorization: Z = N(0)T(O)(N(F)NZ). More precisely,

- multiplication

N(0) x T(0) x (N(F) N T) 7

is a bijection. Moreover, one can rearrange the order of the three factors.
Define extended affine Weyl group

W = Neg (T(F))/T(6),
which contains a finite subgroup
W = (Ngp)(T(F)) N G(0))/T(0),

and contains T(F)/T(0) = X, (T) coweight lattice, via u — 7. In fact,

W =W x X, (T).
We have Iwahori-Matsumoto decomposition

GF)= | | TwT,

weW
and Bruhat decomposition
K:=G(0)= | | TwT.
weW

We have B(O)wZ = IwZ by Iwahori factorization.
We have Iwasawa decomposition

G(F)=B(F)K= || #'N(F)K.
neX(T)

(1.7)
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1.2.2. Hecke Algebra and Universal Unramified Principal Series.

Definition 1.2.1. Iwahori Hecke algebra ¢ := C°(Z\G(F')/Z,C), whose algebra structure is
given by convolution

prulg)i= [ loh™ i, (18)
G(F)
where dh is a right Haar measure on G(F'), such that Vol(Z) = 1.

By Iwasawa-Mastumuto decomposition, 5 has a C-basis given by {71} := 11901}1 v
Auxiliary module M := C°(T(O)N(F)\G(F')/O), which is a right s#-module by convolution.
GF)= || ="NF)K
neX.(T)
= ||  ~NEFE)B@O)wI
pEX(T),weW

(1.9)
= || T@ONEF) I
PEX(T),weW
= | | T(0)N(F)az.
zeW
So M has a basis vy = lp(g)N(F)az; T € W. Consider
R = C[X.(T)] = C2(T(F)/T(6),C) (1.10)
the Iwahori Hecke algebra for T'. There is a left R-module structure on M given by
T vy = q PP Vg, € w. (1.11)

Left translation commutes with right convolution, so M is an (R, #)-bimodule.

Proposition 1.2.2. Via the map E : 5 — M defined by h — v1 - h, M 1is a free right 7 -module
of rank 1.

Corollary 1.2.3. End »(M) = 7.

Proof of Prop.1.2.2. We have to show that in terms of basis {T,,} and {v,}, Z is an upper triangular
matrix with invertible diagonal.

supp(v1 - Ty) = supp(v1)supp(Ty)
=T(O)N(F)I-IzZ (1.12)
= N(F)T(0)IxT.

Claim: for y € W, y € supp(vy - Ty) = N(F)ZzZ, then y < x is in the Bruhat order. The claim will
imply the proposition.
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Find an element n € N(F), such that ny € ZzZ. We can find sufficiently dominant coweight pu,
such that m#nr™" € N(0) CZ.

IrtyZ = Intnn Pty
= Irtnyl
C (ZrtI)(Z2Z)
- |_| Irha'T.
' <z

Therefore, 7y < m#x and hence, y < x. g

Proposition 1.2.4. (1) Forw € W, v1Ty = vy.
(2) Forw e W, € X (T), veuTy = Ugny-
(8) For pu € X.(T) dominant, v1Trn = vgn,

1.3. Decomposition of J# as Vector Spaces. Let s = C°(Z\K/Z) finite Hecke algebra.
Then 54 C 57 by extension by zero. Recall that we have a map

R — End» (M) = 2, (1.13)
we denote the image of 7/ by ©,,.

Proposition 1.3.1. We have an isomorphism of vector spaces
R®c 4 = 2, (1.14)

Proof. We have
R®c Iy — 7 — M

1.15
™ ® Ty — 0,1y — v Ty, = AL T ( )

0

1.4. Intertwiners. We still fix 7', Z and K as before. Set %(T):=the set of Borels containing 7.
Now we vary Borels in this family.

Let B'=TN'. Define Mg = C(T(O)N'(F)\G(F)/Z,C).

:= {a set of coroots that is a subset of some system of positive coroots}.
C[J] the C-subalgebra of R generated by J;
C[J]" the completion of C[J] with respect to the ideal generated by J;
Ry := C[J]" ®c(s) R = functions on X, (T') supported on a finite union of sets of the form
x + Cj, where x € X, (T) and Cj = Z>oJ,;
Mp; = Ry ®g My =functions on G(F'), (T(0)Np/(F'),Z)-biinvariant, whose support is
contained UyesT(O)Np/(F)n"K, S is a finite union of =z + C}.
Now For B = TNp and B’ = TN} containing T, set

J := {coroots that are positive for B’ and negative for B}.



6 SHURUI LIU

Define intertwining operator
IB’,B :MB7J_)MB/7J/ (1.16)

defined by
, 1

o= ¢ g = / _
Vol(Np/(F) N Np(F)NK) JN, (F)nNp(F)

Claim: This integral is in fact compactly supported on Np/(F)NNpg(F). This will imply that I 5
is an (Ry, 7)-bimodules homomorphism.

Lemma 1.4.1. For v € X.(T), set C, = Ng/(F)N Ng(F)N7*Np(F)K.
(1) If Cy, is not empty, then v € Cy = Z>oJ.
(2) Cy is compact.

o(n'g)dn/]. (1.17)

Proof. (1) is by induction on |J| and finally reduce to a brutal compuation for SLa. (2) is from the
fact that Ng — Np/\G is closed immersion (easily checked after base change to G), and hence for
any compact C C G(F), we will have that Ng(F)C N Npg(F) is compact. O

Consider 3 Borel subgroups B; € Z(T) and define J; ; as above. Assume that
J31 = Jo |_| J32.

Then Iy B, = IB3,B,1B,,B:-
Rephrasing: Fix B =TN. Now we let J vary. For any w € W, we have

Mp w17 fu » Mp. g
>>\ //1;5 (1.18)
MyB,s
Explicitly,
1)) = G ARy, 0 nen (1.19)

where N, := NNwNw™!.

Proposition 1.4.2. (1) Iyt = 7*W1,, for p e X.(T).
(2) Ipjwy = T, Ly, for l(wy) + l(we) = l(wiws).
(3) L is a right F€-module homomorphism.

For SLy, use « to denote the unique positive coroot and s, the simple refecltion, represented by
(91). Then
10/

1
L)) = i m n ) /N(F) v1{sag)dn. (1.20)

N(F) = F parametrized by  — (§%). In this case
T(O)N(F)I = (& 4%, (1.21)
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mie’ = (0. (1.22)
Then
sqnml®’ = (7?] x:f]) (1.23)
and
sqnmi® s = (;:_J] 7(7)rj ). (1.24)
Therefore,
L, (01) (7)) = 8321477 (1= g7, (1.25)
and
Ly, (1) (77 50) = 8j=0g ™" (1.26)
Finally, we conclude that
I (v1) =q¢ v, +(1—q71) ijavvl. (1.27)
Jj>1

Similarly, Is, (1r(o)n(rx) = 4~ Lr@o)n e + 255097 (1= 47 )lp o) n(Fymia” i
For general G, using Jacobson-Morozov, we could obtain that

(1) Lo, (v1) =g o, + (1 —q71) > > LEANUE

_ —17Tav
(2) Isa(vl + Usa) = T]jvi(vl + vSa)'

oV
(3) Ls,(lpo)N(P k) = %1T(0)N(F)K-
1—m

Corollary 1.4.3 (Gindikin-Karpelevich formula). For w € W, R, :=the set of positive roots «,
such that w™la is negative. Then

1 qflﬂav
Ly(lroyN(Fr) k) = ( 11 W)lT(O)N(F)K'
aERy

Jyw = (HaeRw(l — 7rav)) - I,. Note that J,, preserves the subspace M of Mg ,,-1; and Mp ; and
hence can be regarded as an element of H, via our identification of H with Endy(M).

Corollary 1.4.4. Hecke relation: T2 = q+ (q — 1)T%, .

Proof. Calculate I, (vs,) in two ways: I (vs,) = Is,(v1)Ts, and I, (vs,) = Is,(vs, + v1) —
Isa(vl)- D

asalm) _qp
oV -

Theorem 1.4.5 (Bernstein Presentation). T, m* = w%WT, + (1 — q) —
1.5. Center of J7.
Proposition 1.5.1. R C Z (7).

Proof. Using intertwiners .J,, to prove that RV action commutes with 4. O
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Denote L := Frac(R), then L = Frac(R"). Then R is a free R" -module of rank |IW|. Consider
f%ﬂgeneric = LW K Rpw %, (128)

and
Mgeneric =L®rM = v Qrw M. (1.29)
Then Mgeneric is an (L, #generic)-bimodule.

Corollary 1.5.2. Z(Hjeneric) = LY, and Z(A#) = RW = H*Ph,

2. UNRAMIFIED PRINCIPAL SERIES, SHURUI Liu

The main goal is to prove the following:

e Iwahori block is same as representations of Iwahori-Hecke algebra: Rep(G(F))P! 2 Rep(#7)
e Rep(G(F))l! is generated by unramified principal series.

2.1. Basics. A short overview of Bruhat-Tits, smooth representations, admissible representations
and so on.

For simplicity, in this talk, I only deal with split case and admissible representations, though
most parts work for non-split groups after harder combinatorics. N

Briefly talk about non-split case: e.g. replace B with minimal parabolic, G with Gge, etc.

