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Abstract

Ill-conditioning is pervasive in machine learning and is the dominant obstacle to solving many
problems at scale. Datasets, kernel matrices, and neural-network loss landscapes are routinely
ill-conditioned, which causes first-order optimizers to converge slowly, while classical second-order
methods that are robust to ill-conditioning become computationally infeasible at modern scales. This
dissertation develops algorithms, theoretical analyses, and software that correct ill-conditioning in
a variety of machine learning settings. First, we introduce ASkotch, a memory-efficient iterative
method for full kernel ridge regression that combines sketch-and-project iterative solvers with the
randomized Nystrom approximation. ASkotch enjoys condition-number-free linear convergence and
scales full KRR to datasets with hundreds of millions of samples on a single GPU, a regime where
previous state of the art methods fail to complete a single iteration. Second, we analyze the op-
timization landscape of physics-informed neural networks (PINNs) and show how ill-conditioned
differential operators in the residual term make the PINN loss hard to minimize. We establish that
a pipeline applying Adam followed by L-BFGS is a strong default for training PINNs, and develop
NysNewton-CG (NNCG), a second-order optimizer that rescues PINN training on problems where
this pipeline stalls. Third, we develop rlaopt, an open-source PyTorch package that makes scalable
preconditioned optimization accessible to practitioners, with GPU-enabled solvers for a broad class
of machine learning problems, a CVXPY-style modeling language, and end-to-end differentiability.
Together, these contributions show that ill-conditioning need not be an obstacle to scalable machine

learning.
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Chapter 1

Introduction

1.1 Motivation

Ill-conditioning is pervasive in machine learning. Datasets used for regularized empirical risk min-
imization (ERM) are routinely ill-conditioned, with data-matrix condition numbers ranging from
10* to 10® or larger |Frangella et al.l [2024b]. Kernel matrices arising in large-scale kernel ridge
regression (KRR) exhibit approximate low-rank structure, due to rapid spectral decay [Caponnetto
and DeVito, 2007, Bach, 2013, Tu et al., |2016, Ma and Belkin) {2017}, [Belkin, 2018]. The differen-
tial operators that appear in the losses of physics-informed neural networks (PINNs) induce such
severe ill-conditioning that practitioners find that quasi-Newton methods are necessary for effective
training [Rathore et al.| [2024].

Ill-conditioning matters because it is the dominant obstacle to solving machine learning problems
at scale. First-order methods such as stochastic gradient descent (SGD) and Adam [Kingma and
Bal, 2014] enjoy cheap per-iteration costs and parallelize naturally on modern hardware, but their
convergence is governed by the problem’s condition number and so they are slow on ill-conditioned
problems. Classical second-order methods such as Newton’s method and BFGS |Broyden, 1970,
Fletcher) (1970l |Goldfarb), (1970, |Shanno, [1970] are robust to ill-conditioning but require either ex-
pensive matrix factorizations or storage costs that are computationally infeasible at the scales consid-
ered in modern machine learning. Consequently, practitioners are caught between scalable-but-slow
first-order methods and fast-but-infeasible second-order methods.

The way out of this dilemma is scalable preconditioning: cheaply transform the problem (or a
subproblem) so that its condition number is small, (approximately) recovering the fast convergence of
second-order methods without paying their full cost. Different settings call for different precondition-
ing tools. For convex ERM problems, randomized low-rank approximations (the Nystrém approxi-

mation in particular) capture the dominant eigenvalues cheaply and yield preconditioners that can



CHAPTER 1. INTRODUCTION 2

be rapidly constructed and applied to gradients [Frangella et al, [2023] 2024blla]. For KRR, random-
ized low-rank approximations can be combined with sketch-and-project iterative solvers |[Gower and
Richtarik, [2015] to yield memory-efficient methods with condition-number-free linear convergence
[Rathore et al.,[2026]. For PINN losses, quasi-Newton methods like L-BFGS [Liu and Nocedal, |1989]
approximate curvature from gradient history without ever forming a Hessian and remain practical
at the scales encountered in PINN training. For composite optimization, operator splitting reduces
the problem to a sequence of simpler subproblems whose conditioning can be controlled through
preconditioned inner solvers |[Zhao et al., [2022 [Diamandis et al., |2026]. In each case, the precon-
ditioner sidesteps the prohibitive factorization and storage costs of classical second-order methods
while still capturing enough curvature information to dramatically improve conditioning.

This dissertation identifies where ill-conditioning arises in three important machine learning set-
tings, explains why it limits the state of the art, and develops algorithms, analyses, and software that
correct it: kernel ridge regression (Chapter, the optimization of physics-informed neural networks
(Chapter [3)), and a unified software framework that makes scalable preconditioned optimization

accessible to practitioners (Chapter [4)).

1.2 Contributions and Outline

The core contributions of this dissertation are new algorithms, theoretical analyses, and software for
ill-conditioned problems in machine learning. We summarize the content and contributions of each
chapter below.

Chapter We develop ASkotch, an iterative method for solving full kernel ridge regression
(KRR). ASkotch combines sketch-and-project iterative solvers [Gower and Richtarik] [2015] with the
randomized Nystrom approximation [Frangella et al. 2023]. For an n x n kernel matrix, ASkotch en-
joys per-iteration cost that is linear in n and storage cost that is independent of n. We establish fine-
grained convergence guarantees for ASkotch via a first-moment analysis of the Nystrom projector,
which relies on a novel reduction from approximate ridge leverage score sampling to determinantal
point processes. When the effective dimension of the kernel matrix is not too large, ASkotch enjoys
condition-number-free linear convergence and achieves a near-optimal O(n?log(1/€)) total compu-
tational complexity. Empirically, ASkotch outperforms preconditioned conjugate gradient (PCG),
EigenPro 2.0 [Ma and Belkinl 2019], EigenPro 3.0 [Abedsoltan et all [2023], and Falkon [Rudi et al.,
2017, [Meanti et al., [2020] on predictive performance across 23 large-scale KRR problems, and scales
full KRR to a dataset with n = 108 samples on a single 48 GB GPU-—a regime in which PCG cannot
complete a single iteration.

Chapter 3| We study the optimization landscape of physics-informed neural networks (PINNs)
and show how ill-conditioning of the PINN loss restricts the application of these methods. We
demonstrate empirically that the PINN loss is highly ill-conditioned due to the differential operators
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in the residual term, and that quasi-Newton methods improve the conditioning of the loss by 1000 x
or more. We show that Adam+L-BFGS, a pipeline that applies Adam followed by L-BFGS, is
a superior default compared to either optimizer alone, but can stall at a high loss when the L-
BFGS line search fails to find a satisfactory step size. To address this failure mode, we introduce
NysNewton-CG (NNCG), a second-order optimizer that uses a randomized Nystrom approximation
of the Hessian to precondition a Newton-CG solve, and show empirically that it rescues training when
Adam+IL-BFGS stalls. We also prove that an ill-conditioned linear differential operator induces an
ill-conditioned PINN loss, giving a theoretical justification for our empirical observations.

Chapter [4] Despite the strong algorithmic foundations of RandNLA-based optimization meth-
ods, there is a gap between the algorithms developed in the literature and the software available to
practitioners: existing implementations do not leverage modern parallel hardware and do not pro-
vide a user-friendly interface for modeling optimization problems. We close this gap with rlaopt, an
open-source, PyTorch-based software package for large-scale optimization using RandNLA. rlaopt
provides GPU-enabled implementations of NystromPCG [Frangella et al.l [2023| for large-scale linear
systems, NysADMM |Zhao et al.| 2022, Diamandis et al.| |2026| for constrained convex optimization,
and SAPPHIRE [Frangella et al., [2024al [Sun et al. 2025] for preconditioned stochastic variance-
reduced empirical risk minimization. A flexible modeling language, inspired by CVXPY |Diamond
and Boyd| |2016], allows users to specify problems using natural mathematical syntax, and the
package supports differentiating through the solver for end-to-end learning. We demonstrate GPU
speedups of up to 20x for NystromPCG, 20-30x for NysADMM, and 5-10x for SAPPHIRE over
CPU implementations on benchmark problems.

Chapter 5. We summarize the contributions of the dissertation and discuss promising directions
for future research.

Taken together, these contributions identify where ill-conditioning arises in important machine
learning problems, show why it limits the state of the art, and develop scalable algorithms and

software that correct it.

