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Preface

This thesis spans several fields in optimization algorithms, specifically encompassing second-order
methods accelerated by randomized numerical linear algebra (RandNLA), adaptive preconditioning
by online learning in gradient-based methods, and hard constraint enforcement on neural networks.
Despite the breadth of these topics, the central, unifying theme throughout this work is precondi-
tioning. This focus is encapsulated in the dissertation’s title, Adaptive Preconditioning Paradigms
for Optimization Algorithms.

Before joining Madeleine’s group, I had already developed a strong interest in optimization during
my master’s degree in Taiwan, where I focused on the hidden convexity of nonconvex quadratically
constrained quadratic programs. Those works were primarily theoretical, and T had not yet been
exposed to the practical optimization algorithms. My computational research starts after joining
Madeleine’s group in my second year PhD. I had the privilege to collaborate with visiting scholar
Professor Luiz-Rafael Santos, whom we usually called Rafa. Together with Rafa and Madeleine,
we sought to accelerate the generalized eigenvalue reformulation of the trust-region subproblem
utilizing RandNLA. While this initial exploration did not culminate in a standalone publication, the
methodological insights gained were instrumental. The concepts and techniques we explored carried
directly into a subsequent project on interior-point methods, which is one of the most celebrated
algorithmic advances in the history of optimization. This work forms Chapter 2 of this thesis.

Motivated by this introduction to RandNLA, I expanded my collaboration beyond Madeleine’s
group. I partnered with Professor Alice Cortinovis, who was a postdoctoral scholar in mathematics
at Stanford back to 2024. This collaboration yielded a published paper that, while not included as a
chapter herein, deepened my understanding of the theoretical foundations of randomized algorithms.

After wrapping up the RandNLA work, I was fortunate to collaborate with my colleague Wenzhi
Gao. We worked on an online learning framework for adaptive preconditioning in gradient-based
optimization methods, called the Online Scaled Gradient Method (0SGM). This project facilitated my
transition into first-order optimization and online convex optimization. This work was ultimately
expanded into a broader study of hypergradient-based adaptive stepsizes, which is presented in
Chapter 3.

In the summer of 2025, T completed an internship at Apple, developing machine learning models

iv



for iPhone sales demand forecasting. My primary objective was to reconcile forecasts across hierar-
chical data structures to ensure consistency. This experience highlighted the practical importance
of enforcing hard constraints in applied machine learning. Inspired by these practical challenges, my
final year of doctoral research shifted toward the problem of hard constraint enforcement in neural
networks, resulting in the development of SnareNet, a framework presented in Chapter 4.
Reflecting on this academic trajectory, I am grateful for how considerably my perspective has
broadened. When I initially joined Professor Udell’s group, I faced a steep learning curve navigat-
ing the interdisciplinary presentations given by colleagues from diverse backgrounds. Over time,
through successive engagements across pure optimization, randomized algorithms, online learning,
and applied machine learning, I progressively built the context necessary to engage with frontier
research in each of these domains. I deeply appreciate the intellectual richness of this journey and

for the world-class researchers I have had the privilege to learn from and collaborate alongside.
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Chapter 1

Introduction

Optimization algorithms have evolved continuously from World War II operations research to mod-
ern machine learning. Building on classic foundations like gradient descent and Newton’s method,
the simplex method was introduced in the 1940s for linear programming. By the 1980s and 1990s,
interior-point methods (IPMs) were developed and generalized to handle convex and conic program-
ming. As problem sizes surged in the 2000s, operator splitting methods emerged to manage increas-
ingly complex constraints. Over the last decade, massive machine learning models have renewed
the focus on stochastic first-order methods like Adam and quasi-Newton methods like L-BFGS. Most
recently, neural solvers have emerged as fast surrogates: neural networks are trained to solve param-
eterized problem families via a single rapid forward pass, which is typically faster than rerunning an
iterative optimization algorithm from scratch or even warm-starting it.

Preconditioning is a powerful technique to accelerate the convergence of optimization algorithms
both in theory and practice. The convergence of first order optimization methods, as well as itera-
tive linear system solvers that arise as subproblems within second order methods, is highly sensitive
to the imbalance scaling across different directions of the optimization landscape. Such imbalance
is formally captured by the condition number, the ratio of the largest to the smallest eigenvalue
of the objective’s Hessian. When the condition number is large, first order methods are prone to
zig-zagging along narrow valleys and exhibit slow, empirically stalling progress. Preconditioning ad-
dresses this problem by applying a linear transformation to the gradient or to the linear system that
reduces the effective condition number of the problem, thereby enabling faster convergence. A well-
chosen preconditioner approximates the local curvature of the objective at low computational cost.
Designing such preconditioners is an active area of research in optimization. This thesis intro-
duces new adaptive preconditioning techniques for three distinct algorithmic families:
interior-point methods, gradient methods, and neural solvers.

IPMs use both the gradient and Hessian to account for local curvature and yield significantly lower

iteration complexity. However, the primary bottleneck for IPMs is the computational overhead per
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iteration. Computing or approximating the inverse of the Hessian, even implicitly, scales poorly as
the number of decision variables grows, rendering IPMs impractical for modern large-scale problems.
The first part of the thesis presents a new algorithm for convex separable quadratic programming
(QP) called Nys-IP-PMM, a regularized interior-point solver that uses low-rank structure to accelerate
solution of the Newton system. The algorithm combines the interior point proximal method of
multipliers (IP-PMM) with the randomized Nystrom preconditioned conjugate gradient method as
the inner linear system solver. Nys-IP-PMM is matrix-free: it accesses the input matrices solely
through matrix-vector products, as opposed to methods involving matrix factorization. It works
particularly well for separable QP instances with dense constraint matrices. This thesis establishes
the convergence of Nys-IP-PMM and demonstrates its performance through numerical experiments.

First order methods rely solely on gradient information to move toward the minimizer(s) and
have much lower per-iteration computational cost compared to IPMs. They are highly scalable and
more practical than second order methods like IPMs when the problem size grows large, since the
iterative linear system solve in each iteration of IPMs becomes less stable and often fails to converge
to the required accuracy. However, the convergence of first order methods is notoriously sensitive to
the conditioning of the problem and often stalls on ill-conditioned problems.

The second chapter of this thesis builds on our work in [Gao et al., 2024] to develop an analysis
for hypergradient descent. In [Gao et al., 2024], we develop an online learning framework to acceler-
ate the convergence of gradient methods. The induced family of algorithms are called online scaled
gradient methods (0SGM). 0SGM learns the preconditioners through an online learning algorithm and
this adaptive preconditioning strategy provably accelerates gradient methods asymptotically. 0SGM
framework is applied to analyze the hypergradient descent method (HDM), a 25-year-old heuristic
originally proposed for adaptive stepsize selection in stochastic first order methods [Almeida et al.,
1999, Baydin et al., 2018]. We prove the convergence properties of HDM and show that HDM au-
tomatically identifies the optimal stepsize for the local optimization landscape and achieves local
superlinear convergence. Our analysis explains the instability of HDM reported in the literature
and proposes efficient strategies to address it. Experiments on deterministic convex problems show
0SGM with heavy-ball momentum exhibits robust performance and significantly outperforms other
adaptive first order methods. Moreover, 0SGM often matches the performance of L-BFGS using less
memory and cheaper iterations.

The last part of the thesis focuses on the constraint enforcement problem for neural solvers.
Neural solvers are neural networks trained on a family of optimization problems that share the same
structure but differ in their data. They have emerged as a new paradigm that exploits known problem
structure to achieve faster solutions. However, a major challenge for neural solvers is to ensure the
feasibility of the solutions (i.e., output from neural network). We propose SnareNet, a feasibility
enforcement layer which can be appended to any neural network architecture to ensure that the

output satisfies input-dependent nonlinear constraints. SnareNet steers the output of the neural
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network toward feasibility by navigating in the constraint map’s range space. The user can specify a
tolerance level for constraint satisfaction. To stabilize end-to-end training, SnareNet uses adaptive
relazation, which designs a relaxed feasible set that snares the neural network at initialization and
shrinks it into the feasible set. This training strategy enables early exploration and enforces strict
feasibility later in training. On optimization-learning and neural policy benchmarks, SnareNet
consistently attains improved objective quality while satisfying constraints more reliably than prior
work.

In summary, this thesis contributes to the preconditioning literature by introducing new adaptive
preconditioning techniques that accelerate the convergence of optimization algorithms across second

order methods, first order methods, and neural solvers.



Chapter 2

Randomized Preconditioners in

Interior Point Method

Solving a large-scale quadratic optimization problem to high precision, such as 107% to 1072 relative
accuracy, poses a considerable challenge. First-order methods scale and parallelize well but converge
so slowly that accuracy below around 10~ is generally not achievable. Conversely, interior point
methods might become expensive if nontrivial sparsity patterns cause large fill-in in Cholesky factors.

Matrix-free interior point solvers present a solution to this conundrum: these solvers access the
original input only through matrix-vector products (matvecs) [Gondzio, 2012a], and so can benefit
from algorithmic advances and hardware for fast matrix-vector multiplication. For example, an nxn
discrete Fourier transform (DFT) matrix can be applied to a vector in O(nlogn) time [Golub and
Van Loan, 2013, sect. 1.4]; and for general dense matrices, hardware accelerators such as GPUs
enable fast matvecs.

In this chapter, we aim to solve a primal-dual pair of linearly constrained separable convex

quadratic programs (QPs):

(P): minixmize 127Qu + ' (D): maﬁ}r,rzlize by — 227 Qu
subject to Az =b, subject to ATy + 2= Qx +c,
x> 0; y: free, z >0,

where € R"™ is the primal variable, y € R™ and z € R" are the dual variables, Q € R™*™ is
positive semi-definite diagonal matrix, A € R™*" ¢ € R", and b € R™. We assume @ is diagonal

throughout this paper, i.e., problem (P) is separable!.

1A non-diagonal @Q can be transformed into a diagonal form through a change of variables, but one factorization
of @ and this transformation may destroy sparsity in the problem. Let Q = UAUT be an eigendecomposition of Q.
Define 2 = UTz. Then the diagonalized objective is %x’TAx/ + T’ with constraints AUz’ = b, Uz’ > 0. Moreover,
the inequality constraints Uz’ > 0 can be reformulated as linear constraints by introducing slack variables. Note that
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This problem template includes many real-world problems, ranging from robotics to aeronautics
to finance. For example, many control problems, ranging from robotics to aeronautics to finance,
model the control effort to be minimized as the sum of squares of control inputs (a diagonal quadratic)
subject to given initial and final states and to linear dynamics (linear constraints). Appendix A.l

provides a concrete example of separable QP with matrix-free constraints.

Contributions. This chapter investigates variants of a regularized interior point framework, the
interior point proximal method of multipliers (IP-PMM) [Pougkakiotis and Gondzio, 2021], for solv-
ing separable QPs. These variants use iterative methods to solve the Newton systems that arise as
IP-PMM subproblems. Regularization is critical for matrix-free methods, which must rely on iterative
linear system solvers rather than (generally more stable) direct methods. We propose to use the
randomized Nystrom preconditioner [Frangella et al., 2023b] to accelerate the iterative solve, and call
the resulting algorithm Nys-IP-PMM. We show that Nys-IP-PMM enjoys both numerical stability and
faster convergence than other variants of IP-PMM. Nys-IP-PMM solves the Newton system inexactly
at each IPM iteration, so it is also an inexact variant of matrix-free IP-PMM. We prove that, for any
e € (0,1), inexact IP-PMM achieves duality measure 1, < € after k = O(n*log 1) iterations, provided
the error in the search direction decreases in the order of duality measure py (see Theorem 2.7). This
result allows us to establish probabilistic convergence results for Nys-IP-PMM (see Theorem 2.12). In
our experiments, we compare the randomized Nystrom preconditioner with a more standard choice
of preconditioner, the partial Cholesky preconditioner [Gondzio, 2012a, Bellavia et al., 2013, Morini,
2018], to assess which one improves the performance of IP-PMM the most. We demonstrate that the
randomized Nystrom preconditioner generally improves the condition number of the normal equa-
tions compared to the partial Cholesky preconditioner. The results also demonstrate a significant
speed-up in terms of wallclock time when using Nys-IP-PMM compared with using partial Cholesky
as the preconditioner in IP-PMM, called Chol-IP-PMM. We provide a publicly available implemen-
tation of IP-PMM in Julia that incorporates both preconditioners and additional industry-standard
heuristics such as Mehrotra’s initial point and predictor-corrector method. This implementation is
the first matrix-free regularized interior point method that is open source and freely available to use

or modify: see https://github.com/udellgroup/Nys-IP-PMM.

Comparison to other variants of IP-PMM. Table 2.1 summarizes the differences between pre-
vious work on IP-PMM and our contributions. The first paper to propose IP-PMM [Pougkakiotis and
Gondzio, 2021] considers QP with exact search direction (i.e., using a direct linear system solver),
providing polynomial complexity results and numerical experiments. Numerical performance of in-
exact IP-PMM on QP has been explored in experimental papers [Bergamaschi et al., 2021, Gondzio
et al., 2022] by the same authors along with other researchers. These papers introduce novel pre-

conditioners for the iterative solvers used by inexact IP-PMM, but they use entrywise access to @

this change of variables needs entrywise access of @ and increases the size of constraint matrix to (m + n) X 2n.
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and A, and so are not matrix-free. However, no theoretical convergence result of inexact IP-PMM
on QP is presented. The first theoretical convergence analysis of inexact IP-PMM is established in
[Pougkakiotis and Gondzio, 2022], but on linearly constrained semidefinite programming (SDP),
without implementation. In our work, we adapt the convergence proof of inexact IP-PMM for SDP
[Pougkakiotis and Gondzio, 2022] as a theoretical basis for inexact IP-PMM algorithm for solving QP.
We propose the randomized Nystrom PCG, an iterative matrix-free solver, within inexact IP-PMM
and establish probabilistic convergence results, along with numerical experiments to show the efficacy

of the method in practice.

Search ~ Convergence Matrix-free Numerical
Problem direction proof preconditioning results
Pougkakiotis and Gondzio [2021] QP Exact v - v
Bergamaschi et al. [2021], Gondzio et al. [2022] QP Inexact X X v
Pougkakiotis and Gondzio [2022] SDP Inexact v X X
Nys-IP-PMM (ours) QP Inexact v v v

Table 2.1: Features for variants of IP-PMM for convex QP / SDP

Organization. Section 2.1 contains an overview of IP-PMM, randomized Nystrom preconditioner,
and partial Cholesky preconditioner. Section 2.2 details convergence results for inexact IP-PMM
on QP. Section 2.3 introduces our main algorithm, Nys-IP-PMM, proves convergence of the algo-
rithm, and provides implementation details. Section 2.4 demonstrates the numerical performance of
Nys-IP-PMM.

Notation. For a vector € R", subindex z; € R denotes the i-th component of x, and superindex
2% € R™ denotes the k-th iterate. For scalar/matrix, we use subscript k for the iteration count, as
usual. Given a set of indices S C [n] := {1,2,...,n} and an arbitrary vector z € R", let x5 denote
the sub-vector containing the elements of x whose indices belong to S. The diagonal matrix with
main diagonal x is denoted by diag(z). Given a matrix M, we use \;(M) to denote the i-th largest
eigenvalue of M and use MT to denote the pseudoinverse of M. For a positive definite M, we write
the M-norm |lul|%, = T Mu. The set of m x m real symmetric positive semidefinite matrices is
denoted by ST'(R). The n-by-n identity matrix is denoted by I,, and 1, = (1,..., 1)T € R™. The

cost of computing a matrix-vector product with given matrix M is denoted by Ty,.

2.1 Background: IPMs and Conjugate Gradient

This section provides background to develop our main algorithm, Nys-IP-PMM, a matrix-free variant
of the interior point proximal method of multipliers (IP-PMM) [Pougkakiotis and Gondzio, 2021] for
solving separable QPs.
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2.1.1 Interior-point methods (IPMs)

IPMs are among the most important methods, both in theory and in practice, for solving convex
QPs. TPMs were pioneered by the landmark paper of Karmarkar [Karmarkar, 1984] in 1984 on linear
programming (LP), with a flurry of activity improving these initial results both in theory [Megiddo,
1989, Kojima et al., 1989, 1993] and in practice [Marsten et al., 1990, Mehrotra, 1992, Lustig et al.,
1992, 1994]. One key reason for the success of the IPM approach is the use of the logarithmic
barrier function [Gill et al., 1986], a nonlinear programming technique. Later, IPMs were extended
to linearly constrained convex QP [Kapoor and Vaidya, 1986, Ye and Tse, 1989, Mehrotra and
Sun, 1990, Goldfarb and Liu, 1990, Monteiro and Adler, 1989], semidefinite programming (SDP)
[Vandenberghe and Boyd, 1996], and more generally conic optimization problems [Nesterov and
Nemirovskii, 1994, Forsgren et al., 2002, Lobo et al., 1998]. For a more complete history of IPMs,
see the review paper [Gondzio, 2012b).

Regularized IPMs

In primal-dual IPMs for (P) and (D) with diagonal @, the majority of the computation is de-
voted to solving a symmetric positive semi-definite linear system to determine the search direction,
(Az*, Ayk, AzF), for each iteration k. At each iteration, the algorithm forms a new diagonal matrix

Oy and right-hand side (RHS) vector ¥ and must solve the normal equations
AQ+6, ) TATAYF = ¢, (2.1)

The system (2.1), whether solved by direct or iterative methods, is unstable when A is nearly rank-
deficient or when @Q + @,;1 is nearly singular. Regularized IPMs [Saunders, 1996, Saunders and
Tomlin, 1996, Altman and Gondzio, 1999, Friedlander and Orban, 2012] improve stability by regu-
larizing the primal problem (P) and/or dual problem (D). Compared to standard IPMs, regularized
IPMs generally require more iterations (linear system solves), but the problem to solve at each iter-
ation is more stable [Pougkakiotis and Gondzio, 2021]. Regularization is particularly important to
matrix-free methods, which must rely on iterative linear system solvers rather than (more stable)

direct methods.

Interior point proximal method of multipliers (IP-PMM)

IP-PMM is the first provably polynomial-time primal-dual regularized IPM, proposed by Pougkakiotis
and Gondzio [Pougkakiotis and Gondzio, 2021] in 2021. At each IP-PMM iteration, the algorithm de-
termines the search direction by applying a single IPM iteration to the PMM subproblem associated
with the primal-dual pair (P)—(D) [Rockafellar, 1976]:

1 1
minimize —27 Qx + x4+ \)T (b — Az) + ——|| Az — b||3 + pi”x —¢F)2. (2.2)
z>0 2 20 2
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These PMM subproblems are parametrized by estimates ¢¥ and A* of the primal variable 2 and
Lagrange multiplier y respectively, and parameters p; > 0 and Jd; > 0 controlling the strength of
the regularization. The linear and quadratic terms (A\*)7(b — Ax) + ﬁ | Az — b||3 are motivated by
the method of multipliers (also called the augmented Lagrangian method) [Hestenes, 1969, Powell,
1969], and ensure the dual objective is strongly concave. The prozimal term ||z — ¢¥||? provides
strong convexity for primal problem and ensures better numerical behavior. When p;, = d — 0
and the dual estimate is updated by gradient ascent A\*t1 « \* — i(A:ckJrl —b), the solution to
the PMM subproblem (2.2) converges to the solution to (P) [Rockafellar, 1976]. Note that IP-PMM
does not solve the PMM subproblem to any particular precision, but simply applies a single IPM
iteration to (2.2) to obtain a search direction and update the iterates.

To apply an IPM iteration to (2.2) and find the search direction, a logarithmic barrier function
is introduced to enforce the non-negativity constraint z > 0, so that the Lagrangian to minimize
becomes

HisPk 0k

L (P ) = 20T Qa4+ T+ (V)T (0~ Ag) + 5w — b3+
k

+ Gl =P = Yyt (23)
Jj=1
Introducing the new variables y = \F — é (Ax—b) and z = i diag(x) 11, the first-order optimality

conditions for minimizing (2.3) result in the nonlinear system

¢+ Qu— ATy — 2+ pr(z — ¢F)
Az + 65(y — N¥) — b =
diag(z)z — pux 1y

(2.4)

o o O

IP-PMM applies a variation of Newton’s method to solve a perturbed form of (2.4). Specifically, it
linearizes the optimality conditions and perturbs the right-hand side (RHS) (see Section 2.2.1 for
details and Equation (2.19) for definitions of r; € R", ¥ € R™, and rf € R"):

—(Q+pil,) AT I, AzF rk
A Sl 0 Ayk| = |rk (2.5)
diag(z*) 0  diag(z®)| |AZF ’I“l]j

When @ is diagonal, by eliminating Az and Az* using the first and third block of equations in
(2.5), the Newton system (2.5) can be reduced to solving (2.6) and computing Az* and AzF via
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(2.7)-(2.8)
(Nk + 6k In)Ay* = ¥ (2.6)
At = (Q+ 07" + pil) (AT Ay — 1% + ding(a") ) (2.7
AP = diag(;vk)_l(rfb — diag(z*)Az"), (2.8)

where Ny, = A(Q + 6" + ppI) AT, ©4 = diag(2*) diag(2*)~! is diagonal, and

& =1k +AQ+ 6" + prln) ' (rf — diag(a®) 7).

Equation (2.6) is the regularized version of normal equations (2.1) in original IPMs and is solved to
determine the search direction of IP-PMM.
The polynomial complexity results of IP-PMM are built upon the choice pp = 6 = px and the
T
Ty 2k
n

IPMs. When primal and dual feasibility is approached, pj becomes a measure of duality gap. The

barrier parameter py is chosen to be the average complementarity product p := as in standard
convergence theory for IP-PMM requires puj to control both the IPM and PMM. Under this choice
and standard assumptions, Pougkakiotis and Gondzio [Pougkakiotis and Gondzio, 2021, Thm. 3]
show that every limit point of {(xx, yr, 2x) : k € N} generated by IP-PMM determines a primal-dual
solution of pair (P)—(D). They show linear convergence of the method: for any given tolerance error
e € (0,1), IP-PMM produces a sequence of iterates {(zx, yx, z1) }ren such that py, < e after O(n'log 1)
iterations [Pougkakiotis and Gondzio, 2021, Thm. 2]. Their results assume the Newton system (2.5)
is solved exactly. While this assumption is reasonable when a direct method solves (2.6), it becomes
untenable when using an iterative method such as CG. We prove convergence for inezact TP-PMM
for QP in Section 2.2. Note that the resulting algorithm, presented as Algorithm 3 has two loops:

the outer loop of IP-PMM and the inner loop of the iterative solver for the normal equations (2.6).

2.1.2 Preconditioned conjugate gradient

The conjugate gradient (CG) method is the most common iterative method to solve (2.6). However,
even with the extra stability conferred by IP-PMM, CG usually stalls, i.e. fails to converge to suffi-
cient accuracy, especially during the final iterations of IP-PMM. Preconditioning is used to improve
convergence of CG [Golub and Van Loan, 2013, sect. 11.5] by choosing a positive definite matrix
P, called a preconditioner, replacing the system to be solved with an equivalent symmetric positive

definite system:
P*l/Q(Nk +5k1m)P71/2,Uk‘ — P71/2£k

with new variable v¥ = P1/2Ay¥. The resulting algorithm is called preconditioned conjugate gradient
(PCG), and its update relies on the matrix-vector product v — P~1v. Therefore, a good precondi-

tioner has two properties: 1) its inverse P~! must be computationally cheap to apply, and 2) the
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preconditioned system P~1/2 (Nk + 5kIm)P_1/2 must have a spectrum that allows CG to converge
faster than on the original system Ny + 0x1l,,. For example, we may seek a preconditioner so that
the preconditioned system has a reduced condition number [Johnson et al., 1983, Chan, 1988, de
Prenter et al., 2017].

Randomized IPMs for linear programming

Many preconditioners in the IPM literature require entrywise access to the matrices @ and A [Berga-
maschi et al., 2021, Gondzio et al., 2022, Chowdhury et al., 2022, Oliveira and Sorensen, 2005, Bo-
canegra et al., 2007, Durazzi and Ruggiero, 2003, Schork and Gondzio, 2020, Casacio et al., 2017].
Among these, the randomized preconditioner by Chowdhury et al. [Chowdhury et al., 2022] is most
related to our work. Chowdhury et al. [Chowdhury et al., 2022] pioneered the use of randomized
preconditioners in non-regularized IPMs for LPs (i.e., @ = 0) with wide constraint matrix m < n.
The same randomized preconditioner is later used to accelerate the predictor-corrector IPM for
LPs in a follow-up work [Dexter et al., 2022]. In their works, the normal equations take the form
AL AT Ayk = ¢k, They propose the preconditioner P = A®;1/2QQT@;1/2AT, where Q € R"*¢ is
a random sketching matrix such that P approximates A0;A” well in spectral norm with probability
at least 1 — 7 [Chowdhury et al., 2022, Lemma 2]. The sketch size ¢ is of order £ = O(mlog(m/n))
and matrix  has O(log(m/n)) non-zero entries. As a result, the total computational cost for P~*
is O((nnz(A) + m?)log(m/n)). The method suffers cubic complexity in the number of constraints
m. In contrast, the Nystrém preconditioner can be constructed in O(£nnz(A) + ¢3) and thus offers
the greatest advantage over [Chowdhury et al., 2022] when m & n and/or m is much larger than the

rank ¢ required for a good approximation.

Partial Cholesky preconditioners

A matrix-free preconditioner offers improved scalability, particularly when entrywise access to A
is expensive. Gondzio [Gondzio, 2012a] propose a matrix-free preconditioner in the context of
(regularized) TPMs, called the partial Cholesky preconditioner, which is elaborated in Bellavia et al.
[Bellavia et al., 2013] and Morini [Morini, 2018]. Given a target rank ¢ < m, partial Cholesky forms
the greedily pivoted Cholesky factorization LLT = E(Ny + 6x1)ET with appropriate permutation
matrix £ € R™*™ and takes the first ¢ columns of L, L, € R™*¢ which corresponds to a rank-¢
approximation LyL} a Ny + 61, together with a diagonal matrix that ensures the approximation is
positive definite. The key limitation of the partial Cholesky preconditioner lies in its construction,
which relies on the entire diagonal of N,. In a matrix-free setting without entrywise access to A,
computing the diagonal of Nj, requires at least m matvecs with AT. In practice, this feature slows
down the partial Cholesky preconditioner considerably, as these additional m matvecs are performed
at every iteration.

We describe the partial Cholesky preconditioner in more detail here for completeness, since it
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is a standard choice for a matrix-free IPM implementation. We omit the iteration count k when it
L1y

is clear from context. The first ¢ columns of the Cholesky factor, L, := [
21

1 , yield the following

factorization in block form:

I, 0O

o (2.9)

E(N+6I)ET — lN(S,ll Ng21] —

Nso1  Nsoo

Ly 0
Loy Iy

Li, L3
0 I 7

where Nj11 € R is the leading principal submatrix containing the ¢ largest diagonal elements
and S = Ns o2 — N5721N6_111N§7:21 is the Schur complement of N; ;. In practice, S is never explicitly
formed when performing the Cholesky factorization and hence is not available. The partial Cholesky

preconditioner approximates .S by its diagonal and takes the form

L OHIZ 0 HL% LY,

Pchol = ET
Chol Ly Im—¢| |0 diag(S)| | 0 I

E, (2.10)

the inverse of which has the closed-form formula

=T -TrT
Lll _Lll L21

-1 T
Popo = E 0 j

E. (2.11)

I 0 L 0
0 diag(S)~'| |—LotLi' Im_s

Pseudocode for the construction of this preconditioner appears in [Bellavia et al., 2013, Alg. 1]
and [Morini, 2018, Alg. 1-2], while spectral analysis for the preconditioned system is developed
in [Bellavia et al., 2013, Gondzio, 2012a]. In our comparison, we construct the partial Cholesky
preconditioner by [Morini, 2018, Alg. 2], which yields a more efficient matvec with PC_thl when the
first £ columns of E(N +dI)ET are more sparse than L1_11 and Lo1; and a comparable cost of matvec
otherwise [Morini, 2018, sect. 3.1].