2.2. Unramified Principal Series. The main reference for this subsection is Casselman’s original
papers, [Cas80],[CS80] (though he uses B to denote Iwahori and P minimal parabolic; non-split
case).

Let G be a split connected reductive group over NA field F' as before.

A continuous character o : T(F) — C* is called unramified, if it is trivial on 7(&’). The group
A:=T(F)/T(0O) is a free abelian group of rank r. Therefore,

X"(T) = Homgp (A, C*) = (C1)". (2.1)
In this split case, upon a choice of uniformizer m € &', we could identify
A =X, (T), (2.2)
and then we identify
X"(T) = Homgp (X, (T),C). (2.3)
Then given y € X" (T'), we could construct an unramified principal series
1) += i) =y ()53 (24)

using normalized induction functor, where dp is the modulus character of B, i.e. dp(tn) =
det(Ad(t)[rie(n)), where B=TN,t €T andn € N.

Remark 2.2.1. We can view R := C[X,(T)] defined last time as a T'(F)-representation, via
(Xuniv) !, where
Xuniv : T(F)/T(0) — R*

2.5
el o (2:5)
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for p € X, (T) and xuniv does not depend on the choice of 7. Then we define the universal unramified
principal series

MY, = iG(R). (2.6)
Observe that
o R = c—indggggtriv,
o iSc-indp(0)T(F)(triv) = c-indg )y oy triv = C2(T(O)N (F)\G(F))

we see that
(1) (M) = CX(T(O)N(F)\G(F)/Z,C) = M defined last time.

univ

(2) M has a natural R-module structure, by (r¢)(g) := r(¢(g)).

(3) Any character T'(F')/T(0) — C* givesrises to a C-algebra homomorphism R := C[T(F)/T(0)] —
C, then
v @Ry C=I(XT), (2.7)
and
M @Ry C=(I(x7)" (2.8)
Define G-projection
Py CZ(G(F)) = 1(X) (2.9)
by
200 = [ 8Os (2.10)
where we choose left Haar measure on B(F’) such that B(&) has volume 1. For w € Wy, we define
Puw,x = Px(lzwz), (2.11)
and
Pxx = Px(lg0))- (2.12)

Proposition 2.2.2. The functions {¢w,x fwewy, forms a C-basis of I(x)*.
Proof. Notice that
e ¢y (x) =0 for x ¢ B(F)wZ,
o d(bwi) = x6Y/2(b), for b € B(F),w € Wgn,i € T.
Use the decomposition G(F) = ||, ey, B(F)wZ. O
Proposition 2.2.3. The function ¢, is a basis for the one-dimensional space I(X)K.

Proof. This follows from the Iwasawa decomposition. O

Lemma 2.2.4. The contragredient repn of I(x) is I(x™1).

Proof. This follows the general fact i% (o) = i%(5) for any parabolic subgroup P. See [Cas95,
Prop.3.1.2] O

T(0)

Proposition 2.2.5. The canonical projection 1(x)* — rz(x) s a linear isomorphism.

I will provide more general results, which implies this easily.
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2.3. Jacquet’s Lemma. The reference for this subsection is [Cas80] and [Ber].

Let P = M N be a standard parabolic subgroup of G(F). Let M° C M be the subgroup generated
by all compact subgroups. Let A denote a lift of T'(F)/T(0) in T(F'). Let At C A consisting of
those A, such that Ady |y is (non-strictly) contracting.

Proposition 2.3.1. The Jacquet module rp(V') of an admissible representation V' of G(F') is again
admissible.

Take K as an open compact subgroup of G(F).

Definition 2.3.2. We say (K, P) are in good position, if
e Iwahori decomposition holds: K = KyKy K+, where Ky = KN N, Kyy = KN M and
Kx=KnNN.
We say (K, P) is dominant by A™, if
o Kjs is Ad(A)-invariant;
e Ky is Ad(A™)-invariant;
o Ky is (Ad(AT)) !-invariant.

We say A € AT is strictly dominant with respect to (P, K), if P is determined by A via dynamic
approach.

By a nontrivial theorem of Bruhat, given P, there exists an arbitrarily small K, such that (P, K)
is in a good position, and there exists A strictly dominating (P, K). Let (P, K) be in a good
position and dominated by AT, V be an admissible representation of G(F). Then there is a natural
projection map

p: VE = rp(V)Kar, (2.13)
Lemma 2.3.3 (Jacquet’s Lemma). There is a linear operator o/ on V¥, and a canonical decompo-
sition VE = Vy @ Vi, such that

e o/ is nilpotent on Vy;
e o/ is invertible on Vi;
e V. is isomorphic to rp(V)EM under p.

Proof. Pick A as a strictly dominant element. We consider the operator @ := 1 x 1) * 1 acting
on VK and & := 1). Then p is o7-equivariant. Note that .7 is invertible on rp(V )%,

For any v' € rp(V)5™  we can pick a lifting v € VEM | and then there exists a open compact K’
stabilizing v. Consider v, := A", which is stablized by A" K’A\~". Since U = Unzo)\”K’U)\_”, we
could choose a large n, such that v, is stabilized by K. Now set v := 1y * v,. Then

1 %0 =70, (2.14)

i.e. v € VK. Moreover, p(v) = A\"v. Therefore, for any v € rp(V)5M  there exists some n, such
that A"v € Im(p). Since 7p(V)5M is finitely dimensional, we can find some integer ng, such that
™y € Im(p) for any v € rp(V)EM . Therefore,

Im(p) = rp(V)En, (2.15)
If we decompose VE = Ker(&/™) @ Im(&/™), we have Im(2/™) = Im(p). O
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Remark 2.3.4. As in [Ber|, one could refine it to drop admissible condition. The hard input is
that any smooth representation V' is admissible over H(G) := C°(G).
Lemma 2.3.5. For any smooth representation V, Ty, := 11,7 € % is invertible for any w € Wey.

Proof. We have proved that T2 = (¢ — 1)Ty, + ¢ for simple affine reflection w. In particular, each
element in g is invertible. If w € Q has length zero, then w stabilizes the chamber defining Z,
and hence T, has inverse given by T,,—1, and Ty, Ty = Ty for any w' € Weys. O

Corollary 2.3.6. Given any smooth (admissible) representation V' of G(F), the natural projection
VI rp(v)T@) (2.16)
s an isomorphism.

Remark 2.3.7. If we take V = C°(G(F)/Z) acted by T via left translation, then VZ = O (Z\G(F)/I),
and (V)79 2= C®(T(0)N(F)\G(F)/I). Then we obtain M 2 # linear isomorphism as in the
previous talk. Then for any unramified character y, M ®r x = # ®p x gives I(x)? = Hpin as
linear spaces. This gives another proof of Prop.2.2.2.

Corollary 2.3.8. IfV is an irreducible admissible representation of G(F) with V! # 0, if and only
if V is a subrepn of an unramified principal series.

Proof. If V' is an (irreducible) admissible representation of G(F'), then by adjunction
Homg (V. I(x)) 2 Homqp) (rp(V), x6'/?)
=~ Homyp) (rp(V), (xd*/*)T(?))
y(rB(V)) 1), x6'/?)
= Homyppy ((r(V)) (@ ),X51/2) (invariants=coinvariants for cpt grp by [Bor76, sec.1.3]).

= Homyp(p

Then use r5(V)% = V7T as C-vector spaces. O
Corollary 2.3.9. The principal unramified series I(x) is generated by I(x)*.

Proof. Set V' to be the subrepn generated by I(x)%. Then (I(x)/V)* = 0. Taking contragredient,
I(x)/V is a subrepn of I(x~!). It has no nontrivial Z-fixed vectors, and thus by Cor.2.3.8, it is
zero, i.e. I(x)=1V. O

Remark 2.3.10. The proof exactly shows that if a G-representation V' is a subquotient of some
I(x), then VZ = 0 if and only if V = 0.

2.4. Blocks. The main reference for this subsection is [Bor76|.
Some generalities. Let K be a compact open subgroup of G(F).

Definition 2.4.1. We define Rep(G)!¥] to be the full subcategory of Rep(G) consisting of smooth
representations V of G(F) generated by K-fixed vectors V.

We define .77 (G, K) := C°(K\G(F)/K,C), which is an algebra under convolution and #(G) =
C(G(F),C).
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Then there is an adjoint pair
F = (=) @ (i) #(G) : Rep(H (G, K)) — Rep™(G)K: (—)F. (2.17)

Easy observations:

o (—)¥ is exact, since (—)¥ is exact.
e I is the right quasi-inverse of (—)%.
e Iy is fully faithful, since Hom(Fg (), Fx (y)) = Hom(z, Fx (y)%) = Hom(z, ).

Remark 2.4.2. A fact: (—)¥ induces a bijection of (isomorphic classes) of irreducible objects on
both sides, although Fx does not preserve irreducible objects in general. But given an irreducible
V € Rep(#(G, K)), Fr(V) has a irreducible quotient. See [BK91, Prop.4.2.3|

Lemma 2.4.3. The functor Fx and (—)¥ are quasi-inverse (and hence induce equivalence of cat-
egories) if and only if Rep*™(G)X C Rep*™(Q) is stable under taking subobjects.