1.3 Other Publications and Projects

In addition to the contributions covered in this dissertation, I have co-authored three more publica-
tions during my PhD: |Frangella et al.| 2024b] (SIMODS ’24), [Frangella et al., [2024a] (JMLR ’24),
and [Rathore et al.l [2025] (NeurIPS ’25).



Chapter 2

Have ASkotch: A Neat Solution
for Large-scale Kernel Ridge

Regression

We develop ASkotch, an iterative method for solving large-scale kernel ridge regression (KRR) that
combines sketch-and-project with the randomized Nystrom approximation. ASkotch enjoys per-
iteration cost linear in the number of samples n, storage independent of n, and condition-number-free
linear convergence when the effective dimension of the kernel matrix is not too large. Empirically,
ASkotch outperforms state-of-the-art KRR solvers across 23 large-scale datasets and scales full KRR
to a dataset with n = 108 samples on a single 48 GB GPU, a regime in which PCG cannot complete
a single iteration.

This chapter is based on [Rathore et al.|[2026], currently under review at the Journal of Machine

Learning Research.

2.1 Introduction

Kernel ridge regression (KRR) is one of the most popular methods in machine learning, with im-
portant applications in computational chemistry [Stuke et al.l [2019] Bliicher et al., 2023| [Parkinson
and Wangj, [2023], healthcare [Cheng et al. 2020, [Wu et al., |2021} [Townes and Engelhardt], [2023],
and, more recently, scientific machine learning [Raissi et al., 2017, Meanti et al., 2024, Batlle et al.|
2024]. Given a kernel function k(z,z’) and training set {(z;,v:)}";, full KRR seeks the function f
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in a reproducing kernel Hilbert space H that satisfies

RN A
migiaize 53 (#(a:) = u)” + 51/ e (2.1)
The celebrated representer theorem [Kimeldorf and Wahbal, 1970} [Scholkopf and Smola), [2002] says
that the solution of (2.1]) lies in the subspace

Ho=SfeH: f(z)= Zw(j)k(w,xj), where w?) € R
j=1

With this reduction, the infinite-dimensional optimization problem in ([2.1)) collapses to a finite-

dimensional, convex, least-squares problem:

1 A
inimize £ = —||Kw —y|* + = |lw|%. 2.2
minimize Lean(w) = 5 [|Kw —y|" + S vk (2:2)
Here K is a n x n kernel matrix whose entries are given by K;; = k(z;,z;). The optimal weights
wy in (2.2)) are the solution of the linear system

Kyw, =y, (2.3)

where K := K + A\I.

Despite its popularity, full KRR is challenging to scale to large datasets: the state-of-the-art
methods for solving have costs that are superlinear in n. Direct methods (e.g., Cholesky
decomposition) have O(n3) computational complexity and O(n?) storage complexity. Therefore,
when n > 10%, Cholesky decomposition becomes unsuitable for solving . Iterative methods
such as preconditioned conjugate gradient (PCG) have per-iteration complexity O(n?). In addition
to expensive iterations, most PCG methods employ low-rank preconditioners, which require O(nr)
storage, where r is a rank parameter which needs to be sufficiently large to ensure effective precon-
ditioning. Therefore, when n > 10%, PCG is either (i) too slow or (ii) requires too much memory to
solve (2.3)).

The standard approach for addressing the scalability issues of full KRR is to select a set of m
inducing points from the training set, and solve the inducing points KRR problem [Scholkopf and

Smolal 2002, [Rudi et al.| [2015]. The inducing points KRR objective is

1 A
minimize Lina(1) = 5| Kumto = yl* + Sllulk,,,. (2.4)

where K, is the n x m matrix of the columns of K identified by the inducing points, and K.,

is the corresponding principal submatrix of K. The optimal weights w, in (2.4)) are the solution of
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the linear system
(KT Kpm + )\Kmm)w* = Kgmy. (25)

nm

The linear system accesses K only through K,,, and K,,,,, reducing the storage and per-
iteration computation needed to solve the KRR problem. As a result, Cholesky decomposition has
O(nm? +m?) computational complexity and requires O(m?) storage. Consequently, when m > 10°,
Cholesky is unsuitable for solving . State-of-the-art PCG methods for inducing points KRR,
like Falkon [Rudi et al., [2017, Meanti et al., [2020] and KRILL |[Diaz et al.l 2023|, require O(m?)
time to construct the preconditioner and O(m?) storage. Thus, when m > 10°, these PCG methods
are also unsuitable for solving .

Alas, scale matters: previous work has established that increasing the number of inducing points
leads to better predictive performance |[Frangella et all 2023, [Diaz et al., 2023, |Abedsoltan et al.l
2023]. Moreover, full KRR often allows better predictive performance than inducing points KRR
[Wang et al., 2019, Frangella et al., [2023| Diaz et al.l 2023]. Therefore, a new, more scalable approach
to KRR is needed for better prediction on large-scale tasks.

In this work, we turn conventional wisdom around, demonstrating that better, faster solutions can
be achieved by targeting the full KRR problem rather than the inducing points KRR approximation.
We do so by developing the iterative method ASkotch to solve full KRR. ASkotch has (i) per-iteration
costs that are linear in n and (ii) storage costs that are linear in the preconditioner rank r but are
independent of n. These properties allow ASkotch to scale to larger datasets than existing state-of-
the-art methods for solving . ASkotch possesses strong theoretical guarantees and easy-to-set
hyperparameters that deliver reliable performance. Furthermore, ASkotch exploits parallelism on
modern hardware accelerators like GPUs, which is essential for scaling to large KRR problems.

Fig. demonstrates the core messages of our work—full KRR can scale to massive datasets
and outperform inducing points KRR with respect to predictive performance. On a dataset with
n = 10® samples, ASkotch scales better than the standard approach to full KRR: PCG is unable to
complete a single iteration within a 24-hour time limit. Moreover, ASkotch is more reliable than the
KRR solvers EigenPro 2.0 and EigenPro 3.0 [Ma and Belkin|, [2019} |Abedsoltan et al., [2023] when all
three methods are run with their default hyperparameters: EigenPro 2.0 and EigenPro 3.0 diverge,
while ASkotch reaches a root mean square error (RMSE) of approximately 230. Finally, ASkotch
outperforms Falkon on RMSE. While [Meanti et al|[2020] scales an optimized version of Falkon to
the full taxi dataset (n ~ 10°) with m = 10° inducing points, ASkotch is solving a problem of
size 108 - 108 = 10'S, which is two orders of magnitude larger than the problem solved by Falkon
(10° - 10° = 10**). For additional discussion, please see Section [2.3.2}

Table compares the capabilities of ASkotch to state-of-the-art methods for KRR. ASkotch is
the only method that solves full KRR while having a moderate memory requirement, reliable default
hyperparameters, and theoretical convergence guarantees. In the EigenPro GitHub repos, there is

no option for the user to set hyperparameters such as the learning rate or gradient batch size. Since
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Figure 2.1: Full KRR is advantageous over inducing points KRR, even for large problems. Our
method ASkotch, run with its default hyperparameters, outperforms the state-of-the-art for both
full and inducing points KRR on a subsample of the taxi dataset. Falkon is limited to m = 2 - 104
inducing points due to memory constraints. State-of-the-art Nystrém PCG methods [Frangella et al.
2023] Gaussian Nystrém [Frangella et al., [2023] and Randomly Pivoted Cholesky [Diaz et al., [2023
Epperly et all 2025], each with a rank r = 50 preconditioner, fail to complete a single iteration.
EigenPro 2.0 and EigenPro 3.0 (not shown) diverge on their default hyperparameters. All methods
have a 24-hour time limit and are run on a single 48 GB NVIDIA RTX A6000 GPU.

the EigenPro methods diverge on taxi and several other datasets in this work, we conclude that the

default hyperparameters for EigenPro can be unreliable.

Table 2.2: Iteration and storage complexities for state-of-the-art full KRR methods. Storage com-
plexity refers to memory that is explicitly used by the algorithm (this excludes matrix-vector product
oracles). Total computational complexity refers to the total cost required by the algorithm to com-
pute an e-approximate solution, omitting logarithmic dependencies upon e. Here, b, < n is the
stochastic gradient batch size used by EigenPro 2.0, s < n is the sample size used to construct the
rank-r preconditioner in EigenPro 2.0, b < n is the blocksize in ASkotch, and d*(K) is the M-effective
dimension of K (Definition [2.4). ASkotch has the same total cost as PCG but has lower storage and
per-iteration costs.

