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On Competitive Prediction and Its Relation to
Rate-Distortion Theory

Tsachy WeissmarMember, IEEEand Neri MerhayFellow, IEEE

Abstract—Consider the normalized cumulative loss of a pre-
dictor F on the sequencee™ = (x1,...,y,), denotedLg(z™).
For a set of predictors G, let L(G,z™) = minpeg Lp(x™)
denote the loss of the best predictor in the class oa™. Given the
stochastic processX = X;, Xa2,..., we look at EL(G, X™),
termed the competitive predictability o on X ™. Our interest is in
the optimal predictor set of sizeM,, i.e., the predictor set achieving
ming<np EL(G, X™). When M is subexponential inn, simple
arguments show thatmin gj<as EL(G, X™) coincides, for large
n, with the Bayesian envelopeming ELr(X™). We investigate
the behavior, for large n, of min g <.~r EL(G, X™), which we
term the competitive predictability ofX at rate R. We show that
whenever X has an autoregressive representation via a predictor
with an associated independent and identically distributed (i.i.d.)
innovation process, its competitive predictability is given by the
distortion-rate function of that innovation process. Indeed, it will
be argued that by viewingg as a rate-distortion codebook and the
predictors in it as codewords allowed to base the reconstruction

given comparison clags of predictors (“experts”) in the sense

of approaching the performance of the best predictor in the class
L(G,z™) whatever the data sequence turns out to be. In the
deterministic setting, the comparison class may represent a set
of different approaches, or a set of prediction schemes which
are limited in computational resources (cf. [26, Sec. I] for a
broader discussion). In the stochastic setting, the comparison
class typically consists of those predictors which are optimal
for the sources with respect to which universality is sought.

In the choice of a reference class of predictors with which
to compete, there is generally a tradeoff between the size of
the class and the redundancy attainable relative to it. In the sto-
chastic setting of universal prediction itis common practice, and
often advantageous, that rather than taking the class of predic-
tors corresponding to all sources in the uncertainty set, one takes

of each symbol on the past unquantized symbols, the result a more limited class of “representatives” with the hope that the
can be considered as the source-coding analog of Shannon’sreduced redundancy will compensate for those sources that are
classical result that feedback does not increase the capacity Ofnot exactly covered. On the other extreme of this tradeoff, one
a memoryless channel. For a general procesX, we show that . -
the competitive predictability is lower-bounded by the Shannon takes a reference cl_ass richer than_th_e class of sources, allotting
lower bound (SLB) on the distortion-rate function of X and More than one predictor to be specialized for each source, at the
upper-bounded by the distortion-rate function of any (not neces- price of a higher redundancy. There are two issues which arise in
sarily memoryless) innovation process through which the process this context. The first concerns the question of whether there is
X has an autoregressive representation. Thus, the competitive a size for a reference class which is in any sense optimal, when

predictability is also precisely characterized wheneverX can be the dil is bet ich * " of the tvpical
autoregressively represented via an innovation process for which e dilemma IS between a rich “cover” of the typical sequences

the SLB is tight. The error exponent, i.e., the exponential behavior One€ is going to encounter, and the redundancy which increases
of ming|<exp(nr) Pr (L(G, X™) > d), is also characterized for with the increase in the size of the set. The second concerns the
processes that can be autoregressively represented with an i.i.d.following question. For a given size, what is the optimal pre-
innovation process. dictor set? The first question has been extensively studied in the
context of universal prediction (cf. [17] and reference therein),
coding, and estimation (e.g., [20], [4], and references thereto
and therein). The latter question is the motivation for our work.

It should be emphasized that in the prediction problem in the
literature, especially that pertaining to computational learning
theory (e.g., [23], [24], [9], [8], [7], [10], [15], and references
L : therein), where the problem is formulated in terms of learnin
istic setting (cf., e.g., [9], [12], [17], [25], [15]) and St0-ith ex?Jert advice, tﬁe class of experts is always assumed givgn

chastic setting (cf. [1]and _references therem)’ typically invol_vea%d the questions typically asked concern optimal strategies per
the construction of a predictor whose goal is to compete W'”}ﬁe given class. In such problems, one is not concerned with

the question ohow to choose the reference class of experts.

, _ _ Nevertheless, it is understood in such problems that there is no
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|. INTRODUCTION
HE problem of universal prediction, in both its determin

tion, Classification, and Neural Networks.
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To answer this question, we shall turn to the most basic,
nonuniversal setting and address the following problem: given

0018-9448/03$17.00 © 2003 IEEE



3186 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 49, NO. 12, DECEMBER 2003

a probabilistic source sequendd, ..., X,, and M, what is the problem and Section IlI-B will present the main results.
the predictor set of siz&/ which is, in some sense, “best” forSection IV will be dedicated to the proofs of the main results:
this source? In the problem we pose here, the object of inter8stction IV-A will present proofs of the main results that are
which we seek to optimize is the predicteet This problem based on information-theoretic arguments and Section IV-B
will turn out to be intimately related with rate-distortion theorywill present an alternative route to arrive at the results via
[13], [5] and, in a sense to be made precise, can be viewed‘asunting” and volume-preservation arguments. Section V
“rate distortion coding with feedback.” will further discuss the main results and their implications.