Proof. For the if part: we only need to show the counit
H(G) @y VE) >V (2.18)

is an isomorphism for V' € Rep(G)X!. Since V is generated by VX, we know this morphism is
surjective. Let W be the kernel and then we have WX = 0. Since Rep(G)5] is stable under taking
subobjects, W is generated by W/ and thusly W = 0. Therefore, the counit is an isomorphism.
We omit the proof for “only if” part, since it is easy and it is not needed in our talk. O

Now we know that the unramified principal series I(x) lies in Iwahori block Rep(G)® by Prop.2.3.9.

Proposition 2.4.4. Let E be an admissible representation of G(F'). Assume that
(1) E is generated by E*;
(2) For any non-zero subrepresentation W C E, W # 0.

Then

(1) If 0 » E -V — @Q — 0 is a short exact sequence of admissible G(F')-representations, and
QT =0, then the sequence splits.
(2) For any W C E, W is generated by WZ.
Proof. (1) implies (2). Let V C W be the subrepresentation generated by W'. Consider the short
exact sequence 0 — V. — W — W/V — 0. Then V satisfy the condition in (1). Therefore, the
sequence splits W = V @ W/V. However, (W/V)t = WT/VT =0, and thus W/V =0,ie. V =W.
So we only need to prove(1l). Since Jacqute functor is exact, we have

0—rp(E)—rp(V)—=rp(@Q)—0

exact, and since T(0) is compact (and we work over C), taking T'(&)-invaraint is exact. But
re(Q)T(@) = QT = 0. Therefore, we know that

rp(V)T(O) = pp(E)T(O), (2.19)
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Now we have decomposition of (V') under T'(&)-action (the category of C-representation of com-
pact groups is semisimple):

rp(V) =rp(B)" oV, (2.20)
where V' consists of isotropic spaces with nontrivial 7'(&)-action. Then we have a projection map
B:rg(V)— EL, (2.21)
and by adjunction we get
B:V —ig(EY). (2.22)
Then we have _ _
V = Ker(8) @ Im(5). (2.23)

Then we only need to show:

e ENKer(8) =0.
o 5(V) = B(E).
Note that 3|z : VI = EZ — (ig(E%))T is injective. Then ker(8) N E = 0.
Now consider J := 3(V)/B(E). Then JZ = 0 since J7 is a quotient of (V/E)T. Then by Remark
2.3.10, we see J = 0. O

Now apply the proposition to I(x) and combine it with our previous subsection, we know that

e any subquotient of I(x) is generated by Z-fixed points, i.e. any subquotient of I(x) €
Rep(G);

e any (admissible) V generated by V7 is a sub of I(x) for some x;

e In particular, Rep(G)! is closed under taking subobjects, and hence Rep(G)Z! = Rep(#7).

Therefore, we proved the main results at the beginning of this talk.

2.5. K-Type Theory. I could mention more generality if time permits. May follow [BK98].

3. ALGEBRAIC K-THEORY, JIAHAO NIU

3.1. Introduction. Let o be an abelian category. Then K((&7) is the free abelian group generated
by A € Ob(«), quotient by the relation [A4] = [A'] + [A”], where 0 -+ A" -+ A — A” — 0 is a short
exact sequence.

Quillen defined an invariant K (.27) as a spectra, and K;(</) = m;( K(<)).

One can specialize to the case @/ = Coh(A), where A is a Noetherian commutative ring. Then
K;(A) := K;(Coh(A)). One can extend this construction to X qcqs Noetherian scheme and K;(X) =
K;(Coh(X)).

If U is open in X with Z closed complement, then we have a long exact sequence

Today our main goal is to review the equivariant version. Consider X a Noetherian scheme acted by
G an affine algebraic group and we are interested in K& (X) = K;(Cohg(X)) = K;(Coh([X/G])).

Example 3.1.1. Ko([x/G]) = Ko(Reps, (G)). When G = T is a split torus, then Ko(x/T) =
Z|X*(T)]. Higher K-groups are hard to compute.
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Example 3.1.2. Let F be a field. Then

o Ko(F)="Z.
o K\(F)=TFx.
e KH(F)=F*®@F*/<a®(1—a)la#0,1>.
and
A if i = 0;
Ki(F)=1Z/¢ —1, ifi=2j—1; (3.2)
0, if ¢ even, non-zero.

In general, it is hard.

Properties:
(1) projective bundle formula: K;(P%) = K;(X)%".
(2) Thom isomorphism (homotopy invariant): K;(A%) = K;(X).
(3) computation tools: cellular fibration, Kunneth formula.

Before doing that, we will give a general construction.

3.2. Modern Treatment. Replace abelian category with a small stable (oco-)category, idempotent
complete. Denote that category of such categories by CatP®™, with functors being exact functors.
Recall that by (=) and Ind-completion, we have equivalences

f ~ t
CatP = Catyy &, (3.3)

where functors on the right-hand side are continuous functors preserving compact objects.

Fact: Catglt)t 8 is generated by Sp, the category of spectra. Let S denote the category of spaces
(equivalent to the category of CW complexes modulo homotopy equivalences or the category of all
topological spaces modulo weak homotopy equivalences). Then Sp is the stablization of S, which
is a subcategory of Fun(Sf"+, S,), satisfying F () = , and F carries pullback diagrams to pushout
diagrams. Morally, Sp classifies all cohomology theories. Actually, Sp is generated under colimits
by one object spherical spectra.

Note that CatPe™ is a presentable category.

If A C B is a full subcategory, and

A—— B
lr l (3.4)
0——C

is a pushout diagram, then we call A — B — C is a Karoubi sequence, and denote C' = B/A, and
call it Karoubi quotient (Karoubi localization).

Warning: B — B/A may not be essentially surjective.

For i : A — B, B/A is taking the compact objects of Ker(i'?).

Example 3.2.1. X qcgs scheme, Then Perf(X|z) — Perf(X) — Perf(U) and simlar for Coh,
where X7 is the formal completion of X along Z.
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Definition 3.2.2. Let & be a presentable stable category. A functor F' : CatP™ — & is called
localizing invariant, if F'(0) = 0, and F sends karoubi sequence to cofiber sequence in &. We say F
is additive invariant, if F'(B) = F(A) ® F(C), if (A, C) forms a semi-orthogonal of B.

Localizing invariant implies additive invariant.

Definition 3.2.3. Let A, B be two full subcategories of C' € CatP®f. We say A, B forms a semi-
orthogonal decompostion if Hom(a,b) = 0 for any a € A,b € B, and for any object ¢ € C, we can
find cofiber sequence a — ¢ — b where a € A,b € B.

Example 3.2.4. Consider A % ¢ L B aKaroubi sequence. If jf is fully faithful, then i(A), j¥(B)
forms a semi-orthogonal decomposition.

Fact: if ¢ admits countable direct sum and F' preserves filtered colimit, then F'(C) = 0.

We can extend F to CatP 8 — & by F(C) : F(C¥). The problem is that Ker(Ind(A4) —
Ind(B)) might not be compactly generated, even when the functor is a localization functor. But
the Kernel is always dualizable. Effinov constructed continuous K theory

Fcts . Catdualizable L (35)

Definition 3.2.5. K-theory is the initial localizing invariant F' : CatP®f — Sp commuting with
filtered colimit, and together with €= — Q®K(%).

Remark 3.2.6. m; K (%) may not be zero for i < 0.

For A € CRing (may be derived),

o Perf(A) C D(A) generated by A under finite colimit and retraction, equivalent to D(A)%

and D(A)dualizable.

e A Noetherian, Dcon(A) € D(A) consisting of bounded complex X € D(A), and m;(X) are

finitely generated my(A)-modules.

e D(A) has a t-structure induces a t-structure on Dgop(A), such that Doeyn(A)Y 22 Coh(mp(A)).
Usually, K (Perf(A)) algebraic K-theory of A and for A Noetherian, K (Dcon(A)) is called algebraic
G-theory of A.

Fact: K(DconA) = K(mp(A)). Moreover, K(Dgon(A)) is connective.
Extend this construction to algebraic stack 2.

Perf(X) = lim Perf(A), (3.6)

smooth

Spec A—— %
and simlar for Doop(27). Then KPef(27) := K(Perf(X)) and K(2) := K(Dgon(X)) satisfy
Zariski descent and Nisevich descent. But K (Dcon (X)) ® Q satisty fppf descent when 2 is a qegs
scheme.
Passing to étale sheafification, we obtain étale K-theory K®(Dcon(X))o-

Theorem 3.2.7. U C 2 is open with closed complement Z, we have cofiber sequence

K(Z)—-> K(Z)— K(U). (3.7)
In particular, K(Z) = K(Zeq).
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Theorem 3.2.8. & is a locally free sheaf over 2 of rank n + 1, then
K(Pe(2)) = K(27)% (3.8)
The reason is that Dcon(Pg (X)) has a semi-orthogonal decomposition (&(n),0(n —1),...,0.
Denote q : Pg(Z) — £, then obtain maps
Di : Deon(Z7) = Deon(Ps(Z2)), (3.9)
given by ¢*(—)® @(i). Then Dcon(Pg(27)) has semi-orthogonal decomposition (%p, . .., %,), where
€ = Im(p;).
Corollary 3.2.9. K(Vg(2')) = K(X).
Not true for KPe,

Remark 3.2.10. When X is a smooth scheme, then Perf = D¢ and two K-theory agrees with
each other.

Then K¢(X) := K§(X) := Ko([X/G)).
Example 3.2.11. K7 (X) = K%(G x! X).