Total computational

Algorithm Per-iteration complexity Storage complexity K
complexity
PCG O(n?) O(d*(K)n) O(n?)
EigenPro 2.0 O(nbg + rs) O(rs) o ()\)‘T_U({I)() n2>

ASkotch O(nb) O (a*(K)p) O (n?)
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Table 2.1: A comparison of the capabilities of ASkotch and state-of-the-art methods for KRR.
“Reliable defaults” indicates whether the method comes with default hyperparameters that work well
in practice. “Converges” indicates whether the method has a rigorous linear convergence guarantee.

Algorithm Full KRR? Memory-efficient? Reliable defaults? Converges?
ASkotch v v v v
EigenPro 2.0 v 4 X v
EigenPro 3.0 X v X X
PCG v X v v
Falkon X X v v

2.1.1 Contributions

We make significant algorithmic and theoretical contributions to the literature on KRR solvers and

sketch-and-project methods.

1. We develop the iterative method ASkotch for solving full KRR. The key to our approach
lies in carefully combining two methodologies: sketch-and-project iterative solvers [Gower and
Richtérikl 2015] and Nystrom matrix approximations [Williams and Seeger}, [2000, (Tropp et al.,
2017]. We incorporate the Nystrom approximation into the sketch-and-project update in a way
that preserves convergence, and combine this with Nesterov acceleration to solve with

reduced time and memory requirements.

2. We establish fine-grained convergence guarantees for ASkotch based on ridge leverage score
sampling, determinantal point processes, and careful spectral approximation arguments. A

detailed overview of our theoretical contributions is presented in Section [2.1.2

3. We perform an extensive empirical evaluation comparing ASkotch to the existing state-of-
the-art for full and inducing points KRR. We show that ASkotch outperforms EigenPro 2.0,
EigenPro 3.0, PCG, and Falkon on predictive performance for 23 large-scale KRR problems
(typically, n > 10%). Moreover, we show that full KRR consistently obtains equivalent or
better predictive performance than inducing points KRR, establishing the superiority of full
KRR when combined with ASkotch. We provide open-source code|in PyTorch to make it easy

to reproduce our experiments and run ASkotch on new problems on CPU and GPU hardware.

2.1.2 Our Techniques

Our main theoretical contributions lie in the convergence analysis of ASkotch. Establishing conver-
gence of ASkotch requires overcoming two fundamental challenges, discussed below.

Technical Contribution 1: First-moment analysis of SAP projector via ARLS-to-DPP reduc-
tion. Our first contribution overcomes a fundamental limitation in the existing theory of sketch-

and-project (SAP) solvers. The convergence of SAP methods is controlled by a random projection
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matrix that we call the SAP projector, with the convergence rate being determined by the smallest
eigenvalue of the expected SAP projector. Existing approaches for analyzing the smallest eigenvalue
of the expected SAP projector [e.g.,[Mutny et al., 2020, [Derezinski and Yang, [2024} [Derezinski et al.,
2025a] require either (1) an expensive, impractical sub-sampling scheme known as a Determinan-
tal Point Process (DPP), or (2) preprocessing the input matrix with the Randomized Hadamard
Transform, which is prohibitive for large problems due to its O(n?) storage cost.

To address this challenge, we adopt a different sampling scheme called approximate ridge leverage
score (ARLS) sampling [Alaoui and Mahoneyl [2015], which is less expensive (both in compute and
storage) than either of these approaches. Our convergence analysis develops a reduction from ARLSs
to DPPs (Lemma , by relating the former to the marginals of a DPP through a novel measure
concentration argument. This reduction allows us to establish a non-trivial lower bound on the
smallest eigenvalue of the expected SAP projector when using ARLS sampling (Lemma . We
believe this result is of independent interest and could be used to improve the convergence analysis
of other iterative solvers that use the sketch-and-project paradigm.

Technical Contribution 2: First-moment analysis of Nystrom projector. ASkotch replaces the
linear system solve in SAP with an approximate solution based on Nystrom sketch-and-solve [Bachl,
2013, |Alaoui and Mahoney| 2015 [Frangella et al.| [2023]. In contrast, prior sketch-and-project solvers
[Gower and Richtarik, 2015} |Gower et al., 2018| |Dereziniski and Yang], [2024} |Dereziniski et al., [2025a]
assume the SAP linear system is either solved exactly or to sufficient accuracy at each iteration
using an iterative solver. The use of Nystrom sketch-and-solve complicates the analysis in two ways:
1) the convergence rate is no longer controlled by an expected projection matrix; 2) the Nystrom
solution is generally not close to the exact solution [Frangella et al.,[2023]. The first issue prevents us
from directly applying the classical convergence analysis of SAP, which is deeply reliant on the SAP
projector actually being a projection matrix. The second issue means we cannot appeal to existing
inexact SAP theory, which requires the approximate solution to be close to the exact solution.

Remarkably, although the matrix that controls convergence of ASkotch is not the expectation of
a projection matrix, it is the expectation of a matrix that is nearly a projection matrix. We refer
to this matrix as the Nystrom projector. Using careful spectral approximation arguments, we show
that the expected Nystrom projector is lower bounded in the Loewner ordering by the expected SAP
projector multiplied by a factor that captures the price of replacing the SAP linear system solve with
Nystrom sketch-and-solve. Thus, we are able to transfer the first-moment projector analysis from
Theoretical Contribution 1 (which is for exact SAP) to ASkotch, which yields a lower bound on the
smallest eigenvalue of the expected Nystrom projector (Theorem . This lower bound on the
smallest eigenvalue of the expected Nystrom projector lets us establish a fine-grained convergence
rate for ASkotch (Theorem . Using this theory, we prove that when the effective dimension of
the kernel matrix is not too large, ASkotch enjoys fast condition-number-free linear convergence, for

a near-optimal @(n2 log (%)) computational complexity to reach an e-approximate full KRR solution
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(Corollary[2.18)). This convergence rate is comparable to that of PCG while improving over EigenPro
2.0 (Table [2.2).

2.1.3 Roadmap

Section introduces ASkotch (and its non-accelerated variant, Skotch), and describes the tech-
niques (sketch-and-project, Nystrom approximation, automatic computation of stepsizes) that are
used in this algorithm. Section [2.3|reviews existing methods to solve full and inducing points KRR
and places ASkotch in the context of these works. Section [2.4] introduces several key quantities
used in the convergence analysis of ASkotch. Section develops lower bounds on the quantities
introduced in Section 2.4 by exploiting connections between ARLS sampling and DPPs. Section [2:0]
uses the lower bounds from Section to establish a fine-grained convergence rate for ASkotch on
full KRR. Section demonstrates the superior performance of ASkotch over state-of-the-art full

and inducing-points KRR solvers.

2.1.4 Notation

We use [n] to denote the set {1,2,...,n}. Throughout the paper, B is a subset of [n] that is sampled
randomly according to some distribution. Ig concatenates the rows of I, indexed by B. Given a
square matrix A, Agp denotes the principal submatrix of A indexed by B.

Tr(-) is the trace of a matrix, det(-) is the determinant of a matrix, and null(+) is the null space
of a matrix. S7, (S7) denotes the convex cone of pd (psd) matrices in R"*". The symbol <
denotes the Loewner order on the convex cone of psd matrices: A < B means B — A is psd. For a
square matrix A and constant A, we define Ay := A+ AI. We use || - || to denote norms; || - || with
no subscript is the Euclidean norm. For a matrix A € S%, its eigenvalues in decreasing order are

A(A) > X(A) > ... > A\, (A). AT is the Moore-Penrose pseudoinverse of a matrix A. If A € S,
+

the smallest non-zero eigenvalue is denoted by AT. (A). For a positive integer b and matrix A, |A],
is the best rank-b approximation of A with respect to the spectral norm.
The symbols (+), O(+), and O(+) are the standard quantities from asymptotic complexity anal-

ysis. Q(-), ©(-), and O(-) are used to hide poly-log factors.

2.2 Algorithms

We propose ASkotch (Accelerated scalable kernel optimization and training with coordinate sketch-
and-project and approximate Hessians, Algorithm [1)) to solve full KRR. We introduce the ASkotch
algorithm in Section and we follow this by describing the key building blocks of the method,
such as approximate sketch-and-project (Section , randomized Nystrom approximation (Sec-
tion , and automatic computation of the stepsize (Section . ASkotch comes with default
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hyperparameter settings (Section [2.2.5)), which reduces the effort required by practitioners to tune
the method; we use these defaults in our experiments (Section [2.7)).