A brief account of the main gist of this work is as follows. LeFinally, in Section VI, we summarize this work and discuss

1 some related directions for future research.
Lp(a") = — > ol — Fy(a'™1)
t=1

1. NOTATION, CONVENTIONS, AND PRELIMINARIES

denote the normalized cumulative loss of the prediétan the Throughout,X’ will denote the source alphabet where addi-

sequence™ = (z1,...,,), wherep is a given loss function. tjon and subtraction of elements are assumed well defined. Un-
For a predictor se@, let furtherL(G,z") = minreg Lr(2")  |ess otherwise indicated will also be assumed finite (in which
denote the loss of the best predictor in the class'drGiventhe - 556 addition and subtraction are normally defined modulo the
stochastic procesX = Xi, Xy,..., we look atEL(G,X"), gphabet size). Stochastic processes will be assumed to have
which will be termed thecompetitive predictability off  y_yajued components. When considering processes with real-
on X™. Our interest is in the optimal predictor set of sizg eq components, it will always be assumed that, for each
M, i.e., the predictor set achievinginigi<y; EL(G, X™). the distribution ofX™ is absolutely continuous with respect to
When M is subexponential inn, simple arguments will 6 | epesgue measure and has a finite differential entropy.
show thatming|< EL(G, X™) coincides, for larger, with Assyme throughout a fixed loss functipn: X — [0, c0).

ming ELr(X™), which, by classical results on prediction, iszo; p ¢ M(X), we let H(P) denote the associated entropy.
characterized by the Bayesian envelope of the process. Whgine

M grows exponentially im, however, the problem signifi-
cantly diverges from its classical origin. Thus, our interest is in B(d) = sup H(P) (1)
the behavior, for large, of mingj<..» EL(G, X™), which we P:Epp(Z)<d

term thecompetitive predictability oX at rate R. It will be where Ep(Z) denotes expectation whefi ~ P. The func-

shown that wheneveX has an autoregressive representatiotp n ¢(d) defined in (1) is well known (cf., e.g., [17], [18]) to

with an associated independent and identically distribut q :
- . . . - . ... be monotone, concave, and have a closed-form representation.
(i.i.d.) innovation process, its competitive predictability i o -

pecifically, for finite X', let

given by the distortion-rate function of the innovation process.

For a general stochastic proce$swe find that its competitive ‘ —Bp(e)

predictability is lower-bounded by the Shannon lower bound A(f) = —log Z e’ ' p>0 @)

(SLB) on its distortion-rate function. On the other hand, the weX

competitive predictability of a proces¥ will be argued to be denote the log-moment generating function associated with the

upper-bounded by the distortion-rate function of the (not nelgss functionp. Then,¢ is given by the one-sided Fenchel-Le-

essarily memoryless) innovation process of any autoregressi@ndre transform ok

representation oX. Various implications of these results will .
. X . . ¢(d) = inf

also be pointed out. In particular, we shall discuss an alternative 8>0

viewpoint of the competitive predictability setting as a problery, o significance of the functiog(d) is that it conveys the pre-

of rate-distortion theory with feedback. In this context, thgjse exponential behavior of the size of thelimensionap-ball
fact that the competitive predictability is lower-bounded by thf’cf. e.g., [18])

distortion-rate function of the source (in the generality men- .

tioned above), can be thought of as the source-coding anal def 1 n n 1 /

of Shannon’s classical result that feedback does not incre§s’gd) T log {x €A n Zp(xi) = d}
the capacity of a memoryless channel [22]. The source-coding = (4)
analog we present here, however, holds true much more gee shall letp—! denote the inverse function ¢f defined (even
erally than for the class of memoryless sources. We shall algien¢ is not strictly increasing) by

characterize the error exponents for this problem, namely, the .

exponential behavior ofnin|g|<expmr) Pr(L(G, X™) > d). ¢™ (o) = sup{d : ¢(d) < a}.

Specifically, it will be seen that when the source has an autore\whenx = R, the summation in (2) is replaced by integration
gressive representation with i.i.d. innovations, this exponegd, will be assumed to be sufficiently steep such that the inte-
coincides with the Marton’s exponent [16] of the innovationgra| exists and is finite for ajf > 0. For this casey is defined

process. as in (3) and the analog of (4) for this case is
The remainder of this work is organized as follows. Sec-

tion Il will be dedicated to some notation, conventions ang (d) def llogVol 2" ER™ 1 Zn:p(x<)<d "% (d)
preliminaries. In Section I, we shall formulate the problem " n n = Y=
and present our main results: Section I11-A will formally define (5)

Bd-AB), d>o. ©)

"= (d).
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Throughout, capital letters will denote random variableshere H(X™) on the right-hand side is the entropy of the
while the respective lower case letters will denote individuahndom vectotX™ and
sequences or specific sample values. For probability measures def . n
P and Q on X, we let R(P,-) denote the rate-distortion D(X, R) = hfisong(X 1) (11)
function associated witl” under the distortion measupeand  \yhere the right-hand side is the distortion-rate function associ-
D(P||Q) denote the Kullback-Leibler divergence between ated withx . For any predictoF’, we letW ! = WF , WF, ...
and Q. Finally, we shall work throughout in nats so all thgjenote the process defined by

mentioned information-theoretic functionals are assumed to be

. . . F __ t—1
defined with natural logarithms. Wy =X — F(X7). (12)
We shall say, in this case, thAt has an autoregressive repre-
Ill. COMPETITIVE PREDICTABILITY sentation via the predictaF and innovation proces#V” .