Let f: 2 — % be a morphism of stacks. Then on D¢ep, f* is defined when f has finite Tor
dimension, and f, is defined when f is proper and has finite cohomological dimension.

K(Z) is a module over KP{(2).

Convolution product on Deop (27 X Z7) induces algebraic structure on K (2 x4 27).

G affine algebraic group and G = U x R, where U is unipotent and R is reductive. Then
K% (X) = KF(X). This is because

KR(X)=K%Gx®X)= K“G/Rx X)=K%U x X). (3.10)

Then filter U by affine spaces and then invoke homotopy invariance.

A G-equivariant morphism F 5 X is called cellular fibration, if F*® a decreasing filtration by
closed subschemes, such that

(1) F* — X is a locally trivial fibration,

(2) E; := F\\F""! — X is an affine bundle,
then

e we have short exact sequence 0 — K%(F?) — K¢ (F*1) — KE(E;) — 0.

Proof. The surjective map K& (F;) — K (E;) = K&(X) has a section given by 7*. O
Theorem 3.2.12. Let G be a reductive group acting on X a smooth projective variety. TFAE

(1) 7 : K9(X) RR(@) KG%(Y) = KX xY) is an isomorphism for any Y;

(2) the image of ™ : K% (X) Jte) K% X) = K% (X x X) contains A, Ox;

(8) K9(X) is finitely generated projective R(G)-module, and G-variety Y, K¢V x X)
Hom (g (K“(Y), K%(X));

12
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(4) KG(X) is finitely generated projective, K& (X x X) f.g. projective, and rank(K%(X x X)) =
rank(K% (X)), and
< — —> K%X) x K%X) = R(G) (3.11)
given by < .F,9 >=p.(F @“9) is non-degenerate.

Theorem 3.2.13. G simply connected, K¢(X) — KT (X).
o K9X) ®p) R(T) = K'(X).
o KG(X)= KT(x)W.
Theorem 3.2.14. K§{(2 )g = A.(Z,Q) chow groups.
Actually, the usual Chern class map ch, : K(Z") — A, factors through étale K theory.
Let T be a torus over C, acting on X a scheme of finite type over C and ¢t € T. Denote i : X < X

inclusion of t-fixed points. Then i, : K7 (X') — K7 (X) becomes an isomorphism after localizing
S C KT (pt) = Z[X«(T)], consisting of those f such that f(t) # 0.

4. ANTI-SPHERICAL MODULES, DANIEL KiMm

4.1. Setup.

e F: an NA local field, with ring of integers ¢ and residue field k;

e (3. a reductive split group over F;

e B D T: a Borel containing a split maximal torus;

o 7 =Ker(G(0) = G(k)) Iwahori;

e Extended affine Weyl group W := Wext := Ngr)(T(F))/T(0), W = Xi(T) x W, where W
is the finite Weyl group;

o 7 =C.(I\G(F)/Z,C) Iwahori Hecke algebra.

Recall we have Iwasawa decomposition
G(F) = | | TuI, (4.1)
wew
where w is any lift of w. Then T,, := 17,7 € 7. Then we have Iwahori-Matsumoto’s presentation
o (Ts+1)(Ts — q) =0, where s is a simple affine reflection in Wog C w.
o Ty =TTy if l(vw) = I(v) + l(w).
Remark 4.1.1. We can treat ¢ as a formal variable and work over Z[q].

If A\, u € X,(T)+ dominant, then Thy, = ThT, = T, T\. If we work over Z[¢g*!], then each T; is
invertible.
For A € X, (T), we can write A = A\; — Ay, for A1, Ao € X, (T)4, we can define

et =g~ PV T (4.2)

well-defined and er# = erek.
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Theorem 4.1.2 (Bernstein). T}, for A\ € X.(T) and w € W = Wy, forms a Z[qi%]—basis for
HT Qg+ Z[qi%]. The relation is given by
e — es()\)

1_€a\/ I

Ty’ — Ay = (1 —¢) (4.3)

where s = s, 1s a simple finite reflection.
Remark 4.1.3. If G is simply connected, then we don’t need to add qi%.
4.2. Steinberg Variety. Let é, B, T be the dual groups over C.

Definition 4.2.1. An element x € g is called nilpotent, when its image under g — gl,, is.

Fact: o := Lie(N) icovers all nipotent elements under the adjoint action.

Definition 4.2.2. Let .4 C g be the nilpotent cone, i.e. the set of all nilpotent elements, regarded
as a variety.
Definition 4.2.3. Springer resolution
7N ={(x,gB) € N xG/B:xcgig '} > N (4.4)
Note that 7 is proper and resolution of singularities.
Given gB, (Adyn)*t = Adyb 1Eder the Killing form, and is the fiber of g — T 5(G/B). Then
Adgn = T;B(G/E). Therefore, A = T*(G/B).

Definition 4.2.4. We define & := jx% A the Steinberg variety.

Want to understand K-theory of 2 (actually G-theory, i.e. K-groups of Coh). Note that K (%)
has a ring structure given by convolution pattern, and that’s why we defined 2 derivedly: to make
the pullback functor well-defined (preserving D%oh). Namely, we have a base change diagram (both
derived and non-derived)

~idxAxid -~

ngjX@JVHngjXJX@J/

| | (4.5)

— _I — —
N X N X N

We know that A is of finite tor dimension, so the map id x A x id is of fintie tor dimension if the
diagram is derived. )

Consider that G x G,, acts on .4 — §, and Z has a G X G,,-action. Therefore, KG&xGm (%) is
defined.

Theorem 4.2.5. We have an isomorphism KGXGm(fz’f) = .

Remark 4.2.6. Another way is to consider Grothendieck alteration g — g, and consider Coh(g x4
gl xgt/V), the bounded derived category of coherent sheaves on the formal completion along (un-

derived) N Xg N C g — g. The G-theories obtained are the same (though of course the original
stable categories are different).
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4.3. Subalgebras. Consider A : A — N x5 N = Z is G X Gyp-equivariant. Then we have

A, K&Cm( ) o KG<Cn (7). (4.6)

Claim: A, is a ring homomorphism.
This is an exercise of base change theorem (another place where we want everything derived,
although the G theory only reflects underlying 7).

Using A = T*G/B
KGXGW(J/\/) o KGXGW(G/B)

(4.7)

Theorem 4.3.1. There is a diagram of algebras

KG'XGm (JA/) A KGXGW(QF)

%J/W lﬁ (4.8)

ZIX(Dg"] ———

where the bottom map is X — e* and v matches [O)\] with —\, where O is the line bundle on G‘/B
corresponding to B G, pulled back along N = @/E, with trivial G,,-action.

G acts on Z and diagonally acts on G/B x G/B, and the map 2 — G/B x G/B is equvariant
under G-action, mapping (z, Q1 B, ggB) to (ng ng)

We have G / BxG / B~ || ,ew Yo decomposition by relative positions (Bruhat decomposition),
and pullback to

Z= || =Y. (4.9)

weWw

Each 771(Y,,) — Y, is a vector bundle.
Actually

7 (Ya) = Ty (G/B x G/B) := Ker(T*(G/B x G/B)ly, — Ts.,).
We have dimension counting
dim (7~ 1(Y,,)) = dim Y,, + dim(fiber)
= (dim G/B + l(w)) + (dim G/B — l(w)) (4.10)
= 2dim G/ B.
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and hence 7=1(Y,,) are the irreducible components of 2, where we observed that the fiber is merely
nnwn. o o
Fact: for s € W a simple reflection, 71,79 : Y — G/B are both P!-bundles.

Consider Q%/(G/B) (relative to 1), and pullback along T;—(G/B x G/B) — Y, which we denote

by @Qs. Claim: under the isomorphism 7 = KGXG’”(QP), T corresponds to —[¢Qs] — [00].

4.4. Modules. Note that whenever G x G,,-equivariant Y — g, K GxCm (j X3Y) has a convolution
action by K&*Cm (%), )
Take Y = g, and we have K*Cm () = Z[X,(T)][g*'] as a left module. Then

~ —_—

R(G x Gp) =5 KC*Cm () 22y GG () (4.11)

acts on KG*Cm (ﬂ
Claim:

(1) the composition A,7* is central.

(2) the action of K GxCm (<//17) on itself is multiplication.

Proof. For (1), given V € Rep(éxGm), a G X Gp-equivariant sheaf .Z on %, we have ZxV =~ FxV.
For (2), use base change isomorphism. O

We have corresponding picture

Z(Hz) = ZIX (D ¢ = ZIXA(D)][q] = A2 (4.12)

acts on 7 @ . Z[gF'], where € is defined below.

Definition 4.4.1. /%, = Z[¢™!][T, : w € W] and

€: b — Z[qil]

4.13
Ty — ¢ (4.13)

The map e is ring homomorphism using (75 + 1)(7s — ¢) = 0 for s € W simple reflection.
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Lemma 4.4.2. Identify 77 @, Z[q*Y] = KéXGm(JV) as ZlgT1]-modules via e* @ 1 +— [0)].
Then ‘

Z2(Hz) = ZIX(T)V ¢ —— Z(7) = Z[X(T)][g™] K @ st Ll
% Aoy |2 F (4.14)
R(G x Gp,) y KGXCm (1) KGxCm(_ 1)
commutes.
Then

KGXGm(g) N EndR(CXGm) (KGXGm (JV)) = EHdZ[X*(T)]W[qil](jfZ QR A e Z[qil]) — F7.
(1) Will prove that « is injective.
(2) The action of Ty and —[¢Qs] — [O0] agrees, which will imply that i : #7 — KGXG’”(Q”).