2.2.1 ASkotch

Algorithm 1 ASkotch

Require: blocksize b, coordinate sampling distribution P, acceleration parameters fi, &, acceleration flag use_accel, rank r,
damping p, kernel oracle K, targets y, ridge parameter A\, number of iterations N, initialization wog

# Compute acceleration parameters

B 1—/ifo
v+ 1/Vao

a <+ 1/(1+~D)
Vo < W, 20 < Wo

fori=0,1,...,N —1do
Sample a block of coordinates B C [n] according to P > Bl =b
Kpp + Nystrém(Kpgg, ) > Low-rank approximation of Kgp
Lpg + get L(Kpp + A, KBB, p) > Via powering

# Update iterates
if use_accel then

d; Ig(f{gg +pD) T (K\)B:zi — yB) > Approximate projection; costs O(nb + rb)
Witp1 — 25 — (Lps)fldi > Costs O(b)
Vit1 < Bvi + (1 — B)z; — 'y(LpE)fldi > Costs O(n)
Zit1 < ovip1 + (1 — a)wiq > Costs O(n)
else
# Non-accelerated version (Skotch)
d; — I};(IA(BB +pD) T (Kx\)B:ws — yB) > Approximate projection; costs O(nb + rb)
Wit1 — w; — (LPB)fldi > Costs O(b)
end if
end for
return wy > Approximate solution to Kyw =y

At each iteration, ASkotch randomly samples a block B containing b distinct coordinates (we
omit the dependence of BB on i to avoid notational clutter). ASkotch then computes a rank-r Nystrom
approximation of Kpp and computes a preconditioned smoothness constant for the block, Lp,, which
is used to set the stepsize. Next, ASkotch computes the approximate projection step d;. Finally,
ASkotch combines the approximate projection step d; with Nesterov acceleration |[Nesterov, 2018]
to update its estimate of the solution.

ASkotch is compatible with any coordinate sampling distribution P. Our implementation uses
two approaches inspired by popular sampling distributions in the kernel literature: uniform sam-
pling and ARLS sampling. The uniform sampling distribution places an equal weight of 1/n on
each coordinate, while ARLS sampling weights coordinates with probabilities proportional to their
approximate RLSs (Definition . In our implementation, we approximate the RLSs using BLESS
[Rudi et all 2018 |Gautier et al.| [2019].

ASkotch has a flag indicating whether or not to use Nesterov acceleration: when this flag is False,
acceleration is disabled. Throughout the rest of the paper, we will use the name Skotch to refer to

the non-accelerated version of ASkotch.
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2.2.2 Approximate Sketch-and-Project

Sketch-and-project (SAP) |[Gower and Richtérik, [2015| Richtérik and Takac, 2020] is a randomized,
iterative framework to solve consistent linear systems. SAP for the full KRR linear system ([2.3)
takes in two parameters: (i) a fixed, pd matrix @ € S| and (ii) a distribution D over matrices

in R®*™ where b is a positive integer. At iteration i, SAP draws a sketching matrix S; 8D and

computes the next iterate by solving the optimization problem

w41 = argmin Jw — w3
v (2.6)
subject to S; K w = S;y.

In other words, SAP progresses by projecting the current iterate w; (with respect to the Q-norm)
onto the solution space of a sketched version of (2.3). Importantly, when @ = K, and D is the
uniform distribution over row selection matrices of size b x n, the SAP update has the following

closed form:

Wiy = w; — Q7 KNS (SiKAQT K\ST) T (Si Kaw; — Siy) (2.7)
= w; — I (Kpg + AI) ' (Kx)g:wi — yB). (2.8)

Nesterov acceleration has been applied to a wide range of iterative optimization methods to
obtain algorithms with faster convergence rates [Allen-Zhu et al.| |2016, [Liu and Wright|, 2016| |Allen-|
Zhul, [2018], [Ye et all [2020]. SAP is no exception—Gower et al.| [2018] combines SAP with Nesterov

acceleration and shows that Nesterov-accelerated SAP (NSAP) converges at least as fast as its

non-accelerated counterpart.
In theory, NSAP improves over PCG when b = o(n?/?). However, a larger blocksize b is often

beneficial for SAP methods—for example, the convergence rate for the randomized Newton method

enjoys a superlinear speedup as b increases |Gower and Richtarikl [2015]. Using a direct method

to solve the linear system in (2.7) requires O(b3) computation, which becomes slow for b > 10%.

[Derezitiski et al.| [2025a], Derezinski and Yang| [2024] propose approximating the solution of this linear

system propose inexactly solving this linear system to a tolerance € using PCG with a preconditioner
P. Doing so requires O(b*\/kplog(1/€)) computation, where xp is the preconditioned condition
number. However, for b > 104, repeatedly applying PCG may be too slow to be practical.

ASkotch also approximates the SAP update, but it does so in a way that allows for a blocksize
b > 10*. The matrix Kgs + M in the SAP update is replaced by a regularized rank-r
Nystrom approximation (Section7 Kgp + pl, where p > 0. This Nystrom approximation can
be computed rapidly, and the resulting linear system can be solved in O(br) time.

The theoretical analysis of SAP uses the fact that Q71 K\ ST (S, KA\Q ' K)\S})T S, K, in isa
projection with respect to the Q-inner product [Gower and Richtérik, [2015]. However, by replacing
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S K Q1K )S! by alow-rank approximation, ASkotch loses this projection property. Consequently,
ASkotch requires a (dynamic) stepsize to converge, unlike SAP, which is guaranteed to converge with

a constant stepsize of 1. We provide a principled, automated method for computing this stepsize in

Section 2.2.41

2.2.3 Randomized Nystrom Approximation

The Nystrom approximation [Williams and Seeger), [2000, Bach| 2013| |Alaoui and Mahoney, 2015,

[Tropp et al,|2017] is a well-known technique for producing low-rank approximations to psd matrices.

Since kernel matrices have fast spectral decay (i.e., they have approximate low-rank structure)
[Caponnetto and DeVito, 2007] [Bach|, 2013] [Tu et al. 2016, Ma and Belkinl [2017], Belkin| 2018] we
replace Kpp in (2.8) with a Nystrom approximation, which is easier to invert.

Given a symmetric psd matrix M € S%, the randomized Nystrom approximation of M with

respect to a random test matrix Q € RPX" is
M= (MQ) (M) (MQ)”.

Common choices for € include standard Gaussian random matrices, randomized Hadamard trans-

forms, and sparse sign embeddings [Tropp et al., 2017]. The latter two test matrices reduce the

computational cost of the sketch M. Our theoretical analysis uses sparse sign embeddings due to
their computational efficiency, but our implementation uses Gaussian random matrices for simplic-
ity. In the future, we will extend our implementation to use randomized Hadamard transforms and

sparse sign embeddings.

Our practical implementation, Nystrém (Algorithm [3), follows [Tropp et al] [2017, Algorithm

3]. Nystrom takes in a psd matrix M € Sﬂ and rank r and outputs a low-rank approximation
M = Udiag([\)ﬁT to M in O(p?r +pr?) tim where U € RP*" is an orthogonal matrix containing
approximate top-r eigenvectors of M and A € R" is a vector containing approximate top-r eigenvalues
of M. Note that Nystrdm never forms M as a matrix; rather, it returns the factors U and A. For
more details, please see Appendix [A.T.1]

At each iteration, ASkotch computes a randomized Nystrom approximation of the block kernel
Kpp in the SAP update . This approximation is always used in conjunction with a damping
p > 0 to ensure positive definiteness. For any vector v € RP, (M +pI)~1v can be computed in O(pr)
time using the Woodbury formula, which lets ASkotch cheaply compute the approximate projection

step d;.

1For sparse sign embeddings, this complexity is reduced to @(pr + pr2).
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2.2.4 Automatic Computation of the Stepsize

The stepsize is often challenging to set in iterative optimization methods: if the stepsize is too large,
ASkotch will diverge, while if the stepsize is too small, ASkotch will make little progress towards
the solution. In practice, tuning the stepsize can require an expensive hyperparameter search, which
is inconvenient for practitioners. We present a practical approach for automatically computing the
stepsize in ASkotch.