A. Competitive Predictability Defined Theorem 1:Let X be a stochastic process for which there

A predictor G is a sequence of mappings = {G.}:;>1, exists a predictof’ such that” is an i.i.d. process. Then, for
whereG; : X'~! — X. Let F denote the set of all predictors.R > 0
For a loss function (difference distortion measuse) X — _ ) . r
[0,00) and a sequence® = (zy,...,,), denote the normal- Jim P, EL(G,X")| = D(W", R).
ized cumulative loss of the predict6r by B
o def 1 o 1 In words, whenX can be “whitened” by some predictor, its
La(z") = > plwr = Gi(a'h)). (6) competitive predictability is given by the distortion-rate func-
=1 tion of the corresponding innovation process. The proof of The-
For a predictor seff C 7, define thecompetitive predictability grem 2 below will be seen to imply that for the case whire

of G onz™ by itselfisan i.i.d. process (and théh(X*~1) = 0, soW "’ = X),
L(G,z") def hin Lg(z™) (7) T_heorem 1 holds for a general, not necessarily difference, distor-
Geg tion measurey( X, G;(X'~1)). For a general source, we have
i.e., the loss of the best predictordhfor the sequence™. the following.

Suppose now thak = X, X5,... is a stochastic process
and that, for a givedd/ and sequence length we seek to min-
imize the competitive predictability over all predictor sets
size at mostV/. Since for anyg C F, L(G,X™) is arandom . . . n -1
variable, a natural goal here would be to minimize the expecte&%ggf \g|§gf&n3) EL(G, X™)| z ¢ (H(X) - R) (13)
competitive predictability. In other words, we are interested i'?;md

min EL(G, X") (8) {

Theorem 2:Let X = X;,X,,..., X; € X, be any sto-
o(;hastic process anll > 0. Then

Ig|<M lim sup
and in the predictor s&} achieving it. Note, however, that for "7~
any given set of predictoig, the theory of universal prediction It is easy to show (cf., e.g., [18]) that the entropy (rate) of

guarantees the existence of a (possibly randomized) predictop ,.,cess equals the entropy (rate) of the associated innovation

min _ FL(G,X")

< inf D(W",R). (14)
|G|<exp(nR) FeF

such that process relative to any predicto; Thus, given a prodésnd
log |G| any predictorF', H(X) = H(W" ). Recall that the SLB (cf.
ELp(z") - L(G,2")] < K 9 o =
s;?[ r(#") (G,27)] < n © [5], [11], [21]) on the rate-distortion function of the sourXeat

whereK is a constant depending only on the loss functi@md distortion leveld is H(X) — ¢(d). Furthermore, since the SLB
the alphabe®’ (and the expectation on the left-hand side of (9% dependent on the source only through its entropy, it is clear
is with respect to the randomization). A prediciorsatisfying that R(W",d) > H(X) — ¢(d) for all F or, in terms of the

(9) can always be constructed via the exponential weightiistortion-rate function

approach (cf., e.g., [9], [10]). It follows from (9) that ¥/ is F -1 _

subexponential im, thenmingj<ys EL(G, X™) is asymptoti- DW™, )z ¢~ (H(X) — F) vE (15)
cally equivalent taningc» ELr(X™), where the latter is the Note that (15) follows from Theorem 2 as well since the
“Bayesian envelope” of the classical problem of optimal predi¢eft-hand side is shown to be achievable while the right-hand
tion in the stochastic setting (cf. [1], [2], and references thereirgjde is a lower bound on the achievable loss. In this context, we
Thus, the quantity in (8) can become interesting and signifake the following observation.

icantly deviate from the class_ical _optimgl _prediction_ prqblem Corollary 3: Let X be a stochastic process and suppose there
only whenM grows exponentially im. This is the motivation exists a predictof” such thatD(WF,R) meets the SLB with

i _ ,nR
for focusing on the case whend = ¢™'*, R > 0. equality. Then

B. Main Results im min  EL(G, X")| = DIW",R). (16)

For a stochastic proces§, let n—ee ||G]<exp(nR)
def ;. . o1 n INote that in our definition, the innovation process can be a general process
E(X) = liminf _H(X ) (10) and, in particular, its components may not be independent.

n—oo 71,
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Corollary 3 tells us that whenever the proceXs has i.i.d. In particular, the cas® = 0 in Corollary 6 characterizes
an autoregressive representation via any predidfori.e., the best attainable large deviations performance in prediction of
X, = F(Xt 1) + W, the attainable limitation on its com- Gaussian processes, a result which appears to be new (cf. dis-
petitive prediction is given by the rate-distortion function otussion in [19]).

{W,} even when itis not an i.i.d. process, provided it satisfies The two subsections in the following section are dedicated
the SLB with equality. In Section V, we will mention a fewto proving the above results. In Section IV-A we give infor-
examples of families of sources for which the SLB is tight. mation-theoretic proofs, hinging upon a view of the problem

Returning to the case where the procééshas an autore- as “rate-distortion with feedback,” a viewpoint that will be ex-
gressive representation with i.i.d. innovations, we have the f¢gJounded in Section V. Section IV-B describes an alternative ap-
lowing characterization of the error exponents for competitiy§roach to the derivation of the results via counting or “volume-
prediction. preservation” arguments. While the information-theoretic argu-