Remark 2.1 (sparsity of Loq). In this paper, we consider both sparse and dense constraint matrices
A. When A is dense, the Cholesky factors are in general dense. When the Loy block of the Cholesky
factorization is sparse, the matvec with the partial Cholesky preconditioner can potentially exploit
the sparsity of Lo;. However, even when A is sparse, the Lo; block of the Cholesky factorization
may not be sparse. Sparsity of this block depends on the sparsity pattern of A and the pivots used.
However, it is difficult to choose these pivots well without entrywise access to A. In the partial
Cholesky literature, these pivots are chosen greedily based on the diagonal entries of Ni. In the

problems we consider in our numerical experiments, the Ly block is always dense.

Constructing the partial Cholesky preconditioner requires access to the complete diagonal of
N + 41 since we need entry-wise access of Ny 11 for factorization (2.9) and diag(Ns 22) for computing
diag(9). Using the form N = A(Q +©~1 4 pI)"' AT, the diagonal of N 4 §I can be computed in
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the following matrix-free manner:
ri=(Q+0O07 '+ pI)*%ATei, (N+6D)y=rlri+d, foralli=1,2,...,m.

This computation requires m matrix-vector products with A” and componentwise scaling of a length
n vector, which costs O(m(T4 + n))2. The diagonal of S can be similarly computed, as a cost
O(m(Tn,,, + £*)). The total construction cost of partial Cholesky preconditioner is dominated
by computing diag(N + é6I) and diag(S), resulting in O(m(Ta + n) + m(Ty,,, + ¢*)) arithmetic
operations. The cost of building diag(N + 6I) may be significantly reduced if access to rows of
matrix A is available, because the matrix-vector products AZe; can be trivially avoided [Gondzio,
2012a, Morini, 2018].

Randomized Nystr6m preconditioners

The randomized Nystrom preconditioner is built upon the randomized Nystrom low-rank approxi-
mation, which we introduce now. Let N € S7'(R) be a real symmetric positive semidefinite matrix
and 0 € R™** be a random Gaussian test matrix (i.e., each entry is drawn ii.d. from a normal
distribution). The integer £ < m is called the sketch size and the matrix Y = NQ € R™*¢ is called
the sketch of N. We observe the sketch can be obtained by ¢ matrix-vector products with N. The

randomized Nystrém approximation with respect to the range of €2 is defined as
N = (NQ)QTNQT(NO)T =y (QTY) YT, (2.12)

Observe from (2.12) that this approximation can be constructed directly from the test matrix
and the sketch Y, without further access to N. The rank of N is equal to ¢ with probability 1,
and hence the terms sketch size and rank are used interchangeably. The formula (2.12) is not
numerically stable. Instead, our algorithm uses Algorithm 1 to construct a randomized rank-/
Nystrom approximation. It provides a stable and efficient implementation with a computational
cost of O(Tx/{ + ?>m), where Ty is the cost of a matvec with N. In practice, the thin SVD in line
7 of Algorithm 1 is the most computationally intensive operation. Moreover, Algorithm 1 returns
the truncated eigendecomposition of the randomized Nystrom approximation: N = UAUT, where
U € R™*¢ has orthonormal columns and A € R¢%¢ is diagonal with diagonal entries ;\1 > > ;\g.

Given a rank-¢ randomized Nystrém approximation N = UAUT returned from Algorithm 1, the

randomized Nystrom preconditioner for regularized system (2.6) and its inverse take the form

Pays = U (A + o007 + (1 - 007), (2.13)
Ao+
P =M+ OUM+0D)'U" + (1-UUT). (2.14)

2This cost can be reduced to O(nnz(A)) if entrywise access to A is available, since AT e; is the i-th row of A.
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Algorithm 1 Randomized Nystrom Approximation [Martinsson and Tropp, 2020, Algorithm 16]

Input: Matrix-vector product oracle of an m xm positive semidefinite matrix N, target rank £ < m
Output: Randomized Nystrom approximation N =UAUT

1: Draw a Gaussian test matrix 2 € R™** >O(¢m)
2: Y =NQ >OlTy)
3: v = eps(norm(Y, ‘fro’)) >O(¢m)
4: Y, =Y +1vQ l>(9(€m)
5: C' = chol (27Y)) >O(F2m)
6: B=Y,C! >O(0?m)
7: [U ¥, ~] =svd(B) > O(0?m)
8 A = max {0,2 — v} >O(¢)

Algorithm 2 Nystrom Preconditioner [Frangella et al., 2023b]

Input: Positive semidefinite Ny, sketch size £, regularization parameter dy
Output: Inverse of randomized Nystrom preconditioner P, 1 as a linear operator

1: Compute randomized Nystrom rank-¢; approximation by Algorithm 1:
Ny, = UAUT

2: Construct inverse Nystrém preconditioner P, ! as in (2.14) with U, A, and 4.

It is important to highlight that the m? matrix elements of the randomized Nystrém preconditioner
are not explicitly formed in practice. Instead, Pnys is viewed as a linear operator defined by U, A,
and 0. Algorithm 2 summarizes the procedure.

In other words, the randomized Nystrom preconditioner is directly available once the rank-/
randomized Nystrom approximation has been constructed, and thus shares the same construction
cost O(Tn{+ £?m) as the Nystrom approximation. Both the Nystrém preconditioner and its inverse
are cheap to apply: a matvec with either requires O(mf) arithmetic operations, dominated by
the cost of applying U and UT to a vector. The required storage for the randomized Nystrom
preconditioner is O(m¢£). All these properties offer potential benefits compared to partial Cholesky,
particularly when the target rank £ is much smaller than m; see Table 2.2. Our numerical experiments
in Section 2.4 further demonstrate the advantages of the Nystrom preconditioner in terms of both
performance and computational efficiency in large-scale (dense) problems.

The randomized Nystrom preconditioner can effectively accelerate the convergence of CG on
linear systems arising from data-driven models [Frangella et al., 2023b, Zhao et al., 2022]. The
reason is that most data matrices usually have rapidly decaying spectra and hence have smaller
effective dimension [Udell and Townsend, 2019, Frangella et al., 2023b, Zhao et al., 2022, Lacotte

and Pilanci, 2020]. Given a positive semidefinite matrix N € S7'(R) and a regularization parameter
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Preconditioner Construction Cost Matvec Cost Storage
Randomized Nystrom O((Ta + n) + ?m) (2¢0+1)m+5¢ O(fm + )
O(m(Ta +n) +m(T,,, + %))
Partial Cholesky (no entrywise access to A) 20+ 1) (m—0)+202  OWm+ 2+ m)

O(HHZ(A) + m(TNa.zl + KZ))

(has entrywise access to A)

Table 2.2: Comparison of randomized Nystrom preconditioner and the partial Cholesky precon-
ditioner. The construction cost assumes the matrix of the system takes the form A(Q + ©y +
ka)_lAT + 0.

0 > 0, the effective dimension of N is defined as

g

den(N.8) = tr(N(N +8D)71) = 3~ =

i=1

(2.15)
where \;’s are eigenvalues of N. The ratio \;/(\;+9) is close to 1 if \; > §; and is close to 0 if \; < 6.
As a result, the effective dimension can be understood as a smoothed count of the eigenvalues of
N that are greater than or equal to §. Zhao et al. [Zhao et al., 2022] show that if the sketch size
£ = O(degr(N, §) —|—log(%))7 then with probability at least 1 —n, the condition number of the Nystrom
preconditioned system is bounded by a constant [Zhao et al., 2022, Thm. 4.1], and hence the Nystrom
preconditioned CG (NysPCG) can achieve e-relative error in O (log(1)) iterations, independent of

the condition number (see Lemma 2.10 in appendix).

2.2 Inexact IP-PMM for convex QP

Pougkakiotis and Gondzio [Pougkakiotis and Gondzio, 2021] assume the search direction in IP-PMM
satisfies the Newton system (2.5) exactly. This assumption is unrealistic when the inner linear
system solver in IP-PMM is iterative. Here, we prove convergence for IP-PMM with errors in the
search direction, which we call inexact IP-PMM (see Algorithm 3). Inexact IP-PMM on QP is exactly
the same as [Pougkakiotis and Gondzio, 2021, Alg. IP-PMM], except that in line 7 of Algorithm 3,
the inexact version we analyze satisfies the inexact Newton system (see Equation (2.19) for explicit
formula) instead of the exact one. We adopt the assumption pr, = §; = pp [Pougkakiotis and
Gondzio, 2021] throughout this section. Section 2.2.1 introduces some technical definitions, and

Section 2.2.2 presents convergence results for inexact TP-PMM.
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Algorithm 3 Inexact IP-PMM (adapted from [Pougkakiotis and Gondzio, 2021, Alg. IP-PMM])

Input: QP data A,Q,b,c as in (P), tol
Parameters: 0 < opin < 0max < 0.5, Cn >0, 0<y4 <1, 0<y, <1
Starting point: Set as in (2.16)

1: Compute infeasibility r9 <= Az® — b and r] < ¢4 Q% — ATy" — 2°.
2: for (k=0,1,2,---) do

3: if ([|rF]l2 < tol) A ([lrhll2 < tol) A (ux < tol) then
4: return (xk,yk,zk)
5: else
6: Choose 0 € [Omin, Tmax)-
7: Solve system (2.19) such that the residuals satisfy Assumption 2.2.
8: Choose largest stepsize ay, € (0,1] such that ug(a) < (1 — 0.01a)py, and
x* + ap Ak
yk + akAyk € Nuk(a) (Cka )‘k) )
2P+ apAzk
where pi;(a) = (2% + akAJ:k)T (zF + e AZF) /.
9: Update the iterate
ht1 oF + apAxF PR )T k1
YR = Y+ arAyF | and pggy ¢ ——
P 2k + apAZk "
10: Set rit! «— AzFt1 — b and rRFL o Qe — ATyk+L okt
11: Set 7p r’[fH — —”Z;rll_) and 7q 1"5“ + —“Zzlé.
12 if (1, Fa)l, < OnEEEL) A (1 7a) 4 < 740 5) ) then
15 (CHLXHT) = (b, )
14: else
15 (Ck+17)\k+l) — (Ckv)‘k)
16: end if
17: end if
18: k+—Fk+1
19: end for

2.2.1 Definitions for inexact IP-PMM

In this section, we provide a detail on inexact IP-PMM, including the choice of starting point, neighbor-
hoods, and inexact Newton systems, following [Pougkakiotis and Gondzio, 2021]. Refer to [Pougkaki-

otis and Gondzio, 2021] for more details.

Starting point For the analysis, we consider starting point (z°,2°) = p(1,, 1,) for some p > 0

and y° being an arbitrary vector such that ||y°||.c = O(1) (i.e., the absolute values of its entries are
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independent of n and m). The initial primal and dual estimates are taken as (° = 2% and \° = ¢°,

oN\T _O —
and the initial duality measure is denoted by pg = % In addition, there exist two vectors b
and ¢ such that

A’ =b+b, — Q2"+ ATy +=c+e (2.16)

Neighborhoods IP-PMM is a path-following method that requires each iterate of IP-PMM to lie
within a specified neighborhood. The neighborhoods in IP-PMM depend on the parameters in the
PMM subproblems (2.2), as well as the starting point, and are parametrized by (¢*, \*, uz). IP-PMM

uses a semi-norm that depends on the input matrices A and @ to measure primal-dual infeasibility:
(b )lla := min {2 2)ll2 : Ax = b, ~Qw + ATy +==c}.

This norm measures the minimum 2-norm of (x, z) among all primal-dual feasible tuples (z,y, z) and
can be evaluated via QR factorization of A [Mizuno and Jarre, 1999, sect. 4]. Now, given the starting
point (2%, 4%, 2°) and vectors (b, €) in (2.16), penalty parameter i, and primal-dual estimates (¥, A\,
Pougkakiotis and Gondzio [Pougkakiotis and Gondzio, 2021] define the set

Az + i (y = N°) = b+ b (5+l~)k),
Cur (Ckv/\k) =1 (z,y,2): —Qz+ATy+2— e (z — %) :c+Z—’g(E+E’“), , (2.17)
il <o o 2

where Cy > 0 is a constant, y4 € (0,1), and p > 0 is defined as in the starting point. The vectors
b* and & represent the current scaled (by 5—2) infeasibility:

B = £ (Az + p(y — AF) — b— L),

&= (—Qu+ ATy + 2z — (v — (*) —c— Be).

The set in (2.17) contains all points (z,y, z) whose scaled infeasibilities are bounded by a constant

in both || - |2 and || - || 4. Then the family of neighborhoods is

(2.18)
Tz > Yup for all ¢

N (CFNFY o= {(%y’z) € Cp (CF, ) - (x,2) > (0,0), },

where 7, € (0,1) is a constant that prevents the component-wise complementarity products from

approaching zero faster than u = (2%)7 2% /n.
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Inexact Newton system The search direction (Az*, Ay*, Az¥) in the inexact IP-PMM solves the

following inexact Newton system:

—(Q + upl,) AT I Azk
A i dm 0 Ay*
diag(2") 0  diag(z") AzZF
- (c + %E) — Qb + ATy* + 28 — oy (2% — ¢F) ok
= - Axk 4 oy, (yk - )\k) — (b—l— —U’ZL‘O"“ B) + Q’; , (2.19)
diag(z"*) diag(z") 1, — opprln o

where the centering parameter oy € (0,1) is chosen to control how fast the duality measure u; must
decrease at the next iteration, and (g’j, g’;,, gﬁ) model the residuals when the system is solved by

iterative methods.

2.2.2 Convergence results of inexact IP-PMM on QP

This section presents convergence results for inexact IP-PMM on QP, a necessary building block for

Nys-IP-PMM. We need the following assumption on the residuals in Newton system (2.19).

Assumption 2.2. The residuals (Q’;, ok, Qﬁ) in inexact Newton system (2.19) satisfy

Omin

0 =0, (o5 0h)]l, <

o
TR ([ (s 0| 4 < ﬁm,ﬂuk,

where C, 74 are constants defined as in (2.17), omin is the lower bound for oy, in Algorithm 3, and

p is determined by the starting point chosen in Section 2.2.1.

The assumption QZ = 0 is reasonable since a practical solution method reduces the Newton
system (2.19) to the augmented system or the normal equations, and recovers Az* using a closed-
form formula. The other two assumptions require that the residuals are small whenever the iterate
is close to a solution.

We also make the following two standard assumptions to ensure the solution and the problem
data are bounded, as in [Pougkakiotis and Gondzio, 2021, Santos et al., 2019].

Assumption 2.3. The primal-dual QP pair in (P)-(D) has an optimal solution (z*,y*, 2*) with
lz*]| o < C* [ly*]l < C* and ||2*||, < C¥, for a constant C* > 0 independent of n and m.

Assumption 2.4. Let nyin(A) (resp. Nmax(A)) denote the minimum (resp. maximum) singular
value of A and vpax(Q) denote the maximum eigenvalue of Q. The constraint matrix of (P) has
full row rank rank(A) = m, and there exist constants Ciyin > 0, Cax > 0, Cg > 0, and C, >
0, independent of n and m, such that Nmin(A) > Cuin, Tmax(4) < Chax, Vmax(Q) < Cg, and
1€, D)lloe < C-
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Below, we present the key lemmas, Lemmas 2.5 and 2.6, to build the polynomial complexity for
inexact IP-PMM. These two lemmas guarantee the existence of a stepsize & = O(#) at each iteration
of inexact IP-PMM. The critical analysis are built upon [Pougkakiotis and Gondzio, 2021, Lemma
1-4], which were originally devised for exact IP-PMM, yet their proofs still hold for inexact IP-PMM,
provided that the iterates (z*,y*, 2*) lie within the neighborhood N, (¢¥,A*) defined in (2.18).
This condition is established in Lemmas 2.5 and 2.6, adapted from [Pougkakiotis and Gondzio,
2021, Lemma 5-6] respectively. The modifications are inspired by the techniques used for inexact

IP-PMM on linearly constrained SDP [Pougkakiotis and Gondzio, 2022].

Lemma 2.5. Assume Assumptions 2.3 and 2.4 and suppose the search direction (Amk, AyF, Azk)
satisfies inezact Newton system (2.19) at an arbitrary iteration k > 0 of inexact IP-PMM. Let D :=
diag(x*) diag(z*)~1. Then

| Dt axk], = O?n). Db, = Ow). |[(Adh Ay, AF)], = O(n?).

Proof. The proof follows that of [Pougkakiotis and Gondzio, 2021, Lemma 5] with a few modifica-
tions. For simplicity, we only sketch the proof with emphasis on modifications.

Following the beginning of the proof for [Pougkakiotis and Gondzio, 2021, Lemma 5], we invoke
[Pougkakiotis and Gondzio, 2021, Lemma 2] and [Pougkakiotis and Gondzio, 2021, Lemma 3] to
obtain two triples (z7.,y%, 2% ) and (Z, 9, 2) satisfying [Pougkakiotis and Gondzio, 2021, Eq. (22)]
and [Pougkakiotis and Gondzio, 2021, Eq. (23)] respectively. Using the centering parameter oy,
instead of defining ¢ and b as in [Pougkakiotis and Gondzio, 2021, Eq. (29)], we define

. ¢ ko~ Ly

tim (oS — (o) (2 ="+ P G- ,)+ > 2.20
( kuo ( k) < ¢ % ( rk) n Q4 ( )

. b e 1

bi=—(oh—+1—0p) (v = A+ 25 —*.>+k>, 221
( F e ( k) (y o (U — yre) O (2.21)

where ¢, b, 19 are defined in (2.16). The additional terms of; /i and ok /. in (2.20)—(2.21) take into
account the residuals in Newton system (2.19). With this new pair (b, ¢), define the triple (z,7, 2)
as in [Pougkakiotis and Gondzio, 2021, Eq. (31)]. Using [Pougkakiotis and Gondzio, 2021, Eq.
(22)—(23), (31)] and inexact Newton system (2.19), it can be directly verified that

AT+ =0, —Qz+ AT+ z— pz =0. (2.22)

Additional error terms are absorbed into the inexactness of the Newton system (2.19), yielding
(2.22). Given (2.22), the rest of the proof follows the proof of [Pougkakiotis and Gondzio, 2021,
Lemma 5]. O

Lemma 2.6 serves as the keystone for Theorem 2.7, establishing a connection between inexact and
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exact IP-PMM. The lemma demonstrates that a step in the inexact search direction with a sufficiently
small stepsize yields sufficient reduction in the duality measure (Lemma 2.6 ((i))) while staying
within neighborhood NV, (¢¥,\¥) (Lemma 2.6 ((iii))). Additionally, it ensures that the stepsizes are

uniformly bounded away from zero (for every iteration), on the order of O(-%) (Lemma 2.6 ((ii))).

Lemma 2.6. Instate Assumptions 2.3 and 2.4 and assume that the search direction (Az*, Ay*, Az¥)
satisfies the inexact Newton system (2.19), with residuals satisfying Assumption 2.2 for every itera-
tion k > 0 of inexact IP-PMM. Then there exists a step-length & € (0,1) such that the following hold
for all iterations k > 0:

(i) for all o € [0,a],

(=% + ank)T (zF + anz®) > (1 -« (1 - U?“)) (z*)T 2%, (2.23)
(z¥ + alzl) (zF + anzf) > % (=" + aAmk)T (2% + aA2) | Vi€ [n); (2.24)
(=% + ank)T (zF + aAZ¥) < (1-0.01a) (27)T2"; (2.25)

(ii) & > k/n* with & > 0 being a constant independent of n and m;

(iti) suppose (z*,y*,2F) € Ny, (¢, AF) and, for any o € (0,a], let
(J:k+1, Than zkH) = (a:k +alAz® yF + alyF 2k + aAzk) (2.26)
and py1 = (FTHT 2 n. Then
(mk+1,yk+1,zk+1) €Ny (Ckﬂ»)\kﬂ) ’ (2.27)

where \¥ and ¢* are updated as in Algorithm 3.

Proof. The proof follows that of [Pougkakiotis and Gondzio, 2021, Lemma 6]. Again, we only sketch
the outline of the proof and point out the necessary modifications. The assumption g,’j =0 in
Assumption 2.2 guarantees the third block of Newton system (2.19) is exact, so same argument in
the proof of [Pougkakiotis and Gondzio, 2021, Lemma 6] guarantees that (2.23)—(2.25) hold for every
a € (0,a*) with exactly the same o* in [Pougkakiotis and Gondzio, 2021, Eq. (40)], i.e.,

* . Omin  Omin (1 - "YH) 0.49
= 1 2.28
e { 20%n3"  2C%n* TCind )7 (2.28)

where Cn > 0 is a constant such that (AzF)TAZF < |D'Az*|s||DrAZF|2 < Cinuy, from

Lemma 2.5. Next, we must find the maximal & € (0, o*] such that

(xk(a),yk(a),zk(a)) € Nﬂk(a)(Ck, M\9), - for all a € (0, al, (2.29)
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2(@)72(a) 4pq

where py(a) =
(2" (), ¥ (), 25 () = (2% + aAz®, y* + aAy”, 2" + aAZF).
By definitions (2.17) and (2.18), Equation (2.29) is equivalent to
7 (@) Fal@lly < ON B 7(@), Fal@)l], < 1ap™S2, Vae (0,6l (2:30)

Mo

where 7,(a) and 7q(a) are the residuals of two equalities in C,,, (¢k,AF) in (2.17):

o) = Ak (@) + () (@) = N9 = (04 2205

= _ pr () _
Fa(e) = —Qa"(a) + ATy () + 2" (a) — pr(e) (2" (a) — ¢¥) - <C+ Lo C) .

Following the calculations in the proof of [Pougkakiotis and Gondzio, 2021, Lemma 6], now with
the inexact Newton system (2.19), the two residuals 7,(«) and 7q(a) have additional inexact error

terms ozg’; and agk respectively:

B ~ N b
mp(a) = (1 — oa)%blC +a? (o — 1),ukAy}C + QQ% (yk ke oszk — Iu—) + ozg’,f,
0 0

ra(a) = (1 — a)ﬁék —a® (o) — 1) pp Az — aQW (azk — "+ anz® + E) + agh.
Ho Ho
Using the same quantities & = O(n*uy) and €4 = O(n*uy,) defined as in [Pougkakiotis and Gondzio,
2021, Eq. (44)], we have the bounds
- . Lk ,
[(Fp(a), Ta(e))]l, < (1 - a)CN% +a’ ks + ol (o5, o) 2,
~ ~ HE
[(Fp(a), Ta(@))]| 4 < (1 = a)%ap% + o’ ua + all (o5, 09)| 4,

for all @ € (0, a*], where o* is given by (2.28). Assumption 2.2 on error bounds for the inexactness
further yields that, for all a € (0, a*],

~ ~ C min
||Tp(0l)77"d(a)H2 S 7](:] (1 -« <1 — 04 _ a/lc()f\[?)) Mk (231)
Irp(@)ra(@lL < 42 (1-a (1- T alt4 ) ), 2.32)

On the other hand, (2.23) implies () > (1 — a (1 — 2gin)) g, for all o € (0, a*], which together
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with (2.31)(2.32) yields

|7 (), Fa(a)]l, < Lk(a) Cy, forall ac <O,min {a*, LminCN H :

Ho 482 p10
N _ fk () . . Tminyap
(), Tq(a < ——=vap, forallaE(O,mln{a,H.
H p( )s Ta( )”,4 1o YAP A€ 4110
Finally, let
_k . * UminCN O'min'y.Ap} _ .k
@" == min< o, , and & = mina&”. 2.33
{ 48ap0 "~ 4&apo k>0 (2.33)

Since & = O(n*ug), €4 = O(n*uy), and py is decreasing, there must exist a constant & > 0,
independent of n,m, and k such that a* > £ for all k£ > 0, and hence @ > . This proves ((i))

and ((ii)). To prove ((iii)), we consider two cases:

e Suppose the estimates ¢*¥ and A* are not updated, that is, ¢*¥*1 = ¢*¥ and \¥+1 = Ak, The
choice of @ in (2.33) guarantees (2.30) and hence (2.29), so that the new iterate in (2.26)
satisfies (2.27).

e Suppose IP-PMM updates the estimates (¥ and \F, that is, (**1 = 2#+1 and \F+1 = yF+1. This

happens only when

Hi+1 HE+1
I(rp, ra)lly < Cn o’ 1(rp,ra)ll 4 < vap o’ (2.34)

where 1, = Az — (b + B4b) and rg = (c+ 52) + QaM ! — ATyFH — 2#+1. Condition

(2.34) is exactly equivalent to (2.27).
O

Now, we are ready to present the main result, Theorem 2.7, of this section. Theorem 2.7 proves
the polynomial complexity for inexact IP-PMM, which extends [Pougkakiotis and Gondzio, 2021,
Thm. 2].

Theorem 2.7. Let ¢ € (0,1) be a given error tolerance. Choose a starting point as in (2.16)
for inexact IP-PMM and let C' and w be positive constants such that pg < E% Assume that at each
iteration, the residuals in (2.19) satisfy Assumption 2.2. Given Assumptions 2.3 and 2.4, the iterates
{(z*, y*, 2¥) }r>0 generated by inexact IP-PMM satisfy juy < € after k := 0_76; [(1+w)log(1l/e) + log C|
O (n*log L) iterations, where F is a constant independent of n and m defined in Lemma 2.6((ii)).

Proof. Given Lemma 2.6 that guarantees the existence of a stepsize & = O(#) at each iteration of
inexact IP-PMM, the proof follows [Pougkakiotis and Gondzio, 2021, Thm. 2]. O

Remark 2.8. Given Lemma 2.5 and Lemma 2.6, one can extend [Pougkakiotis and Gondzio, 2021,
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Thm. 1] and [Pougkakiotis and Gondzio, 2021, Thm. 3] to inexact IP-PMM using the parallel argu-
ment. The former states that the duality measure uj converges @Q-linearly to zero, and the latter

guarantees global convergence to an optimal solution of (P)—(D).

2.2.3 Errors from the normal equations

When @ is diagonal, the normal equations (2.6) are solved (inexactly) to determine the search
direction, and the other two components, Ax* and Az*, are obtained (exactly) using the closed-

form formula (2.7)—(2.8). Denote by ¥* the residual in the normal equations at the k-th iteration:

[AQ+ O, + i) T AT + el i) Ay* = €8 + 0", (2.35)
The next result characterizes how the error 9% in (2.35) propagates to the Newton system, which
will be used in the later analysis for Nys-IP-PMM.

Proposition 2.9. Suppose (Ax*, Ay*, Az*) satisfies Equations (2.7), (2.8) and (2.35) with ||0% |2
Cux for some constant C > 0 and py > 0. Then (Az*, Ay*, Az¥) satisfies (2.19) with (05, ok, of) =
(0,9%,0) and the residuals satisfy

IA

o =0, |l(eh @), < Curs | (eh, i), < Crn- (2.36)
In particular, Assumption 2.2 is fulfilled if

C< U:‘—inmin {Cn,vap}. (2.37)
Ho

Proof. We omit the proof for (ok, Q’;, Qﬁ) = (0,9%,0) as it follows from direct calculations. The
equality and bounds for 2-norm in (2.36) follow directly from the fact (o}, of, 0f) = (0,9%,0) and

the assumption [[9* ||y < Cuy. To verify bound for semi-norm [|(of, 0%)||.4, observe that
||(Q’;Z7 QZ)HA = ||(076)HA = inylg {”(m7z)“2 ‘ Ar =0, — QLE + ATy +z= 6} )

and (Z,7,2) = (0,0,9%) is a solution to the systems Az = 0 and —Qz + ATy + 2z = 9%, so that
I(ep, ei)lla < (@, D), = 11(0,9%)]|2 < Ca. O

Proposition 2.9 says that, if the search direction is obtained through solving the normal equations
inexactly and using (2.7)-(2.8), then only the second block of Newton system in (2.19) is inexact.
The first and third blocks of equations in Newton system remain exact due to the exact formulas in
(2.7)—(2.8) for Az* and Az*.