Our idea is to use a preconditioned smoothness constant to set the stepsize in ASkotch. The

preconditioned smoothness constant in ASkotch is defined as
. —1/2 . —1/2
Lps; =X\ ((KBB+PI> (KB + M) (KBB+PI> ) ~

ASkotch uses randomized powering [Kuczyriski and Wozniakowskil {1992, [Martinsson and Troppl,
2020] to compute Lp,. The total cost of the procedure is (7)(()2). In practice, ASkotch uses just
10 iterations of powering. Hence, the cost of computing Lp, is dominated by the O(nb) cost of
computing the search direction d; in ASkotch. ASkotch computes Lp, using the subroutine get_L
(Algorithm [4]).

In Sections and we show that our approach for setting the stepsize guarantees that

Skotch and ASkotch obtain linear convergence.

2.2.5 Default Hyperparameters

We provide default recommendations for setting hyperparameters in ASkotch. These recommenda-
tions are summarized in Table

e Blocksize b and rank r: Choose as large as hardware allows. A good, general default is
b =n/100 and r = 100.

e Damping p: Set adaptively for each block B; we use p = A + A, (Kzg).

e Sampling distribution P: Use the uniform sampling distribution. While we use ARLS sampling
to prove fast convergence rates for ASkotch, it (i) performs similarly to uniform sampling in
our ablations (Section [2.7) and (ii) computing approximate RLSs via BLESS costs O(nb?).

e Acceleration parameters i and 2: Set 4 = A and A= n/b. These choices are guided by the
convergence analysis of ASkotch. However, the user must ensure that g < 2 and v <1. We
believe it is possible to make the acceleration in ASkotch parameter-free, as done in |Derezinski

et al.| [2025b], but we leave this extension to future work.
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Table 2.3: Default hyperparameters for ASkotch.

Hyperparameter Default recommendation

n/100
Uniform
A
n/b
100
A+ AT(KBB)

T 3 T>‘:>ﬁc~

2.3 Related Work

We review existing solvers for full and inducing points KRR and discuss how our methods compare

to the literature.

2.3.1 Full KRR

Many prior works have developed methods to solve full KRR that avoid the O(n?) cost of direct
methods such as Cholesky decomposition. The various approaches can be roughly divided into 3
categories: (i) PCG methods, (ii) gradient-based methods, and (iii) SAP methods.

For PCG, much work has been done on developing efficient preconditioners [Cutajar et al. 2016
|Avron et al.| 2017, |[Frangella et al., 2023, Diaz et al.,2023]. Among the numerous proposals, the most
popular preconditioners are based on the Nystrom approximation . Nystrom approx-
imations can be constructed from the kernel matrix via uniform sampling of columns
2000], greedy pivoting [Harbrecht et al., [2012], leverage-score sampling [Musco and Musco,
2017], random projection [Tropp et al. [2017], and randomized pivoting [Chen et al., 2025al [Epperly|
. Preconditioners have also been constructed using random-features approximations
[Avron et al., 2017, but these do not perform as well in practice as Nystrom preconditioners
let al.,[2023] [Frangella et al.l 2023]. Typically, if a Nystrom preconditioner is constructed with a rank
r = O(d\(K)), then PCG converges at a condition-number-free rate with high probability
et all 2022, Frangella et al. 2023]. The downside of these PCG approaches is that they exhibit
an O(n?) per-iteration cost and require O(nr) storage, making it difficult to scale these methods
beyond n 2> 105.

EigenPro and EigenPro 2.0 [Ma and Belkin, 2017, 2019] are the most well-known stochastic
gradient methods for solving full KRR. Both EigenPro and EigenPro 2.0 set the regularization A = 0

and solve the resulting KRR problem via preconditioned stochastic gradient descent. EigenPro 2.0
reduces the per-iteration cost to O(nb, +rs), a significant improvement over the O(n?) cost of PCG.
Iterative sketching methods [Pilanci and Wainwright|, 2016 [Lacotte et al.| [2019| Lacotte and Pilanci,
could also be applied to solve full KRR, but doing so would require the square root of
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the kernel matrix, which costs O(n?) time to compute.

The third approach to solve full KRR problems is based on SAP. |Tu et al| [2016] proposes
randomized block Gauss-Seidel for full KRR. In follow-up work, Tu et al.| [2017] develops NSAP for
solving the full KRR problem. |Gazagnadou et al.| [2022] applies SAP for solving full KRR but uses
count sketches instead of coordinate sampling to form SKST in the SAP update. Unfortunately,
these methods have O(b%) computational cost per iteration, which is too expensive for our largest
example, taxi, where b = 5 - 10*. More recently, [Lin et al. [2024] proposes a variant of NSAP where
Kpp + M is replaced by the identity matrix. While this replacement removes the O(b%) iteration
cost associated with matrix factorization, its convergence becomes much slower.

Among these (approximate) SAP methods, Skotch and ASkotch are the only methods that
guarantee condition-number-free convergence under reasonable assumptions on the kernel matrix,

while also avoiding O(b?) per-iteration costs.

2.3.2 Inducing Points KRR

PCG is also popular for solving inducing points KRR, with Falkon [Rudi et al., 2017, [Meanti et al.,
2020] and KRILL [Diaz et al., 2023 being the current state-of-the-art. KRILL is similar to Falkon,
but solves via PCG with a preconditioner constructed using a sparse sketch. KRILL has robust
theoretical guarantees, and numerical tests in [Diaz et al.| [2023] show it yields comparable or better
performance than Falkon. Nevertheless, KRILL still has a O(nm +m?) runtime and requires O(m?)
storage. Consequently, it encounters the same runtime and storage barriers as Falkon for large m.

Meanti et al.|[2020] develops a software package for Falkon that relies on extensive code and hard-
ware optimizations. These optimizations include stabilizing Falkon in single precision, out-of-core
matrix operations, parallelized memory transfers, and distribution over multiple GPUs. Conse-
quently, Meanti et al.|[2020] scales Falkon to n = 10° with m = 10°. Despite these optimizations,
Falkon still encounters fundamental memory barriers: |[Abedsoltan et al.| [2023] shows that the opti-
mized version of Falkon cannot scale beyond 2.56 x 10° inducing points when given 340 GB of RAM,
which is larger than the memory budget available to most practitioners.

Yang et al.| [2017] generalizes the inducing points estimator to a broader class of sketching-based
estimators. However, these sketching-based estimators require matrix-matrix products with the nxn
kernel matrix, incurring Q(nz) runtime, and therefore are not scalable to the same extent as Falkon
and KRILL.

Abedsoltan et al.| [2023] develops the stochastic gradient method EigenPro 3.0 for inducing points
KRR. EigenPro 3.0 has a lower iteration and storage complexity than Falkon, which allows it to use

more inducing points. Unfortunately, this method has no convergence guarantees.
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2.4 Key Quantities in the Analysis of ASkotch

Establishing convergence of ASkotch involves quantities whose relevance is not obvious a priori.
Therefore, we show how the key quantities in the convergence analysis arise. For simplicity, our
analysis focuses on ASkotch without acceleration (i.e., Skotch). Throughout the analysis, we omit

the dependence of B on i to avoid notational clutter.

2.4.1 SAP and Nystrom Projectors

We begin by introducing two matrices that will play a central role in the convergence analysis of

ASkotch.

Definition 2.1 (SAP projector). For a block B, kernel matrix K, and regularization A, the SAP
projector is
g = K\’ IE (Kpp + M) IgK/?.

The SAP projector I is an ezact projection matrix, which controls the convergence rate of SAP

methods.

Definition 2.2 (Nystrém projector). For a block B, kernel matrix K, regularization A, damping

p > 0, and stepsize np > 0, the Nystrom projector is
- 1/2 - _ 1/2
Mg, = ns K\ I (Kpp + pI) " IgK,)/?.

The Nystrom projector controls the convergence rate of ASkotch. Note that the name Nystrom
projector is a slight abuse of terminology, as ﬂg’p is not idempotent. However, for appropriately

chosen 7, we will show that lﬁlg,p is closely related to the SAP projector.

2.4.2 One-Step Analysis of Skotch and SAP

We now show how the SAP and Nystrém projectors arise by performing a one-step analysis of SAP
and Skotch.
We begin by writing the updates for SAP and Skotch:

w; = wi—y — I (Kpg + M)~ Ig(Kyw; — ), (SAP)
. -1
W; = Wij—1 — 773[% (KBB + pI) IB(K)\U)Z' — y) (Skotch)
Some elementary manipulations show that

lw; —woll%, < (wim1 —w ) K (I —Tp)° Ky (wimg — w,), (SAP)

2 T y-1/2 A 2 1/2
s = wilf, < (wimy = w) K2 (1= T15,) " Ky (i1 = w,). (Skotch)
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As Tlp is a projection, we can further deduce for SAP that
w; — wall%, < (wis1 —w)TKY? (I —Tg) Ky (wiy — w,). (SAP)
Defind?
= Amin (E [I5]).