Theorem 4:Let X be a stochastic process for which thergnentation leads, in general, to stronger results, the merit of the
exists a predicto# such thatW* is an iid. process with a latter approach is that it gives geometric intuition for the con-

marginal distributionQ. For R > 0 verse parts of the results, an intuition generally lacking in infor-
1 mation-theoretic proofs.
Fy(R—0) < liminf |:——10g min Pr (L(Q7X")>d)] Finally, we remark in the context of the “rate-distortion
n— o0 n |G| <exp(nR)

with feedback viewpoint” that Theorem 4 can be interpreted
(17) as saying that feedback does not improve rate-distortion per-
< limsup [_l log min Pr(L(G,X") >d)] formance even in the error-exponent sense, in contrgst to the
N |G|<exp(nR) channel-coding problem where feedback is known to improve
< Fy(R+0) (18) the error-exponent (cf., e.g., [13, Example 5.24]).

n—oo

whereF;(R) aof minp.p(p,qa)>r D(P||Q) is Marton’s error ex- V. PROOES
ponent function for the sourag [16]. '
. . - . A. Information Theoretic Proofs
Finally, we mention that the finite-alphabet assumption Is _ _ o . _
made to minimize the technical details in the proofs. It will be Inthis subsection, we give information-theoretic proofs to the

clear, however, by examination of the proofs, that TheoremMain results.
and Theorem 2 (and hence also Corollary 3) are valid also in  proof of Theorem 1:The direct part follows from the

the case where the alphabet is the real line under standard ryilgher bound in Theorem 2 (which we prove subsequently).
regularity assumptions. For example, the following result isgyy the converse, fix. and letW? = (W1, Ws,...) be the
consequence of the continuous-alphabet version of Theorem §. ~ () innovation vector so thak, = Ft(X/tfl) + Wy,

(or of Corollary 3 when the distortion measure is squared errof)< ¢ < . Inthis proof, letR(-), D(-) denote the rate-distortion

Corollary 5: Let X be a stationary Gaussian process and |g!nctio_n associated witk_@ and its inverse (fo_r the difference
6% = exp {L fﬂ In f(A)d\}, where f is the density func- distortion measurg). X? is completely determined Byt (and
’ 2w J—m ’ .

: . . _ - yice versy, hence we shall writeX*(W*) when we want to
tion associated with the absolutely continuous componentin the,, - ihis dependence explicit. Fix further a predictordset

Lebesgue decomposition of its spectral measure. Then (G, G G(LE,IRJ)} and define the integer random

lim { min EL(QJ(")} = D(c%, R) (19) variable

n—oo ||G|<exp(nR) . n
with D(s2, R) on the right-hand side of (19) denoting the dis- J=J(X") =arg min | Lgo(X7)
tortion-rate function of a zero-mean Gaussian with variarfce

(under the given distortion measure). (resolving tigs arbitrarily) so that, in particuldiq ) (X™) =
L(G,X™). Finally, for1 < i < e"® and1 < t < n, define
We will also indicate in Section I1l-B how Theorem 4 can bg, (., .) by
extended to the continuous-alphabet setting. For the Gaussian .
case this will be shown to lead to the following. g(WL i) = G (XL W) — Fy(Xt YWt Y).

Corollary 6: Let X be a stationary Gaussian process as iflhen
Corollary 5. Then, under squared error distortion

. ) . i nR > H(J)
Jim [—glogw.;;‘i%%nm Pr(L(G,X7) > d) > I(X"; )
_ { Llog (55m) + 54] . ifd> o2 o0 = H(X") = H(X"|J)
0, otherwise. = [H(XX'"Y) = HX X, )]
t=1

Corollary 6 is a consequence of Paley—Wiener theory which _ o _
guarantees that wher? > 0, X can be represented as the re- 20f course, th_e d_ua||ty between chanr_1e|_cod_|ng with feedback anfj our setting
f L (mini h . tible) filter to its inn |s_mere|y a qualitative one. The error criterion in the former setting is the block
sponse of a causal (minimum phase, invertible) filter to its iNNQz,papility of error while in our setting it is the cumulative per-letter distortion,
vation process which is white noise, and, by Gaussianity, alsptechnically the two problems are quite different.
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Proof of the Upper Bound in Theorem ZEix a predictor

t— 1 t—1
- Z Fy(XT0) + Wi X5 F andR > 0. To anyw™ € X", we associate the predict6r
- H(Ft(Xt N WXL )] specified by
n G t—1 — F t—1 + ~ . 28
= SCIHWX'Y) = HW X', )] ) = Bl 29)
t=1 Inthis way, for any,, C X™, we canlook atthe predictor sgt
- 1 consisting of the predictors associated with the membefs of
= Z[H(Wt) — HW, W, )] (21) We shall refer t@j,, as the predictor setinduced by the codebook
= C,, and the predictof’. By the definition of W (recall (12)) it
t=1
n - - s X 29
> S [(Wai g (W1, 0) el Z” 00 = LG AT 39
n where theg,, on the right-hand side is that induced ¢y and
> Z R(Ep(Wy — g(W' 1, 0))) F. rate-distortion theory guarantees (cf. [5], [14]) the existence
t=1 of a sequence of codebook§, }, C,, C ™ with |C,,| < e"E,
= for which
=Y R’ (Bp(X -GV (x'))
— 1 &
= n limsup £ | min — Zp(WtF — )| < D(WF,R). (30)
1 () yt—1 n—oo WreCs 14—
>nk (=3 Bp (X, - G (x*Y) =1
n
t=1 " Let now {G,,} be the predictor sets induced, respectively, by
=nR(ELgw (X")) the codebookgC,, } that satisfy (30). The predictor sef§,, }
=nR(EL(G,X")) (22) satisfy|G,| < e"® and, by (29) and (30), also
where (21) follows by the independencel®} and X*~!, and limsup EL(Gn, X™) < D(WF R) 31)
by the one-to-one correspondence betw&&randW™. The re- n—oo " - '