CHAPTER 2. RANDOMIZED PRECONDITIONERS IN INTERIOR POINT METHOD 23

2.3 Nystrom preconditioned IP-PMM (Nys-IP-PMM)

We introduce our main algorithm: Nystrém preconditioned IP-PMM (Nys-IP-PMM) in this section.
Given the assumption that @ in (P)—(D) is diagonal, Nys-IP-PMM uses the Nystréom PCG to solve
the normal equations (2.6). Section 2.3.1 provides a convergence analysis for Nys-IP-PMM, which
specifies the preconditioner sketch size ¢ required for our convergence theory to hold. We have
released a reference implementation of Nys-IP-PMM in Julia [Bezanson et al., 2017], discussed in
Section 2.3.2.

2.3.1 Convergence analysis of Nys-IP-PMM

The analysis of inexact IP-PMM in Section 2.2.2 shows that the convergence of inexact IP-PMM requires
the residuals of Newton system (2.19) to satisfy the bounds in Assumption 2.2, which hold true if,
by Proposition 2.9, NysPCG finds a solution Ay* to the inexact normal equations (2.35) satisfying
(2.37). Indeed, when the sketch size ¢; for Nystrom PCG is chosen appropriately, the Nystrom PCG
can achieve a solution such that ||9¥||; < Cuy, where C satisfies (2.37), in O(log ) PCG iterations
with high probability (Lemma 2.11). The result is built upon Lemma 2.10 from [Zhao et al., 2022],

which gives the number of Nystrom PCG iterations to obtain a solution within error e.

Lemma 2.10 ([Zhao et al., 2022, Corollary 4.2]). Let 6 > 0 and consider regularized system
(N+46)Ay =¢&. (2.38)

Suppose P is the Nystrom preconditioner constructed as in (2.13) and sketch size

2
€>8< deg(N,0) + 810g(16/77)> .

Let Ay* denote the true solution of (2.38) and {Ay®™},>1 denote the iterates generated by Nystrom
PCG on problem (2.38). Then with probability at least 1 — 1, it holds true that | Ay® — Ay*|l2 < e
after t = O(log(||Ay*||2/¢)) iterations.

Based on Lemma 2.10, we present next Lemma 2.11 showing that at each iteration k of Nys-IP-PMM,
Nystrom PCG can return a solution with small residual after a few iterations, when the Newton
system (2.19) is solved by the normal equations. For simplicity of presentation, we drop the iteration

superindex k in the statement and proof of the lemma.

Lemma 2.11. Let N = A(Q + O~ + ul,) AT, Given Assumptions 2.3 and 2.4, suppose the

reqularized normal equations (2.35) is solved by PCG wusing the randomized Nystrém preconditioner
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(2.13) with 6 = p and sketch size

£>8 (\/deﬁ(N, )+ 8log(16/77)>2, (2.39)

where dg(-) is the effective dimension of N defined in (2.15). Let {Ay®},;>, denote the iterates
generated by Nystrom PCG. Then, with probability at least 1 — n, after t = O (log(ﬁ)> iterations,
the residual satisfies

H(N + ul)Ay® — §H2 <e. (2.40)

Proof. We abbreviate the regularized matrix as N, = N + I and let Ay* denote the true solution
of (2.6) (with p =& = p). Let 7® = N,Ay® — ¢ denote the residual at ¢-th iteration. It follows
from norm consistency and || N, |l2 = Amax(N,) that |12 < Apax(N,)[[Ay® — Ay*||o. Hence, we
would have |[r®]|y < e if

1YY = Ay*la < &/ Amax(Np). (2.41)

By Lemma 2.10, with probability at least 1 — 7, inequality (2.41) holds true after

1= 0 (1o (Rl .12)

3

PCG iterations. Assumption 2.4 and Lemma 2.5 respectively guarantee that

_ 1 x
Amax(Ny) = || A(Q + © + ul) 1ATH2 +u=0 (M) and [|Ay*|, = O (n?).
Therefore, the required number of iterations (2.42) becomes t = O (log(ﬁ)) . O
Now, we are ready to establish the following convergence results for Nys-IP-PMM.

Theorem 2.12. Let € € (0,1) be a given error tolerance. Instate the assumptions of Theorem 2.7

and suppose the sketch size in Nys-IP-PMM is taken to be

2
lp > 8 <\/deﬁ(Nk,/Lk) + \/32 log(16(k + 2))) . (2.43)

Then,

(i) with probability at least 0.9, Nystrom PCG runs at most O (log %) iterations in each Nys-IP-PMM

iteration;
(ii) after k = O(n*log(2)) Nys—-IP-PMM iterations, the duality measure satisfies pu, < e.

Hence, the total number of matvecs with A required is at most O (n4 log(l)log(%)).

€
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Proof. To guarantee the convergence, the residuals of IP-PMM have to satisfy Assumption 2.2, which

holds true if, by Proposition 2.9, the residuals 9¥* in (2.35) satisfies
Omin .
97| < 2, min {CN,vap} - (2.44)
Ho

At each iteration k of Nys-IP-PMM, we take the sketch size ¢} as in (2.43) and n = 0 for all

1
k1)
k > 0, so that (2.39) in Lemma 2.11 is satisfied, which guarantees, with probability at least 1 — n,

that Nystrom PCG satisfies (2.44) with order of iterations given by O(log sz) = O(log(n/e)),
k

where €' = 2 min {Cy,y4p}. To get this, we use the fact that ;L% = O(1) before Nys-IP-PMM

terminates. By intersecting all these events across iteration count k, we conclude: with probability
at least 1—>"77, m ~ 0.91, Nystrom PCG terminates within t = O(log 2 ) steps and the residual
error of PCG satisfies (2.44) for all k& > 0, which proves ((i)).

Proposition 2.9 then guarantees that (Ax*, Ay¥, Az¥) satisfies the inexact Newton system (2.19)

in which the residuals satisfy Assumption 2.2. Now, we are under the assumptions of Theorem 2.7,

so we have p, < € after k = O(n*log 1) iterations of Nys-IP-PMM, as required in ((ii)). O

The sketch size f; in Theorem 2.12 grows with k to ensure the number of inner iterations of
PCG is sublinear in n. In any given iteration, if ¢ is chosen smaller than the bound (2.43), item
1) above may fail, but item 2) still holds: in particular, Nys-IP-PMM is still guaranteed to converge.

Our practical observations in Section 2.4 indicate that a fixed sketch size typically performs well.

2.3.2 Implementation of Nys-IP-PMM

Many implementation details deviate slightly from the theory to improve performance, following
[Pougkakiotis and Gondzio, 2021]; see supplement for details. Pseudocode for Nys-IP-PMM appears
in Algorithm 4.

Algorithm 4 Randomized Nystrom Preconditioned IP-PMM (Nys-IP-PMM)

Input: QP data A, b, ¢, u as in (P), feasibility and optimality tolerance tol

1: Compute the initial point (z(?), y(©, 2 () ) as in (A.4).

2: Set initial PMM subproblem parameters: A0 = y(0) ¢(0) = 20 »; =8 §, = 8.

3: for k=0,1,2,... do

4: Check the termination criteria using [Pougkakiotis and Gondzio, 2021, Alg. TC].
Construct N, = A(Q + O, + prI) ' AT as a linear operator.

Choose sketch size £y,.

Construct inverse Nystrém preconditioner P~ ! by Algorithm 2.

Update the iterate and duality measure by Algorithm 6 with P~ L

9: Update PMM parameters py, 6x, A¥, ¥ by [Pougkakiotis and Gondzio, 2021, Alg. PEU].
10: end for
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Free and box-constrained variables

Nys-IP-PMM accepts QPs with free variables and box-constrained variables:

(P) : minimize %xTQx +cla (D) : maximize —%xTQx + 0Ty —uls
subject to Ax =1b subject to —Qz+ ATy+z2—s=c,
xr: free, x7z >0, y: free, 22 >0, z7 >0,
0<zy<uyg, sg 20,

where F, Z, and J are, respectively, the sets of indices for free variables, non-negative variables,
and box-constrained variables; and vector u; € R denotes the upper bounds. For the ease of
presentation, we assume the vectors u, z,s all have length n and satisfy uzyr = 0, zr = 0, and
szur = 0; and we use the notation Z7 =ZU J and ZF =Z U F.

It is very important to directly model box-constrained variables, as encoding them as general
inequality constraints increases the size of the normal equations from m to m+|J|. Moreover, many
practical problems do have bounds on problem variables.

The PMM subproblem to be solved at each Nys-IP-PMM iteration becomes:

1 1
minimize ixTQx + e+ (T (b— Az) + EHAJU —bl3+ %Hx -7 (2.45)

subject to xr: free, 27 >0, 0 <2z7 <wuy.

We introduce a logarithmic barrier in the Lagrangian to enforce non-negativity and box constraints:
zz > 0and 0 < z5 < uy, and derive the corresponding linear system to determine the search
direction (analogous to (2.6)—(2.8)) in the following five variables: primal variable x, Lagrange
multiplier y (associated with Az = b), dual variable zzrs (associated with xz7 > 0), slack primal
variable wy = ugy —z 7, and dual variable s (associated with 7 < uy). Pseudocode for the search
direction appears in Algorithm 5, which takes RHS vectors (explicitly defined later in Section 2.3.2),
current iterate, current parameters, and preconditioner as input. A detailed derivation for (2.46)—

(2.50) is available in Appendix A.2.1 of the supplementary materials.

Initial point

Our choice of initial point is inspired by Mehrotra’s initial point [Mehrotra, 1992] and that in
[Pougkakiotis and Gondzio, 2021]. A candidate point is first constructed by ignoring the non-
negative constraints and then is modified to ensure the positivity of zz 7, zz7, wy, s7. See details

in Appendix A.2.2 of the supplementary materials.
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Algorithm 5 Solve Newton system
k Lk .k

kopk ok pk pk . current iterates a¥, 2% w”, s*; parameters py, 6y; inverse

Input: RHS vectors rp, 74, my, 75, Ty

preconditioner P, !
Output: directions Az*, Ay*, AzF AwF, As* that satisfy (A.3)

1: Compute the auxiliary vectors ¢¥ | ¢¥ € R™:
0, if j e F;
(&), = 4~ (h)s, if j € I;
—(@§) M) + (i) T ) — (wi) TS (), i €T,
¢F =1y + AQ+0" +pp) T (ra + &)
2: Use PCG with preconditioner Py to solve Ay* from the normal equations:

[AQ + O, + prln) tAT + 6,1, Ay = €F. (2.46)

3: Compute Az*, Az*, Aw*, As* from closed-form formulae:

Azt = (Q+ 05" + pel)THATAY —rf — &L); (2.47)
Avl = (rl) 7 — Az¥, Awkr =0 (2.48)
Azk = diag(ah /)7 (k) 2y — diag(2h ) Axk ;, Ak =0; (2.49)
Ash = diag(wh) 71 (rE,) 7 — diag(s%)Aw?,  Askr =0. (2.50)
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Algorithm 6 Mehrotra’s predictor-corrector method

Input:lcurrent iterate z, y*, 2*, w” s¥; PMM parameters \*, (¥, pi, 0x; inverse preconditioner
Pk . .
Output: new iterate zF+1, y*+1 h+1 oyk+1 gk+1 and new duality measure piy 41

1: Compute predictor step (A,z%, Apy*, ApzF, AjwF, Ays*) by Algorithm 5 with:

h= o Qub— ATYF — s (et - ¢,

=b— Az® — 6, (yF — \F),

(r)g =ug —aly —wl, (rp)zr =0, (2.51)
(rh.)zg = — diag(z} 7) diag(25 7) 127,  (r}.)F =0,
( k

i)y = —diag(w) diag(s%)1, 7, (rk,)zF=0,.

r

S

2: Find stepsizes &, and &, for predictor step using (A.5)—(A.6).
3: Compute the hypothetical measure for predictor step:

— (méj"‘é‘pApm;j)T(Zgj+@dApZ§J)+(w§+dppr§)T(5§+07dAp5If7) (2 52)
Haft IZTI+1T] : :

4: Compute the duality measure py, and i*:

k T _k ENT K
_ (l'zg) ZIJ+(U’J) Sg ~ko_ i
H ZT T+ A

5: Compute corrector step (A.z¥, Ay, Acz¥, A.wk, A.s*) by Algorithm 5 with:
7"5 =0, r;f =0, (rﬁ)J =0,
) = ﬂk]1|I\7\ - dlag(Apxgj) diag(Apzéj)]l\Ijh (rlafz)]: =0, (253)

(ris)g = i1 7] — diag(A,wl) diag(Apsy) 1 7, (ris)zr = 0.
6: Compute the final search direction:

Ak AwP) = (Apab + Aga®, Ajw® + Aw”

( bl y4 C 9 y4 c

(AyF, AZF AsF) = (Apyk + Acy”, Apzk + Az, Apsk + As")

7. Find stepsizes oy, and «yq for final search direction using (A.5)—(A.6).
8: Update the iterates:

(kL k) =(z k. k) —I—ozp(Axk Awk)
(Y R M) = (R 28, 60 4 aa(AyF, AR ASY)

. I;}l)TZ§}1+( k+1)TS§+1
9: Update the duality measure: pgy1 = ZTTI7]

Mehrotra’s predictor-corrector method

Our Nys-IP-PMM method determines the search direction by Mehrotra’s predictor-corrector method
[Mehrotra, 1992], which is considered the industry-standard approach in IPMs. The method auto-

matically selects the centering parameter oy by solving two Newton systems: the first chooses oy,
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and the second chooses the search direction. See Algorithm 6. Fortunately, the two systems differ
only in their RHS vectors, so the preconditioner can be reused.

The first direction, called predictor step and also known as affine-scaling direction, aims at
reducing the duality measure p as much as possible and ignores centrality by setting o, = 0.
Hence, the RHS vectors r,, rq, and 7, are taken to be the negative residuals of primal, dual, and
upper-bounded constraints respectively; while r,, and r,s are negative residuals of complementary
slackness (see (2.51)).

Given the predictor step and associated stepsizes, Mehrotra suggests the centering parameter
o1 = (pag/1r)3, where g is the hypothetical duality measure resulting from making the predictor
step (see (2.52)). The second direction, called the corrector step, consists of centering component
and correcting component that attempts to compensate for error in the linear approximation to
complementary slackness. See (2.53) for the associated RHS vectors. The final search direction is

the sum of predictor step and corrector step.

2.4 Numerical experiments for Nys-IP-PMM

We demonstrate the effectiveness of Nys-IP-PMM numerically in this section. We compare Nys-IP-PMM
with other matrix-free IP-PMMs: IP-PMM using CG (CG-IP-PMM) and IP-PMM using PCG with the
partial Cholesky preconditioner (Chol-IP-PMM). In Section 2.4.1, we show that matrix-free algo-
rithms can handle a large-scale portfolio optimization problem that is too large for IPMs using a
direct inner linear system solver. Among the matrix-free methods, Nys-IP-PMM is fastest. Sec-
tion 2.4.2 compares these matrix-free methods on linear support vector machine (SVM) problems
[Fine and Scheinberg, 2001, Woodsend and Gondzio, 2011, Gondzio and Grothey, 2009, Woodsend
and Gondzio, 2009]. Nys-IP-PMM beats Chol-IP-PMM substantially. It also improves on CG-IP-
PMM when the constraint matrix A is dense, and is never much slower.

All experiments were run on a server with 2x 64-core AMD EPYC 7763 @ 2.45GHz, 1 TB RAM.
We only use 16 cores for any given experiment since the calls to BLAS are limited to 16 threads.
The implementation uses Julia v1.9.1 [Bezanson et al., 2017]. Code is publicly available at https:
//github.com/udellgroup/Nys-IP-PMM. Input matrices () and A are passed as linear operator
objects using LinearOperators.jl [Orban and Siqueira, 2024], while Krylov.jl [Montoison and
Orban, 2023] is selected, because of its efficiency, as the implementation for the conjugate gradient
(CG) method. When entrywise access to A is available, our implementation for the partial Cholesky
preconditioner provides an option to compute the diagonal of N more efficiently (see footnote 2).
Our experiments use this option for Chol-IP-PMM. Hence the performance of Chol-IP-PMM is better
than it would be in the matrix-free setting, understating the advantage of Nys-IP-PMM.


https://github.com/udellgroup/Nys-IP-PMM
https://github.com/udellgroup/Nys-IP-PMM
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Figure 2.1: Relative primal/dual infeasibility and optimality gap versus cumulative time for portfolio
optimization problem with n = 80000, d = 50000, and s = 100.

2.4.1 Large-scale portfolio optimization problem

This experiment showcases the use of Nys-IP-PMM for large-scale separable QPs. We construct a
synthetic portfolio optimization problem, which aims at determining the asset allocation to maximize

risk-adjusted returns while constraining correlation with market indexes or competing portfolios:

minimize —rTz 4+ y2T Sz

(2.54)
subject to Mz <u, 172 =1, x>0,

where variable x € R" represents the portfolio, 7 € R™ denotes the vector of expected returns, v > 0
denotes the risk aversion parameter, ¥ € S} (R) represents the risk model covariance matrix, each
row of M € R4*™ represents another portfolio, and u € R? upper bounds of the correlations. We
assume a factor model for the covariance matrix ¥ = FFT 4+ D, where F € R™*® is the factor
loading matrix and D € R™ "™ is a diagonal matrix representing asset-specific risk, and solve the
equivalent reformulation of (2.54). See Appendix A.3.1 for details.

In our experiment, a true covariance matrix % is generated with rapid spectral decay followed
by slow decay; the rows of M are normally distributed; the expected returns r are sampled from
standard normal; correlation upper bounds w are sampled from a uniform distribution, and -y is set
to 1. To obtain the risk model ¥, we use the randomized rank-s Nystrém approximation on %% to
compute the factors F and define D by diag(D) = diag(X — FFT). The demonstrated problem
instance has dimensions n = 80000, d = 50000, and s = 100. The normal equations to solve
at each iteration have size d + s + 1 = 50101. The tolerance for relative primal-dual infeasibility
and optimality gap p is set as € = 10~°. Figure 2.1 shows history of these three convergence
measurements versus wallclock time. Nys-IP-PMM with sketchsize ¢ = 20 converges 2x faster than
CG-IP-PMM and more than 3x faster than Chol-IP-PMM.



CHAPTER 2. RANDOMIZED PRECONDITIONERS IN INTERIOR POINT METHOD 31

2.4.2 Support vector machine (SVM) problem

The linear support vector machine (SVM) problem solves a binary classification task on n samples
with d features [Deisenroth et al., 2020, Chap. 12]. It is well-known that dual linear SVM with
{1-regularization can be formulated as a convex QP [Fine and Scheinberg, 2001, Woodsend and
Gondzio, 2011, Gondzio and Grothey, 2009, Woodsend and Gondzio, 2009]. See the formulation we
used in Appendix A.3.2. In this example, the constraint matrix A contains the feature matrix as a
block and thus can be very dense. We use the medium-to-large sized real datasets from UCI [Kelly
et al.] and LIBSVM [Chang and Lin, 2011] listed in Table 2.3.

Table 2.3: SVM Datasets information.

Datasets Features d Instancesm nnz % Datasets Featuresd Instancesn nnz %

SensIT 100 98 528 100.0  Arcene 10000 100 54.1
CIFARI10 3072 60 000 99.7 Dexter 20000 300 0.5

STL-10 27648 13000 96.3 Sector 55197 9619 0.3
RNASeq 20531 801 85.8

SVM results

Table 2.4: Nys-IP-PMM vs other preconditioners on SVM problem.

Nys-IP-PMM CG-IP-PMM Chol-IP-PMM
Datasets IP-PMM Sum of Time IP-PMM Sum of Time IP-PMM Sum of Time Rank
Outer Iter. Inner Iter. (sec.) Outer Iter. Inner Iter.  (sec.)  Outer Iter. Inner Iter. (sec.) b, =0
CIFAR10 12 18692 1103.26 * * * * * * 200
RNASeq 14 4793 8.40 14 24689 19.59 14 20488 769.95 200
STL-10 12 119760 7691.41 12 492925 30016.8 12 491503 103 681.65 800
SensIT 15 1621 5.69 15 4569 14.12 15 1164 11.05 50
Arcene 5 386 0.233 5 649 0.278 5 6194 18.15 20
Dexter 4 344 0.202 4 333 0.122 4 3754 20.81 10
Sector 16 3570 16.33 16 4493 16.99 16 6940 681.96 20

This section evaluates the performance of Nys-IP-PMM on the SVM problem (A.9) using datasets
listed in Table 2.3. We solve SVM problems with Nys-IP-PMM, CG-IP-PMM, and Chol-IP-PMM. All
three methods are matrix-free, meaning they do not rely on direct access to the entries of Ny + 0 1.
The results, presented in Table 2.4, highlight the effectiveness Nys-IP-PMM. In contrast, Chol-IP-
PMM does not improve runtime as much, and in some cases, can even increase the required number
of inner iterations (e.g., for Arcene, Dexter, and Sector). Its construction time can also be significant.
Overall, Chol-IP-PMM is often much slower than CG-IP-PMM.

The randomized Nystrom preconditioner accelerates IP-PMM more effectively on dense datasets
such as SensIT, CIFAR10, STL-10, and RNASeq. As indicated in Table 2.2, the construction time
of the Nystrom preconditioner differs significantly from that of the partial Cholesky preconditioner
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Figure 2.2: The condition numbers before and after preconditioning. The subplots represent distinct
stages of IP-PMM convergence. The red dashed line shows the unpreconditioned condition number
k(N5 ). Blue circles denote the condition number after partial Cholesky preconditioning, while
orange triangles represent the condition number after Nystrom preconditioning.

when A is dense. Datasets Arcene and Dexter are relatively easy, requiring few inner iterations even
without a preconditioner.

In summary, the randomized Nystrom preconditioner is a competitive choice for SVM problems.
It effectively preconditions ill-conditioned instances without much slowdown for well-conditioned

instances.

Condition numbers at different IP-PMM stages

We explore the impact of the preconditioner across various stages of IP-PMM by examining the
condition number. We record the regularized normal equations (2.6) in the iteration of which
IP-PMM attains primal-dual infeasibility and duality measure less than different tolerance levels
e € {1072,107%,107%,1078}. Then we compute the condition number of N5 = N}, + 6,1 before
and after applying different preconditioners. For efficiency, this experiment concerns a smaller SVM
problem formed from 1000 samples from CIFAR10; the normal equations have size 3073 x 3073.
Section 2.4.2 demonstrates the condition numbers of the preconditioned matrices with different
choices ¢ € {10, 20, 50, 100,200, 300}. The red dashed horizontal line denotes the condition number
k(Ng) before preconditioning. The blue circles denote the condition numbers after partial Cholesky
preconditioning, while the orange triangles denote those after Nystrom preconditioning. As expected,
the normal equation matrix Ns becomes more and more ill-conditioned as IP-PMM converges. The
preconditioners have similar effects at each stage of convergence. Both preconditioners reduce the
condition number by 1-2 orders of magnitude. As the rank ¢ increases, the Nystrom preconditioner
improves the condition number by another 1-2 orders of magnitude, while larger ranks barely improve

the effectiveness of partial Cholesky preconditioner.
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Figure 2.3: Runtime of Nys-IP-PMM and Chol-IP-PMM with varying rank ¢ on RNASeq dataset.
Left plot compares the two methods; right plot zooms in on the bar chart for Nys-IP-PMM. Bar height
show total runtime, which is broken into 1) PCG runtime, 2) construction time for preconditioner,
and 3) other computation (which is negligible). Blue number above bar gives percentage PCG time.

Rank /¢ versus total/construction/PCG Time

We illustrate trade-offs between the rank ¢ and the wallclock time of Nys-IP-PMM and Chol-IP-
PMM. Figure 2.3 shows the averaged wallclock time over 4 independent runs for SVM problem on
the RNASeq dataset, where the normal equations have dimension 20532 x 20 532.

The left subplot of Figure 2.3 shows that the Nystrom preconditioner reduces overall runtime
dramatically compared to the partial Cholesky preconditioner. The construction time for the partial
Cholesky preconditioner increases with increased rank (as expected), while the PCG runtime does
not decrease and even increases. We see that partial Cholesky is not an effective preconditioner for
this problem.

Zooming in, the right subplot of Figure 2.3 shows the trade-off between the rank parameter
¢ and the total time for Nys-IP-PMM. The PCG runtime dominates for smaller ranks, while the
time to construct the preconditioner dominates for higher ranks. The overall time exhibits a U-
shape: excessively small or large ranks lead to slower computational times. Further improvements to

Nys-IP-PMM might be achieved by tuning the rank for each problem and by reusing the preconditioner

between iterations.

2.5 Concluding remarks

This chapter presents a new algorithm, Nys-IP-PMM, for large-scale separable QP by solving the

normal equations in IP-PMM using randomized Nystrom preconditioned conjugate gradient (PCG).
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Nys-IP-PMM leverages matrix-free preconditioning for computational efficiency. Theoretical anal-
ysis and numerical experiments demonstrate superiority of Nys-IP-PMM over existing matrix-free
IPM-based methods. Our open-source implementation provides a flexible basis for further explo-
ration of matrix-free regularized IPMs, including new preconditioners, extensions to hardware accel-
erators such as GPUs, and IPMs for non-separable QP (which require using the augmented system)
or other classes of optimization problems. By combining theoretical insights with empirical valida-
tion, our work advances the state-of-the-art in large-scale optimization, with potential applications

in finance, engineering, and machine learning.



Chapter 3

Hypergradient Descent Method

In this chapter, we consider unconstrained smooth convex optimization problem

minimize f(z),

where f : R® — R is convex and L-smooth with f* := min, f(z) > —oo. It is well-known that
gradient descent with stepsize 1/L converges with iteration complexity O(klog(1/¢)), where k = L/
is the condition number of the problem. Two major techniques have been developed in the literature
to accelerate gradient descent. Ome is to improve the dependence on k through Nesterov’s fast
gradient method [Necoara et al., 2019, Nesterov, 2013]; the other is through preconditioning: a
positive definite matrix stepsize Py, known as preconditioner, premultiplies the gradient to improve
convergence:

h =2k — PV f(2"). (3.1)

Preconditioning has been a standard tool in convex optimization and numerical linear algebra to
improve the convergence of gradient descent [Li, 2017, Maddison et al., 2021, Li et al., 2016, Frangella
et al., 2022, 2023a] or other iterative methods [Saad, 2003], and it is closely related to the well-
known adaptive gradient methods [Duchi et al., 2011, Kingma, 2014, Zhang et al., 2024], either for
online learning or for a general optimization problem. Some recent results quantify the effect of
adaptive methods on problem conditioning [Das et al., 2024]. In the context of machine learning,
adaptively choosing a preconditioner is also relevant to hyperparameter tuning [Hospedales et al.,
2021, Necoara et al., 2019], especially choosing a learning rate schedule [Defazio et al., 2024]. The
choice of learning rate schedule strongly affects the performance of gradient descent in practice
[Defazio et al., 2024, Agarwal et al., 2020]. Various stepsize selection strategies have been proposed
to improve the convergence of gradient descent. Examples include line-search [Armijo, 1966], Polyak
stepsize [Polyak, 1987], stepsize scheduling [Li et al., 2021, Wang and Yuan, 2023], hypergradient
descent [Almeida et al., 1999, Rubio, 2017, Baydin et al., 2018] and the well-known adaptive stepsizes

35
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[Orabona and P4&l, 2016, Duchi et al., 2011, Kingma, 2014, Malitsky and Mishchenko, 2020, 2024].