Then, taking the expectation conditioned on w;_; yields
Efllw; — willk, [ wi-1] < (1= p) [lwiy — wll, - (SAP)

Thus, the convergence of SAP is controlled by the smallest positive eigenvalue of the expected
projection matrix E [IIg]. As Skotch is an approximate version of SAP, we would like to deduce a
similar result. Indeed, if we can ensure

HB7p = I;

then
lwi — w,||%, < (wi g —w,)T K> (1 - ﬁ&p) K2 (w1 —w,). (Skotch)

Defining

£ = Amin (Ellg ,)),

it immediately follows from the preceding display that
EflJw; — wellie, [wim1] < (1= ) wi1 — wlf, - (Skotch)

Setting the Stepsize np

The convergence of Skotch is controlled by fi, the smallest positive eigenvalue of E[ﬂlg) o], similar to

how p controls the convergence of SAP. To conclude this relation, we require

Iz, =1

This condition tells us that the stepsize np cannot be arbitrarily large. However, we also want to
characterize the behavior of ji: when K BB is a good approximation to Kpp, i should be closely

related to pu. The following lemma formalizes this intuition.

2If K was only psd rather than pd, then this quantity must be replaced by /\$in(E[H5]), as E[lIg] would be
singular. For our setting, this does not matter as K is pd.
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Lemma 2.3. Let p > 0 and B C [n] be fized. Let Kgg be a Nystrom approximation of Kpi. Define

R -1
Lps = Amax <(KBB + AI)'/? (KBB + pI) (Kpp + AI)1/2> ,
ﬁpB =max{1, Lp,},

R -1
0Ps = Amin <(KBB + AI)1/? (KBB + pI) (Kps + AI)W) .

If we set ng = 1/i/p8 n Deﬁm’tion then the Nystrom projector satisfies

TP g < 11, =< . (2.9)

Lp,

Setting the ASkotch stepsize to g = 1/ L pp ensures convergence and allows for a lower bound
on /\min(ﬂg’p) in terms of Amin(IIg). Recall that we set ng = 1/Lp, as the stepsize for ASkotch
in Section [2.2 The conclusions of Lemma still hold for this simpler stepsize. We only require
1/ L pp for our theoretical analysis to show ASkotch achieves a better upper bound on the number
of iterations to reach an e-approximate solution of than Skotch.

2.5 First-Moment Analysis of the Expected Nystrom Pro-

jector

The argument in Section shows that the convergence of ASkotch is controlled by i, which is
the smallest eigenvalue of the first moment of the Nystrom projector, E[fI&p]. Analyzing i and
E[I1s,,] directly seems impenetrable. Instead, we would like to derive a lower bound on E[IIp ] in
terms of the first moment of the SAP projector, E[Ilz]:

Ellls,,] = g(p, VE[I5), (2.10)

where g(p, A) is a scalar function that captures the price of replacing Kpp with Kggi. Once (2.10)

has been established, we immediately obtain

fi = g(p, \)p- (2.11)

Provided that we have a non-trivial lower bound on u, we can combine with the one-step
analysis in Section [2.4.2] to obtain an explicit convergence rate for Skotch. We can obtain an explicit
convergence rate for ASkotch using a similar approach, with some additional work to account for
Nesterov acceleration.

There are two challenges in establishing the lower bound on # in :
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- Reduction
ARLS sampling (Lemma [2:12)

| Expected projection

Approximation | PP (Lemma [2.8)) ‘( Lower bound on
(Definition [2.5) ! - i | # (Lemma[2T0)

RLS sampling | Exact correspondence Spectral approximation

(Lemma (Proposition [2.15))

I‘

v
L Lower bound on j

i (Theorem [2.13))

Figure 2.2: Summary of reductions and correspondences between ARLS/RLS sampling, DPPs, and
the resulting lower bounds on g and fi. The dashed arrows are for intuition only: ARLS is closely
related to RLS and RLS is related to DPPs, so we expect ARLS to be related to DPPs. The solid
arrows correspond to our approach for obtaining a lower bound on f.

1. Deriving a meaningful lower bound on p is non-trivial. Existing works that establish
such a lower bound rely on either expensive DPP sampling techniques [Mutny et al., 2020]
or preprocessing the kernel matrix using a Hadamard transform [Derezinski and Yang, |2024}
Dereziniski et al.l 2025a], which incurs a O(n?) cost and requires materializing a n x n matrix

in memory. Therefore, we must develop a different approach for establishing a lower bound on

L.

2. Identifying the form of g(p,\) requires care. The analysis to determine g(p, \) requires

careful spectral approximation arguments based on the theory of the Nystrom approximation.

In the following subsections, we address these challenges. In Section[2.5.1] we provide background
on (approximate) ridge leverage scores and DPPs. In Section we develop a novel ARLS-to-DPP
reduction (Lemma to establish a non-trivial lower bound on p (Lemma . This reduction
and its associated results can be applied to any psd matrix, making them of independent interest
outside of this manuscript. In Section we relate 12157,, to Ilg using spectral approximation
arguments based on the Nystrom approximation. Combining these ideas, we show the following

lower bound on ji:

Ak

s Ak
H= 16Kkmpn’

where Kj.,, = ﬁ > isi M)/ Amin(K). The exact statement is presented in Theorem m

For clarity, we illustrate our argument to lower bound / in Fig. [2:2]
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2.5.1 Approximate Ridge Leverage Score Sampling and DPPs

In this subsection, we formally introduce approximate ridge leverage scores and ARLS sampling and
discuss their efficient computation. As our argument relies on a reduction from ARLS sampling to
DPP sampling, we also define determinantal point processes and introduce some fundamental facts

about them.

Approximate Ridge Leverage Score Sampling

We begin by introducing ridge leverage scores.

Definition 2.4 (Ridge leverage scores, effective dimension, and degrees of freedom). Given A € S}
and \ > 0, its i-th A-ridge leverage score £} (A) is the i-th diagonal entry of matrix A(A + \I)~!:

(MA) = el A(A+ M) e,

The sum of all its A-ridge leverage scores is called its A-effective dimension:
dMA) =Tr (A(A+ADTY) =D £ (A).
i=1

The A-maximal degrees of freedom of A is given by:

A
dmax

(A) = n?é%{ (2(A).

The effective dimension measures the degrees of freedom of A, taking into account the regular-
ization \. For matrices with decaying eigenvalues (e.g., kernel matrices), d*(A) is much smaller than
the ambient dimension n [Alaoui and Mahoney| 2015]. The i-th RLS captures how much a row 4
of A contributes to the effective dimension. The maximal degrees of freedom is always larger than
the effective dimension, and can be significantly larger when the leverage score distribution is highly
non-uniform.

The RLS scores naturally define a distribution on the rows of A: sample row i with probability
pi = }(A)/d*(A). This sampling distribution admits strong theoretical guarantees [Alaoui and
Mahoney, [2015, [Rudi et al., [2018], but is impractical as computing the leverage scores requires
an eigendecomposition at a cost of O(n?), which is more expensive than the problem we wish to
solve. Fortunately, good guarantees can still be obtained by using approximate ridge leverage score

sampling (ARLS sampling), which we now define.

Definition 2.5 (Approximate RLSs and ARLSé‘—sampling). Given A € §% and A > 0, we say that
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{€;}7_, are a c-approximation of A-ridge leverage scores {£}(A)}7_, for some ¢ > 1, if they satisfy

6> 0(A) ¥i  and L= [ <c-dMA).
i=1

Define p; :=
{pi/lIpll1 Yy Then B =J}_,{i;} is an ARLS-samplingf]

Approximate RLSs were first introduced by |Alaoui and Mahoney| [2015] for constructing ran-

% [%EZ—‘ for all ¢ € [n], and sample indices {i; }?:1 i.i.d. according to the probabilities

domized Nystrém approximations of kernel matrices. The key advantage of ARLSs over RLSs is
that they can be computed efficiently. In particular, ASkotch uses the BLESS algorithm proposed
by [Rudi et al|[2018] to compute the ARLSs. BLESS admits the following complexity guarantee:

Lemma 2.6 (Rudi et al.|[2018], Theorem 1). Given A € S™, a positive integer k, ¢ > 1 and A > 0
such that the \-effective dimension of A satisfies d*(A) < k, there is an algorithm (BLESS) that

with high probability returns c-approzimations for all n A-ridge leverage scores of A in (’j(nkQ) time.