(3) Check that i is moreover surjective.

Recall that G/B x G/B = Uypew Yw and 2 = | | cwr T{iw(é/é x (). We write

Few = () T5,(G/B x G). (4.15)
v<w
and
Few:= ) T3, (G/B x G). (4.16)
v<<w

Proposition 4.4.3. There is a split short exact sequence
0 = KOCm(2,) — K& Cm(22,) - K¥*Cn(Y,) = 0. (4.17)
Proof. Cell decomposition for 71 : & — C’/E Claim:
(1) KGXG’”(Q”SU,) are J(G*Gm (A)-submodules.

(2) KG*Cm(Y,,) = Z[X,(T)][¢*"]. This is because Y,, = G/(BnwBw™1), and R(BnwBw™!) =
R(T) by solvability.
O

Question: do we need the group G to be simply connected?
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5. COHERENT REALIZATION OF AFFINE HECKE ALGEBRAS, VAUGHAN MACDONALD

5.1. Goal and Strategy. The goal of this talk is to finish the establishment of isomorphism
0 : Ay — KO<Cm (%), (5.1)

where % = ¥ x%‘ N is the Steinberg variety.
Strategy: Fill in a diagram

lg (5.2)

KOG (2) —2 s Bd ey, (o) (KE<Em ()

We need to show that
(1) Show that « is injective;
(2) Show that im(7) C («), therefore we obtain an algebra homomorphism 6.
(3) Show surjectivity of 6.

Ideas for each step:

(1) Use flatness of K GXG”(QF ) over R(T)W[¢*'], and use Kunneth formula and localization
theorem.

/7,/7 C % subvariety

which is P'-bundle over .#". This is done via explicit SLo-calculation.

(2) For each simple reflection s, reduce to computing on Z; := N X

(3) Show that @ is filtered and associated graded are isomorphisms under 6.

5.2. Injectivity of a. Consider the diagram

KGXGm(g) SN EndKG‘xGm(pt)(KéXGm(f/va»

lm bg (5.3)

KG<CmEFI x Fl) — 4 End (F1)

R(GXGp)

where F1 := G/B is finite flag variety.
Then 7 : A4 = T*F1 — Flis an affine bundle, and pullback 7* induces isomorphism on equivariant
K, ie.
7 KOCm(Fl) S KG<CGm( 1), (5.4)
We have a projection map id x « : T*(F1 x F1) — N x Fl.
Then

e Fact: (id x )|« is a closed embedding. Consider j : & — A x Fl and zero section
i:Flx Fl — A4 x Fl. We define vy := i*j,.
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e Fact: this diagram commutes (follows from some base change properties). Also § is an

isomorphism precisely induced by Kunneth formula
KGxGn (Fl)

FG*Gm (F1 x FI) = KG*Gm (FI) ®R(éxGm)

> g GXCm (F1)Y B R(GxGm) (using nondegenerate pairing)KéXGm (F1)

= End g, g, (K9 O (F1).

Therefore, it suffices to show that v, := i*j, is injective.
From Daniel’s talk, 2 has a filtration given by Z<, := | |,s<, Ty, (F1 x F1), and we have short
exact sequence a

0 — KOCm(2.,) - KOCm(2,) — K& (T} (FI x F1)) — 0. (5.5)
Consider
¥ <L ¥ xFl«— FlxFl - Fl (5.6)

which induces maps

KGxGm () — 5 KGCm (4 x FI) — Fl x Fl

lRes lRes l (5.7)

KT%6n (%) ——— KT*Cn () ——— KT(F)[g*]

where 7 is the preimage of B under ms : 2 < FIxF1 P2, F1 Fact: Res are canonical isomorphisms.
So it suffices to show the results for T-equivariant K-theory.
In Daniel’s talk, K&*Gm (T3, (F1 x F1)) are free modules over R(T)[¢*].

Fixa=(1,2) € T x C*, and 2 = 1. Localize at a,
KTCm(25), — KT¥Cm(8), — KT*Cm(F1),. (5.8)

By localization theorem, just need to look at fixed points
25— N
T T (5.9)
(Zo NF)* —— (F1)@
All inclusions above become equalities on a-fixed points.
Remark 5.2.1. Recall that we have short exact sequence

0 — KGXG7,L(£p<w) N KGA’XG"L(QPS’LU) R KGXG"L (T;w (Fl X Fl)) — 0

By cell decomposition of F1 x F1, we also have short exact sequence

0 — K9G (Fl x Fl) ) = K¥Cn ((F1 x Fl)<,,) — K€ ((Fl x F1),, — 0. (5.10)
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Since 7 : Ty, (F1 x F1) — (F1 x F1),, is an affine bundle, 7* induces an isomorphism on K-theory.
However, pushforward along zero section is not isomorphism in general. Think of the simplest case:

0/Gp = A'/G,, 25 0/G,,. Then j* is an ismorphism Z[q, ¢~ !][0] = Z[q, ¢~!] mapping 1 to [&].
However i, is not. Suppose this G,,-action is weight n. Then §y is resolved by
0—q¢"0— 0 — jy—0. (5.11)

Therefore, [0p] = (1 — ¢")[€]. But away from roots of unities, it is an isomorphism.

5.3. Matching the Actions. Consider G = SLz(C). Then . is a C[g*!]-algebra with 3 genera-
tors T, z,z~ !, such that

o (T'+1)(T'—q) =0,

e xx l=g"lo=1,

o Tz ! — 2T =(1—¢)X.
Write C = —(T'+ 1), and then

e C?=—(q+1)C,

o Cox ' —2C =qu—a L.
On Steinberg side, F1 = P! and Bruhat decomposition reads as

Fl x F1=P! x P! = P4 U (P! x P! — PL). (5.12)
Denote Y := P! x P! —P}. Then 2 = Ty (P! x P') U Ty (P' x P'). Observe that we have an
A
isomorphism 7y : T3 (Pt x P!) = P! x PL.
For sheaves, &), := A.(0(n)) and Q := 7y Qp1 cp1 jp1.

Theorem 5.3.1. The assignment

o O [qQ],
® T [ﬁ_l],
° $71 — [ﬁl],

o)

naturally extends to an algebra homomorphism 6 : 7 — KGXG’“(QF), i.€.

® qQxqQ = —q(q¢+1)Q;
¢ qQ*x 0 =0_1%qQ =q0_1 — 0.

Proof. Let m : T*P' — P! natural projection and i : P — T*P! inclusion of zero section. Use two
short exact sequence

(1) 0 = Opspr — ﬂ'*QIlPl — i*QIlp,l — 0 Koszul complex of sheaves on T*P*.

(2) 0= 0(-1)XQ (1) - 6K O — Oy — 0 Beilinson resolution for sheaves on P! x P,

First note that Q = 73m3Q5, = Op1 W Q. By short exact sequence (1), one has a short exact
sequence
0= q 'Op1 K Opepr — Op1 RT*QL — Q — 0. (5.13)
We add ¢~ 1 to make it an exact sequence of G,,-equivariant sheaves. Then pass to K-theory, one
gets
[4Q] = qOp R 7* Q1 — Op1 B Opupr. (5.14)
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This happens in 2 C F1 x T%(F1), and we implicitly used injectivity of i,.
Then compute

[4Q * ¢Q] = (¢0p1 R 7" Q1 — Op1 B Opepr) % q0p1 B Q. (5.15)
By defintion, (# X94) x (¥' X .F') =< 94,9 > (F K F'). Then
[4Q * qQ] = ¢* < V1, Op1 > Op1 R Qpy — q < Opupr, Op1 > Opr B Oy
= (> — q)Q,

using that Qy, = 0(—2). If we identify KGXCm (pt) = Rz, 271" [¢t'], then p.[0(n)] =
Weyl character formula, where p : P! — pt.

xn-&-liw—(nﬁ-l)

z—z—1

For the second relation, use injectivity of ¢*j, and compute in K GxGm (F1 x FI)
e i"j.(qQ) = QX O(-1),
e "5 (O,) = AO(n),

and then use the first relation we proved just now combined with Beilinson resolution. U

Theorem 5.3.2. o Let Ay =< T : w' < w >, then the map 0 : Hyr — KGXGm(f)
satisfies () C KG<Cm(2,,).
e the induced associated graded
Hoy = R [Tu] & KEXSn (T3, (F1 x F1) 2 R(T) ™[0y (FLxF)]  (5.16)
18 an isomorphism.

Proof. (1) By construction, only need to verify that
o * s [AO(=)N)] € KE<Cm(A(N)). A
o T, — [qQs] — [0p)] for simple reflection s, where Q, € K&*Cm (4 x = A), where /5 is a
relative PL-bundle over 4.
e In general, w = s1 -+, reduced word, then 0(Ty,) = 0(s1) *--- *---0(s,) is supported on
the image of

L/I/X'V{/VX‘-'XJ/SVT://’}/—)JI/VXQJ/}/:QP. (517)

Claim: image is Z<,.