Gao et al. [2024] proposed the online scaled gradient method (0SGM), a framework that adap-
tively updates the preconditioner P, and accelerates gradient-based methods through online convex
optimization. The main idea is to locally measure the quality of stepsize P, by the contraction ratio

of suboptimality at x*:

FEM) — ffat = PV - £

el = e T T T ) -

The suboptimality after K iterations of preconditioned gradient descent (3.1) is the product of these
ratios 7. (Px) and can be further bounded by their cumulative sum using the arithmetic-geometric

mean inequality:

f( K+1 * k+1

f
f(a! H

1 "
H Tk Pk E erk (Pk) . (3.2)
k=1

Fast convergence is achieved if we prespecify stepsizes {Py} to minimize Zszl 74x(Py), which is
hard for a given instance f, as the function 7, (P) depends on the previous sequence of stepsizes
and the optimization landscape. However, this problem is ideally suited to online learning, which
optimizes a cumulative sum of functions with provable regret guarantees even when the functions
are adversarially chosen. For example, updating {Py} with online gradient descent Py = P —

nVrx(Py) guarantees sublinear regret with respect to any fixed stepsize P [Orabona, 2019]:

z:: w(Py) < = 2:: T) (3.3)

We may take P equal to the optimal preconditioner P that achieves the optimal condition number
k* < k and hence the ratio r » (P) < 1— =-. The regret guarantee (3.3) together with (3.2) implies

a convergence rate

K
fa) = < () - 1) (1- 4o (=) (3.4
as well as an asymptotic iteration complexity O(x* log(1/¢)). Online scaled gradient methods (0SGM)
is a family of first-order methods that update the stepsize on the fly using online learning on a
convergence measure.
This chapter focuses on the hypergradient descent method (HDM), which was initially proposed
by Almeida et al. [1999] as a heuristic for stochastic optimization. It was later tested by Baydin

et al. [2018] on modern machine learning problems and exhibited promising performance. In HDM,
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Figure 3.1: The convergence behavior of different HDM variants on a toy quadratic optimization
problem. Figure 3.1a: two-phase convergence behavior of vanilla HDM. Figure 3.1b: effect of null step
and our best variant HDM-Best.

the stepsize ay, is adjusted by another gradient descent update:

s = ok — T [f (= — aV ()]

do a=ay
—(Vf(@@*), Vf(h))
= Ok T Nk YE ’
V£ ()]
where the hypergradient stepsize 7y is often set to be 7, = va?w for mr > 0 to make the

update invariant of the scaling of f. Gao et al. [2024] generalized HDM to update a matrix stepsize

(preconditioner) P € R™*"™ in preconditioned gradient descent through the iteration

f T = gk — PV (2P, (3.5)
i v/ k+1 \V4 ENT
Py =Py, — g fﬁ:vvf(;k)ﬁ‘z(x ) ) (3.6)

where (3.6) follows from
Velf@@® =PV f")]|p_p = -V V")

We call the update (3.5)-(3.6) vanilla HDM throughout the paper. In practice, matrix stepsize Py is
often set to be diagonal and the update (3.6) simplifies to

—diag(V f(z**1) o V f(zF))
[V £ ()2 7

Poi1 =P, —m

where o is the entry-wise product and diag(d) is the diagonal matrix with d € R™ on the diagonal.
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While vanilla HDM has been used heuristically in various applications [Chandra et al., 2022, Wang
et al., 2023, Ozkara et al., 2024, Baydin et al., 2018], it can be unstable if the hypergradient stepsize
Mk is not carefully tuned [Kunstner et al., 2024, Chandra et al., 2022, Rubio, 2017]. Figure 3.1a
shows f(z¥) can spike as high as 10%° in the early iterations of vanilla HDM, which would lead users
to abandon the algorithm. Surprisingly, our analysis reveals that this behavior of HDM is not true
divergence; instead, it can be understood as the warm-up phase of an online learning procedure, and
is followed by fast convergence (Figure 3.1a). Moreover, we show in both theory and practice that
the explosion of f(z*) can be circumvented by taking a null step, which skips the update whenever
the new iterate fails to decrease the objective value, i.e., f(x* — P,V f(z¥)) > f(2*). The null steps
flatten the objective value curve in the warm-up phase of HDM but cannot shorten the warm-up
(Figure 3.1b).

Our analysis exploits the online learning framework by Gao et al. [2024], in which the authors
observe that the P-update (3.6) in vanilla HDM can be viewed as online gradient descent with respect

to the online surrogate loss
flx = PVf(z)) - f(z)
IV f(2)]? '

The function h,(P), called hypergradient feedback in this paper, is a function of preconditioner P

hy(P) :=

(3.7)

and is well-defined for all non-stationary . To see that (3.6) aligns with the online gradient descent

update, notice Vhx(Py) = —W so the update (3.6) sets

Pry1 = Py — e Vhyr (Py).

To ensure boundedness of Py, P-update in [Gao et al., 2024] and in this chapter is projected onto a

bounded closed convex candidate set P:
Piy1 = p[Py — iV (Py)]

However, we do not require P to be a subset of positive (semi)definite cone and P is often taken to

be a simple subset such as a ball or a box.

Algorithm 7 Hypergradient Descent Method (HDM)

1: input initial point 2!, P; € P (not necessarily PSD)
2: for k=1,2,...do
3: Pl = arg min f(@)
ze{zk, xk—P,V f(z*)}
4 Py =p[Pr — Vg (Py)]
5. end for

Vanilla HDM + null steps (Algorithm 7) was first considered by Gao et al. [2024] and guaranteed

to converge globally. However, their analysis is not sufficient to explain the practical behavior of HDM
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and provides no advice for how to design a practically efficient HDM. In this paper, we dive deeper into
the convergence behavior of HDM (Algorithm 7), establishing sharper global convergence guarantees
and conducting a local convergence analysis. Our findings offer new insights into (vanilla) HDM and

serve as a foundation to design more efficient and practical variants of HDM. In this chapter, we

e provide the first rigorous convergence analysis for HDM, including both global and local conver-
gence guarantees (Section 3.2) that show HDM can adapt to the local optimization landscape.
Our analysis provides several new insights into how HDM adapts to optimization landscapes
(Section 3.2.2), why vanilla HDM is unstable in practice (Section 3.2.3), and the connection
between HDM and quasi-Newton methods (Section 3.2.4).

e develop and analyze an improved variant HDM + heavy-ball momentum (HDM-HB in Section 3.3),

which has the same convergence rate as HDM but is faster than HDM in practice.

e develop a practically efficient variant HDM-Best (Figure 3.1b), which updates ¥ by precon-
ditioned gradient descent with heavy-ball momentum and jointly updates P, and momentum
parameter by AdaGrad. Our HDM-Best outperforms most adaptive first-order methods and
performs on par with L-BFGS (with memory size 5 or 10) using less memory (memory size 1)
(Section 4.5).

Notations. We denote Euclidean norm by | - || and Euclidean inner product by (-,). The upper
and lower case letters A, a respectively denote matrices and scalars. Denote the Frobenius norm
by [|Allp := y/>;; ai;. Define [-]4 := max{-,0}. We use Il¢[-] to denote the orthogonal projection
onto a closed convex set C and use dist(x,C) := ||x — II¢[z]|| to denote the distance between a point
x and a closed convex set C. Denote the optimal set of f by X* = {z : f(z) = f(z*)}; and the
a-sublevel set of f by L, := {z : f(z) < a}. The condition number of an L-smooth and p-strongly
convex function is k := L/u. For consistency of notation, a stepsize P in this paper always refers to
a matrix applied in the gradient update. Define the set of scalar stepsizes S := {P = ol : « € R}
and diagonal stepsizes D := {P = diag(d) : d € R"}, for which the hypergradient feedback (3.7)

simplifies to

NMIGIE P =3

flea—doVf(zx
IVf(z)]

ha(a) = L@ =0VI@) = f()

ha(d) == )gf() if P=D.

3.1 Background: HDM and Online Learning

This section establishes the connection between HDM and online learning through the framework in

[Gao et al., 2024]. We refer to the following assumptions in the paper.
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A1l: f(z) is L-smooth and convex.
A2: f(x) is p-strongly convex with p > 0.

A3: Closed convex set P satisfies 0 € P, L' € P and diam(P) := minpgep |P—Qllr < D < .

3.1.1 Descent Lemma and Hypergradient Feedback

Hypergradient feedback (3.7) is motivated by descent lemma:

flo - 79(@) - f(z) <~ V@),

The descent lemma states that, under the constant stepsize P = %I , the function value progress
of a gradient step is at least proportional to ||V f(x)||? with ratio —1/(2L). When an (effective)
preconditioner Py is used, the effective smoothness constant decreases, and thus the ratio h,(P) =
W is expected to become smaller than —1/(2L), yielding faster convergence. Hence,
the ratio h,(P) is a suitable feedback to measure the quality of a preconditioner. HDM uses this
feedback to learn a good preconditioner with online gradient descent. The hypergradient feedback

h;(P) has the following properties.

Lemma 3.1 (Extension of Proposition 6.1 in [Gao et al., 2024]). For any z ¢ X*.

e Under A1, h,(P) is convex and L-smooth and hy($1) < —5-. Moreover, if A2 holds and P C S,
then hy(«) is p-strongly conver.

o Under Al and A3, h,(P) is (LD + 1)-Lipschitz. Moreover, if A2 holds and P C D, then hy(d)

is ﬁ-ewponential concave [Hazan et al., 2007].

Proof. Consider the first property. Convexity and smoothness follow directly from Gao et al. [2024].
_ flz—aVf(@)—f(=*)

To verify strong convexity, note that for h,(a) = NEGIE
w4 [(Vf(@—aVf(z)), Vf(x)>] _ < Vi) o Vf(z) >
h = — = \V/ AN
A= 4 iG]k GRS

since V2f(z) = ul and x ¢ X*. This completes the proof of the first property.

Next, we consider the second property. Lipschitz continuity also follows from Gao et al. [2024].
To verify exp-concavity, recall that a twice-differentiable function h is 3-exp-concave if V2h(z) =
BVh(z)Vh(z)" for some > 0. By definition of D,

Vi@)oVf(x—PVf(x))  diag(Vf(z))Vf(z - PVf(z))

Vhe(P) = — IV f(@)]2 - IV f(x)|?
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and V2h,(P) = diag(V/(2)) V" f‘(éfggﬂf(m)) dias(V/@)  Using V2f(x — PV f(z)) = pul, we deduce that

V2hy(P) — BVhy(P)Vhy(P)"

_ diag(Vf(2))V2f(z — PV f(2)) diag(Vf(2))  ,diag(Vf(2))Vf(z — PVf(2))Vf(x - PV[(z))" diag(V[(z))

VT @2 —F V@)
Vi) \ oo V(e - PY@) Vile - PYf@)T] . ([ Vi)
diag <||Vf(w)||) [V e =PV i@) = A= 177 @l } diag <||Vf(w)ll)
T

= ding <||§§Egn) [‘” —F W(ﬁv_fiz ﬁw V”ﬁ&ﬁfﬁ“” } diog <||§§§gn) (3:8)

where (3.8) uses p-strong convexity of f(x). Now, it suffices to verify that

Vi PYI() Vi~ PYS@)T  p

V@l Vi@l -8 (3.9)

for all z ¢ X*. Write Vf(‘fv;g(j)ﬂm) = Hgﬁg\l + fw*lig%gffvﬂw) and let z := Vf(zx—PVf(z))—

Vf(x), we have, by L-smoothness, that ||z]| < L||PV f(z)| < LD||V f(z)|| and

HVf(:v—PVf(m))Vf(a:—PVf H P )( Vi) = )T
IV f (@)l IV £( IIVf HVf(af)ll IVf@)I - V()
H )T 2Vf(x)T  Vf(x)zT n 227
IVf ||2 IVf@? (IVA@I? (V)2
2|l 217

s bl 2
IV f(z)|l + V£ ()| =1+ ||Vf($)||) < (1+LD)=.

Hence, for g < W the relation (3.9) holds. We conclude that h,(P) = hy(d) is W-

exponential concave. O

<1+

3.1.2 Online Learning Guarantees

Using convexity and Lipschitz continuity of h,(P), analysis in online learning [Orabona, 2019, Hazan

et al., 2016] guarantees sublinear regret for online gradient descent.

Lemma 3.2 (Sublinear regret [Gao et al., 2024]). Under A1 and A3, online gradient descent

Pk+1 == H'p [Pk - ’r]thxk (Pk)] (310)
with stepsize Ny = m orm = m generates { Py} such that
K K
> hee(Py) = min > hoi(P) < p :=8D(LD + 1)VK. (3.11)

pPeP
k=1 k=1
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Proof. We use Lipschitz continuity from Lemma 3.1 and (3.14) from Lemma 3.6 by taking v = 14+ LD

_ D
and n = IDIOVE" O

If strong convexity A2 is further assumed and Py € S, a different choice of hypergradient stepsize

M in (3.10) improves the regret to log K.

Lemma 3.3 (Logarithmic regret). Instate A1l to A3 and suppose P C S. Then online gradient
descent (3.10) with np = 1/(ku) generates { Py} such that Zszl hyr (Pr) — minpep Zszl har (P) <
(LD+1)? log K

5 og K.

Proof. We use Lipschitz continuity and strong convexity from Lemma 3.1 and invoke Lemma 3.7 by
taking y =1+ LD. O

Given exponential-concavity of h, in Lemma 3.1, it is possible to apply online learning algorithms

such as the online Newton method [Hazan et al., 2007].

Remark 3.4. The diameter D of candidate stepsize set P is measured in Frobenius norm (A3)
and can incur dimension dependence in the regret bound when Pj are diagonal or full matri-
ces. This introduces a trade-off between online regret and the best possible cumulative feedback
minpep Zle hgr (P): full matrices may achieve smaller feedback but have larger dimension factor

in the regret bound. Diagonal stepsize often strikes a good balance in practice.

3.1.3 Hypergradient Reduction and HDM

One major contribution of Gao et al. [2024] is a reduction that relates the minimization of cumulative
hypergradient feedback Zszl hor (Pg) to the function value gap. We provide a sharper version of

this reduction.

Lemma 3.5 (Sharper version of Lemma 6.1 in Gao et al. [2024]). Under A1, the iterates generated
by Algorithm 7 satisfy

AQ
K max{ £ S0, —hax(Pe), 0}

f(:cK“)—f(x*)Smin{ ,f(wl)—f(x*)},

where A = max,ep ming«ex+ ||z — z*||. Further, under A1l and A2,

fzl)
P @) < (76 — 1) (1 2pmax { S b (P, 0})

Proof. The proof resembles Gao et al. [2024] and uses a tighter analysis. Consider the optimality
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measure f(z¥*1) — f(z*), and we deduce that

1
f@) — f@*) = ————
faB+)—f(ar)

1

- =K 1 1 1
2 k=1 F@FO)=F@) ~ F@—F@) T TE—F@
1

T K F@F)—f(aF T 1
k=1 T FENFER 7] T FE-FE
1

T K max{— (P00} [V/ @) 1
k=1 T F @R 7] T FE—F@

Next, using f(z) — f(a*) < |V f(@)] - | — 2*]]

max{—hgx (Ps), 0}V f(xF)||? - max{—hy(Py),0}||V f(2*)|? S max{—hy»(Py),0} N max{—hxk(PkLO}.

[f (@) = fa)][f (%) = f(@*)] — [f(@F) = f(a*)]? T dist(ah, A2 T A?
Finally, we deduce that
A2
flafHh) = fla*) < 3
’ ‘ Zszl max{_hzk (Pk)ao} + f(xl)A,f(T*)
A2
< e Az
maX{Zk_zl 7hzk (Pk), 0} + W
< mm{ A7 ) - f(fc*)}
K max{ % S, —hye(P), 0}
and this completes the proof. O

According to Lemma 3.5, the negative average feedback % 22{:1 —hgr (Py) determines the rate
for sublinear/linear convergence of Algorithm 7: larger + Zszl —hgr (Py) implies faster convergence.
Given the objective % Zszl —hgk (Py), HDM applies online gradient descent to generate a sequence

of preconditioners { P} that guarantee the following lower bound:
1K K
?Z_haﬂ“(Pk) > maXEZ—hwk(P) +o(1). (3.12)

Equation (3.12) follows from the sublinear regret pr = o(K) in Lemma 3.2 and Lemma 3.3, implying

2K =o(1).
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3.2 The Convergence Behavior of HDM

This section presents our main convergence results on HDM and consequent insights. All the analyses
are based on the online learning framework established in Section 3.1, together with the known

online learning results collected in Section 3.2.1.

3.2.1 Known Results in Online Learning Literature

Lemmas below collect auxiliary results known in online learning literature, which will be used later

in the analysis of HDM.

Lemma 3.6 (Sublinear dynamic regret [Hazan et al., 2016]). Given a family of convex and -
Lipschitz losses {hy}, online gradient descent Pry1 = Up[Py — nVhi(Py)] with constant stepsize
1 > 0 generates a sequence of scaling matrices { Py} such that

2

K
> [hi(Pe) = hi(Pr)] < o
k=1

+ gﬁK + %PL({P;C}). (3.13)

where {Py}, B, € P are arbitrarily chosen competitors and PL({Py}) := Zle | Py — Prsa|lr is the
path length of the competitors. In particular, if Py = P, then PL({I:’k}) =0 and

o
+ 29*K. (3.14)

K
[hi(Px) — h P
kz::l k(Pr) k(Pr)] < o T2

Proof. The result follows from a standard dynamic regret analysis from online convex optimization

literature, and we adapt the proof for our analysis. For any P € P, we deduce

| Pes1 — Pl% = |Up[Py — nVhi(Py)] — Pl|7

< ||Py — P —nVh(Py)|| 7 (3.15)
< ||Px — P||7 — 20(Vhi(Py), Pu — P) + 0?|Vhi(Pr) |7
< ||Px — P||3 — 2n[hs(Pe) — hie(P)] + n*~2, (3.16)

where (3.15) uses non-expansiveness of orthogonal projection; (3.16) applies convexity and y-Lipschitz

continuity of hy. Now, let P = Py, and we re-arrange to get

A 1 A A
he(Pe) = b(Pe) < 50 01P = Pl = P = Billi) + 50

1 ~ n
= %[HPkH% — [|1Pes1llF + 2(Pe, Poy1 — Pe)] + 572
D2
2n

IN

D U
— || P, — P — 1
+277H e+1 k||F+277 (3.17)
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where (3.17) uses Cauchy’s inequality (Py, Poy1 — Pi) < ||Pll - |Pes1 — Prll < D||Pri1 — Pl

Telescoping,

K D2 7] K
PK .
th Py) — hi(Pr)] < % 57 Z 1Px = Peial
k=1 [t
and this completes the proof. O

Lemma 3.7 (Logarithmic static regret [Orabona, 2019]). Given a family of u-strongly convex and -
Lipschitz losses {hy}, online gradient descent Py1 = p [Py —nkVhi(Py)] with stepsize ni, = 1/(uk)
generates a sequence of scaling matrices { P} such that Zszl hi(Py) — hi(P) < 37%log K.

Proof. Using strong convexity, we have hy(P) > hi(Py) + (Vhi(Py), P — Py) + £||P — Pi||% and

|1Pes1 — Pll% < | Py — PlI% — 201 (Vhe(Pr), P — P) + nip?

< ||Pv — PlI% = 201l (Pr) — hie(P)] + miy® — || P — Pr|| %
k—1 2 72

:THPk*PH%*m[hk(Pk)*hk(P)]JrkT/ﬂ, (3.18)
where (3.18) plugs in n, = 1/(uk). Re-arranging the terms,
p v
(Pe) = (P) < B[k = DI~ Pl = bl Pt — P+ 21

and telescoping gives Eszl[hk(Pk) — he(P)] < 25:1 % < %(logK + 1), which completes the
proof. O

3.2.2 HDM Adapts to the Local Landscape

Our first convergence result follows by combining Lemma 3.5 and Lemma 3.2:

Theorem 3.8 (Static adaptivity). Under A1 and (A1 + A2) respectively, Algorithm 7 satisfies

A2
B — fa* min zb) — f(z* under
FR) = 7)< min{ e 1(01) = 1)} (under A1)
) = fat) < [fah) = )] (- 2umax {7jc = 5,0 (under (A1 + A2))

where A is the same as defined in Lemma 3.5, pi is defined in (3.11), and

K

1
* s
Vi = Irgnelg—kg hyr (P).

Proof. Plugging (3.11) from Lemma 3.2 into Lemma 3.5 completes the proof. O
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Theorem 3.8 has two implications: 1) Since v}y > — %= Zk Lher(£1) > 57 (by descent lemma)
and &% = o(1), both upper bounds in Theorem 3.8 converge to 0 when K goes to infinity, guarantee-
ing global convergence of HDM. 2) More importantly, v} reflects the possibly improved convergence
rate of HDM through the adaptive P-update, which depends on the local optimization landscape.
To see this, when K is large and 2% is negligible, the convergence of HDM is competitive with
preconditioned gradient descent (3. 1) with any static preconditioner In particular, the optimal

. K
Pj := argminpep % > k=1 bt (P)
the past trajectory {xk}kg x; and thus if the algorlthm Vlslts a local region with a smaller smooth-

. Note that v} (or Pj) depends only on

ness constant than the global constant L, one can expect vy > ﬁ In summary, HDM adapts to the
local optimization landscape and leads to faster convergence than standard gradient descent.
We borrow a standard dynamic regret argument in online convex optimization literature [Hazan

et al., 2016] to provide an even stronger notion of adaptivity of HDM:

Theorem 3.9 (Dynamic adaptivity). Under A1l and (A1l + A2) respectively, Algorithm 7 satisfies

* : A2 * .
) = o) < min{ g f(a1) = (01 (under A1)
F@®H) = f@™) < (f(=h) = fa®) (1 - 2Mmax {0 — L=01)" (under (A1 + A2))
where A is the same as defined in Lemma 3.5,
§% := — min [% SE ho(B) + PL({Pk})} : (3.19)

{PreP}

and PL({P}) = E2EL S0 [[Pesr — Bl

Proof. Invoking Lipschitzness from Lemma 3.1 and Equation (3.13) from Lemma 3.6 with v =

— D :
]. +LD,7] = W gives

K
Z[ (Pk)}</’K+LD+1\ﬁZ||Pk—Pk+1||F.

k=1 k=1
Plugging the relation into Lemma 3.5 completes the proof. O

Theorem 3.8 and Theorem 3.9 differ in the constants v} and 6%, as the minimum in (3.19)
searches over different optimal preconditioners for different h,x. Theorem 3.9 shows that, even if
the sequence {x*} traverses different regions of the landscape, HDM automatically chooses P, to
adapt to the local region, at the price of an additional regret term PL({Pk}). Note that the upper
bounds in Theorem 3.9 holds for any benchmark path {Pk} C P. In particular, HDM is guaranteed to
asymptotically achieve the performance of the optimal path that maximizes the algorithm progress.

Adaptivity of HDM undergirds its good empirical performance.
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Behavior of HDM and Static/Dynamic Adaptivity. We observe that the behavior of HDM can
be divided into two stages: (1) when the iterates x* are far from the optimum z*, the change in
landscape is more drastic and we expect dynamic adaptivity to capture the convergence behavior;
(2) when z* is near the optimum z*, f(x) locally behaves like a quadratic and P, remains more

stable, and thus static adaptivity describes the convergence behavior.

3.2.3 Online Regret and Instability

Though adaptive P-update underpins the strong performance of HDM, vanilla HDM is observed to be
unstable in practice. This section identifies the source of instability in vanilla HDM (Figure 3.1) based

on our analysis. We also propose two simple yet effective strategies to address the instability.

Divergence Behavior due to Regret. Recall from Theorem 3.8 that the optimality gap at
2K+1 is bounded by ﬁ%h. This rate can be better than that of gradient descent when K
is large and v > ﬁ, but the analysis provides no guarantee on earlier iterates {xk}kg k. In
particular, the convergence rate makes sense only if 7} > 5. That is, the progress Eszl hyk (Py)
accumulated by the online gradient descent outweighs its regret px. In other words, online gradient
descent takes time to learn a good preconditioner, and the regret accumulated during this warm-up
phase causes HDM to behave as if it is diverging until the progress Zﬁil hr (Py) outpaces the regret
pK- Since pg grows sublinearly with the iteration count K, HDM will eventually converge. However,
the objective value will usually explode and possibly be terminated by the user before convergence

begins. Consequently, the two-phase convergence behavior (Figure 3.1a) is rarely observed.

Addressing Instability. While our analysis guarantees HDM will converge eventually, an algorithm
that diverges up to 103 before converging is not practical. We propose two simple but effective fixes

based on our analysis:

e Null step. The z-update is skipped if new iterate increases the objective value (see the first line
of Algorithm 7). The null step ensures a monotonic decrease as HDM learns a good preconditioner,
although it requires an additional function value oracle call at each iteration. Even on iterations

k is not updated, the preconditioner P is updated using online gradient descent, so the

when z
algorithm is still making progress. In Figure 3.2, the null steps flatten the objective value curve

in the divergence phase.

o Advanced Learning Algorithms. Better online learning algorithms with lower regret shorten the
divergence phase. Figure 3.2 shows a significant speedup when the online gradient descent in
Algorithm 7 is replaced by AdaGrad. In our experiments, AdaGrad often improves the robustness
of HDM since it does not require pre-specifying algorithm parameters that depend on the total

iteration count K and provides convergence guarantees for the earlier iterates {xk} E<K-
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o \
==Vanilla HDM
==+ Null step

50 + Null step + AdaGrad
10°°L i i
0 100 200 300 400

Figure 3.2: Addressing instability of HDM

3.2.4 Local Superlinear Convergence

Figure 3.1 shows HDM converges faster than the (linearly convergent) first-order methods. In fact,
HDM exhibits local superlinear convergence on strongly convex objectives (Theorem 3.10 below). This

subsection assume a strongly convex objective (A2) and Lipschitz Hessian (A4):

A4: f(x) has H-Lipschitz Hessian.

Strongly Convex Quadratics. We develop intuition by considering a strongly convex quadratic.
For f(x) = (x, Az)—(b,z), we have * = x—[V2f(z*)] 'V f(2). In other words, P* = [V2f(z*)] !
is a universal minimizer of h,(P) that drives any non-optimal point x ¢ X* to the optimum z* in
one step. When [V2f(2*)]~! € P, Theorem 3.8 guarantees the performance of HDM is competitive
to [V2f(z*)]~!. Therefore, we expect the descent curve to decrease more and more sharply, giving

superlinear convergence (Figure 3.1a).

Local Superlinear Convergence. For general functions satisfying A4, f(z) behaves like a

quadratic near z*:

fl@) = f(a") + %@ — ", V2 f(a*)(z — 2*)).

Therefore, local superlinear convergence is expected for HDM near x*. Theorem 3.10 formalizes this

intuition.

Theorem 3.10 (Local superlinear convergence). Suppose [V2f(z*)]~! € P and assume Al to A4.

Then Algorithm 7 has local superlinear convergence:

2,2 K K
FEH) = £*) < [f) = ()] min { T 3 ot — P+ 2, 1} . G
k=1

where pg s the regret bound defined in (3.11).