Lemma [2.6] shows we can obtain accurate A-ARLSs to construct the sampling distribution in
O(nkz) time. This stands in contrast to SAP solvers in Derezifiski and Yang |[2024], Dereziiiski et al.
[2025a], which require O(n?) time to preprocess K by a Hadamard transform H, and O(n?) storage
to store HK H™', from which rows are subsampled. Thus, ARLSs yield a significant improvement in

computational and storage complexities over Hadamard preprocessing.

Determinantal Point Processes and their Connection to RLSs

The heart of our analysis is a novel ARLS-to-DPP reduction argument that exploits a fundamental
connection between RLS and determinantal point processes (DPPs). DPPs are a family of non-

i.i.d. probability measures used in machine learning to sample diverse subsets of data points [Kulesza
and Taskar, 2012].

Definition 2.7 (Determinantal point process). Given A € S}, a (random-size) determinantal point
process DPP(A) is a distribution over all 2" index subsets B C [n] such that Pr(B) = SZ:EQT};.
Moreover, a (fixed-size) k-DPP(A) is a distribution over subsets B C (["]) such that Pr(B) «

k
det(Apg).

DPP-based row selection matrices yield strong convergence guarantees for SAP methods thanks

to the following formula connecting random projectors with DPP sampling.

Lemma 2.8 (Derezinski et al.| [2020], Lemma 5). Given A € S, let B ~ DPP(A), and define the
random projection matriz Ilg := Al/QST(SAST)+SA1/2, where S is a row selection matriz for set
B. Then

E[llg] = A(A+1)"" (2.12)

3The indices in B are actually distinct since our analysis allows us to discard duplicates.
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Mutny et al.|[2020] gives a sharp convergence analysis for DPP-based SAP methods using .
Unfortunately, directly sampling from a DPP is impractical due to its prohibitive computational
cost |[Derezinski et al., [2019].

The goal of our ARLS-to-DPP reduction is to show that when using ARLS sampling, a relation

similar to holds:
E[llg] = A(A+ 1)t — AT A.

That is, we want to obtain a perturbed version of the DPP expectation formula (2.12]) for a small 6.
Our arguments show that this is indeed the case. The key idea is to exploit the following connection
between the RLSs of A and DPP(A):

Lemma 2.9 (Derezinski and Mahoney| [2021], Theorem 10). For B ~ DPP(A) and index i € [n],
the marginal probability of i € B is the i-th ridge leverage score of A, i.e.,

Pr(i € B) = [A(A+1)7'], =t (A).

1,1

2.5.2 Analysis of p© with ARLS Sampling

The main goal of this subsection is establish the following result, which provides tight control on

E[lIg] and p when using ARLS sampling.

Lemma 2.10 (Projection analysis for ARLS sampling). Given A € S with rankr, k = Q(logn), let
XA > 0 be such that d*(A) > 2d*(A) = 4k. If B is ARLS. -sampled with blocksize b = Q(cklog®n),
then the projection Ilg == A1/2IE(IBAI£§)+IBA1/2 satisfies

E[Ms] > %A(A+5J)_1. (2.13)

Furthermore, this implies the following lower bound for the SAP convergence parameter p:

1= Ny (EII5]) >

i - 2"d'rﬁkr:r

,  where Ry, = ﬁ Dzk Ai(A)/AE(A).

Lemma m gives a result similar to Lemma only instead of exact equality as in , we
obtain a lower bound. Nevertheless, this is sufficient for our needs, and allows us to obtain a lower
bound on p comparable to what is obtained in Derezinski and Yang| [2024], [Derezinski et al.| [2025a]
using Hadamard preprocessing. Thus, using ARLS sampling to select rows of A yields the same
control over E[IIg], but at much lower computational and storage costs compared to SAP methods
that use Hadamard preprocessing.

Lemma [2.10] immediately yields a projection analysis for uniform sampling, since uniform sam-

pling corresponds to ARLS sampling with a specific choice of scores.
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Corollary 2.11 (Projection analysis for uniform sampling). Suppose A, A, X, and k are set
as in Lemma [2.10, If B is sampled according to the uniform distribution with blocksize b =
Q(d/\ (A)log®n), then Ilg satisfies

max
1

Elllg] = 5A(AJrAI) (2.14)

Under uniform sampling, the blocksize has to be proportional to the maximal degrees of freedom:

o(d>

max

( ) then d

max

b (A)log®n). When the ridge leverage scores are relatively uniform, i.e., max;e ] Zij‘(A) R~
a*

(4) = @(d:\(A)), so uniform sampling performs very well without requiring a

large blocksme. As uniform sampling works well empirically across a broad range of learning tasks

(Section [2.7)), we believe this setting is most relevant for practice.

ARLS-to-DPP Reduction

To prove Lemma we rely on connections between RLSs and DPPs. Recall from Lemma
that for any A € S and A > 0, the sample Bppp ~ DPP(A/)) satisfies E[llg,,..| = A(A+ A)~!

Moreover, from Lemma the marginal probability of sampling element 4 into B is the i-th A-ridge
leverage score of A, i.e., Pr(i € Bppp) = £}(A). We would like to exploit this connection to transfer
the projection analysis from DPPs to ARLSs. Indeed, the following lemma shows that a sufficiently
large ARLS sample contains a DPP sample, which is crucial for the proof of Lemma [2.10

Lemma 2.12 (ARLS-to-DPP reduction). Let k, X, and B be defined as in Lemma . Given § =

n= %W for any j € {Qk —4/6k log 2k + 4/6k log } we can couple a DPP sample Bi_ppp ~

j-DPP(A/X) with B such that with probabzlzty at least 1 — 6, Bj.ppp C B.

The proof of Lemma [2.12 is given in Appendix [A22:2] Our analysis is inspired by [Derezifiski
and Yang| [2024], who use a Markov Chain Monte Carlo (MCMC) argument |Anari et al., 2024] to
show that after conditioning Bppp on a fixed sample size j, the i.i.d. sampling distribution over
the marginals p;; = Pr(i € Bppp | |Bpopp| = j) is an effective proxy for j-DPP(A/)). We modify
the approach in |Derezinski and Yang| [2024] by showing that the approximate ridge leverage scores
t?‘(A) are close to the marginals p;; as long as the size j is close to the expected size of Bppp,
E[|Bppp|]. Fortunately, this occurs with high probability (Lemma [A.2). We then use the law of
total expectation to decompose the distribution of DPP(A/)) into a mixture of fixed-size DPP
distributions j-DPP(A), and apply an MCMC argument to each fixed-size DPP. Combining all of
these ideas yields the result.

Proof of Lemma [2.10]

To complete the proof of Lemma, we leverage the ARLS-to-DPP reduction from Lemma [2.12
and apply the DPP projection formula from Lemma 2.8
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Proof. Define the interval 7 = [2]6 —y/6klog (2),2k + /6klog (%)} where k = d*(A)/2, and denote

event & = {B;.ppp C B}. According to Lemma for any j € Z we have Pr(§;) > 1 —4. By
using the fact that IIp, < IIz, whenever B; C By |Dereziniski and Yang] 2024, Lemma 6.3], we have

Elllg] = E[llz | €] Pr(€;)
= E[llg; ppp | & Pr(E)
= E[g, per] — E[p, per | €51 P1(E5)
= E[llp, ppp) — 0 - AT A, (2.15)

where the last step follows since Iz is an orthogonal projector onto a subspace of range( A7),

,-DPP
thus E[llz, pp | 5;] =1, = At A. Let Bppp ~ DPP(A/)) and recall that E[|Bppp|] = d*(A) = 2k.
Also, define wy ; = Pr(|Bppp| = j). Using the law of total expectation, we can express the expected

projection matrix for a DPP in terms of fixed-size j-DPPs:

E[HBDPP] = Zw;\,jE[HBDPP ‘ |BDPP| = ]} + Zw;\,jE[HBDPP ‘ ‘BDPP| = ]]

JET J¢z
= Z w:\,jE[HBj—DPP] + Z wx,jE[HBj—DPP]ﬂ
jez J¢T

where the second equality uses that E[llg,.. | |Bopp| = j] = E[ls, by definition. Recalling

- DPP]

(2.15) and using I, ,p, =< I}, = AT A, we can bound the preceding display as
Eppee] = | > ws, | (BMs]+6-ATA) + [ > ws; | ATA
JjET J¢T

<E[g]+6-ATA+ | Y ws; | ATA,
¢TI

where the last relation follows as >0, .z wx; < 1. Now, as Pr(j ¢ 7) = > ;7 wy ;, Lemma
yields jezT Wi < 0. Combining this with the preceding display, we deduce

E[HBDPP] = ]E[HB] + 20ATA.
Rearranging the preceding display yields
E[HB] > E[HBDPP] —26ATA.