(2)Note that 0(T,)|z, = ¢Qs is a line bundle. Roughly want [0(Ts,) * -+ % 0(Ts,)]|2, =
[Qs,] %+ x[Qs,] iIn K(Z,). Q;’s being Line bundles implies the right-hand side is invertible. Then
obtain an isomorphism. O

6. CONVOLUTION PATTERN OF CONSTRUCTIBLE SHEAVES, SHURUI LIU
6.1. Motivation. Recall last time, we proved that
KEXCm( N xq N) = A5 (6.1)

One formal feature of Steinberg variety is that & := St := ng N is of the form X Xy X. In
particular, for any (reasonable) Z — Y, we will have K (X xy X)) acts on K (X xy Z) by convolution.
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However, it is hard to directly classify representations of K (X Xy X). Instead, we look at Borel-
Moore Homology. The upshot is that we will reduce the classification of % representations to
simple modules of BM homology of a fiber product space (convolution algebra). Before elaborating
on this point, let me briefly review the basics of Borel-Moore homology.

6.2. A Brief Introduction to Borel-Moore Homology.

Definition 6.2.1. Let S be a scheme of finite presentation over C and wg the dualizing sheaf of S.
Then we define the Borel-Moore homology chain to be

CBM(S) := RI(S,ws). (6.2)

Remark 6.2.2. The right-hand side is a cochain complex, and we transfer it to a chain complex via
the standard procedure: given A® a cochain complex, we take A, := A™", d, = d~ ™. In particular,
HEM(X) == H*(X,wx)

Remark 6.2.3. For BM homology on a smooth manifold, one may consult [CG97, Chapter 2.

Remark 6.2.4. Let f : S — SpecC be the structure morphism. In this case wg = f'C and
CBM(S) = f.f'C. Then taking Verdier dual

Df.f'C = fif*C = RT.(S,C), (6.3)
we see that Borel-Moore homology is dual to compact support cohomology.

Note that
Hom(C, C[k]) x Hom(C[k], C[k +[]) — Hom(C, C[k +1]), (6.4)

gives cup product on cohomology H*(X). If X is smooth of pure dimension dim X, then passing
to Poincare duality, we obtain intersection pairing

N+ HPM(X) x HPM(X) = HE g dim x (X). (6.5)

In general, take i : X — M closed embedding, where M is smooth of pure dimension d. Then we a
natural map by adjunctions (and identifying wys = Cy/[2d)])

i*wx[—d] = i!i!wM[—d] — wM[—d] = CM[d] — 1*Z*CM[d] = ’i*CX [d] (6.6)
Taking global sections, one gets
HBM (X)) x Ho_g(X) — C. (6.7)

Remark 6.2.5. When X is smooth, this is a non-degenerate pairing and gives the Poincare duality
mentioned above.

If X is proper, get H?ﬂd(X) x HEM(X) — C. In this case, by Kashiwara-Schapira, this

construction could be enhanced to

N HPM(X) x HPM(X) = HEN 5 gim 1 (X). (6.8)
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Remark 6.2.6. Assume f : X — Y is proper and X is smooth algebraic variety. Then for cap
product on fiber product spaces X Xy X, or X Xy X Xy X, one could take the natural closed
embedding

Xxy X = XxX (6.9)

and

XXy X xy X = X x X x X, (6.10)
which will be used later on.
6.3. Continuum on Motivation. So our goal is to classify all simple modules over
Hr = KGXGm(jx@ ).
Recall that we already identify its center
Z(#7) = R(G x Gy,).
Let M be a simple .#7-module. By Schur’s lemma, Z(.77) will act by a character. But a character
R(G x G,,) = C (6.11)
is same as
SpecC — (G x Gn)/ /(G x Gy, (6.12)
i.e. a semi-simple conjugacy class a := (s,t) € G X G,y,. Define
Ha = AT Qz() Ca- (6.13)

Then the action of 57 on M, factors through 57,. In other words, we only need to classify all
simple ##;-modules, where a runs through all semi-simple conjugacy classes of G X Gy,.

Lemma 6.3.1. Notation as above, #;, is of dimension (#W)? over C. In particular, any simple
module F¢1 is finite-dimensional.

This algebraic construction has a geometric explanation. Recall that a = (s,t) € G x Gy, acts
on A by (s,t)z = t~'szs~!, and similar for .4#". Define .4;,.4; to be the a-fixed points, and

Zy = No X_y, Na. Then there is an algebra structure on CBM(Z;,) by convolution product, to be
reviewed later.

Theorem 6.3.2. Let a = (s,t) € G x Gy, be a semi-simple element. Then there is an algebra
isomorphism

A, = CBM(2). (6.14)
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Sketch of Proof. Let < be the closed subgroup of G' x G, generated by a. In particular, & is an
abelian reductive subgroup.

I, = C, X R(CxGrm) KGXGW(&W) using Daniel, Vaughan’s talk
= Co ®pw) K Y(Z)  covered in Jiahao’s talk??

~C,® R(A) @ K(2,)

= Kc(Za)

o CLB}:/[ (Z,) Riemann-Roch.

Relevant facts about K-theory could be found in [CG97, Ch.5]. O

The upshot is that, our problem is reduced to classifying simple modules over Borel Homology
with convolution product.

6.4. Convolution Algebra as Endomorphism Algebra of “Springer Sheaf”. We now switch
to a general setting and later apply it to fixed points of the Steinberg variety.

Let f : X — Y be a proper morphism of schemes of finite presentation over C. Define & :=
X xy X. Assume that X is smooth. Then

X XyX XyX
y lpw &s) (6.15)
X XyX X XyX X XyX

Then (p13)«(pio(—) Np33(—)) defines an algebra structure on CBM(X xy X). Moreover, the unit is
given by the fundamental class of [A(X)].
We work in a slightly more general setting. Let f; : X; = Y, i =1,2.

Lemma 6.4.1. Assume that f; are proper, and X; are smooth of pure dimension d;, for i = 1,2.
Then as graded C-vector spaces, we have

CE 444, (X1 Xy Xp) = RHom((f1).C[d1], (f2)C[dz)). (6.16)

Proof. We have a Cartesian square

X1 Xy X2 L> X1

Bl lfl (6.17)

ng)y
2
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Then
RHom((f1)+Cld1], (f2)Clda]) = RHom(C, fi(f2)+C)[da — d]
>~ RHom(C, o, 8'C)[do — d4]
>~ RHom(a*C, f'wx, [—ds — d1])
= RI(Xy Xy Xo,wx, xy Xo)[—d2 — di]
=~ OBy, (X1 Xy X).

O

Corollary 6.4.2. Let f : X — Y be a proper morphism of schemes of finite presentation over C
and connected components of X are smooth. Then we have an isomorphism of vector spaces

CPM(X xy X) = REnd(f,IC(X)). (6.18)
Theorem 6.4.3. The isomorphism in (6.18) is an isomorphism of algebras. Namely, the following
diagram commutes
CBM(X xy X) x CBM(X xy X)) cmolution oBM(x X))
lg F (6.19)
REnd(£,IC(X)) x REnd(£,IC(X)§"™ 2R End(f£,1C(X))

Remark 6.4.4. Here I abuse notation, and treat CBM = HBM and RHom = Ext* (ignoring the
difference between chain/cochain complex and their homology/cohomology ring).

Sketch of Proof. A similar base change theorem argument shows that the convolution product of
Borel-Moore homology is realized as a sheaf theoretic convolution *. Then it is an exercise of six
functor formalism calculations (called yoga). O

6.5. Classifying Simple Modules by Decomposition Theorem. Since f is proper, f,IC(X)
is constructible with respect to some stratification {Y, }oea of Y. By decomposition theorem,

fIC(X) = @ Mg, , @ 1C(Z)[k], (6.20)
a€ENKEZ

where 7, is an irreducible local system on Y,, Mg, , is a C-vector space served as multiplicity

space.
Therefore,
REnd(f,IC(X))= €  Home(Mg,,, My, ) @ Ext"(1C(L,),1C(Z)) (6.21)
a,BEN,jEEL
~ P Home(Mg,,, My,,) ®Ext*(IC(L),1C(L5)) (6.22)
a,BEN,j EEL

Fact: (sece [Bei+18])
(1) Perv(Y) is an abelian category, whose derived category is Shv.(Y').
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(2) Irreducible objects of Perv(Y) are of the form IC(.%,), where .%, is an irreducible local
system on some smooth locally closed subvariety Y, of Y.

In particular, we have
(1) Ext*(F,9) =0, for k < 0, .F,9 perverse.
(2) Hom(IC(Z,),1C(Zp)) =0, if &£, # £ irreducible local systems.
(3) (non-derived) End(IC(.%,)) = C, for .%, irreducible.

Set
My = ®i M, (6.23)
Therefore,
REnd(£.IC(X)) & @aEnd(M,) @ Nil, (6.24)
where

Nil:= @ Hom(M,, Mp) @ Ext*(IC(Z,),1C(.Z3))
a,B,k>0
is concentrated in degree > 0 and hence nilpotent in R End(f.IC(X)).
Moreover, ©,End(M,,) is a direct sum of matrix algebras and hence semisimple. Therefore, we
see that Nil is the radical and the semi-simple quotient is identified with ©,End(M,,). Therefore,
we obtain the following classification.

Proposition 6.5.1. {M,}acn forms a complete set of isomorphic classes of simple REnd( f.IC(X))-
modules.

I implicitly used the following algebra fact.

Lemma 6.5.2. If M is a simple module over a matriz algebra R = End(V) with V' dimension d
C-vector space, then M is isomorphic to V as R-modules.