Proof. For Theorem 3.10 and Lemma 3.11 only, we will define the following modified feedback
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function by replacing f(z*) in the numerator by f(z*):

) o F@ = PYFE) — f)

>0. (3.21)
IV ()]

For a fixed z, By (P) only differs from the original hypergradient feedback by a constant; it has the
same properties as the original feedback function, and the algorithm is exactly the same since only

the gradient of h, is considered in the algorithm update. Using (3.21), we deduce that

F@®+h) — f(z¥) ﬁ Fl@th) = f(z¥)
Fah =@~ T = 1@

L& ) - e\
< | =
- (K; f(a?) = f(z) >
K 7 :Ek 2 K
- (A s ) o2
k=1
K K
< (1 Zmin{zmwk(m)g}) (3.23)
k=1

Fgpeml)

where (3.22) plugs in the definition of h,; (3.23) uses L-smoothness and that h, is nonnegative.
Using Lemma 3.2, we get Zszl By (Py) < Zszl h,r (P) + px for any P € P. Next, we consider
the quantity h,([V2f(2*)]~!) and deduce that

AN
A

fl@ = [V2f @)V f(z) — fz*)

ha (V2 f(27)] 1) =

O
L = [V (@) — o o — 272
2
: ERra MOk (324)
L e = (V) V(@) — |
< ﬁ R ; (3.25)

where (3.24) uses L-smoothness f(z)— f(2*) < Z||z—2*||? and (3.25) uses ||V f(2)||? > p2||lz —z*||%.
Then,

o= V@)V f(2) - =z —a* = [V2f(@")] 7'V f(2)
= [V ()] VA f ") (@ — %) = (V () = Vf(@"))]
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since Vf(z*) = 0. Plugging in Vf(z) -V f(z*) = fol V2 f(z* +t(x — %)) (z — 2*)dt, we deduce that

192 (@) (& — %) — (V) - Vi )] = Hv2f<x*><x o [ V2 4t o) - x*)dtH

! H
/ tH||z — 2*||2dt = 5||x—x*||2, (3.26)
0

/OI[VQf(ﬂﬂ*) — V2 f(z* + t(x — 2*))](z — x*)dtH

IN

where (3.26) uses H-Lipschitz continuity of V2 f(z) and, consequently,

lo = [V2f (")) 7'V f (@) — 27|

= [V @) V(@) (@ — 2*) = (Vf(2) = V()] < %Ilw —*||? (3.27)

since V2 f(z*) = pl due to strong convexity. Plugging the relation back, we get

H? * |14
> o L gellz—2"  H?% .
he([V2f(z*)]71) < 5 ﬂllx—x*IIQ =gale-e 2. (3.28)

Since [V2f(z*)]~! € P by assumption,
2 K

K K
A A H*k
2 *\1—1 k * 12
k§:1hmk(Pk) < g:lhwk([v f@)] ) + ok < 83 k§:1\|x —"||" + px,

and we get

2Lpk

2,2 K
P = 1(@) < (') = Fa ) (min {3 e = a7+ 22, 1)
k=1

which completes the proof. 0

Theorem 3.10 justifies our observation of superlinear convergence in Figure 3.1a: for strongly
convex quadratics, the Hessian Lipschitz constant is zero (H = 0) and (3.20) guarantees the super-
linear convergence at rate O((55)K) = O((#)K ). For general strongly convex objectives, global
linear convergence (Theorem 3.8) implies limg o0 7 Zszl |z* — 2*]|? = 0 when n, = O(1/Vk). So
eventually the first term in (3.20) vanishes, giving superlinear convergence. This superlinear con-
vergence behavior demonstrates that HDM can perform significantly better than standard adaptive
first-order methods and line search. HDM represents a new family of first-order methods that achieves
superlinear convergence on strongly convex objectives, following the celebrated quasi-Newton (QN)
family [Nocedal and Wright, 1999, Fletcher, 2000]. Table 3.1 summarizes the superlinear convergence

rates of HDM and other QN methods.
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Table 3.1: Recent Superlinear convergence rates

Algorithm Rate
Greedy QN [Rodomanov and Nesterov, 2021] O e*%Kz)
Broyden family [Rodomanov and Nesterov, 2022] (e~ 2K s K)
Online-learning guided QN [Jiang et al., 2023] O(e~3Klog K
BFGS with line-search [Jin et al., 2024a,b] O (e~ Klog Ky
HDM (This chapter) O(e~ 2K o K)

HDM Learns the Hessian at the Optimum. In fact, {P;} in HDM will converge to [V2f(z*)]~!
under an assumption similar to one studied in the quasi-Newton literature Conn et al. [1991], Nocedal
and Wright [1999]. Lemma 3.11 quantifies the effect of learning the preconditioner through the
distance | Py — [V2f(z*)] 71| F-

Lemma 3.11. Under the same assumptions as Theorem 3.10, Algorithm 7 generates { P} such that

1Pess = [V2F (@) IE

_ 2 2
< 1P~ (V213 — B0 |y 9 ) b [ 2n - zt) 2E

4M3 k _ m*HQ'

[

(3.29)

Proof. Let P* = [V2f(z*)]~! for brevity and let hy(P) be the modified feedback defined in (3.21).

The update of online gradient descent implies

| Pry1 — P[5 (3.30)
= |p[Ps = nVhyr (Pe) — P17
< | Pe = nVhou (Pe) — P*|[3
= || P — P*||3 — 20(Vhoi (Py), Pe — P*) + 0?(|Vh, (Pi) | 3

< 1P = P = 200y (P) = hys (P)] + 2L s (P) = nt e (P)] (3.31)

= 1P = P* (|3 = 20l (P) = o (P7)] 4+ 2L0° (g (Pi) = e (P7)] + 2L hore (P7) - (3.32)
= 1Py = P*|[% = 20(1 = nL)[hgr (Pi) — har (P*)] + 2L0 b (P¥), (3.33)

where (3.31) uses L-smoothness and infpegnxn hy(P) = 0 for all z ¢ X*; (3.32) is a simple re-

arrangement.
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Next we lower bound A« (Py) — hye (P*). Using strong convexity,

fak = PV f") = fla* = PPV (b))
= J(@* = PVI@h) = f@*) + J(@*) = [~ PV f(h)
> Sl —a* = BV + J(@*) - fla* = P f(")), (3.34)

where (3.34) uses f(z) — f(z*) > 4|lz — 2*[|*. The first term can be bounded as follows:

2% — & — PV £ ()]
= [la* = P*Vf(a") = a* + (P* = P)Vf(a")|?
2% = P*V f(2*) — a*||* + 2(a® — P*Vf(a") —a*, (P* = Po)Vf(2")) + |(P* — Po)V (")

Y

1
I = PVFEI? = " = PPV f") —2*|%,

where we use the inequality 2(a,b) > —0|al|?> — 6~1||b||*> with § = 2. Plugging the relation back into
(3.34) and dividing both sides by ||V f(z*)]|2,

ﬁxk Pk) — hgx (P*)

_ J(a* — PVF@Eh) - f@) + f@t) - fa* — PrUf(")
IV F@h)]E

fa*) = fa* — PV f(ah))

= % (P* = Py) Hg%i’“)\l 2 B % ”xk — ﬁ;?{x(:;)Q_ 1‘*H2 + NICRIE
2% (P**P’“)% QIS:M%MP*) (3.36)
> % (P* — Py) Hgﬁizgu g I;;:ka — 2*]|? = hye (P*), (3.37)

where (3.35) uses the definition of hx; (3.36) applies the relation ||z — P*V f(x) —z*|| < %||;v—x*||2
from (3.27); (3.37) again uses the fact |V f(z)||> > p?||x — 2*||?. Putting the relations back into
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(3.33) and assuming < 37,

1Pess = P17

* (77 L77 *x\ Vf(x
< 1P~ P - PO I g pry sy |
H2’€777L77 * 7 * *
+(4u3 )||xk—x|\2+2(777L77)h k(P*) + 2L02hyr (P*)
. pu(n — Ln?) o vt |2, H?k(n— Ln?) . .
= 1P = Pl = =25 (P = POfimy |+~ g lle" =@+ 20k (P7)
(3.28) (n— Ln?) 012 H%k(n— Ln?) H?k
_ *2_:“77 Ui _ px\ V(") n n k%2 k_
< P — P*w 9 (P P)va(zk)u + 473 &4 z*||* +2n E B €

_ %112 N(W—LUQ) * f (=) 2 2 H?k k *1|2
_HPk_P HF_f (P - PF )va( ] +<277_L77 )Tm”w - ” .

This completes the proof. O

Relation (3.29) consists of three terms: the distance ||Py — [V2f(z*)]71||%; a decrement in the

k

distance; and an error term that converges to zero as ¥ — x*. The decrement is determined

: —1y_Vi(")
by the magnitude of H(Pk — [V2f(@)]™) Wf(xk)ul

k
operators Py, and [V2f(z*)]~! in the (umt) gradient direction %. To ensure fast convergence,

it suffices for P,V f(z*) and [V2f(2*)]71V f(2*) to remain sufficiently close. If the set {Ilgfgk i }

spans the entire space over the iterations, P, and [V2f(2*)]~! should align in all directions, leading

, which measures the difference between the

to convergence of {P;}. Theorem 3.12 below formalizes the statement. The proof is long and is
deferred to Appendix B.1.

Theorem 3.12 (Convergence of the preconditioner). Instate the same assumptions as in Lemma 3.11

and let iy, = n € (0, m} in online gradient descent (3.10). Suppose the gradient directions
{ va xk)H} are uniformly independent 1. Then limy_, || Pr — [V2f(z*)]71|| = 0.

The convergence of stepsize in HDM was observed experimentally by Baydin et al. [2018] for a

scalar stepsize. (P C §). Our result theoretically justifies this observation.

HDM and Quasi-Newton Methods. Our results identify a similarity between HDM and quasi-
Newton methods. Both learn the inverse Hessian operator g +— [V2f(2*)]'g as the algorithm
progresses, but through different properties of the operator. The quasi-Newton methods use the
secant equation z —y ~ [V2f(2*)] "1 (V f(x) — Vf(y)) for 2,y close to * and enforce this equation,
replacing the inverse Hessian by Py, to guide learning Jiang et al. [2023]. In contrast, HDM learns
an optimal preconditioner for the function. Since the function is locally quadratic, this optimal

preconditioner is the inverse Hessian. HDM uses the hypergradient feedback h, (P) to directly measure

1The formal definition of a uniformly independent sequence is given in Appendix B.1, which is adapted from
quasi-Newton literature Conn et al. [1991], Nocedal and Wright [1999]

*”2
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the quality of the preconditioner and can search for an optimal preconditioner in a given closed
convex set P, whereas quasi-Newton methods use the secant equation as an indirect proxy. Both
approaches require a safeguard to prevent divergence in the warm-up phase, which is achieved by

line-search in quasi-Newton and null step in HDM.

3.3 HDM with Heavy-Ball Momentum

In this section, we develop the variant of HDM with heavy-ball momentum Polyak [1964]. Heavy-ball

method is a practical acceleration technique:
2" =% — PV f(2®) + B(aF — 2F 1), (3.38)

The momentum parameter By is typically chosen as a scalar By = ;I with 8 > 0. HDM can learn
a matrix momentum By € B C R™*" with convergence guarantees (Theorem 3.16) when B satisfies

this assumption:
A5: Closed convex set B satisfies 31 € B, diam(B) < D.

HDM can jointly learn the pair (Py, By) using the modified feedback function

1/)($+(P,B),x) B 1/J(33>$_)
IVF@)I? + Flle— 2>

hy - (P,B) = (3.39)
where 9 is the potential function for heavy-ball momentum defined by ¢(z,27) := f(z)+ %[z —z~|?
Danilova et al. [2020]; 27 (P,B) := z — PV f(z) + B(x — 2~) updates z; and w > 0 and 7 > 0
are constants. Algorithm 8 presents the resulting method, HDM-HB, which uses HDM, heavy-ball
momentum, and a null step to ensure decrease of the potential function . Figure 3.3 compares non-
adaptive heavy-ball (P, = o, B, = 1) against HDM-HB with full-matrix/diagonal preconditioner

and scalar momentum.

Algorithm 8 HDM with heavy-ball momentum (HDM-HB)

1: input initial point 2° = 2!, n,,m > 0, P, By

2: for k=1,2,... do

3: 2k H1/2 = gk — PV f(2*) + By (2F — 2k 1)

4: Pk+1 = Hp[Pk — anphmk,kal(P]€7 Bk)}

5: Bk+1 =IIg|B; — nbvthk’kaﬂpk,Bk)]

6: (k1 2F) = arg min P(at,z)
(zt,x)e{(ah,ak—1), (zhF1/2,2k)}

7. end for

8: output z¥*+!
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3.3.1 HDM + Heavy-ball Momentum (HDM-HB)

Algorithm 8 uses the following heavy-ball feedback function to guide the online learning for (P, By):

hy o (P, B) := Yt z) —pe,a”)  [f) + 5llet - 22 - [f (@) + £lle — 2~ |
we BB = @ gl — o P NS @I + 5o =27 ’

where w > 0, 7 > 0, 2t =z — PVf(2) + B(x — 27), and ¢(z,27) = f(z) + 4[|z — a7 |?. To
show that online learning can be applied to h, ,— (P, B) with regret guarantees, we need to verify

the convexity and Lipschitz continuity of h, ,- (P, B) with respect to the norm defined by

1P, B)l ==/ IPI% + | BlI%:- (3.40)

Lemma 3.13. Under Al, A3, and A5, the heavy-ball feedback function h, .- (P, B) is jointly
convex in (P, B) and c-Lipschitz with respect to the norm defined in (3.40), where ¢ := /2(1 +
2)[142(1+ 2)D(L +w)].

Proof. Denote (P, B) :=x — PV f(z) + B(x — 2~). Recall that the feedback function is

[f (P, B)) + g™ (P, B) — =||*] — [f () + S e — 27 |]*]
V@) + glle — 2|2 '

hz,m* (P7 B) -

Since (P, B) is affine in (P, B) and f is convex, the term f(z (P, 8))+ £ |z (P, 8) —z||? is jointly
convex as a function of (P, B). The other terms in the feedback function h, ,- (P, B) are constants,

s0 h, .- (P, B) is also jointly convex in (P, B).

To prove the Lipschitz continuity of h,, ,- (P, B), it suffices to show that the gradients of h, ,- (P, B)
are bounded. The gradients of h, ,- (P, B) with respect to P and B are

[~V f(@*(P,B)) + wPVf(x) —wB(z —a )|V f(x)"
IVf@)?+ Zllz — 2|2 7

[Vf(zH(P,B)) —wPVf(z)+wB(x—27)](x—27)"
V@2 + 5lle — 2|

Vphgo (P, B) =

vth,m* (Pv B) =

Using the fact |lab" ||p = ||a]| - ||b]|, the gradients have norms

IVf(@F (P, B)) =wPVf(x) +wB(x—a")[|VS(2)]
IVF@)I? + 3z — 2| ’

_ IVf(=" (P, B) —wPVf(x) + wB(z — a7 )|lllz — =~

V@) + 5lle — 2|2 '

||vPhw,w_ (Pﬂ B)HF =

(3.41)

Hvth,z* (Pa B)HF (342)
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Using A1, we have the Lipschitz continuity of V f(z) and thus

IVf(z"(P,B)) —wPVf(z) + wB(z —a” )|
<|IVf(@"(P,B) = Vf(@)| + (I —wP)Vf(@)l| +w|Blz — 2~ |
S LIPVf(x) = B(z —27)[[ + (L + @[ PNV (2)]| + || Bl [l — 2 ||
< LD(|Vf@)[ + llz =2~ ) + (1 + wD)[[Vf(z)|| + wDllz — 2|
=14+ LD +wD)|Vf(z)|]|+ (w+ L)D|jx — x| (3.43)

Now, we bound the norms in (3.41)—(3.42) by the case analysis.
Case 1. If Z|lz — 2~ || < ||V f(x)||?, then together with (3.43), we have

max{”vth,z* (Pa B)HFv ”vma,z* (Pa B)HF}

[(1+ LD +wD)|Vf(@)]| + (@ + L)Dllz — &~ [Jmax { vV2r=T,1} |V f ()]
IV f ()]

— V2D(w + L)

maX{\/QT ,1} T

max{\/27“17 1} (14 D(L +w)(1+vV2r—1)).

<

IN

(1+LD+wD)+

Case 2. If Iz — o~ |2 > |[V£(2)|?, then

maX{HvPhx,m* (P7B)||F? Hvth,z* (PvB)HF}
- [(14+ LD+ wD)||Vf(z)|]| + (w+ L)D|jz — =~ ||] max {\/g, 1} |z — x|
- zllz— =z~
max{m, 1} v2Q +\I}? +wD) + 2D(u;+ )
= V2r—Tmax{Vv2r—1,1}(1 + D(L + w)(1 + V2r1)).

IA

Combining the two cases, we have
2
max{||Vphy .- (P, B)||r,||VBhy .- (P,B)||r} < max {T7 1} (14+ D(L+w)(1+vV2r-1))
<A+ 21 +2(1+ 2)D(L +w)].

Then the gradient of h, ,- (P, B) under the norm defined in (3.40) is bounded by the constant
c:=v2(1+ 2)[1+2(1+ 2)D(L +w)). O

The next lemma bounds the potential at the last iterate 2% *! from Algorithm 8 in terms of the
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sum of feedback functions Ak ,r—1 (P, By).

Lemma 3.14. The sequence {x*} generated from Algorithm 8 satisfies

= f(xl) — f(:L‘*) , (344)
1+ Zk:l maX{fhxkxkfl (Pk, Bk), O}V

F@R) = fa) + SR =2k <

where V := min {%, =} and A := MaXger ., Milgrexs [l — 2.

Proof. The null step guarantees

Y@t ak) — (a2
IV @)+ Zllab — 212

= min{hyr yo—1 (P, By),0}.

Using the initial condition z' = z°, we have

1

Pt a) — fa*) = T
SR oK)= (a)
1

T =K 1 1 1

Zk:l P@FF T aR)—f(@*) — PFzF-T)—f(z*) + P(zt,z0)—f(x*)

1

= K D(aF 2o 1) —p(ahT1 k) 1

Zk:l [ (zhtl k) —f(z*)][(zF,x* =) — f(z*)] + P(zt,z9)—f(z*)

1
- ZK max{—h_x k-1 (Pk,Bk),0}IVf(z*)|2+F |lzk—z*~1|2] 4 1 ’
k=1 [ (akH+L,2R)— f(z*)] [ (aF,ak 1) f(2*)] f(zt)—f(z*)
(3.45)

. R e T IV £GPt 5 la* —a 2
Then, by monotonicity, rrerrt 5 fa e a1 7@ = (9@t e D)—F@

Now we do case analysis to bound

IVFEI? + Fllah — a2 VAR + gl — a2
Wk, )~ @ ) + gl - P ()

Case 1. If £[jz% — 2*71|2 < f(2*) — f(2*), then

IVSEOI + 5l =12 VM 1
[f(@%) + Sllah — 212 = f@)]? — Alf (%) = f@)]? 442

where A := max,cr ming«ex+ ||z — 2*||.

fal)



CHAPTER 3. HYPERGRADIENT DESCENT METHOD 58

Case 2. If 4[ja% — 2"~ 1|2 > f(a*) — f(2*), then F|a* — 2712 > Z[f(a*) — f(2*)] and

IVf(@)]* + Flla* — a2 Flla* -2 7 1 T 1
[f(2F) + §llak — k=12 — f(2)]2 T w?lah — a2t 202 ok — k7112 T dw f(a?) - f(z)

since 2% — 2h 12 < g(ak, 25 1) - f(@7) < Y(at,a) - fa*) = flad) - f(a”).

e V£ P +3lla> =z . 1 1 _ \%
In both cases, we have [w(mk,zk*%)ff(z*)]z > min{ ;xz, ﬁf(xl)_f(z*)} = e where

the constant V' is defined in the lemma. Finally, plugging in the definition of 1, (3.45) gives

K+1y _ * Wi K+1 K2 < flz') = f(z*)
f(l‘ )~ f@ )+ 2 ||J,‘ H 1+Zk 1max{ Bk Sk 1(Pk,Bk) O}V

O

Next lemma shows that there exist hindsight P, B such that Ny o (P, B) < —6 < 0 for some .

Lemma 3.15. Letw = 3L and 7 = 16L2. Then for any z,z~ ¢ X*, we have h,, .- (4LI I)§ E%L.

In particular, if ﬁ] e P, %I € B, and {z*}E_ NXx* = @, then
Nk = — th kl(PB)>i.
(P, B)EPXB K v ~ 8L
Proof. When P = ol and B = BI for some «, > 0, the classical analysis for the heavy-ball

momentum [Danilova et al., 2020] gives

1—alL 2 «@
+ + 2 < = 12 = 2
Fat) + oo et = 2l < fl@) + S-lle — 2 = SIS,
Let a = ﬁ and 8 = %, we have

3L L 1
F@h) + = et = z|® < f(z) + Fllz = o7 |* — S*LIIVf(ﬂ?)ll2
3L 1
= fla)+ 5 llz = e |* ~ g\\vf(z)\l2 — Ll -z~ |?

3L 1
= f@) + Flle -2 - 8*L[||Vf(9€)||2 +8L% |z — ™ ||?]

and re-arranging the terms, we get

flat) + 2|2t —zf? = [f(z) + 2|z — 27 ||?] 1
IVf(@)|? + 8Lz — z~||? = 8L

and this completes the proof. O
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Theorem 3.16 (Convergence of HDM-HB). Under Al, A3 and A5, Algorithm 8 with my,n, =
O(1/VK) or O(1/Vk) satisfies

. fah) - ()
S = 1607 S e~ B O T

where Vi := —mingp pyepxB + Zle ik wi—1 (P, B) depends on the iteration trajectory {z*},<r;
pix = O(VK) is the regret with respect to feedback (3.39); V := min {%, ﬁ}; A is defined

in Lemma 3.5.

Proof. By Lemma 3.13, the heavy-ball feedback is convex and Lipschitz, and thus the same proof

of Lemma 3.2 guarantees that online gradient descent
(Pig1, Bry1) = Upun[(Pr, Br) — nVhyr go—1( Py, By)]

(with n, = n, = 1) gives the regret bound

K
1 PK
? ];_:1 _hzk,mkfl(PkaBk) > ’Y’I(( - ?

for some sublinear regret px = O(v/K) and the constant v} as defined in Lemma 3.15. Using the

inequality
1 1 <
E I; maX{—hzk’wk—l (Pk7 Bk), 0} Z max {K kz:l —hwk)ajk—l (Pk, Bk), 0} Z max {’y}} - pr, O} 5

the desired result follows directly from (3.44) in Lemma 3.14. O

3.4 Practical Variant of HDM and Numerical Experiments

This section conducts numerical experiments to validate the empirical performance of hypergradi-
ent descent. We compare HDM-Best (see Section 3.4.1 below) with different adaptive optimization

algorithms.

3.4.1 Efficient and Practical Variant: HDM-Best

This section highlights the major components of our most competitive variant HDM-Best. This
variant is adapted from HDM-HB, with simplifications to reduce the implementation complexity. The

algorithm is given in Algorithm 9.
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Figure 3.3: The convergence behavior of HDM-HB on a toy quadratic problem.

Diagonal Preconditioner and Heavy-ball Momentum. HDM-Best updates x by (3.38) with
diagonal preconditioner P C D and scalar momentum B = {81 : § € R}. This choice balances
practical efficiency and implementation complexity. Boundedness of P does not greatly impact the
performance, while the bound on B can significantly change algorithm behavior. Two empirically
robust ranges for B are [0,0.9995] and [—0.9995, 0.9995].

AdaGrad for Online Learning. HDM-Best uses AdaGrad to shorten the warm-up phase for
learning of (P, Bx) (see Section 3.2.3). AdaGrad usually yields faster convergence of HDM than online
gradient descent at the cost of additional memory of size n. The implementation is available at

https://github.com/udellgroup/hypergrad. We make several remarks about Algorithm 9.

e Choice of online learning algorithm. Unless f(z) is quadratic, adaptive online learning algorithms
such as AdaGrad often significantly outperform online gradient descent with constant stepsize.
Note that AdaGrad introduces additional memory of size n to store the diagonal online learning

preconditioner U.

o Sensitivity of parameters. The two stepsize parameters in AdaGrad are the most important algo-
rithm parameters: 7,,7,. According to the experiments, 7, should be set proportional to 1/L, the
smoothness constant, while an aggressive choice of 7, € {1,10,100} often yields fast convergence.

A local estimator of the smoothness constant L can significantly enhance algorithm performance.

o Heavy-ball feedback and null step. In practice, it is observed that dropping the %||x+(P,B) —
z||? in the numerator of heavy-ball feedback (3.39) often does not affect algorithm performance.
Therefore, in Algorithm 9 the hypergradient with respect to ||z (P, B) — z||? is ignored. On the
other hand, the 7|z (P, B) — ||? term in the denominator smoothes the update of ), and can

strongly affect convergence. The parameter 7 should be taken to be proportional to L? according


https://github.com/udellgroup/hypergrad

CHAPTER 3. HYPERGRADIENT DESCENT METHOD 61

Algorithm 9 HDM-Best

1:

2

3:

4:

8:

9:
10:

11
12

input starting point 2° = z'; P = St ND, B = [0,0.9995]; initial diagonal preconditioner
Py, € S} ND; initial scalar momentum 3; = 0.95; AdaGrad stepsizes 1,,n, > 0; AdaGrad diagonal
matrix U; = 0; AdaGrad momentum scalar v1 = 0; 7 > 0
s for k=1,2,...do
oF T2 = ok — PV f(2%) + Br(a® — 2*1)
Ve s (P, o) = S8BT (@H112) 0 Vf(at)

’ IVf(@P)I? + 5 o> — ah=1]12

(VF(@H1/2), ok — k)

> element-wise product

Vghgr pi—1(Py, Br) = ~ >inner product
phetiat + (Pl B0) = (7GR o — 217

Upy1 =Uk + Vphzk’zk—l (Pk7 ﬁk) o vphzkyxk—l (Pk, Bk) > diagonal matrix

Vg1 = Vg + vghwk’wk—l (Pk7 ,Bk) . VBhwk7Ik—1 (Pk, ﬁk) >scalar

Pty =lgn oo [Pk — npUk__:l/QVthkvzk—l(Pk, 6k)] > diagonal matrix

Brt1 = o, 0.9995) [Br — ﬁbvkj{QVthk,zkfl (P, Br)]

et = argming ¢ n pes1/2y f(2)
: end for
. output zX+1!

3.

to the discussions in Section 3.3.1. The null step is taken with respect to the function value f(z)

instead of the heavy-ball potential function.

Memory usage. The memory usage of HDM-Best, measured in terms of number of vectors of
length n is 7n: 1) three vectors store primal iterates z~,z,z". 2) Two vectors store past and
buffer gradients V f(z),Vf(z*). 3) A vector stores the diagonal preconditioner Pj. 4) A vector

stores the AdaGrad stepsize matrix U.

Computational cost. The major additional computation cost arises from computing hypergradient
Vh, which involves one element-wise product and one inner product for vectors of size n. In
addition, HDM-Best needs to maintain a diagonal matrix for AdaGrad. The overall additional

computational cost is several O(n) operations.

4.2 Dataset and Testing Problems

We test HDM-Best on deterministic convex problems. We adopt two convex optimization tasks in

machine learning: support vector machine Lee and Mangasarian [2001] and logistic regression Hastie
[2009]. The testing datasets are obtained from LIBSVM Chang and Lin [2011].

3.

4.3 Experiment Setup

Algorithm Benchmark. We benchmark the following algorithms.

e GD. Vanilla gradient descent.
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e GD-HB. Gradient descent with heavy-ball momentum.

e AGD-CVX. The smooth convex version of accelerated gradient descent (Nesterov momentum).
e AGD-SCVX. The smooth strongly convex version of accelerated gradient descent.

e Adam. Adaptive momentum estimation.

e AdaGrad. Adaptive (sub)gradient method.

e BFGS. BFGS from scipy.

e L-BFGS-Mk. L-BFGS with memory size k in scipy.

e Practical variant HDM-Best uses as memory 7 vectors of size n, comparable to memory for
L-BFGS-M1.

Algorithm Configuration.

e For HDM-Best, we search for the optimal 7, within {0.1/L,1/L,10/L,100/L} and n;, € {1, 3, 5,10, 100}.

Stepsize in GD, GD-HB, AGD-CVX, and AGD-SCVX are all set to 1/L.

e The momentum parameter in GD-HB is chosen within the set {0.1,0.5,0.9,0.99}.

The Adam stepsize is chosen within the set {1/L,1073,1072,1071,1,10}. 3; = 0.9, B2 = 0.999.

The AdaGrad stepsize is chosen within the set {1/L,1073,1072,1071,1,10}.

BFGS, L-BFGS-Mk use default parameters in scipy.

Testing Configurations.
1) Mazimum oracle access. We allow a maximum of 1000 gradient oracles for each algorithm.

2) Initial point. All the algorithms are initialized from the same starting point generated from

normal distribution A (0, I,,) and normalized to have unit length.
3) Stopping criterion. Algorithms stop if ||V f]|e < 1072,

For each algorithm, we record the number of successfully solved instances (||V f||oo < 10~% within
1000 gradient oracles). Table 3.2 summarizes the detailed statistics. The number of instances solved
by HDM-Best is comparable to that of L-BFGS-M10.



CHAPTER 3. HYPERGRADIENT DESCENT METHOD 63

Table 3.2: Number of solved problems for each algorithm.