maining equalities and inequalities follow from standard mfor

mation-theoretic identities, from the fact th¥f = F; (X~ 1)+ Implying (14) by the arbitrariness df. =
W, and from convexity. ConsequentlizL(G, X™) > D(R), Proof of Theorem 4:The direct part (inequality (17)) fol-
completing the proof by the arbitrarinessf O lows similarly to the direct part of Theorem 2. This time one

takes predictor sets induced b, } andF, where{C,, } are op-
timal codebooks in Marton’s error exponent sense [16] for the
i.i.d. sourceW” . The proof of the converse part, equipped with
Theorem 1, is analogous to the proof of the converse in [16]. Its
outline is as follows. Fix & € M(X’) such thatR < R(P,d),

a predictor se¢ with |G| < e, ands > 0. Consider the set

Proof of Lower Bound in Theorem 2:et .J = J(X™) be
defined as in the preceding proof. Then

nk>H(X") - (X"IJ) (23)

=H(X") ZH (X X1, 0)

t=1

S H(X") - z”:H<Xt|G§J>(Xt_1>) A={w": LG, X"(w")) > d} (32)

=1 where X™(-) in (32) denotes the (one-to-one) transformation

Z H(X, — Xt 1)|G(J)(Xt 1) taking th_e innovatiqn sequence into the source sequence under
the predictorF'. Define furthe?

n

;H D(xt=h) B:{

w ;| L 1og £ —D(P||Q)‘ 55}. 33)

n 8 Q)
zn: H(Ep(Xy — (J)(Xt ) (24) SinceR < R(P,d), the converse part of Theorem 1 implies that
=t P(A) > a(P,d,R) > 0. (34)
> H(X") —né (ﬁ ; Ep(X: — GgJ)(Xt_l))> (25)  on the other hand, by the law of large numbers, for all large
— H(X") = n¢ (EL(G. X™)) (26) P(B)>1—-a(P,d,R)/2 (35)

where (23) follows as in the first few lines of (22), (24) follows _ o
from the definition ofg, and (25) follows from its concavity. Which, with (34), implies
) i X X R .
Sinceg is an f';\rbltrary predictor set_(l)f size ™" we obtain P(ANB) > a(P,d, R)/2. (36)
min  FL(G,X")> ¢ (H(X")—R) (27)
~ |9Izexp(nR) 3MWith a slight abuse of notation we writeP(w"),Q(w") for
which implies (13). O [T, PGws), TI1, Q(w;), respectively.
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Hence, for large enough

Q(4) >Q(ANB) (37)
Q(w™)

= P(w" 38

wn;m (") By (38)

> Y Pw)e P+ (39)
wn€ANB

= P(AN B)e "PLIQ)+5) (40)

> %a(R d, R)e~PPlI@)+8) (41)

implying the result by the arbitrariness | < "%, of P
(satisfyingR < R(P,d)), and of§ > 0. O

B. Counting and Volume-Preservation Arguments
An alternative route to the derivation of some of the results

; 1
through the use of “counting” arguments, which were recentlym sup | —— log
applied to obtain results for the scandiction problemin [18]. Ap-
plied to our present setting, the idea is as follows. Every pre-

dictor F' defines a one-to-one correspondence frgtinto it-
self by mappinge™ € X™ into e™ € X™ according to

€t = It —Ft($t71)7 t=1,...,
To see this, one must simply notice that giv&rand F’, ™ can
be uniquely recoveretiSinceLr(z") = £ 3°"_ | p(e;), where

n
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the source sequence that they generate lies outside the
set{z" : L(G,2™) < d}. This is because the size of the
set of sequences with empirical measure close {and,

by the above observations, the size of the set of source
sequences generated by these innovations sequences) is
~ ¢"H(P) which, by (43), is exponentially more than
{az™ : L(G,2") < d}| wheneverR + ¢(d) < H(P).
Thus, Pr(L(G, X™) > d) is essentially lower-bounded

by the probability that the innovations vectdi™ will be
P-typical, namelyx e~"P(PlQ) (Q being the marginal
distribution of the innovations process).

The observation made in the first of the above items leads to the
converse part of Theorem 2 , while the second observation leads
to the following upper bound on the error exponent of Theorem
4 (under the assumption of Theorem 4):
is

min
|G| <exp(nR)

< min
P:H(P)-¢(d)>R

Pr(L(G,X™) > d)
D(P||Q).

n—o0

(44)

Appendix A contains the rigorous proofs based on this argu-
mentation, as well as a discussion of a few examples where the
upper bound in (44) is tight.

We mention that the counting arguments previously described
carry over to the continuous case whé¥e= R by replacing
the counting arguments with volume-preservation ones. Specif-

e™ on the right-hand side is the error sequence associated Viilly, suppose that’ = R, fix an arbitrary predict6rF’ € F,

2™ and F, it follows that for anyF andd > 0

n

> nle)<d

i=1

dgf enq‘)n (d).

}

U {=": Lra™) < d}

Feg

<> Ha™:Lp(e") < djf =|Gle . (43)
Feg

{a" : Lp<x”)gd}|=Hen : %

(42)
Consequently, for any set of predict@fsC F

[{z" : L(G,a") < d}| =

The fact thaip,,(d) — ¢(d), combined with (43), leads to the
following conclusions.