Proof. Let v be a non-zero vector in M. Since M is simple, R -v = M. Consider the map

f:M—C", (6.25)
defined by r - v +— 7 - e1, where e; = (1,0,...,0) € C". Then f is injective since M is simple and f
is surjective since C™ is simple. U

6.6. Describing Multiplicity spaces M,. Our goal now is to give M, geometric meanings.

6.6.1. Non-equivariant Setting. Consider ¢ : Z — Y a locally closed subvariety. Then ¢* induces
REnd(#) — REnd(i".%) (6.26)
acts on ¢*.%, for any complex .# on Y. One obtain a REnd(.%)-module structure on RI'(Z,*.%).
Similar results hold for i'. Now take i : {#} < Y a closed point. By base change, we see that
C*T(X,) = RT({y},i" f:IC(X)), (6.27)
CPM 4(X,) = RT({y},i' £.IC(X)). (6.28)
Therefore, C*(X,) and CBM(X,) are REnd(f.JC(X))-modules. They are also CEM(X xy X)-

modules by convolution product.
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Theorem 6.6.1. These two module structures are compatible with the algebra isomorphism (6.18).

Note that there is a canonical map 7' — i*, obtained by applying i* to the adjunction counit
iyi* — id. Therefore, there is a canonical map

cM(x,) — C*(X,) (6.29)

of CBM(Z)-modules.

6.6.2. Equivariant Setting. Now if f : X — Y is G-equivariant for a reductive group G, and N has
a (finite) stratification given by G-orbit N = LyepOq.

Let iq : Of — Y be a locally closed immersion of a stratum. Then in the decomposition theorem,
Y, are exactly O, and %, are irreducible local systems on Q. Let y € &, be a closed point, with
stabilizer G(y). Then the irreducible local system %, corresponds to an irreducible representation

x of G(y)/G(y)°. (10a/G] = [+/G(y)].).
Given an irreducible representation x of G(y)/G(y)°, one define

Ly = Im(CPM(X,)y = C*(Xy)y), (6.30)
which inherits an REnd(f.IC(X))-module structure.

Remark 6.6.2. The source is identified with standard module and the target is identified with
co-standard module. These will be discussed in the next talk.

Theorem 6.6.3. Notation as before. Let £, be an irreducible local system on O, which appears in
the decomposition. Let y € Oy and x be the irreducible representation of G(y)/G(y)° corresponding
to Z,. Then there is an isomorphism of REnd(f.IC(X))-modules

My & Ly, (6.31)

It is easy to see that the isomorphic class L, , is independent of the choice of y € &,. Hence we
denote it by Ly, or Lg, ¢, .

6.7. Deligne-Langlands Correspondence. Apply these general results to Steinberg variety, one
obtains the classification result. Namely, given a = (s,q) € G x Gy, semi-simple, a G-orbit € in
N, an G-equivariant local system .2 on @, then the #Z-module L¢ o is simple and every simple
module with ¢ action by multiplication by ¢ is isomorphic to such form.

Note that A, = {z € A : szs~! = gz}. Fix ¢. Then we see

{Simple J#z-module M with ¢ acting by mult ¢}/ =
J/ﬁnite:l (632)

{(s,z) € G x §: 5 s.5., z nilpotent, szs™' = g}/ =
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The L-package is also precisely described, i.e.
{Simple ¢ ;-module M}/ =

i

{(s,2) € G x §: s s.s., x nilpotent, szs™! = gz, Z an irr equivariant local system on G—orbit}/ =

(6.33)
One could also do group version (replacing nilpotent cone with unipotent cone) as in the original
paper |[KL87]. Combining my previous talk, Iwahori-Matsumoto relation, one could understand this
result as a description of Iwahori principal block, aka a local Langlands correspondence in tamely
ramified unipotent monodromy case.

Remark 6.7.1. Note that .4, := {(s,u) € G x G : s s.s.,u nilpotent, sus~* = u?}, also appears in
the geometry of (discretized) moduli of (unipotent) Langlands parameters.

Things not done in this talk (left to later speakers):

(1) Proof of Theorem 6.6.3: identifying multiplicity space as image from standard to costandard.
More details on standard and costandard.

(2) Kazhdan-Lusztig multiplicity: [CG97, Thm.8.6.23].

(3) Group version: |KL87| (it seems no assumption on simply-connectedness in the paper, while
in Lie algebra case in [CG97] we assumed so).

7. STANDARD AND COSTANDARD MODULES, XINWEN ZHU
Recall that
H = Clv, v ' [{eMw) aex, (1) wewn, 2 R = Clv,v™'|{(e*) 2 Z(2).
This is identified as A A - A
KGXGm(g) ) KGXGM(JV) ) KGXGm(pt),

where 4 is the Springer resolution for dual group and 2 := N x 5 ,/17/ Moreover, H action on
Masp = H®p, Clv, 071 defined by T, — (—1)!*) is identified with KG*Cm (1),

Then for any W — g, we will have a module K*®m (" x5 W). Now take W to be a nilpotent
Orl')ll“;kf.a = (s,t) € G//G x G, = Spec KGXGm(pt). Choose X € 0% i.e. Adg(X) =tX.

—~ a

NG T y NC

]

0° (7.1)

]

B = {0 € G/B|X,s b} —— X
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Proposition 7.0.1. We consider the localization

K (4,) ® exen Ca D E#x). (7.2)

XGﬁ“/CG(s)

localization

Let u = exp(X). Let C(s,u) := mo(Cp)(s,u), which acts on %5
Definition 7.0.2. Let a = (s,t) and X be as above, and p € Irr(C(s,u)). We define the standard
module of H by
'//(a,u,p) = HomC(s,u) (pv K('@S}()) (73)

Fix a = (s,t) € G//G X Gy, Hy := H ®z(m) Ca- Last time we showed
W, = HPN(Z,), (7.4)
which acts on H BM(ﬁ). Also last time this is identified with

HBM(%,) = REnd(r%w (7.5)

)

acting on RHom(C, miw ).

Lemma 7.0.3. </IA//‘1 1s smooth.

Proof. 1Tt is a general fact that the fixed point of a torus action on a smooth variety is still smooth,
which is proved affine locally. 0

Recall the general machinery: given f : X — Y, with X smooth and f proper. Then R End(R fiwx[— dim X])
acts on &/ := RHom(.#, Ry+wx[— dim X]). By the decomposition theorem, there is a non-canonical
isomorphism

Rf.wx[—dim X] = P V(7 ¢ @ 1C(Z,.2), (7.6)

where Z < Y closed, Z° C Z open smooth, .Z a local system on Z°. Then Viz,2) gives a complete
list of irreducible representations of Ext® (<, o).

Remark 7.0.4. In general, describing V(7 &) and IC’s is really hard, e.g. the case of the Hitchin

system is related to Ngo’s proof of the fundamental lemma. Our situation is 7% : N — A When
a = 1, this is classical Springer theory.
Proposition 7.0.5. (1) ©* is subjective.
(2) N has only finitely many C(s)-orbits.
Corollary 7.0.6. In this case of m® : JZ‘ — N Z appearing in the decomposition must be of

the form Z = O, for some orbit © C N Moreover, £ is a Ce(s)-equivariant local system on
Cea(s)/Ca(s,u) = O, which corresponds to an irreducible representation of mo(Ca(s,u)) = C(s,u).
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Proof of Prop.7.0.5. For (1), m® is subjective, if and only if 22 # (), if and only if there exists Borel

of G containing (s, u), such that sus™! = u’. However, s, u generate a solvable subgroup of G’, and

hence they are contained in some Borel. For (2), consider

{(s,X) € G x §:Ady(X) = tX, sss, X nilp}/G
(7.7)
R . p1 p2 .
G/G NG

Observe that py*(s) = 4% We need to show there are only finitely many C(s)-orbits. Let C' be
the conjugacy class of s. Then

N Cu(s) = p~H(C)/G. (7.8)
Since .4 has only finitely many G-orbits. Therefore, it is enough to show that
p H(C)/G — NG (7.9)

is quasi-finite (i.e. has finite fibers). For X € .47, the fiber is Cx(X)*/Ads(Cp(X)). Then
semisimple C(X)% is conjugate into some maximal torus Tx. Then Tx — Tx//W is quasi-
finite. (I

Still fix a = (s, t).

9= @A, (7.10)
where A is an eigenvalue of Ad,. Then A#* = g, N .4". Note that [gx,3,] € gr,. Then observe that
if t is not a root of 1, then adx : gy — gy — -+ eventually zero. So we have A% = §;.
Theorem 7.0.7. We have a parity result

HoM(#%,C) =0, (7.11)
and
HEM(%x,C) =0. (7.12)

Fact: % is connected and equidimensional while 25 may not be connected nor equidimensional.