Algorithm/Problem SVM (33 1) Logistic Regression (33 1)

GD b) 2
GD-HB 9 7
AGD-CVX 8 3
AGD-SCVX 7 6
Adam 26 11
AdaGrad 9 8
L-BFGS-M1 13 11
L-BFGS-M3 20 14
L-BFGS-M5 26 16
L-BFGS-M10 31 18
BFGS 32 26
HDM-Best 32 21

Support Vector Machine. Figures 3.4 and 3.5 show the function value gap and gradient norm
plots on sample test instances on support vector machine problems. The optimal value for each
instance is obtained by running BFGS until |V f|l.c < 107%. We see that the practical variant
of HDM-Best achieves a significant speedup over other adaptive first-order methods. In particular,
HDM-Best often matches L-BFGS-M5 and L-BFGS-M10, while its memory usage is closer to L-BFGS-M1.

Notably, Adam also achieves competitive performance in several instances.

Logistic Regression. In logistic regression (Figures 3.6 and 3.7), HDM-Best still compares well
with L-BFGS-M5 and is significantly faster than other adaptive first-order methods.

Overall, HDM-Best demonstrates superior performance on deterministic convex problems and is
comparable with the mature L-BFGS family. We believe that further development of HDM will fully

unleash its potential for a broad range of optimization tasks.

3.5 Concluding Remarks

This paper addresses the long-standing challenge of establishing convergence of the hypergradient
descent heuristic. We provide the first rigorous theoretical foundation for hypergradient descent and
introduce a novel online learning perspective that extends to other first-order methods with adaptive
hyperparameter updates. Our theoretical advances support effective and scalable enhancements that
allow the (first-order) HDM to achieve superlinear convergence with guarantees that resemble quasi-
Newton methods. Building on these results, we propose HDM-Best, an efficient variant of HDM that
performs competitively with the widely used L-BFGS method on convex problems. This empirical
success positions HDM as a compelling alternative for modern machine learning. Extending the theory

of HDM to stochastic and nonconvex optimization is a crucial next step to understanding its potential
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to speed up the training of large-scale models.
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Chapter 4

Repair Layers for Neural Networks

with Hard Constraints

Deep learning (DL) models have emerged as powerful tools across diverse applications, from com-
putational biology Jumper et al. [2021], Angermueller et al. [2016] and drug discovery Gémez-
Bombarelli et al. [2018], Wu et al. [2018] to robotics Levine et al. [2016] and autonomous systems
Grigorescu et al. [2020]. Their success stems from an ability to learn complex patterns from data
and make accurate predictions in high-dimensional spaces. Increasingly, neural networks (NNs) are
being deployed as fast surrogate models that can replace or supplement traditional computational
methods. For instance, in domains where the same type of problem must be solved frequently under
real-time constraints—such as power systems operation Pan [2021] and robotic control Williams et al.
[2017]—or where individual solutions require expensive computation—such as weather forecasting
Lam et al. [2023], Bonev et al. [2025] and fluid dynamics simulations Kochkov et al. [2021]—NNs
offer orders-of-magnitude speedups compared to conventional solvers while maintaining competitive
accuracy.

Despite versatility of DL models, standard DL architectures deliver unconstrained outputs. While
simple constraints like simplex constraints and coordinate-wise bounds can be readily enforced
through architecture design, it is challenging to enforce complex constraints, even for linear con-
straints. Research on constrained neural networks is growing in the past few years Amos and Kolter
[2017], Lu et al. [2021], Iftakher et al. [2025], driven by several compelling needs.

First, many critical applications require constrained outputs to ensure validity and safety. In
learning-based control policies, outputs must satisfy safety constraints and physical actuator limits to
prevent catastrophic failures Ames et al. [2016]. In protein structure prediction, generated structures
must obey fundamental physical constraints such as proper bond geometries, tetrahedral atomic

chirality, and the absence of steric clashes to represent physically valid molecular conformations

68
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Chen et al. [2025]. In applications such as optimal power flow in electrical grids or resource allocation
in supply chains, outputs must satisfy operational constraints including power balance equations,
capacity limits, and other problem-specific requirements that define an executable solution. Violating
these constraints can lead to solutions that are not only suboptimal but potentially dangerous or
nonsensical in practice.

Secondly, constraints provide a mechanism to inject domain knowledge and inductive biases into
NNs, which can potentially improve generalization, particularly when training data is limited. In
physics-informed neural networks Raissi et al. [2019], enforcing boundary conditions and physical
laws as constraints guides the learning process toward more accurate solutions Li et al. [2024]. By
encoding known structural properties of the problem into the network architecture, we guide the
learning process toward physically plausible or operationally valid solutions.

The earliest and straightforward approach to handle constraints in NNs adds constraint viola-
tions as penalty terms in the loss function Platt and Barr [1987], Zhang and Constantinides [1992],
Mérquez-Neila et al. [2017], known as soft constraint approaches. However, this approach provides
no guarantees on constraint satisfaction at inference time. Typical gradient-based training with
soft constraints produces constraint violations on the order of 1072 or worse Donti et al. [2021],
leading to physically nonsensical or operationally infeasible solutions. Perhaps more surprisingly,
our numerical experiments reveal that soft constraint training can be counterproductive even as a
warm-start strategy (see Appendix C.4 for numerical demonstration). These observations under-
score the necessity for hard constraint enforcement mechanisms that provide both feasibility and
efficient training.

In this chapter, we introduce SnareNet (Figure 4.1), a novel framework to enforce nonlinear,
input-dependent constraints on NNs while preserving their approximation capabilities and enabling

end-to-end training. Our key contributions are:

o A practical framework: We propose SnareNet, which can enforce nonlinear, input-dependent

constraints on neural network outputs.

o Adaptive relaxation training paradigm: We introduce a novel training strategy that progres-
sively tightens constraint satisfaction during training, balancing feasibility and optimality while

avoiding the pathological behaviors often observed in projection-based methods.

e Feasibility control: SnareNet enables practitioners to explicitly control the desired level of
constraint satisfaction, allowing for application-specific trade-offs between strict feasibility and

solution quality.

e Broad applicability: We demonstrate SnareNet’s effectiveness on two problem classes, opti-
mization learning tasks and neural control policies. SnareNet consistently produces feasible

solutions with better objective values compared to state-of-the-art baselines.
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SnareNet Repair Layer R

Y  Train Loss
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Update 6
(Backpropagation)

Figure 4.1: Architecture design of SnareNet.

The remainder of this paper is organized as follows. Section 4.1 introduces the problem of
constrained NN learning and review the literature. Section 4.2 motivates SnareNet from linear
constraints. Section 4.3 presents our SnareNet for nonlinear constraints and our adaptive relaxation
training paradigm. Section 4.5 demonstrates our experiments on SnareNet. Section 4.6 concludes
with a discussion of future directions. We interleave related literature review into Section 4.1 and

Section 4.3 since literature were integral to the development of SnareNet.

4.1 Constrained Neural Networks

The fundamental task in deep learning applications is to learn complex input-output mappings
®: X — Y from data. Given input x € X, the deep learning model My : X — ) parametrized by
weights € is expected to produce an output § = My(x) that approximates y = ®(z).

These deep learning models are typically trained by minimizing an empirical risk over a finite
training dataset Xipain C X defined by L(0) = mzxe&mm £(0; z), where £(0;z) denotes a
suitable loss function measuring the discrepancy between predictions and targets for input x under
model parameter 6. For simplicity, we consider the setting where X ¢ R% and Y C R™ admit vector
representations.

In this paper, we consider the task to impose input-dependent (i.e., z-dependent) constraints on

the output y, which take the form:
ly < g (y) < ugy, (abbrev. ¢ < g(y) < u) (4.1)

where g : R" — R™ is differentiable, ¢,u € (R U {£oo})™ are lower and upper bounds respectively,

and all g, ¢, u are parametrized by input x. For notational simplicity, we suppress the dependence of
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g,¢,u on x throughout the paper. The formulation in (4.1) encompasses equality constraints when
l; = u; for index i, as well as one-sided constraints when ¢; = —oco or u; = oco. Throughout the
paper, we assume the feasible set C := {y € YV | £ < ¢g(y) < u} is non-empty for any © € X of

interest.

4.1.1 Soft-Constraint Methods

To encourage the model My to produce feasible outputs, early approaches augment the loss function
with penalty terms that discourage constraint violations by the output! § = 7(6, z) := Mg(x), also

called a soft loss:
lsort (65 2) = £(0; ) + p [ReLU(g(5) — w)[|* + pe[ReLU(C — g(9)) 1%, (4.2)

where g, > 0 and gy > 0 are penalty weights that determine the strength of the penalty, and
ReLU(-) := max(0, -) is applied elementwise. The soft loss allows the use of standard unconstrained
optimization techniques during training. This soft constraint methodology is commonly used for
data-parameterized constrained optimization problems Van Hentenryck [2025] and for solving partial
differential equations Raissi et al. [2019], Dener et al. [2020]. While penalty methods are straightfor-
ward to implement and broadly applicable, models trained with soft loss generally violate constraints
on unseen problem instances. Strict constraint satisfaction requires setting p,, and py to infinity (or
a very large number), which however makes the soft loss infinitely ill-conditioned and hard to solve
Rathore et al. [2024].

4.1.2 Hard-Constraint Methods

To impose the constraints (4.1) on the output of a baseline model My, a more sophisticated approach
appends a repair module? R : R™ — R™ that maps any potentially infeasible output § to a feasible
one . We use § = My(x), pronounced “y-hat”, to denote the approximate solution from the baseline
model, which is potentially infeasible; and we use § = R(%), pronounced “y-check”, to denote the
solution after applying the repair module, which is enforced to be feasible. Two paradigms have
appeared in the literature to couple repair modules to a baseline neural net, post-processing and

end-to-end training.

Post-Processing for Feasibility. The post-processing approach applies the repair module only

during inference, but does not allow differentiable training for model parameters 6. The simplest

1We denote the output by ¢ for simplicity when the dependence on 6 and x is clear from the context.

2We borrow the word “repair” from the term repair layer in Van Hentenryck [2025], but we call R a layer only
if it is trainable. The same concept has also been referred to as a projection layer Min and Azizan [2024], Grontas
et al. [2025], Liang et al. [2024] or a feasibility layer Li et al. [2023], Nguyen and Donti [2025] in the literature when
the repair module is trainable.
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post-processing approach is projection onto the feasible set. Given any test instance xiest and a

trained model My, the repair module projects the baseline output onto the feasible set, i.e.,

R(§) = argmin ||y — Mo(zest) |- (4.3)
yec

When C is convex, problem (4.3) is a convex program that typically can be reliably solved by existing
optimization solvers. When C is non-convex, optimization solvers still reliably find feasible (but not
always optimal) solutions to Equation (4.3). Alternatively, Liang et al. [2024] propose to use an
auxiliary deep learning model that learns a homeomorphic mapping from the feasible set to the unit
ball. However, to project an infeasible solution ¢ to the feasible set, they require binary search,

which precludes end-to-end training of the combined system.
The post-processing approach can lead to several critical problems as demonstrated in [Grontas
et al., 2025, Appendix C.4]: models trained without active constraints may diverge on unbounded
objectives. Even when they converge, solution quality may be poor after projection since the baseline

model fails to anticipate the repair operation.

Trainable Layers for Feasibility. On the other hand, the end-to-end approach activates the
repair layer during both training and inference, allowing gradients of model weights 6 to flow through
the repair operation. The baseline model My can therefore adapt to the repair operation. To enable
gradient-based optimization of the model parameters 6 via backpropagation, the repair layer must
use only operations that are differentiable almost everywhere. State-of-the-art trainable repair layers
typically employ a fixed number of iterative updates derived from classical optimization algorithms,
such as DC3 Donti et al. [2021] and IInet Grontas et al. [2025]. DC3 predicts an initial solution
using a soft penalty formulation and moves it toward the feasible region via equality completion
and gradient descent on the distance to feasibility. IInet decomposes an affine feasible set as the
intersection of two higher-dimensional convex sets and applies Douglas-Rachford algorithm to find a
feasible solution, in which the computational efficiency is improved by restricting the framework to
linear and box constraints. While these iterative approaches improve constraint satisfaction on test
instances compared to the baseline model My, backpropagating through these iterations requires
intensive GPU memory. In contrast, HardNet Min and Azizan [2024] uses a closed-form repair layer
that guarantees exact feasibility up to machine precision and enables efficient backpropagation.

However, HardNet is limited to linear constraints and often produces suboptimal solutions.

4.2 Motivation from Linear Constraints

This section presents a new perspective on HardNet Min and Azizan [2024], which enforces linear
constraints via a closed-form repair layer. We reinterpret HardNet’s repair as a two-step procedure

that first projects in image space and then maps the correction back to the domain space. This
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preimage perspective is one contribution of the present work and enable a connection to nonlinear

constraints that would not be apparent without it.

4.2.1 Closed-Form Repair Layer for Linear Constraints

HardNet Min and Azizan [2024] demonstrated that iterative repair layers are unnecessary by in-
troducing a closed-form repair layer that strictly enforces all linear constraints ¢ < Ay < u when
A € R"™*™ has full row rank:

R()) := 9+ AT8(AJ; £,u), where §(z;¢,u) := ReLU({ — z) — ReLU(z — u) (4.4)

and AT is the pseudoinverse of A. We call §(z; £, u) € R™ the correction vector to the box B(£,u) :=
{z e R™ | {; < z; < wy, Vi€ [m]}, since

zi, il <z < g
Pru)(2) = 4, if 2 < U =z+4+6(z;4,u).
ui, iz > wgg
That is, d(z;¢,u) corrects the vector z to the box B(¢,u) by elementwise projection. [Min and

Azizan, 2024, Theorem 2| shows that if A has full row rank, then the repair layer (4.4) strictly

enforces linear feasibility: for each constraint ¢ (row a; of A), the repaired output satisfies

l;, if a;r@ <l
QZTR@) = q Ui, if aiT@ > U, (4.5)

alg, ifl; <alg<u;

4.2.2 Preimage Perspective

Building on HardNet, we observe that the feasible set C can be expressed as the preimage of B(4, u)

under the map A:

C={yeR"|L< Ay <u}
={y eR"[ Ay € B({,u)}
= Preimage of B(¢, u) under A.

HardNet chooses a particular feasible solution § = R (%) that lies in the preimage of the special point
PB(r,u)(A7). When A has full row rank (i.e., A is surjective), every vector z admits a non-empty

preimage. In particular, A"z given by the pseudoinverse always lies in the preimage of z.
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y €R" z=g(y) €R™
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PB(Z,u) "“ :'E,{.(:?)
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\/ Bl
gT

Figure 4.2: The infeasible point § = My(z) is mapped to an image point g(g) € R™ that lies outside
the box B(¢,u). The box projection Pg, , (9(¢)) might have no preimage under non-linear g since
it might not lie in joint numerical range R(g). SnareNet finds a path to approach an image point
in the intersection R(g) N B(4, u), the preimage of which will be feasible.

In this interpretation, the HardNet update 1) decomposes
Pr(e,u) (A7) = A + 6(AG; £, u);

and then 2) adjusts § by the vector AT8(Ag; ¢, u), which lies in the preimage of the correction vector.

The linearity of A ensures ATd(Ag; £, u) serves as a feasibility correction:

A(G + A*S(AG: 0,u)) = A+ S(AGs £,u) = Py (Ag).

4.2.3 Challenges From Linear to Non-Linear

HardNet’s particular choice of g does not directly extend to nonlinear constraints. Example 1

illustrates the challenge:

Ezample 1. Constrain y € R? to the intersection of two disks of radius 3/2, centered at (—1,0) and

(1,0):
<u:= lg/ﬂ .
= 9/4

Now, consider the infeasible prediction § = (—1,0), which violates the second constraints but satisfies

the first one as g1(§) = 0 and g2(j) = 4. The box projection of g() is Pr(—cc,u)(9(9)) = (0, ).

(y1+ 1)+ 43

9(y) = [gl(y)l —
- 1)2+ 43

92(y)
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However, there is no point y € R? such that g(y) = (0, %). That is, the system

a(yy2) = +1)*+y3=0
92(y1,y2) = (1 — 12 +y3 =9

has no solution and the preimage of (0, %) under g is empty.

This example reveals the fundamental difficulty: unlike linear mappings, the joint numerical
range R(g) := {g(y) € R™ | y € R"} of a non-linear function g is typically a proper subset of R™.
Consequently, projecting g(¢) onto the box B({, u) may produce a point that has no preimage under
g. To guarantee feasibility, we must instead move towards the intersection R(g) N B(¢,u), which
characterizes points that are both (i) in the range of g (ensuring a preimage exists) and (ii) within

the feasible box (ensuring constraint satisfaction). See Figure 4.2.
4.3 SnarelNet: Flexible Repair Layer for Hard Constraints
This section introduces SnareNet, which efficiently finds a feasible point satisfying constraints (4.1).

4.3.1 Adaptive Newton Update

Given an image point z € R(g) N B(¢,u), Newton’s method can find a feasible solution § € C by
solving the non-linear system g(y) = z. SnareNet uses the box projection of g(y*) as the initial z*

at each Newton iteration:

2 = Prw (9(y")) (4.6)
gt = angmin |7, (") v — ") + g(0") - 2P (4.7)
=y — Ty (g(y") — 2F) (4.8)

where J,(y) € R™*" is the Jacobian of g. When g = A is linear and A has full row rank, z* must
lie in R(A)NB(4,u) = B(4,u), so Newton’s method converges in one iteration and the update (4.8)
reduces to (4.4) in HardNet.

4.3.2 Levenberg—Marquardt Regularization

Newton’s method (4.7) linearizes g at yx and minimizes the residual of the linearized system. The
linearization approximates g only locally, so Newton’s method requires safeguards to ensure conver-

gence. SnareNet uses Levenberg-Marquardt (LM) regularization, replacing (4.7) by

s 195" (y = y*) + g(y") = 2811 + My — "% (4.9)
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Figure 4.3: Tllustration of adaptive constraints relaxation. The figure illustrates a schedule in which
e =0 for t > 500. At epoch t, the repair layer R enforces the output §® lies in the relaxed
constraint set C.cy = {y € R" | £ —®) < g(y) <u+e®}.

The regularization term M||y — y*||> with A > 0 ensures the new point is close to y*, at which g is

linearized. The regularized algorithm takes the form
v = F = Tl ") - 20, (4.10)

where JI(y*) == [J,(y*) T J,(4*) + M]7*J,(y*) 7. SnareNet terminates when the update magnitude

or constraint violation falls below a prescribed tolerance or the iteration limit is reached.

4.3.3 Adaptive Relaxation

Enforcing strict constraints during early-stage training can harm performance. Min and Azizan
[2024] observes that immediate enforcement prevents models from reaching better-optimized final
states, and solves the problem by disabling the repair layer for the first few epochs. These “soft-
epochs” instead penalize the constraint in the objective. Nguyen and Donti [2025] show that ran-
domly initialized networks produce large violations that force the repair layer to work overtime and
reduce the quality of the final solution.

SnareNet instead uses a new adaptive relaxation training paradigm that snares the neural net-
work at initialization and shrinks it into the feasible set throughout the training process. Rather
than strictly enforcing the constraints ¢ < g(y) < w from the beginning of training, we repair the

approximate solution ¢ towards a relaxed feasible set
Co = {y €R™ [ L= < g(y) <ue},

parametrized by a slack e®) > 0 at epoch t. This slack progressively decreases to zero over the
training epochs t = 1,2, ..., T, allowing the model to explore a broader solution space initially while
gradually tightening the constraints (see Figure 4.3). We ensure exact feasibility during the last
few training epochs by setting ¢() = 0. SnareNet initializes the slack at epoch t = 0 to ensure the

untrained model My satisfies the relaxed constraints, and linearly decays €® to zero over a preset
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Algorithm 10 Repair layer in SnareNet

1: assume § = My(x) and constraints £ < g(y) < u
2: function R(, A, ¢)

3: init y° = ¢

4 for £k =0,1,2,... until convergence do

5 compute z* using Equation (4.11) with e
6 update y**! using Equation (4.10) with A
e end for

8 return § = y**!

9: end function

decay horizon T; < T.

At epoch t, SnareNet projects the image point g(y*) of every LM-iterate y* to the relaxed box

with slack ¢®:
2F = ,PB([_E(t)ﬂJ,—&-E(t))(g(yk))

(4.11)

Algorithm 10 provides the pseudocode for this repair layer and Algorithm 11 is the complete pseu-

docode for SnareNet’s training algorithm.

Algorithm 11 Training paradigm of SnareNet

1: function TRAIN(Xiain)

2 init neural network My : R? - R™ and A >0

3 init constraint violation 5550) for x € Xiyain

4: set a relaxation parameter schedule {65075)}?:1

5: for epoch t =1,2,...,T do

6 for mini-batch B C Xirain do

7 compute approximate solution §; = Mp(x;) for all z, € B
8
9

repair to relaxed feasible solution §; = R(g;, A, agf.)) for all z; € B

: compute batch loss L5(6)
10 update 6 using VyLp(0)

11: end for
12: end for

13: end function

4.4 Guarantees and Computational Remarks

Section 4.4.1 shows that the repair layer of SnareNet converges to a feasible point if the constraints

are convex. Section 4.4.2 discusses the computational aspects of SnareNet.
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4.4.1 Convergence Guarantees

The key observation which enables a convergence analysis is that the SnareNet’s update is equivalent

to preconditioned gradient descent on the constraint violation function

F(y) = 5 l9v) ~ Poea (g (112)

Proposition 4.1 below shows that F' is twice differentiable almost everywhere, despite the presence
of the seemingly non-smooth projection operator Pgy,,)- In addition, when the feasible set C has a

convex representation:
C={yeR"[h(y) 0,0 < Ay <ua} (4.13)

with convex h : R® — R™» matrix A € R™4*" and bounds £4,us € R™4, the function F is in

fact convex.

Proposition 4.1 (Differentiability & Convexity). Let g : R" — R™ be a twice differentiable func-
tion. Then F(y) defined in (4.12) is twice differentiable almost everywhere and its gradient is

VF(y) = Jy) " (9(y) — Peiew (9(¥)))- (4.14)

In particular, if the feasible set C takes the convex form (4.13), the constraint violation function

F(y) is convex.

Proof. Observe that F(y) = R(g(y)) a composition of g and a separable function R : R™ — R
defined by

m

1 1
R(z) 1= 512 = Paay (@) = 5 D (5 = P (2, (4.15)
i=1

where Py, ,,,] being the one-dimensional projection operator onto the interval [£;, u;].

e Almost everywhere twice differentiability. It suffices to show that ry ,(a) = %(a —
Pie.uj(a))? with a € R is twice differentiable almost everywhere since R(z) = 37" 74, u,1(2i)
is the sum of such functions and F'(y) = R(g(y)) is a composition of R and a twice differentiable

g. The piecewise definition of r(a) and its derivatives r’'(a) and r”(a) are

Ha—072 ifa<t a—4{, ifa<¥;
rew)(a) = 40, ifl<a<u 7pu(@) =1 0, if £ <a<u
fla—u)?, ifa>u, a—u, ifa>u,
" 0, ifl<a<uy
e (@) =

1, ifa<fora>u.
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Note that r{, ,,(a) = a — Py (a) is continuous everywhere, and the second derivative r(; ,(a)
is well-defined for all a € R except at the two points a = £ and a = u. Thus, rj,(a) is twice

differentiable almost everywhere, and so is F'(y).

e Gradient expression. Note that VR(z) = z — Pgs,,)(2) since Tfe (a) = a—Pyu(a). The

su

gradient of F'(y) follows by the chain rule:
VE(y) = Jy(y) ' VR(9()) = Jo(u) " (9(y) = Pre. (9(1))).

e Convexity of F' when C is convex. When C takes the form (4.13), the constraint function

e[ )

1 1
F(y) = 5llmax(0,2())I* + 514y = Pr(eaua) (Av)|1*.

g and bounds ¢, u in SnareNet are

h(y)

9(y) == Ay

so F' takes the form

The first term is convex since h is convex and a +— %(max(o,a))2 is convex nondecreasing
applied componentwise. For the second term, observe that Ra(z) := ||z — P, ,uq)(2)]* =

> A Tleaiua ) (%) is & sum of convex functions since each 7| is convex. Thus Ry is

LAl
convex. As R4(Ay) is a composition of a convex function R4 and a linear function Ay, the

second term is convex. Thus F' is convex as a sum of convex functions.

O
Given VF(y) in (4.14), SnareNet’s repair update (4.10) with XA > 0 can be expressed as
v =y = (o) Ty h) A ADT (M) T (9(h) — Priew (9(5%)))
=y - (Jg(yk)—r‘]g@k) +AI)TIVE(YY). (4.16)

Equation (4.16) can be interpreted as a PGD step on F(y) with preconditioner Py, := (J,(y*) " J,(y*)+
AI)~1. To show the convergence under the choice Py, we first establish an upper bound on F(y) in

Lemma 4.2 that is analogous to the quadratic upper bound for smooth functions.

Lemma 4.2 (Upper bound on F'). Let g : R" — R™ be a twice differentiable function with an

Lg-Lipschitz continuous Jacobian. Then for any x,y € R™, the constraint violation function F(y)
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defined in (4.12) satisfies the bound

Fly) < F(&) + (VE(@),y — o) + 5 (y — ) Jy(@) () — o)

Lg L, , , (4.17)
+ 57 [IVR(g@) + 11 g(2)(y = @)l + ZFlly = 27| ly — 2|
In particular, if g(y) = Ay is linear with A € R™>*™ the bound in (4.17) reduces to
1
Fly) < F(z) +(VE(2),y —2) + 5(y — z)TAT Ay — x). (4.18)

Proof. We first show that R(z) defined in (4.15) is 1-smooth, or equivalently, its gradient VR(z) =

2z — P(e,u)(2) is 1-Lipschitz continuous: for any z, 2’ € R™, we have

[VR(z) = VR(Z)|]> = [|(z = Pe(e,u)(2)) — (z' = Pre,u (z)]1?
=z = 2> = 2(Pe(e,u) (2) = Pe(e,wy (), 2 — 2') + | P,y (2) — Pre,w) (217

<z =21 = 1PBe.w)(2) = Poeeaw ()12
(by firmly non-expansiveness of Pgz,.,))

<lz = 2|1%.
Apply the 1-smoothness of R(z) to upper bound F(y) = R(g(y)) by

F(y) = R(g(y)) < R(g(x)) + (VR(g()), g(y) — g(x)) + %Ilg(y) —g(a)|?
= F(x) + (VR(g(2)), 9(y) — g(x)) + %Ilg(y) —g(@)|*. (4.19)

Let e, (y) := g(y) — g(x) — J4(x)(y — =) denote the error of linear approximation. Using the funda-

mental theorem of calculus and the L4-Lipschitz continuity of Jg, the error can be bounded by

1 1
L
leatl = | [ 14te 1ty =) - gyl - )] < [ Lty = ol = 2y - al?. (020
Cauchy-Schwartz inequality and (4.20) imply

(VR(9(2)), 9(y) = 9(x)) = (VR(9(2)), 9(y) = 9(x) = Jy(2)(y — x)) + (VR(g(2)), Jy(2)(y — x))
< [IVR(g(@)llg() - 9(x) = Jg(x)(y — 2)|| + (Jy(x) "VR(g(2)),y — z)
L HVR(g( Il ly — o2

IN

+ <VF($),y7:L‘>. (421)
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Equation (4.20) also implies

lg(y) = g(@)1* = llew(y) + Jy(@)(y — 2)|*

17g (@) (y — 2)II* + 2(J4(2)(y — @), e2(y)) + llex(y)]|*

=) Iy (@) T @)y — @) + LyllTy @)y — )y — o + %Ily —x|*.

2
(4.22)

IN

Combine (4.19), (4.21), and (4.22) to conclude (4.17). When g(y) = A(y) is linear, the Jacobian of
g is constant J,(y) = A for all y € R™ and thus L, = 0. The bound reduces to (4.18). O

If C contains only linear constraints (i.e., g(y) = Ay) and A has full row rank, then F satisfies

the Polyak-Lojasiewicz (PL) condition (see Lemma 4.3).