1) If R+ ¢(d) < H(X), then for largen and any predictor
setG with |G| < eE, the set|{z" : L(G,2") < d}|
is exponentially smaller thae*L(X) and, hence, by the

converse to the asymptotic equipartition property (AEP),

Pr(L(G,X™) <d) is very (exponentially) small. In
simple words, the s&f is too small to cover the set of
typical sequences of .

2)
generated via the predictdr and the i.i.d. innovation
processW’'. For largen, any predictor seig with
|G| < e"® and any probability measur® on X, if
R+ ¢(d) < H(P), then “most” of the innovations se-
quences with empirical measure (closelPogre such that

4This is the idea on which predictive coding techniques are based.

Suppose that the proceds has been autoregressively

and consider the transformation taking the source sequehce
into the sequence of prediction errors

n

e

= (1171 — F,x0 — F2(1E1)7 ey Ty — Fn(xn_l)).

As in the finite-alphabet setting, this transformation can be seen
to be one-to-one and onto. Furthermore, assuming first that the
mappingsF; defining the predictor are continuously differen-
tiable, the Jacobian matrix of this transformation is readily seen
to be lower-triangular with diagonal entries all equalltam-
plying that this mapping is volume preserving. In fact, &my
predictor, not necessarily consisting of continuously differen-
tiable functions, Tamés Linder has shown the authors a proof
that this volume-preservation property holds. Thus, we get the

analog of (42) (cf. [18, Theorem 5])
}> et @)

(46)

Vol ({z" : Lp(z™) < d})

1
= Vol <{e" T —
n

leading to the analog of (43)

Z plei) <d

=1

Vol ({z™ : L(G,2™) < d}) < |Gle"? (@,

The proof ideas described above carry over by replacing
throughout (4) with (5), (43) with (46), - | with Vol(-), and
entropies with differential entropies.

SIn this case, a predictdr is a sequencgF; } of measurable functions where
F, : Rt-!' — R.
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V. DISCUSSION OFRESULTS where thelV;'s are independent zero-mean Gaussian, with de-
A. Distortion-Rate Source Coding With Perfect Past Feedbadi€aSing variances converging to

The information-theoretic proofs of the main results, as pre- o2 = exp {L /27r log fx()\)d)\}
sented in Section llI-A, suggest an alternative viewpoint of com- 27 Jo
petitive predictability as characterizing optimum performancgy being the density associated with the absolutely continuous
in the following lossy source coding scenario: Suppose we wisbmponent in the Lebesgue decomposition of the spectral
to store the datéX;, . .., X,,) (with distortion) in our computer measure ofX. Consequently, the distortion-rate function of
and the memory at our disposatig bits. Suppose further that {17, } coincides with that of the i.i.d~ N(0,0?) source.
we are required to give the reconstructed symbpby January Thus, we obtain from Theorem 1 that the attainable lower
1st (2004) X, by January 2nd, and so forth. We know, howevehound to competitive prediction at rateé of any Gaussian
that the original datéX, . .., X,,) are going to be posted on thesource is given byD(s2, R), the rate-distortion function of
Internet (to which our computer has access), a little while latehe Gaussian random variable with variamde(and the given
say, starting January 2nd, one new symbol every day. The qudistortion measure). This is precisely Corollary 5. For squared
tion is: how should we use our available computer memory g@ror distortion, we get that the competitive predictability
that the overall distortion of the reconstructed symbols is miris explicitly given by o? exp(—2R). Note that the result for
mized? Our results (Theorem 1 and Corollary 3 , respectivelyjis particular case is also implied by Corollary 3, since, for
imply that, whenX is ani.i.d. source, or is a source attaining thequared error distortion, the i.i.d. Gaussian source attains the
SLB with equality, there is nothing to gain from therfect(as SLB with equality. We recall, in the context of this example,
opposed to quantized) observations of the past source sequetieg.the distortion-rate function, under squared error loss, of the
It may seem natural, at first glance, at least for the i.i.d. case, tR@itionary Gaussian source with one-step prediction effis
there is nothing to gain from observing the past sequence fiven by (cf., e.g., [5])
reconstruction of the present symbol. This observation is, how- 9 _aR

.. . . g e s R Z Rcrit
ever, rather surprising in the context of Shannon theory which D(R) = { 9 _9R

more thanos?e =", R < Reri

tells us that other sequence components are very relevant for
the coding of each symbol, even when the source is i.i.d. Nowere
that the problem described in this example can be thought of as 1
“rate-distortion coding with feedback,” and the conclusion as Rerit = 3 In {
the source-coding analog of Shannon’s result that feedback does
not increase the capacity of a memoryless channel [22]. F@n the other hand, Corollary 5 tells us that the competitive pre-
thermore, our results establish the existence of a large classlietability of the Gaussian source éde~2% at all rates. Two
processewith memory, namely, those for which the SLB holdgonclusions this leads to are as follows.
with equalitys for which feedback does not improve rate-distor-
tion performance. In general, however, our results imply that the
competitive predictability of a process is strictly below its dis-
tortion rate function or, in other words, in general, feedback does
enhance rate distortion performance (as it does the capacity of ) ForR < R, codewords from the optimal rate-distor-
general, nonmemoryless channel). Indeed, according to Corol- tion codebook are strictly suboptimal if used as predic-
lary 3, if the procesX has an autoregressive representation via  tors. Reassuringly, this agrees with what we know to be