Example 7.0.8. X € N is called subregular if GX C . is of codimension 2. Then %y is always
a chain of P!’s. For example, G = G, then it looks like

\

the dual Dykin diagram is D4. For a particular s, it will preserve the central P! and permute the
other 3 P!’s. Then C(s,u) = Ss.
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Consider @ : A® — ¥, Denote & := Rriw 7 [—dim Ag]. Then
g = ®0,2)V0,2) ®1C(0,2), (7.13)

where 0'is a Cy)-orbit in A%, and £ corresponds to x € Irr(C(s,u)). Let ig : 0 — A be the
locally closed embedding. Then

€ 1 i IC(0, L) — i510(0,.2). (7.14)
Lemma 7.0.9. ¢gr =0 if 0’ # O; €pr is an isomorphism if 0" = 0.
Proof. Clearly when 0’ € €, egr = 0. If ¢' C 0, and ' # 0, then .# € Perv implies that
it F € D(Loc(0"))z~ dim?’ (7.15)
i%,.Z € D(Loc(0"))S~dm?’ (7.16)

In addition, if .% is IC sheaf, then the inequalities above are strict unless &” is the largest stratum
in the support of %. O

If we pick up some X € 0", ix : {X} — O,
il — it (7.17)
Corollary 7.0.10. V(g o) = Im(i'yi, o — i'yiyo).

ix

N

(X} X g Loy ya (7.18)

Definition 7.0.11. M, x.g) = (ix%) s = RHom(ixC, o) ¢ = (HBM(BY)) » % K(B%) g is
called standard module of H.

Corollary 7.0.12. Every irreducible representation of H appears as a quotient of a standard module.

Corollary 7.0.13. Suppose that t is not a root of 1. Let u € 0 C N* = g;. Then the standard
module M, x, ) 1s irreducible.

Theorem 7.0.14. Suppose that t is not a root of 1. Then every irreducible V(g o) # 0 as soon as
Mg, 2y # 0, i.e. irreducible representation x of C(s,u) corresponding to £ appears in HBM(55%,).

Example 7.0.15. G = G, a = (s,q), u subregular, then C(s,u) = S3 acts on HBM(25).
Irr(S3) = {triv,sign, 2-dim perm}. Ouly trivial representation and the 2-dim representation ap-
pears in HPM(22). In fact (s,u,sign) will correspond to a supercuspidal representation in the
local Langlands correspondence. Moreover, only triv have Whittaker models. Besides, in this case,
standard modules are irreducible.

Definition 7.0.16. Similarly, (z;{z};zf)g = M(a%g) is called costandard represetnation.
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Then §
M(am,ff) - L(a,u,f/) — M(a,mf)' (719)

Take S a transversal slice, acted by reductive quotient C (s, u)red

Lemma 7.0.17.

, in particular by mg = C(s, u).
HPM(S) & = RHom(i5C, ) ¢ = M(gu.)- (7.20)

S :=m,1(9) (7.21)
is smooth, and homotopy retracts to #;. In particular, the map from standard to costandard is
induced by

(is)1Cs — (ig)(ix)«ixCs = (ix )iC, (7.22)
since standard is RHom((ix )iC, &) and costandard is RHom((ig)C, 7). In particular, this implies
the map from standard to costandard is actually a homomorphism of H-modules.

8. PROOF OF CLASSIFICATION, CALDER MORTON-FERGUSON

Recall that we pass from .#7 to J,, where a = (s,t) € G x C*, where we write G for the dual
group notation, since we only care about the spectral side in this talk.
Recall that s = K¢*C(2), and /%, = Ext®(L,L). We have that

L & 1, IC(A %) = yLy @ IC,, (8.1)
where ¢ are parameterized by a nilpotent orbit @ C .4 and an irreducible representation x of
C(y), where y € O, and C(y) := Stabg(y)/Stab(y)°, i.e. a local system on Q.

To understand Ly concretely, we exhibited them as image of a map between standard and co-
standard modules

H*(ipl) — H*(i5L). (8.2)

The standard modules can be described as HPMQ@;) while the standard modules have similar

interpretations in terms of transversal slices.
. . ~
The image is Ly = Lz -

Theorem 8.0.1. For any semisimple element a = (s,t) € G x C*, and any x € N, x €
Irr(C(s, x)), the 5, -module Lq 5, is simple provided it is non-zero. Thus such modules Lq 4 and
Lo g are isomorphic if and only if (x,x) is conjugate to (z',x’).

Theorem 8.0.2 (Deligne-Langlands Conjecture). Irreducible 5€-modules are parameterized by G-
conjugacy classes of triples (s, x,x) where sxs~' = qx, and x € Irr(C(s,x)), i.e. x shows up in

HPM(23).

Theorem 8.0.3 (Non-vanishing theorem, Kazhdan-Lusztig-Grojnawski-Ginzburg). If x shows up
in Ho(Ay), then Lq g is nonzero.

Proposition 8.0.4. Assume that t € C* is not a root of unity. There exists a G(s)-stable union
of connected components O of N such that ,u(@) = Q, for any G(s)-orbit Q.

Let %5 = 25N 0.
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Proposition 8.0.5. Assume a = (s,t), t is not a root of unity. Tizen any simple C(s,x)-module
occurring in H®(A3) with non-zero multiplicity, also occurs in H® (%) with non-zero multiplicity.
Proof of Non-vanishing Theorem assuming Prop.S8.0./ and Prop.5.0.5. Recall that we have that
pC(AN ) = @y gLy ®1C(0,X). (8.3)
The complex N*IC(JVVG) contains 12,IC(0) as a direct summand.
1:1C(0) = (@, L, ® IC(0, x)) @ B, (8.4)

where B is supported on the boundary @ — O and L, are exactly the multiplicities of x in H* (@;)
O

Sketch of Proof of Prop.8.0..

Lemma 8.0.6. (1) The group G(s) is a connected reductive group, and each connected compo-
nent of ° is a submanifold of B, which is G(s)-equivariantly isomorphic to the flag variety
for G(s). (need to assume the dual group G to have simply connected derived group, i.e. the
original group has connected center).

(2) If t € C* is not a root of unity, then g* = A®. (This is proved last time.)
Lemma 8.0.7. (1) There is an embedding slo(C) 2> g associated to x, such that s = 5450,
where sg is a semi-simple element commuting with the image of v and sy = vy <6 7_(_)1> ,
T2 =1t.
(2) There is a group homomorphism v : C*R with v(T) > 0.

Let ~,7,s9 be as in the lemma above. We have a weight decomposition of g by conjugation of
50, § = Baecx Ja, and we define

pi= @v(a)gm (85)
[:= Do (a)=0> (8.6)
U 1= Dy(a)<0- (8.7)

One can choose that z € [and s € L. Let & C % be the subvariety consisting of all borel
subalgebras b C p (the flag variety for L). Let 75 := 25 N 22, which is not empty since it is the s
and exp(z)-fixed point set of the closed subset &2, and s, exp(z) generates a solvable group.

Definition 8.0.8. Let O be the union of all connected components of A% which has nonempty
intersection with Z7;.

It is easy to see hat OisG (s)-stable and that the image of any connected component of O contains
x, which implies it contains G(s)-orbit Q. Checking that (0Q) = O reduces to the following technical
lemma.

Lemma 8.0.9. Let b € 25 and n be its nilradical. Then Ad(G(s))(nNg®) = 0.
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Sketch of Proof of Prop.5.0.5. Plans: [H*(25) : x] # 0= [H*(25) : x] £ 0= [H*(#5) : x] # 0.

Let Z = Z%(L) be the identity component of the center of L, then Z is a complex torus which
commutes with both = and s, since we choose x,s € L. So %’ is a Z-stable variety Z. Let T be
the maximal compact of Z, Then (%5)? = (%2)T. Then Fixed-point reduction implies that

()] = [H*(#5)7" "] (8:8)
in the Grothendieck group of L(s,z)-modules. This is also true in the Grothendieck group of
L(s,x)/L(s,z)°-modules, and thus holds a s C(s,x) := G(s,x)/G(s,z)°-modules. If y is such that

[H*(#3) : X # 0= [HY(#)" ) :x] #0 (8.9)
then one can show that (%2)%°(L) is a disjoint union of pieces isomorphic to Z(L)% = 2$. Finally

0% C %5 | which implies that H*(27%) is canonically a direct summand of H*(#5)%° (L), So we
know for L(s, x)-modules, and then we know

[HY(25) : X] # 0= [H*(%;) : X] #0 (8.10)

for C(s, z)-modules . O
Recall that

pxCrr = @ypLy @ 1C4. (8.11)

Theorem 8.0.10. The multiplicity of the simple ¢,-module Ly in the standard module Hq(My)y,
is given by the following formula
[Ho(My)y : Lg] = > dim H*(i,1Cy)y. (8.12)
k

Proof. Recall that if . = ;1,Cys , this is the same as the multiplicity of the RHom(L, L)-module Ly
in the module H*(i},L),. Apply the functor H*:} to the decomposition (8.11) and we get

HPM(M,) = H* (i, p.Chr) = ®gLg @ H*(iL1Cy). (8.13)
For any j, k, we have that
Eth(]L, L) : @¢L¢ & H](Z;;M*CM) — @¢L¢ &® Hj+k(i;,u*C’M). (8.14)

Define FPH®*(i\L) = @;>p(®yLy @ HI(iL1C,)). It is Ext*(L,L)-stable. We can then consider
grf H*(i}L). Here the action factors through the projection to Ext’(L,L) = ®4sEnd(Lg). As a
vector space

grl H% L = @y Ly @ H*(iL1C,). (8.15)
Taking 1)-components, we see that Ly occurs exactly dim H*® (ichC¢)w- U

To wrap up, K&*C* (2) =2 7 = C[Z\G(F)/Z] are two realizations of Iwahori Hecke algebras.
Then one could conjecture an equivalence of derived categories

Coh%(#) = ShvZ(FL). (8.16)
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