Lemma 4.3 (PL-condition in preconditioned norm). Suppose Jy4(y) has full-row rank with minimum
singular value owmin(Jg(y)) > 0 and C := {y € R" | ¢ < g(y) < u} is non-empty. The constraint
violation function F(y) defined in (4.12) satisfies the Polyak-Lojasiewicz (PL) condition under the

norm || - H(Jg(y)TJg(yH»)\I)*l:

1 Tmin(Jo(¥)) , Tmin(Ja(¥)

- F 2 - > min\“g F _ F — min\“9g F .

2Hv (y)H(,]g(y) Jg(y)+/\1) = Urznin(’]g(y)) + )\[ (y) ynelﬁ{r,{ (y)] O_IQIﬁn(Jg(y)) =+ )\ (y)
Proof. Let d(y) := g(y) — Pr(g(y)). Since VF(y) = J,(y) "d(y), the gradient under preconditioned

norm is

INE 7,7 3, 0001 = A@) T Ta@) () T Ty (y) + M7 g(y) Td(y).

Let o;(J,(y)) denote the i-th singular value of .J,(y). Then the singular values of J,(y)[J,(y) " J,(y)+

_ (72 Jq . . R Gﬁ]in Jq . _
M]71,(y) T are % for ¢ = 1,...,m with minimum Uzmm(é% Since F(y) = 3|ld(y)|?

and non-empty C guarantees min,ecg» F(y) = 0, we conclude

1 02Ty 02..(Jy
ST F O 0 s 0rean- > a2 S| = 72 p),

min min

O

The properties of F' in Lemmas 4.2 and 4.3 ground the convergence guarantees of SnareNet in
Theorem 4.4 and Theorem 4.5. The choice of preconditioner H) enables a fast linear convergence

rate when ¢g(y) = Ay; and a sublinear convergence rate for general convex constraints.

Theorem 4.4 (Linear Convergence for Full Row Rank Linear Constraints). Let g(y) = Ay and
assume A has full row rank with minimum singular value oni, > 0. Suppose the feasible set C :=
{y e R" | £ < Ay < u} is non-empty. Then SnareNet’s update (4.6)+(4.10) with A > 0 converges
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linearly to a feasible point at rate

0.2

k
F(y*) < [1—- =min ) 0.
W )_( Ur2nin+/\) W)
Proof. Denote Hy := ATA + M. Then y*+! = y* — H 'VF(y*) and ATA < H,. Substitute
y = y**1 and x = y* into (4.18) to obtain

—_

F(yk+1) < F(yk) + <VF(yk),yk+1 _ yk> 4 7(yk+1 _ yk)TATA<yk+1 _ yk)

— DN

< F(yP) + (VE@Y), " — ) + 5(3/’“rl — ") THA(yF ! — o)

_ 1 _
=F@y*) - VF@y*)TH'VE(yY) + 5VF(y’“)THA 'WE(yY)

< Py~ LI VFY)

< ||§{;1, (4.23)

proving the descent property for SnareNet’s update. Since A has full row rank, Lemma 4.3 guaran-
tees F'(y) satisfies PL-condition and thus

Jr2nin Ur2nin
Fy*) < F(y*) - ﬂF(yk) = (1 - 02-+/\> F(y*).

O

Theorem 4.4 suggests a small A for faster convergence and the choice of A = 0 matches one step
convergence as in HardNet. However, the empirical results in Figure 4.6 show that a small A can

lead to worse final model performance.

Theorem 4.5 (Convergence for Convex Constraints). Suppose C in (4.13) is non-empty and h :
R"™ — R™" s a twice differentiable convex function with L-Lipschitz continuous Jacobian. Let y° €
R™ be the initial point, D := {y € R" | F(y) < F(y")} be the sublevel set, D := sup,cp infy-cc [ly —
v ||, and 02, (Jn(y)) + 02, (A) < 02 for ally € D. For X > 0 satisfying \> — \/2F(y9) L\ +

LQF(yO)Q
16

> 0, SnarelNet converges to a feasible point at rate

F(y°)
L+ spziozm b
Proof. Observe that F' is convex under the convex constraints represented in (4.13) by Proposi-
tion 4.1. Using SnareNet’s notation, the constraint function g, the bounds ¢, u, and the Jacobian

Jg are (defined) as
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The Jacobian of g is L-Lipschitz continuous since J, (y) is L-Lipschitz continuous and A is constant.

Now, we show that our choice of A guarantees y* € D for all k > 0 and also the descent property
F(y**t1) < F(y*). We prove by induction. Note that y° € D by definition. Suppose y* € D by
induction hypothesis. Substitute y = y**! and 2 = y* into (4.17) to obtain

F(yk-i-l) < F(yk) + <VF(yk),yk+1 _ yk> + %<yk+1 _ yk)TJg(yk)TJg(yk)(yk'+l — y’f) (4 25)
+ |

Lo [||VR(9(?Jk))|| T () G — )+ Byt - y’“\ﬂ [y — 2.

Since y* € D, we have |[VR(g(y"))[| = 9(4*) = Pr(e.uw) (9(™)| = V2F(y*) < \/2F(y°) = M and
thus

17, ") W = g8 < 7o) (T (65) T Ty (%) + AT ") T [V R(e(r*) || < M, (4.26)
1y = R 1% = (| (Jo ") T T, (%) + AD " (5 T IV R(a()|) < A2 (4.27)

Let Hy := J,(y*)T J,(y*) + \. Then SnareNet’s update reads y**! = y* — H, 'VF(y*) and (4.25
g 7 k

becomes

Fy*) < Fy*) + (VEW ), v* T =) + 3/ = o) T Ty (") T Te () (F T — ")

(LM + B ) g+ — ) (by (4.26) and (4.27))
< F(y") + (VF(y"), " = ") + 3" = o) TH (v — oY)

(by A2 — LyMA — 222 > )

= F(y*) - %llVF(yk)llz;u (4.28)

which guarantees F(y**1) < F(y*) and thus y**! € D. The claim that y* € D for all k > 0 is
proved by induction and the descent property is established.
Next, we prove the sublinear convergence using the convexity of F and the descent property

(4.28). Since F' is convex and the feasible set C is non-empty, we have minyeg» F'(y) = 0 and

F(y*) = F(y*) — min F(y) < [VE@") | g1 ly" — Pey)lla,. (4.29)
yeR k

To bound [ly* —Pe (")l , observe that [|Hi|l < 02, (g (5)) + A < 02 (T (5)) + 0% (A) + A <

max

0% + X since y* € D, and thus

ly* = Pe(®) I3, < IHklly* — Pe®)II” < (6 + A)D. (4.30)
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Combine (4.28), (4.29), and (4.30) to obtain

F(y*)?
Fy"™) < Fy") — =5 4.31
W) <P - gpmeay (431)
If F(y**!) =0, the desired bound follows immediately. Otherwise, (4.31) implies
1 1 F(y*) — F(y**) F(y*) 1
Fy*+h)  F(y*) = F@MF@HY) 7 2D%(o? + )F () — 2D2(0? + A)
The telescoping sum yields
1 1 k+1
> + ,
F) = FGP) 20207 4 )
which implies the desired sublinear convergence bound (4.24). O

Convex constraints requires sufficiently large A for convergence while too large A can lead to slow

convergence and increase the computational burden of repair layer.

4.4.2 Computational Remarks

The primary limitation of SnareNet is the computational cost to apply J] (y*) = [J,(v*) T J,(y*) +
M]~1J,(y*)T. By push-through identity (from Woodbury matrix identity)

[To (") T Ty (%) + M) 71T (™) T
= Ty (") [T (") Ty (") T + A1

single SnareNet iteration costs O(min{n, m}3), where m is output dimension of g. SnareNet is more
suitable in the regime m < n. See Appendix C.3 for supporting experiments on the scaling of com-
putational resources with respect to m and n. To scale to large-scale problems, SnareNet can apply
the inverse by solving the linear system using iterative methods like conjugate gradient, which avoids
forming the Jacobian explicitly and only requires vector-Jacobian products (VJP). One may leverage
recently developed automatic differentiation frameworks such as torch.autograd.functional.vjp
or jax.vjp for more efficient VJP computation. To verify the validity of SnareNet on constraint

enforcement, we apply the inverse directly by torch.linalg.solve in our experiments.

4.5 Experiments

This section demonstrates the effectiveness of SnareNet on optimization learning and neural control

policies.3

3Code for experiments is available at https://github.com/miniyachi/SnareNet.
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4.5.1 Optimization Learning

The optimization learning Van Hentenryck [2025] task seeks a fast surrogate neural solver for a

family of optimization problems parametrized by input x € X

m]%n fz(y) subject to £, < g.(y) < uy, (4.32)
yeR™

Both the objective f, : R™ — R and feasible set £, < g,(y) < u, are parametrized. Problems of the
form (4.32) can be non-linear and non-convex, and can be slow to solve with traditional optimization
solvers. The goal of optimization learning is to learn a model My that approximates the solution
map ® : X — R", which maps the instance parameter x to optimal solution y* = ®(z) of (4.32). In

particular, My must produce a feasible solution for all z € X.

Families of Problems. We consider two families of parametric optimization problems, each of
which consists of 10000 problem instances and is split into train/valid/test set in the ratio 8:1:1.

One family has linear constraints while the other has nonlinear constraints:
1. Linearly-Constrained Non-Convex Programs (NCPs): This family of problems, also considered
by Donti et al. [2021] and Min and Azizan [2024], take the form

min 3y7Qy + p” sin(y)

s.t. Ay <b, Cy==x,

where @ € R™*™ = 0,p € R", A € R"neaX? (' € R™a*" and b € R™=ea are constants, and
x € R™a is the input.

2. Quadratically Constrained Quadratic Programs (QCQPs): This family of problems minimizes
a convex quadratic objective subject to convex quadratic constraints and linear equality con-
straints:

min 397 Qy+pTy
st. yTHy+gly<h, i=1,... s Nineq

Cy=u,

where £ € R"a is the input and the other problem data are constant within the problem

family.

Baselines. We compare SnareNet to three baselines:

1. DC3 Donti et al. [2021] strictly enforces equality constraints by predicting free variables and
solving dependent variables from equality constraints. The inequality constraint violation are

iteratively reduced by a fixed number of gradient descent steps on the free variables.
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2. HardNet Min and Azizan [2024] uses soft-epochs and strictly enforces linear constraints by
(4.4). We compare to HardNet on NCPs.

3. HProj Liang et al. [2024] trains in two stages, rather than end-to-end: the first stage trains a
homeomorphic map and the second stage trains a soft-constraint NN. At inference time, HProj

uses bisection to project onto the feasible set.

Evaluation. Table 4.1 summarizes the six evaluation metrics in our experiments. Figures 4.4
to 4.5 presented below follow the same 2-by-3 layout. All experiments are run for 5 random seeds
and the metrics are averaged over the seeds. The optimality gap is assessed relative to Gurobi
Gurobi Optimization, LLC [2024]. The complete test results for the experiments in this section are

provided in Appendix C.2.

Optimality Gap | Inequality Violation ‘ Equality Violation

Geometric Mean | gmean(f,(9) — fi) | gmean gmean (j-th inequality/equality violation)

TE€ Xpest TEXtest JE€[Nineq)
Maximum max (fy(9) — f2) | max max (j-th inequality/equality violation)
TE€ Xpest TEXtest J€ [Nineq]

Table 4.1: Six evaluation metrics and their layout. The function gmean(-) denotes the geometric
mean over a set of numbers.

Feasibility Control and Low Variation along Training. Figure 4.4 shows training dynam-
ics for end-to-end training methods (i.e., exclude HProj) on 833 validation instances of NCPs and
QCQPs. HardNet exhibits larger seed-to-seed variability in optimality gap, while DC3 shows large
variability in inequality-constraint violation. In contrast, SnareNet is robust across random seeds
after adaptive relaxation completes (at epoch 500, marked by vertical red dashed line). Earlier,
variable violations are expected since SnareNet enforces relaxed constraints while the figures show
violation of original constraints. Moreover, SnareNet successfully controls feasibility up to the spec-

ified tolerance.

Better Optimality. Figure 4.5 evaluates trained neural solvers on a separate test set for NCPs
and QCQPs. SnareNet achieves optimality gaps at least one order of magnitude smaller than
baseline methods while maintaining feasibilitywithin the prescribed tolerance tol. HProj exhibits
substantial variation in optimality gap across random seeds because its projection step is applied

post-training and is not integrated into the learning objective, which can degrade optimality.

A Improves Optimality Even for Linear Constraints. SnareNet specializes to HardNet when

A = 0 and adaptive relaxation is replaced by soft epochs for training. Setting A > 0 requires more
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Non-Convex Programs
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Figure 4.4: Training dynamics on 833 validation instances of NCPs and QCQPs. Shaded region
indicate the standard deviation across seeds.

than one iteration to enforce feasibility but can improve the optimality gap by orders of magnitude.

See Figure 4.6.

SnareNet Handles Many Constraints. HardNet requires the linear constraint matrix A to have
full row rank and is thus limited to at most 2n constraints, where n is the output dimension.
SnareNet overcomes this limitation through LM-regularization. Figure 4.7 presents test results on
QCQPs with n = 100 variables, neq = 50 equality constraints, and nineq € {10,50,100} inequality
constraints. SnareNet consistently produces feasible solutions within tolerance 10~ across all test
instances. In contrast, DC3 achieves feasibility on only 80% of test instances on average and exhibits

high sensitivity to random initialization. HProj shows substantial variation in feasibility rates for
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Figure 4.5: Evaluation metrics on 833 test instances of NCPs and QCQPs. Black error bars indicate
the standard deviation across seeds.
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Figure 4.7: Performance comparison across methods
for QCQPs with various number of inequality con-
straints. Bars represent the mean across 5 random
seeds, and black error bars indicate the minimum and
maximum values.

Figure 4.6: Optimality gap and repair it-
erations on 833 test instances of NCPs.
Bars represent the mean across 5 random
seeds, and black error bars indicate the
standard deviation across seeds.

problems with nineq = 50 and 100 inequality constraints. Inference time for the classical solver
Gurobi is significantly slower than neural solvers and scales rapidly with the number of inequality

constraints.

4.5.2 Neural Control Policies

Neural control policies use deep neural networks to learn mappings from system states x to control
actions u, either as standalone policies or to enhance traditional control methods. In this experiment,
we train a neural network policy mg(x) to control a unicycle system, avoiding obstacle collisions
by enforcing safety constraints Min and Azizan [2024], Tayal et al. [2024]. The neural policy is

constructed as the sum of a nominal controller mom (), designed without obstacle awareness, and
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a learned correction term My(x):
Mo (x) := Tpom () + Mo(z).

The system state is z(t) = (ps(t), py(t),0(¢), v(t),w(t)) € R® at time ¢, where p,,p, are the coor-
dinates, 6 is the heading angle, v is the linear velocity, and w is the angular velocity. The control
u(t) = (a(t),a(t)) € R? includes linear acceleration a and angular acceleration a. The control
changes the system state by the linear dynamics: & = F(x) + Gu, where F' : R® — R® and G € R5*2
are defined in Appendix C.1. Our neural policy is trained by minimizing a quadratic cost over a

finite time horizon:

ALY a(t:) T Qu(ts) + cl|mo(x(t:)||*,
=0

where @ = diag(100,100,0,0.1,0.1) penalizes deviations from the target position (0,0) and velocity,
¢ = 0.1 weights the control effort, and n; = 10 steps for trajectories.

We use control barrier functions (CBFs) Ames et al. [2019], denoted by h, to parametrize the
safe set: h(x) > 0 indicates x is a safe state. Each obstacle is represented by a distinct CBF. See

Appendix C.1 for CBF's used in experiment. Collision-free trajectories are guaranteed by enforcing
Vhi(x)" (F(z) + Gma(x)) > —ahj(x) (4.33)

for each obstacle with CBF h; and some o > 0. The number of constraints scales linearly with the
number of obstacles. HardNet can avoid at most two obstacles as it requires full row rank constraints
and the system has only two controls, whereas SnareNet handles arbitrarily many obstacles.

For training, we uniformly sample initial states from two boxes in the state space, differing
only in position: Box 1 with positions (p;,py) € [—5.0, —5.5] x [7.5,8.0] and Box 2 with positions
(Pz,py) € [-8.5,-8.0] x [5.5,6.0]. Both boxes share the same heading angle range € [~7, —¢]
and zero initial velocities (v = w = 0). The learned neural policies are shown in Figure 4.8 for test
samples from both boxes. Table 4.2 shows the detailed evaluation statistics: SnareNet achieves a
99.4% feasibility rate on the test set compared to DC3’s 64.9% feasibility rate, demonstrating the
effectiveness of SnareNet in enforcing safety constraints in neural control policies. Since we use a
higher order CBF, a trajectory may violate a constraint without visually colliding with any obstacle.

For instance, the DC3 trajectory in Figures 4.8a and 4.8b.
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Figure 4.8: Simulated unicycle trajectories from a test sample inside the initialization region.

Table 4.2: Evaluation statistics on 84 CBF test instances.

Method Dataset Objective # Feasible (le-4) Max Ineq. Error GMean Ineq. Error

DC3 Box 1 3656 58 6.555 6.785 x 10715
SnareNet  Box 1 4060 84 421 x 10~8 1.763 x 10~ 14
DC3 Box 2 4269 51 4.17 1.913 x 10~ 4
SnareNet Box 2 5226 83 0.7483 4.038 x 1014

4.6 Concluding Remarks

We introduce SnareNet, a practical framework to enforce nonlinear input-dependent constraints in
NNs. Our key innovations include regularization for stable optimization, Newton updates for efficient
convergence, explicit infeasibility tolerances for controllable constraint enforcement, and adaptive
relaxation that progressively tightens the constraints. Our empirical evaluation demonstrates that
SnareNet consistently produces feasible solutions with better objective values across optimization
learning tasks and neural control policies. An important direction for future work is to understand
how hard constraints, relaxed constraints, and soft constraints fundamentally alter the learnability

of deep neural networks.



Conclusions

Preconditioning can provably and empirically accelerate optimization algorithms, but the right pre-
conditioner needs careful design tailored to the problem structure and algorithmic setting. Nys-IP-PMM
constructs a randomized low-rank preconditioner via the Nystr”om approximation for the normal
equation arising in interior point methods. When the data matrix exhibits rapid spectral decay, a
small sketch captures the dominant curvature directions at a fraction of the cost of direct factor-
ization. HDM casts preconditioner selection as an online learning problem, adaptively updating the
preconditioner from carefully designed feedback computed during the iterate update. This formula-
tion characterizes the warm-up instability of hypergradient methods as online learning regret rather
than true divergence, and once the regret is overcome, the preconditioner adapts to local curvature,
enabling faster convergence. SnareNet uses a Newton-motivated preconditioner for the constraint
residual, enabling a differentiable repair layer to enforce feasibility in few iterations and effectively
improve the optimality. These adaptive preconditioners share a common design philosophy: they
should be computationally cheap, memory efficient, or well-adapted to local curvature. The conver-
gence analysis serves not only to certify the effectiveness of the chosen preconditioner, but also to
provide practitioners with actionable guidance for adapting each algorithm to specific problem.
Each method in this thesis also surfaces an open challenge for future work. Even with effective
preconditioners, how to stabilize the iterative solver within IPMs at very large scale remains a
challenge. Online learning based adaptive preconditioning requires a warm-up phase to adjust the
preconditioner, and reducing this warm-up time is an important direction for future research. The
key challenge for iterative repair layers is to reduce the cost per repair iteration while maintaining
a high-quality preconditioner to enable fast convergence to a feasible solution. As optimization
problems continue to grow in scale and complexity, algorithms need to be more customized for each

application, and adaptive preconditioning remains a productive direction.
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Appendix A

Supplement for Chapter 2

A.1 An example of QP with matrix-free constraint

This section provides a concrete example of a separable QP problem with a matrix-free constraint
that arises in the context of filter design. The finite impulse response (FIR) filter design problem
consists of determining a finite set of coefficients hg, ..., hy_1 that fully define the impulse response
of the filter: y[n] = Zg:_ol his[n — k], where s[n] is the input signal and y[n] is the output signal.

The values of the impulses are constrained within a bound

I<h;<u fori=0,...,N—1.

An energy-efficient filter minimizes the weighted energy %Zsz_ol ¢;h? subject to the constraints
on the frequency response. Linear-phase filters (i.e., hy = hy_g—_1) are preferred in many signal
processing applications since such filters prevent phase distortion. The frequency response of a

linear-phase filter can be determined in terms of {h;} as

n—1 n—1
H(w) =Y (2= 6k n_1)cos((n—1—k)w)hg = hp_1 +2 Y _ cos(jw)hn_1_;, (A1)
k=0 j=1
where n = L%J + 1 is the number of coefficients decision variables, d, 5 is the Kronecker delta

(i.e., 0qp = 1 if a = b; otherwise, dqp = 0), and w € R is the angular frequency. By (A.1), the
frequency response of the filter at frequencies wy = W for k=0,...,n—1 can be expressed as

the Discrete Cosine Transform (DCT) of the time-reversed sequence x; := h,,_1_; as
n—1

H(wi) =20+ 2 cos (55(2k + 1)j) z; = 2Fx,

j=1
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where F' € R™ "™ is the DCT matrix. The pass-band of the filter is the region in the frequency
domain where we want the signal to pass through unaltered; the stop-band is the region where
we want to suppress or eliminate the signal. The pass-band gain and stop-band gain of the filter
are the values the frequency response H(w) over the band, which is often normalized to 1.0 and 0
respectively. In practical design, small variations (or ripples) o, and o around these nominal values
are tolerated [Aksoy et al., 2014, Yli-Kaakinen and Saramaki, 2001, Gustafsson and Wanhammar,
2002]:

1—o0p, <H(wp) <140, for k < m (pass-band);

—0s < H(wyg) < 04 for k > m (stop-band),

where we assume wy, lies in pass-band for k& < m; and in stop-band for k& > m. We arrive at a QP

with matrix-free constraint and diagonal @ = diag(qo, ..., qn-1):
minimize 3 S qia?
subject to 1—o0, <2(Fz)r <140, fork<m;
—0s < 2(Fz)), < 04 for k > m;
[ <x<u.

Importantly, the DCT matrix F' can be applied to a vector in O(nlogn) time using the fast cosine
transform, which is faster than the time required to multiply by a generic n x n matrix. Hence, it is
preferred to avoid instantiating the entries of F' but instead access F' through matrix-vector product

only.

A.2 Implementation Details of Nys-IP-PMM

Nys-IP-PMM deviates from the theory in order to improve the computational efficiency, following
[Pougkakiotis and Gondzio, 2021] in the following two main aspects: First, we do not limit to py =
0r = py as theory does. The proximal parameters p, and §; are independently updated following
the suggestions from [Pougkakiotis and Gondzio, 2021, Algorithm PEU]. Second, the iterates of the
method are not required to lie in the neighborhood as in (2.18) for efficiency.

The followings provide more details/explanations for the implementation of Nys-IP-PMM. Ap-
pendix A.2.1 derives the Newton system to be solved at each Nys-IP-PMM iteration for QP instance
taking the form (P)—(D) and the resulting normal equations. Appendix A.2.2 details the construction

of practical initial point.
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A.2.1 Derivations of Newton system and equations (2.46)—(2.50)

Given QP in the form (P)-(D), IP-PMM solves a sequence of subproblems taking the form (2.45).
Introducing the logarithmic barrier function to enforce the constraints 22 >0and 0<z7 <ul in

(2.45), the Lagrangian to minimize becomes

1 1
£() = 5o Qe+ T+ (V)T (0= Aw) 4 5[ A — bl + e — M

— g Z Inz; — p Z In(u; — ;).

JETT JjeT

Setting V. L(z) = 0 and introducing the new variables

-1 ip s
1 x, , ifjelT,
Hk 0, if j e F,
u; — x5, ifjed; ,ukwj_l, if jeJ;
w; = S5 =
0, if j € ZF, 0, if j € ZF,

we obtain the following (non-linear) system to solve:

e+ Qu— ATy — 2+ s+ pulz — (F)]
Ax—b+5k(y—/\’“)

o O o o o

7 +wd —u = (A.2)
diag(z™7) 2" — pweliz g
ding(w?)s? — il
Applying Newton’s method to (A.2) yields the Newton system taking the form:
[ (Q+prln) AT 0 I, 1, | [azk] [ g ]
A Skl O 0 0 Ayt Tp

E; 0 Es 0 0 Awk| = | (r,)s (A.3)

EIJZk 0 0 EIij 0 Azk (rmz)IJ

0 0 EgS 0 EgWi] [As*] [ (ruws)s |

where Es : R” — RISl is the projection matrix such that Esz = xS for all # € R”, the upper-
case letters X* Z* W* S* represent diagonal matrices with diagonal entries corresponding to the
iterates in the associated lowercase letters, and rq4,7p, 7y, "5z, rws are appropriate RHS vectors. By
eliminating the variables Az*, Aw*, Az¥ and As* the Newton system (A.3) simplifies to the normal
equations (2.46) of size m, and four closed-form formulae (2.47)—(2.50).
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A.2.2 Construction for initial point

The construction is based on the development of initial point for original IP-PMM in [Pougkakiotis
and Gondzio, 2021]. We first construct a candidate point by ignoring the non-negative constraints
and solving the primal and dual equality constraints Az = b and —Qz + ATy + 2 — s = ¢ in
(P)-(D). We force primal candidate 7 satisfy Az = b while centering around wu/2, and solve the
dual candidate § from the least squares problem min, || — Q% + ATy — c||2, ignoring z and s in
dual constraint meanwhile. Then dual candidates z and s are chosen such that dual constraint
—Q7 + AT§ + 2 — 5§ = c is satisfied. The primal candidate w0 is set as W7 = uy — &7 and wrr = 0.

In summary, the candidate point is:
i= g + AT (AAT) (b - ;Au) . U= (AAT) T A(c+ Q3),

1
Zr=3 (c—ATg+Qz),, Zrr=(c—AT5+QF),,,

§‘7:7§‘7, .§I]::0, @jiﬂj*i‘j, ZI)I]:ZO.

However, to ensure the stability and efficiency, we regularize the matrix AAT as in [Pougkakiotis and
Gondzio, 2021] and use Nystrom PCG to solve for the systems in & and g, for which the regularization
parameter is taken as § = 10.

Next, to guarantee the positivity of 77, 277, ws, and sz, we compute the following quantities:

0p, = max{—1.5min(Zz7), —1.5 min(ws), 0},
04 = max{—1.5min(Zz7), —1.5min(57), 0},
Yoo = (Fz7 + Opliz7))" (327 + daliz7)),
Yus = (D7 + 8p117))" (57 + daly7)),

N Yz + Yws

(5 = (5 + 05 po ~ )
P Y ez (B8 +0a) + e 7 (8% + da)

Sd _ 6d 405 Yz + Yws

Yotz g (@ +04) + 32 708 + da)
Finally, we set the final initial point as:
W =9, 2%y =Fzg+0lizg, % =ir,
wy =g+l wir =0, (A.4)

0 z N 0 0 s N 0
ZIJZZIJ+5d]l|Ij‘, zr =0, SJ:SJ+5d]].‘j‘, s7r=0.
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A.2.3 Stepsizes

The primal and dual stepsizes are chosen as in standard IPMs, which ensure that the updated

iterate remains in the non-negative orthant after transitioning from the current iterate z*, 2, wk,

and s*. Given the search directions Az¥, AzF, Aw*, and As*, denote the sets of indices for negative

components by

L={cTuJ| Azt <0} I,={icJ|AwF <0}
L={icTUJ|AF<0}; I,={icJ|Asf <0}

The primal and dual stepsizes are defined as follows:

ap:O.995m1n{1,£r€uII;{—Ax?},{g}g{—Awf}}, (A.5)
ad:0.995m1n{1,£r€11113{—w},Iireulr:{—w}}. (A.6)

A.3 Experiment Details for Nys-IP-PMM

A.3.1 QP formulation for portfolio optimization

Consider a portfolio optimization problem, which aims at determining the asset allocation to maxi-
mize risk-adjusted returns while constraining correlation with market indexes or competing portfo-
lios:

minimize  —rTz + vz’ Xz

(A7)
subject to Mz <wu, 112 =1, 2 >0,

where variable x € R" represents the portfolio, 7 € R™ denotes the vector of expected returns, v > 0
denotes the risk aversion parameter, ¥ € S} (R) represents the risk model covariance matrix, each
row of M € R¥™ represents another portfolio, and v € R? upper bounds the correlations.