02

minyeo,2x) fx(A)

1) ForR > R, one can use codewords from the optimal
rate-distortion codebook as “predictors” and attain op-
timal competitive predictability performance.

some predictoF’ and an innovation process which is eitheri.i.d. the case forR = 0 (where the best predictor achieves
or achieves the SLB with equality at a certain r&tethen the distortion o2, yet the best codeword achieves distortion
competitive predictability of the process at rdtes given by Var(X7)).

the distortion-rate function of the innovation process which, g

general, may be strictly lower than that of the original proces nary Gaussian process. which mav be far from memorviess
Evidently, the family of processes whose competitive pre- y P ’ y yiess,

dictability is completely characterized (in Theorem 1 and Corot '€ would expect a predicior set consisting of memoryless

lary 3 ) is a rather large one. Following are a few examples f8Fedictors to be strictly suboptimal. This counter-intuitive fact
the kind of processes that it.includes may be connected to the confounding relation between the

rate-distortion function of the Gaussian source and that of its
Example 1. Stationary Gaussian Sourdé: X is any sta- innovation process, as discussed in [6, Sec. V-D].
tionary Gaussian source then, by letting

he first conclusion is surprising because for a general sta-

Example 2. First-Order Symmetric Binary Markov Source

F (X1 = B(X, X (and Hamming Loss)If X is a first-order Markov process
taking values in{0, 1} with a symmetric transition matrix
it is well known that we have the autoregressive representation <1 e e >
€ 1—¢

X = Ft(Xt_l) + W,
TThe reason the variances of tHé,’s are only converging to? rather than
6The reader is referred to [5] for a reminder of the wide range of circumstandasing precisely equal to it is that our formulation assumes that the predictor
under which a process satisfies the SLB with equality. depends only o ‘1, rather than or¥* !,
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(e < 1/2), thenX can clearly be represented autoregressive{gat that rate), while it is upper-bounded by the distortion
viaX; = X;_1+ W, {W;} beingi.i.d. Bernoulli¢) (and addi- rate function of the innovation process associated with any
tion here is modul@). Thus, Theorem 1 characterizes the conautoregressive representation for the process.

petitive predictability of this process. Furthermore, for Ham- Complete characterization of the competitive predictability
ming loss, the innovation process satisfies the SLB with equalitglue for processes for which the indicated lower and upper
so the same conclusion can be reached via Corollary 3. Spebifunds do not coincide is one open direction for future work.
ically, we obtain that the attainable lower bound to competi- Another interesting direction would be to consider the
tive prediction at rateR of this source is given by the distor-universal setting, where one seeks a predictor set minimizing
tion-rate function of the Bernoull{c) source atR (namely, its worst case competitive predictability over all sources in
h=1(h(¢) — R), h=1(-) being the inverse function df(-) re- a given family. The problem can be shown to significantly
stricted to[0, 1/2]). diverge from its nonuniversal origin when the effective number

Example 3. Hidden Markov Processelis easy to see that if of_s_ources in the famﬂ_y grows expon_ent|ally W'ﬁh a setting
arising naturally, e.g., in speech coding applications. It would

a proce”ss sqt[sf|es the SLB with equahty, then its symbc_)l-b e interesting to understand whether the optimal predictor set
symbol” addition to any other process (independent of it)

tains the SLB with equality as wellThus, Corollary 3 implies or this problem, analogously as in the case of universal lossless

that, for example, the competitive predictability of any hidde%Odmg’ Is obtained by a union over the optimal predictor sets

Markov process with an additive noise channel from state ?orrespondlng to a representative subset of the original family

observation having noise components satisfying the SLB wi?n? sources that can be interpreted as the capacity-achieving

equality is given by the distortion rate function of the noise. FuP—OdebOOk corresponding to the *channel” from the family of

thermore, this is the value of the competitive predictability ources to their realizations. To the authors’ knowledge, even

. more basic problem of characterizing the redundancy in
any other process that can be represented autoregressively wi . o ’
. ) universal lossy source coding, say for the arbitrarily varying
such an innovation process.

source, is still an open problem.

The predictor sets constructed for the upper bounds are those
induced by rate-distortion codebooks for the innovations. The APPENDIX
predictors in these sets quantize the innovations in a data-inde- PROOFSVIA COUNTING ARGUMENTS
pendent way (since); in (28) does not depend arf—1), not
making full use of their “predictive power.” It would therefore

. e

seem natural to expect such predictor sets to be suboptlmal. h
is thus remarkable that in the above examples, as well as in all def 1 —
other cases covered by Theorem 1 and Corollary 3, such pre- Par = Z ba
dictor sets are, in fact, optimal. i=1

We shall use the following notation. For anyandz™ € X",

denote the empirical measure induced:yLet M (X') denote
VI. SUMMARY AND FUTURE DIRECTIONS the set of all probability measures dhand