We assume a factor model for the covariance matrix ¥ = FFT + D, where F € R™** is the factor
loading matrix and D € R™*™ is a diagonal matrix representing asset-specific risk. By replacing X
with FFT 4+ D in (A.7) and introducing a new variable y = F7x, we write an equivalent problem

in variables x and y:
minimize  —y " Tx 4+ 2T Dz + yTy
subject to  y=FTz, Mx <u, 1Tz =1, >0, y: free.

Problem (A.8) can be transformed into form (P) via standard techniques.
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A.3.2 Support vector machine (SVM) formulations in QP

The linear support vector machine (SVM) problem solves a binary classification task on n sam-
ples with d features [Deisenroth et al., 2020, Chapter 12]. Let X € R¥™ be a feature matrix
whose columns are the attribute vectors x; € R? associated with the i-th sample, i = 1,...,n, and
let y; € {—1,1} be the corresponding binary classification label. The dual linear SVM with ¢;-
regularization can be formulated as a convex quadratic program [Fine and Scheinberg, 2001, Wood-
send and Gondzio, 2011, Gondzio and Grothey, 2009, Ciegis et al., 2009, Woodsend and Gondzio,
2009]:

minimize %’UT’U — ; i

subject to v — X diag(y)p =0, y'p =0, (4.9
v: free, 0<p; <7, i=1,...,n,

where v € R? and p € R™ are optimization variables, and 7 > 0 is the penalty parameter for

misclassification. The dual SVM problem (A.9) can be formulated into form (P) by setting

T = c Rd+n, Q — Is 0 c R(d+n,)><(d+n),
p 0 0
A .Z;i X diTag(y) c R(d+1)x(d+n)7 o= 0g e RN, b= 0us1,
Y n

F={1,2,....d}, =0, J={d+1,....d+n}, v’/ =11 4.

Note that the constraint matrix A has a dense (1, 2)-block if the feature matrix X is dense.

A.3.3 Regularization parameters in the experiments

Table A.1 and Table A.2 present the primal and dual regularization parameters p; and J; for

Nys-IP-PMM on problems in Section 2.4.
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Portfoli CIFAR10.1000
ortiotio RNASeq SensIT sector
(section 5.1) (section 5.2.2)

k Pk O Pk O Pk O Pk O Pk O

0 8.00 8.00 8.00 8.00 8.00 8.00 8.00 8.00 8.00 8.00

1 712x1070  7.12x 107! 3.81 1.71 2.70 4.03 x 1072 3.56 1.33 2.96 2.96

2 1.02x107'  1.02x 107! 1.82 3.67x 107" 264x1072 3.95x107% 8.03x 107" 3.00 x 107! 1.13 2.15 x 10~
3 477x1072  2.03 x 1072 1.24 250 x 1071 521 x 1073 7.77x 107 242 x 107! 9.05x 1072 898 x 1071 1.48 x 10~}
4 237Tx1072  495x107%  819x 107" 1.65x107' 224x107% 3.34x107° 1.53x 107! 573x1072 7.14x10°! 1.02x 107!
5 340x107% 7.10x107* 587x107' 1.19x 107" 1.63x 1073 1.98x 107° 8.99x 1072 3.36 x 1072 6.07 x 1071 8.71 x 1072
6 1.91x107* 3.99%x107° 1.22x107'  245x1072 1.39x 1073 1.68 x 1075 4.95x 1072 1.85x 1072 3.27x 107! 4.70 x 102
7 286x107°  597x107%  566x 1072  1.14x 1072 116 x 1073 1.40 x 107° 2,90 x 1072  1.08 x 1072 2,18 x 107! 3.13 x 1072
8 513x1076  1.07x10% 1.31x1072 264x107% 1.13x107% 1.35x107° 1.59x 1072 594x 1073 1.97x 1071 2.82 x 102
9 217x107%  142x1077 284x107% 574x107* 1.10x107% 1.29x 107° 9.83x 1073 3.67x 107% 121 x 107! 1.74 x 1072
10 1.57x107%  1.03x 1077 4.72x107* 953x107° 1.08x 1073 1.28x107° 5.04x 1073 1.88x 1073 8.03x 1072 1.15x 1072
11 313x1077  205x107%  539x1070  1.09x 1070 7.86x10* 9.28x 1070 282x107% 1.05x 107 5.09x 1072 7.31x 1073
12 1.87x 1078 1.22x107°  4.32x 1078 873 x107? 576 x107* 6.80 x 1070 1.45x 1073 543 x107* 218 x 1072 3.13x 1073
13 5.00x 107 500x10710 500x1071° 295%x1079 3.31x107% 3.91x107% 6.73x107* 2.52x107* 9.95x 1073 143 x 1073
14 5.00x 1071 500x 10719 500x 107 5.00x1071% 595%x107° 7.02x 1077 326x107* 122x107* 516x 1073 7.40x 10~*
15 5.00x1071%  5.00 x 1071°  5.00 x 1071°  5.00 x 10710 1.55 x 1074 578 x107° 179 x 1073 2.56 x 1074
16 5.00 x 10710 5.00 x 10710 3.22 x 107*  4.62 x 107°
17 5.00 x 1071 500 x 10710 - - - - - - - -

Table A.1: Regularization parameters for for experiments in Section 2.4.
CIFAR10 STL10 arcene dexter

k Pk Ok Pl Ok Pk Ok Pk Ok

0 8.00 8.00 8.00 8.00 8.00 8.00 8.00 8.00

1 4.18 2.27 2.72 7.29 x 1072 2.85 2.66 x 107! 2.85 2.66 x 1071
2 735%x107t 399x 107t 218x107%2 583 x107* 142x1072 1.33x1073 143 x1072 1.33x1073
3 401x107Y 217x107Y 429x107% 1.15x107* 8.07x107° 7.53x107% 1.28x107%* 1.19x107°
4 241 x107' 131x107' 237x1073 6.34x107° 354x107% 331x10"7 151 x10~°> 1.41x1076
5 1.02x107' 555x1072 1.40x107% 243 x107° 7.72x1077 7.20x 1078

6 4.51x1072 244x107%2 6.85x107* 1.19x107° - - - -

7 224x107%2 1.22x107%2 2.88x107* 5.02x 1076

8 9.58x107% 520x107% 1.10x107* 1.92x 1076 - - - -

9 355x107% 1.93x1073 3.69x107° 6.43 x 1077 - - - -

10 1.28x1072 6.92x107* 3.55x107% 6.20 x 1078 - - - -

11 253 x107% 1.37x107* 254 x1077 4.43x107° - - - -

12 348 x107° 1.89x10™° 7.18 x 1079 5.00 x 10710 - - - -

Table A.2: Regularization parameters for for experiments in Section 2.4 (continued).

A.3.4 Spectrums of AAT and N,

Figure A.1 illustrates the eigenvalue distributions of AA” and N}, for SVM problem in Section 2.4.2.

Our Nys-IP-PMM converges at k = 12 for a relative tolerance ¢ = 107%; and at k = 15 for e = 1078,

As the algorithm progresses, the normal equation matrix N becomes increasingly ill-conditioned,
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Figure A.1: Distribution of eigenvalues for AAT and Ny at different IP-PMM iterations of the SVM

problem formed from 1000 samples of CIFARI10.

which is typical for IPMs. For this problem, the rapid decay of the top eigenvalues of Nj suggests

the suitability and success of the Nystrém preconditioner.



Appendix B

Supplement for Chapter 3

B.1 Proof of Theorem 3.12

The proof of Theorem 3.12 relies on the following auxiliary results.

Lemma B.1. Under Al to A4, h,(P) —infgegnxn he(Q) < i(LD +1)2.

Proof. Note that hy(P) = £&=PV@)=f@) > f@)-J@) g 4)] P e P, we deduce that

[V f(z)]? = [[Vf(@)]?
. flo— PYF@) — fr) @) — f(@)
ha(P) = Al he(Q) < 5P MGk
e PYS(@) — f()
MIGIE
1 Vi — PYF@)|?

2% V@R
_ LY@+ 1P - [V £ @)
= o MIGIE
< i(w +1)2,

(B.2)
(B.3)

(B.4)

where (B.1) applies h,(P) > W; (B.2) uses f(z) — f(a*) < iHVf(x)HQ, (B.3) uses L-

smoothness and (B.4) uses ||P|| < D.

Then we show that HDM converges even when 7 is a constant that does not depend on K.

Lemma B.2. Under Al to A4, Algorithm 7 with ny =n € (0 satisfies

1
) SLLDFH)
o limy o [|2* — 2*| = 0.

o limg oo Y, [J2F — 2*||? < 0.

100

O
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Proof. Using the online gradient descent update, we have

|Pes1 — Pll% < |P — nVher (Pr) — P%
= HPk - PH% - 277<th& (Pk)7 Py — P> + 772||Vh:1:k (Pk)ll?:’

< ||Py — P||% — 2n[hgr (Py) — hyr (P)] + 2Ln? [hzk(Pk) -, iﬂgf hzk(P)] (B.5)
E nxn

— 1P = Pl = 2000 (Po) 4 2008 (P) 4+ 2007 s (P) = inf 1 (P)]

where (B.5) follows from convexity hyx (P) > hyr(Py) + (Vhgr(Pg), P — Pg) and L-smoothness of

ha(P). Next, we invoke the upperbound on h x(Py) — infgegnxn hyr (Q) from Lemma B.1:

2L
2Ln? |hye (Py) — inf  hye(P)| < == (LD 4 1)%n? = k(LD +1)%%.
PERnxn 2'u

and deduce that

2hgs (i) < 20l (P) + |Pe = PII% = | Pers = Pl + 2007 | By (Po) = it hos(P)

< 20hy(P) + [P = Pll% = [ Prg1 = Pl +0°w(LD +1)%.

Next, we divide both sides of the inequality by 27 and

o IR = PlI3 = [|Pon =PI} | (LD + 17

P < P
o (P) < s (P) 5 .

Telescoping the relation and using diam(P) < D, we get

K K
D? LD +1)?
thk(Pk) < ;hxk(P) + —+ MK

k=1

Taking P = (1/L)I and taking average, Ele hyx(P) < =57 K and

K
1 D? k(LD +1)? 1 D?*  nr(LD+1)%2 1
SNk (P) < —— - S
Kkz::l (P S —5r T ok 2 1L Tk 2 AL
With n § m, we have 77/{(%&%1)2 - ﬁ § 0 and

Using the reduction Lemma 3.5, we get, for any k > 1 (since 1 does not depend on the iteration
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number),

2 2, k
bt = 1) < 1) = 0] (1= 2 { - ZHEREDE o)

and there exists some Kj such that for all k > Ky, that [f(z*) — f(z*)](1 — £)* < [f(z!) — f(a)]

4Kk
since | 2D2L(LD +1)? 1 1
. + 1)k _
k152012#max{4[/ ? 70}1 2H<1 1o
This proves the first relation limg_, ||2% — 2*|| = 0 since ||z — z*||* < %[f(x) — f(2*)] and the
second relation follows directly from
oo Ky oo
Yol =P =Yl =2 P Y e -t (B.6)
k=1 k=1 k=Ko+1
i > 2 1\ 7"
<Yt owe 3 2pe) -l (1-4) < @)
k=1 k=Ko+1

Now we are ready to prove Theorem 3.12, and we start by stating the precise definition of a

uniformly independent sequence.

Definition B.3 (Uniformly linearly indepdendent sequence Conn et al. [1991]). A sequence of unit-
norm vectors {g*}, g* € R",||g*|| = 1 is uniformly linearly independent if there exists a constant

¢ > 0,Ky >0 and m > n such that for each k£ > K, one can choose n distinct indices
k<k <---<k,<k+m

with omin([¢*, ..., g"]) > c.

Proof of Theorem 3.12. We prove by contradiction. For brevity we denote g* := %ﬁ;” and
ex = ||Px — P*||%. Recall that P* = [V2f(2*)]~!. First, using Lemma B.2, for any £ > 0, there
exists some index K such that for all k > K; we have ||2* — 2*||> < e and that Y ;o [|2% — 2*||? is

bounded. Then we show that limy_ o ||Vhr (Pr)||F = 0 using (3.33): after re-arrangement, for any
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K ) K 1
Bk (Py) < . _|P - P2
; ) < 51 1*77L kz:: T o) I7

1
* 2 _ p*|2
Zux P+ s P = Pl (B.3)

77L 8u3

77 * 2 1 * |2
< —+—— +—||PL — P
= 2 1 [ 8 3 E HJ? ” 9 (1 [)H 1 HF7

where (B.8) applies (3.28). Since Y5, ||#* — 2*||? is bounded and h,(P) is nonnegative, we must
have limy_, o0 hyr (Py) = 0. Further notice that ||V (Py)||% < 2Lhyx (Py), it implies

K
s 32 19 (P < .

giving limy o0 || Vhgr (Pr)||F = 0 and limy_,o, P = P also exists. Now suppose by contradiction
that |P — P*||p = @ > 0. Then there exists some K > 0 such that for all k > Ko, || P, — P|r < ¢.
For k > max{Ky, K1, K2} + 1, we invoke Lemma 3.11 with 7 € (0, 2L} to get

1Prsr = P*[[7 < [P = P*[[7 — onl|(Pi — P*)g"||* + e
= 1Py = P*|[ — call(Pi — P+ P — P*)g"|]* + aze
N o1, = _
< |1Pe = P*I[E - glll(P = P*)g"|I? + a1 ]| (Pr — P)g* || + aze

<[P = P = SHIP = P)g|* 4+ 3cue” + ace (B.9)
= 1P =PI} = 5" (8T (P = PT(P = PY)) +31e” + aze,  (BLLO)

where a; = M >0, ap = +(2n — Ln?)H?kp~3, and (B.9) uses the fact that ||[P, — P*||p <e.
Telescoping (B.lO) for the next m + 1 iterations, we deduce that

Ck+m+1 = HPk-Q-m-‘rl - P*H%'

3

<P = PHE = 5 S )T (P = PT(P = PY) + (Baue® + ane)(m+ 1)
7=0
= ey — % <Z " (g" )T (P — PY)T(P — P*)> + (Ba1e? + age)(m + 1)

=0

and using the independent sequence assumption, we can pick k1, ..., k, such that

Umin([gk17~ .. 7gkn]) Z c
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and Z;n:o g (ghra)T = o g~ (g*)T = c%I. Hence

<§: 9" (" )T (P —P*)T(P - P*)> > tr[(P— P (P - PY)] = &|P - P} = ¢°0°
j=0

and egpmi1 < egx — 0‘1("2202 + (3a16% 4+ age)(m + 1). Since € is arbitrary, we can repeat the argument

till egymy1 < 0, which leads to contradiction unless # = 0. This completes the proof.
O



Appendix C

Supplement for Chapter 4

C.1 Neural Control Policies Experiment Detalils

The unicycle system follows the linear dynamics & = F(z) + Gu, where

[0 cos 6] [0 0]

vsin 6 0 0

Flz)=| w and G(z)=10 0
0 10

0] 0 1)

For an elliptical obstacle centered at (¢, ¢,) with axes (4, 7,), we use the higher order CBF h(z) =

he(z) + khe(x) with k£ > 0, Min and Azizan [2024] in our experiments, where

he(m) = — 1.

Cy — Pg +LcosB, 2 Cy — Py +£sinf 2
( - )+ ( - )

C.2 Tables for All Test Results in Section 4.5.1

This section includes all the evaluation results on test instances for experiments in Section 4.5.1. For
ease of navigation, Table C.1 summarizes the correspondence between figures presented in the main
text and their associated results tables organized by problem class. Columns “# of Ineq. Violations”
and “4# of Eq. Violations” are counted with threshold 107%.
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Tables Problem Class

Figures

Table
Table
Table
Table
Table
Table

C.2
C.3
C4
C.5
C.6
C.7

NCP

QCQP

NCP

QCQP (10 inequality constraints)
QCQP (50 inequality constraints)

QCQP (100 inequality constraints)

Figure 4.4 & Figure 4.5
Figure 4.4 & Figure 4.5
Figure 4.6
Figure 4.7
Figure 4.7
Figure 4.7

Table C.1: Correspondence between tables, problem classes, and figures in main paper.

Table C.2: Evaluation metrics on the NCP test set. Values shown as mean =+ std across 5 random

seeds.
Method Max Opt. Gap GMean Opt. Gap ~ GMean Ineq. Error  # Ineq Violations Max Eq. Error GMean Eq. Error  # Eq Violations ~ Test Time (s)
DC3 5.31+4.05 1.86 4+ 1.21 (1.00 £0.00) x 10716 (7.20 £ 10.74) x 10~ (6.76 £4.32) x 10711 (5.2 1.54) x 10715 0.00 0.14 +0.10
HardNet (L02£0.47) x 100 (9.17£0.99) x 107" (1.10 £0.01) x 10716 (L13+ n 14) x 10713 | 0.00 0.05 £ 0.01
HProj (5.97 £ 12.04) x 10? 3.72+7.12 0.00 0.00 (2 9) x 1012 0.00 0.05 + 0.03
SnareNet (tol = 107'%)  (4.26£0.44) x 107" (7.91£1.00) x 102 (1.35£0.11) x 1010 0.00 (7 3440. ss) x 10713 0.00 0.80 + 0.14
SnareNet (tol =10~ 1)  (4.26£0.42) x 10T (7.0 £ 1.00) x 102 (5.40 + 1.53) x 10~ 0.00 (807£1.00) x 10 ° 0.00 0.33£0.05
SnareNet ( 10 G) (428 £0.45) x 1071 (7.90 £ 1.01) x 1072 (3.8240.88) x 100 0.00 (8.244+0.64) x 1077 0.00 0.46 £ 0.17
SnareNet (tol =107%)  (4.28+£0.46) x 107" (7.90 £ 1.00) x 1072 (2.71 +£0.51) x 10716 0.00 (7.88+1.14) x 107° 0.00 0.64 + 0.26
SnareNet (tol = 10710)  (4.26 +0.45) x 10°"  (7.91£1.00) x 1072 (1.93 +0.26) x 10716 0.00 (8.42 4+ 1.36) x 107" 0.00 0.88+0.18

Table C.3: Evaluation metrics on the QCQP test set. Values shown as mean + std across 5 random

seeds.

Method

Max Opt. Gap

GMean Opt. Gap

GMean Tneq. Error

# Tneq Violations

Max Eq. Error

GMean Eq. Error

# Bq Violations

Test Time (s)

DC3
HProj
SnareNet (tol = 10~12)

(1.52 £ 1.00) x 10
7.78 4+ 17.18) x 10*
1.2440.06) x 10!

.22+ 7.30
(341 +7.57) x 10
(2.60 +0.26) x 102

(3.00 £ 1.45) x 10~
(2.01 +4.41) x 10712
(7.06 £0.95) x 10713

(
SnareNet (tol = 10~ 7)
SnareNet (tol = 107°)
(
(

SnareNet (tol = 107%)
SnareNet (tol = 10710)

1.25+0.06) x 10~
1.24£0.07) x 1071

(
(
(1.24£0.06) x 107 T
(
(
(1.25+0.07) x 107!

(2.60£0.26) x 10~
(2.60 £0.27) x 1072
(2.60 £0.26) x 1072
(2.60 +0.26) x 102

(L17£0.32) x 10716 0.19+0.33
(1.10+£247) x 10713 10.00 + 22.36
(136 £0.17) x 10716 0.00
(7T7T4£1.97) x 10 1° 0.00

(2.68 £0.64) x 10717 0.00
(9.52 £ 1.98) x 10716 0.00
(3.35+£0.70) x 10716 0.00

(833£0.87) x 107
(7.64£0.97) x 1077
(7.88 £ 0.82) x 10~
(7.31£0.72) x 10711

(3.28 £0.98) x 1071° 0.00 0.15 £ 0.06
(2.77£6.08) x 10713 0.00 0.26 +0.37
9.93 + 3.87) x 10716 0.00 1.37 £0.48
(1.93£0.45) x 10 © 0.00 0.69 = 0.74
(5.92 £ 2.64) x 1079 0.00 0.79 +0.28
(2.13£1.23) x 10711 0.00 1.18 £0.17
(7.35 £5.48) x 10714 0.00 1.57 +0.46

Table C.4: Evaluation metrics on the NCP test set. Values shown as

mean =+ std across 5 random

seeds.
Method Obj. Value Max Opt. Gap GMean Opt. Gap  Max Ineq. Error  GMean Ineq. Eror  # Ineq Violations  Max Eq. Error GMean Eq. Error  # Eq Violations  Test Time (s)
Snarelet (A =0.001) —11.19+0.29 292+ 1 73 (428 £2.66) x 1071 (4.07£1.46) x 1079 (1.72+£0.14) x 1071¢ 0.00 (6.57£2.36) x 1079 (1.87£0.97) x 10710 0.00 0.28 +£0.12
SnareNet (A =0.01)  —11.59+0.01 (7.90 £ 1.00) x 1072 (5.35+0.88) x 1077 (2714 0.51) x 1071° 0.00 (788 £ 1.14) x 107°  (7.7443.91) x 10~ 0.00 0.76 £0.74
Snarellet (A =0.1) 11.64 + 0.00 (3.86+£0.22) x 1072 (1.40+0.22) x 10°%  (3.58 +£0.04) x 10°1¢ 0.00 (2.08+0.33) x 1075 (4.29+0.82) x 10710 0.00 0.61 +0.26
Snarelet (A = 10) —11.67 £ 0.00 (4.20 £ 0.06) x 107 (8.65%0.46) x 1075 (6.38 % 0.16) x 1071° 0.00 (1.20 £0.06) x 1077 (498 +0.61) x 10~ 0.00 2194124
Snarellet (A = 1) —11.66 £ 0.00 (157 £0.05) x 1072 (1.96 % 0.08) x 1075 (5.01 4 0.09) x 1071° 0.00 (3.2140.13) x 1075 (6.27 +0.93) x 10710 0.00 1.3140.32
Snarellet (\ = 5) ~11.67 +0.00 (6.34+0.06) x 10 (5.07+0.25) x 107 (6.78+0.12) x 10°1° 0.00 (7.5240.39) x 1075 (3194 0.24) x 10°° 0.00 2224117

Table C.5: Evaluation metrics on the QCQP with 10 inequality constraints test set. Values shown

as mean =+ std across 5 random seeds.

Method Max Opt. Gap GMean Opt. Gap GMean Ineq. Error  # Ineq Violations Max Eq. Error

GMean Eq. Error  # Eq Violations  Test Time (s)

Optimizer (Gurobi) 142 x 10~ 4.48 x 10716 0.00 0.00 5.43 x 10710

DC3 7.96+£11.33) x 101 (2214 1.94) x 10*  (3.52+7.87) x 10710 0.97 +1.88 (148 £ 1.11) x 10713
HProj (2.40 £1.99) x 1071 (1.60 + 1.42) x 10! .00 0.00 (1.08 +0.92) x 10713
SnareNet (Ours) (1.74+0.08) x 1071 (3.16 £0.29) x 1072 (4.78 £0.92) x 10~ 1> 0.00 (5.13+£1.28) x 10°°

1.06 x 10~ 0.00 428.44
(1.40 £ 0.94) x 10714 0.00 0.08 £ 0.07
(1.414+0.98) x 10~ 14 0.00 0.02 +0.02
(6.354+1.68) x 1077 0.00 0.25 +0.01

Table C.6: Evaluation metrics on the QCQP with 50 inequality constraints test

as mean =+ std across 5 random seeds.

set. Values shown

Method Max Opt. Gap GMean Opt. Gap ~ GMean Ineq. Error  # Ineq Violations Max Eq. Error GMean Eq. Error  # Eq Violations  Test Time (s)
Optimizer (Gurobi) 711 x 1071 2.74 x 10716 1.01 x 10716 0.00 1.58 x 108 3.89 x 10713 0.00 1742.79
DC3 (3.37+£1.78) x 101 (1.59£0.76) x 101 (2.39 +4.72) x 10713 5.33 +£5.07 (7.63 +£5.12) x 101 (5.42£3.01) x 10~ 0.00 0.18 +0.08
HProj (778 £17.18) x 101 (341 £7.57) x 101 (1.10 +2.47) x 1013 10.00 + 22.36 (2.01 £4.41) x 10712 (277 £6.08) x 10~ 13 0.00 0.26 + 0.37
SnareNet (Ours) (1.25+0.06) x 1071 (2.60 £0.27) x 1072 (2.68 £ 0.64) x 10~1> 0.00 (7.64£0.97) x 1077 (5.92+£2.64) x 1072 0.00 0.39 £ 0.01
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Table C.7: Evaluation metrics on the QCQP with 100 inequality constraints test set. Values shown
as mean =+ std across 5 random seeds.

Method Max Opt. Gap GMean Opt. Gap ~ GMean Ineq. Error  # Ineq Violations  Max Eq. Error GMean Eq. Error  # Eq Violations  Test Time (s)
Optimizer (Gurobi) 711 % 10715 2.57 x 10716 1.04 % 10716 0.00 157 x 1077 7.90 x 10713 0.00 3563.30
DC3 (1.14 £ 0.66) x 10’ 6.86 + 4.63 (142 +0.91) x 10716 0.65 + 1.37 (176 +£1.27) x 107 (1.70 4 0.89) x 10717 0.00 0.48 + 0.08
HProj (2.35£5.22) x 102 (1.5343.40) x 102 (5404 12.08) x 10711 20.07+44.86  (1.83+£4.03) x 10712 (3.0446.73) x 1013 0.00 0.44 4+ 0.69
SnareNet (Ours) (L74£0.08) x 107" (3.16+0.29) x 1072 (1.88+0.22) x 10~'? 0.00 (7.77+£0.54) x 1077 (280 0.97) x 10~° 0.00 0.68 +0.12

C.3 Scaling of Computational Resources

Table C.8 shows the training time, memory usage, and number of repair iterations taken for SnareNet
on non-convex programs (NCPs) of varying sizes. The experiments were run on an Intel 6426Y CPU
and an NVIDIA L40S GPU, constrained to 16, 16, and 32 GB of GPU memory per run for 100,
500, and 1000 constraints, respectively. Note that SnareNet may use less computational resources
for larger problems under a fixed number of constraints since the problems can be less constrained
and require fewer repair iterations to achieve feasibility. For example, the 500 and 1000 variable
problems with 100 constraints are cheaper (both in time and memory) than the 100 variable problem

with 100 constraints. Table C.8 indicates that SnareNet is more suitable for problems with m < n.

Table C.8: Total training time (sec) / memory usage / maximum repair iterations on NCPs of
varying sizes.

100 constraints 500 constraints 1000 constraints
(50 eq. + 50 ineq.) (50 eq. + 450 ineq.) (50 eq. + 950 ineq.)

100 var ~ 3674.4s / 2.3GB / 32 3496.9s / 44GB / 100 5832.5s / 4.9GB / 100
500 var  869.1s / 1.3GB /3  6493.8s / 11.6GB / 11 29301.7s / 23.8GB / 30
1000 var 1107.3s / 1.3GB /3 2724.5s /3.3GB /3  >86400.0s / 31.1GB / 8

C.4 Soft Constraint Training Can Be Counterproductive

Soft constraint training is commonly employed as a warm-up strategy for hard-constrained neural
networks. However, as shown in Figure C.1, this approach can be counterproductive. While HardNet
achieves a lower optimality gap after 1000 soft epochs than after 500, this reduction does not persist:
once hard constraint training begins, the optimality gap increases sharply, negating any apparent
progress. Additional soft constraint epochs constitute an inefficient use of computational resources,

as the gains from soft constraint training do not transfer to improved final model performance.
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HardNet with 1000 Soft Epochs

HardNet with 500 Soft Epochs
1

Max Optimality Gap

1
0 1000 1500 2000 0 500 1000
Epoch Epoch

1
|
]
o

1500 2000

=y
(%3

Figure C.1: Maximum optimality gap over all NCP validation instances for HardNet trained with
soft constraints for 500 and 1000 epochs and hard constraints for the rest.
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