.The notion of “cqmpetitive predictability,” as introducgd iq Mo (X) def {(pan - 2™ € X"}
this work, seems like a novel one on two levels. The first is
that it considers the problem of prediction relative to a refeglenote the subset o¥1(X') consisting ofnth-order empirical
ence class whose effective size is exponential with the sequeRtRasures. FaP € M,,(X), letTp denote the type class 4f,
length, rather than the subexponential size usually assumedén, I'p = {z" € A" : pn = P}.
the setting of prediction relative to a set of “experts.” The other ]
innovative perspective taken in this work is that the object &troof of Lower Bound in Theorem 2
optimization is the predictaset rather than one predictor. We give the proof assuming a finite alphabet. &ifor which
We have been able to characterize the (asymptotic) valRet+ ¢(d) < H(X). It will be enough to show that the left-hand
of the optimization problem associated with the competitivside of (13) is lower-bounded hy. Thus, given any sequence
predictability of a wide family of processes, which includes anyg,, } of predictor sets withg,,| < e"%, it remains to show that
process possessing an autoregressive representation with an Lo n
associated innovation process which is either i.i.d. or satisfies lim inf EL(Gn, X") 2 d. (AD)
the Shannon lower boqqd with ('aquallity. In general, it Waf, this end define, for each, A, C X™ via
shown that the competitive predictability of any process is

lower-bounded by the Shannon lower bound of the process An = {z" : L(Gn, ") < d}. (A2)
By (43)
8To see this, note that the fact that the first process satisfies the SLB with
equality implies that it can be represented as the output of an additive memo- |A,] < e (B4én(d)) (A3)

ryless channel whose components have a maximum-entropy distribution with

respect to (w.r.t.) the relevant loss function. Consequently, the process resulii .

from the said “symbol-by-symbol” addition is also an output of the same adcgi%ceR_ + ¢(d) < E(X) and¢n(d) - (b(d) (4), itfollows that
tive memoryless channel (whose input now is the “symbol-by-symbol” sum &®r sufficiently smalle > 0 and all sufficiently large:

the input process associated with the first process and the second process), and HX

hence attains the SLB with equality as well. |A,| < enHX)=e), (A4)
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The proof of the strong converse to the AEP for i.i.d. sourcesBy observation of the right-hand side of (A6) it is clear that
(cf., e.g., [11, Ch. 3, Problem 7]) easily extends to a genewmlsufficient condition for (A6) and (17) to coincide is that the

source, asserting that for amy> 0 and sequencgA, }, A, C
A" with |4, < e"EX)=2) pr(X" € A,) — 0 (exponen-
tially rapidly). Thus, by (A4) and the strong converse

Pr(L(G,, X™) < d) = Pr(X™ € A,,) — 0. (A5)

The proof is completed by noting that (A5) implies (Al). O

Proof of (44) (An Upper Bound to the Exponent of Theorem

We now apply the counting argumentation to prove th if
is a stochastic process for which there exists a predictsuch
thatW? is an i.i.d. process with a marginal distributiGnthen

min
|G| <exp(nR)

< min
P:H(P)—¢(d)>R
The continuity ofH(-) and D(-||@Q) imply that the right-hand
side of (18) equalsnfp.x(py> rte(a) D(P]|Q). Hence, for a
fixed P € M(X) with H(P) > R + ¢(d), it will be enough

Pr(L(G,X") > d)}
D(P[|Q).

1
limsup | —— log
n—oo n

(A6)

distribution achievingnin p. g(p,q)>r D(P||Q) will be one for
which the SLB holds with equality. One situation where this
would always be the case is the binary alphabet under Ham-
ming loss, as the SLB is achieved with equality&tirBernoulli
sources. Another case where these bounds would coincide is that
of Gaussian processes under squared error loss. Indeed@vhen
is Gaussianmin p. g p,q)>r D(P]|Q) is known to be achieved

v the Gaussian distributio® whose variance is tuned such
that R(P,d) = R (cf., e.g., [3]). Since the Gaussian distribu-
tion achieves the SLB with equality, we have for this case

D(PIQ) D(PIQ)

min

min
P:R(P,d)>R —

 PH(P)-#(d)>
namely, equality between the upper and lower bounds of
Theorem 4. Consequently, Theorem 4 gives the precise large
deviations asymptotics for the competitive predictability of
any process having an autoregressive representation with i.i.d.
Gaussian innovations. Since this, in particular, is the case for any
stationary Gaussian source, we obtain Corollary 6 (where the
right-hand side of (20) is nothing bu2(N (0,52)||N(0,0?)),

to show that the left-hand side of (18) is upper-bounded Iy tuned such thak?( N (0,52%),d) = R).

D(P||Q). Given any sequencgg, } of predictor sets with
|G| < emf, it thus remains to show that

lim sup —%logPr(L(gn7X")>d) < D(PQ). (A7)

n—oo

Let {P(™} be any sequence such thaf” e M, (X) and
P(™ — P.The fact that(P) > R + ¢(d) and the continuity
of H(-) guarantee the existence®of> 0 such that

H(P™) > R+ ¢n(d) +¢ (A8)
for all sufficiently largen. Now, for all sufficiently largen

Pr(L(Gn, X™) > d)

=Pr(47) (A9)
> Pr (A n{(W{,... . W) e Tpwm})  (AL0)
=Pr ({(WIF ] Wi) € TP(")})

—Pr (A, n{(W{, ... . WETpwm})
(| Tpen | — |An|)e—n[D(P(")||Q)+H(P("))] (A11)
((n+ 1)—\11’\enH(P‘“>) — en(RHen (@)
—n[D(PM|Q)+H(P™)]

2
2

X e
((n+ 1)7\(\,’\enH(P(”)) _ en(H(P(”>)7a))

—n[D(P™M|Q)+H(P™)]

(A12)

v

e

(A13)
(A14)

o = X

> L4 1)l r Q)

where A,, was defined in (A2) and the superscript denotes
complementation. Inequality (A11) follows from the one-to-one
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