Applying Lemma and setting § < min{\. (A)/(4(AL. (A)+ N)),n=¢} for some constant ¢ > 0,

min
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so that 6 = n~ M) we conclude

E[Ilg] = %A(A+5\I)_1, (%)

which is precisely (2.13 -

We now establish the lower bound on u. To this end, we first show that A < z ZDk i(A).
Indeed, if we suppose A > £ 3., A;i(A), then
2k < dM(A Zk: A +y Mgy iy
AitA SN+ A -
i=1 i>k
resulting in a contradiction. Hence A < 1 3., Ai(A).
Finally, it follows from (}|) that
= AT (B[Mg]) > SAF (Aa+in) = L A 1
B = 3N =
min 2 min 2 + i (A
)\mln(A) +A 2 (1 + & Zz>k )\:m,(A))
B 1 S k B k
N - (A 2R (A1
2 (1 r— k Zz>k >\+ (A)) 2 (ﬁ Zi>k ALE(A)) r ok ( )T
O

2.5.3 Lower Bound on

Having established a lower bound on p, we now turn to lower bounding [, which will allow us to
establish a fine-grained convergence rate for ASkotch.

The main goal of this subsection is to establish the following theorem:

Theorem 2.13 (Lower bound on f1). Suppose the blocksize satisfies b = Q(klog®n) for some k €
[n]. Then using ARLS sampling as in Lemma with A = Ky and ¢ = O(1), the Nystrom
approzimation as in Proposition and defining X as in Lemma

. A _
E[llg,,] = %KA(K,\ + M)t

Consequently, recalling Ry, = ﬁ Y ik Ai(KX)/ Amin (K)), we have

Ak
16Rk:np n’

fi >

Theorem provides us with the desired lower bound on ji. When b is sufficiently large, the
following corollary shows that i is lower bounded by a quantity independent of the conditioning of
K.



CHAPTER 2. HAVE ASKOTCH 27

Corollary 2.14. Fiz a failure probability § = n=°M) . Suppose the blocksize satisfies b = Q (k: log® n)
where k > 2d(K). If the rank of the Nystrém approzimation satisfies r = O (dP(LKJb) log (W))

and p > X, then
k

n .

A>)\
H=732,

When the effective blocksize k = Q(d*(K)), Corollaryshows the lower bound on /i no longer
depends on the conditioning of K. Instead, i is controlled by k and p. Using a smaller p (larger
r) leads to a larger fi. Conversely, larger p corresponds to using a smaller rank, and the lower
bound on /i decreases. We shall see shortly that Corollary implies Skotch and ASkotch enjoy

condition-number-free convergence rates.

The Nystrom Projector is Close to the SAP Projector

Lemma guarantees a tight lower bound on p when B is an ARLSi\-sampling for any ¢ = O(1)

with respect to K. Thus, if we can determine the form of g(p, A), we can obtain a lower bound on

[t
We begin with Proposition which explicitly characterizes the shrinkage factor op,/ L P in
Lemma [2.3] with high probability. The proof of Proposition [2.15] appears in Appendix

Proposition 2.15 (Controlling the shrinkage factor). Let B C [n] satisfy |B| = b < n, and set
p > A If the Nystrom approximation Kgg of Kpp is constructed from a sparse sign embedding )
with r = O (d"(LKJb) log (%)) columns and ¢ = O <log (%)) non-zeros per column,
then

A .
2—1'[3 = 1lg, X1z, with probability at least 1 —¢.
P

The shrinkage factor obtained in Proposition depends upon A/p. If p = O(A), then the
shrinkage factor is constant with high probability, in which case little is lost by replacing Kzp with
the Nystrom approximation Kgs. Selecting a larger p allows smaller Nystrom rank r, but incurs a
trade-off in the shrinkage factor. We note that d°(| K |5) is always upper-bounded by d?(K), and in

some cases, may be substantially smaller.

Remark 2.16. While the guarantee in Proposition is for when Kpp is constructed with a sparse
sign embedding, the same guarantee also holds when  is a Gaussian embedding (which we use in
our experiments) or a randomized Hadamard transform.

Proof of Theorem [2.13

Here we prove Theorem [2.13] which provides a lower bound on fi.

Proof. Define the event
A N
E=—Ilgp <, =Iz;.
{2p BT B}
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Then Proposition tells us that by setting § appropriately, we can guarantee Pr(€) > 1 —
Thus, the law of total expectation yields

28

o

(%)

We now lower bound E [IIg | £] in the Loewner ordering. To this end, the law of total expectation

and a simple rearrangement imply

(E[llg] — E[lls | E°]Pr(£Y)).

The preceding display, along with the facts that IIz < I and Pr(£%) < u/2, yields

Ells | €] = gy (EMlls) = Pr(E)) = 5o (Elms) - £1).

As

o=

I < 1E[Mg], we obtain

1
Blls | €] = 5503

Thus, combining this last display with and applying Lemma with A = K, we conclude

E[I5].

- A A T —1
E([II - —E[llg| = — K, (K A .
[B,p]74p[8]78p » (K + )

The claimed lower bound on ji follows from this last display and Lemma

2.6 Convergence of ASkotch

We have established all the preliminary results for the convergence analysis of ASkotch. We begin
with the following general convergence result (Theorem [2.17)). In Section we discuss when

Skotch and ASkotch achieve near-optimal log-linear runtimes and how they can use large blocksizes

to leverage the benefits offered by modern computing hardware.

Theorem 2.17 (Convergence of ASkotch). Consider Skotch and ASkotch (Algorithm (1)) under
the following hyperparameter settings: the blocksize satisfies b = Q(klog®n), where k > 2d*(K),
p>A Pisa ARLSé(l)—sampling distribution for Kx with X\ > 0 such that d:\(KA) > 4k, Kpg
is constructed from a sparse sign embedding with r = O (dp(LKJb)log (%)) columns and

(=0 (log (W)) non-zeros per column, and ny = 1/]3p8. Then the following statements

hold:
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1. After t iterations, the output of Skotch satisfies

t
Bl .l < (1= 502 ) oo~ vl

Thus, the total number of iterations required to achieve an e-approzimate solution is bounded
by O ({3 1og () -

2. After t iterations, the output of ASkotch satisfies

t
1 Ak kA
Efw; — wy||%.] <2 (1 —— mi \/7 — w2
llewe = willie,] < < 16ﬁmm{\/;n’ np}) lrwo = e,

Thus, the total number of iterations required to achieve an e-approzimate solution is bounded
1
by O (max {\/X %, § /T }log (7)) -
The proof of Theorem [2.17]is provided in Section [2.6.2
Theorem shows Skotch and ASkotch converge linearly to the solution of (2.3). Skotch
requires O(£%1log (1)) iterations to produce an e-approximate solution, while ASkotch requires
o (max{\/g%, §\/%} log (%)) iterations. As p/A,n/k > 1, the upper bound for ASkotch is always
an improvement over the upper bound for Skotch, demonstrating the benefit of acceleration.

2.6.1 ASkotch: Two Convergence Regimes

Theorem shows that ASkotch’s convergence exhibits two different regimes: (i) n/k > p/A, (i)
p/A > n/k. In regime (i), the “low-rank approximation condition number” p/X is dominated by the
“dimensional condition number” n/k, and ASkotch converges in O (\/g %) iterations. In this regime,
ASkotch can use a larger p (and hence, a smaller Nystrom rank r) than Skotch, as the convergence
rate depends only upon \/g However, if p is set too large, so that p > (n/k)\, ASkotch enters
regime (ii), where the low-rank approximation condition number p/A dominates the dimensional
condition number n/k, leading to an iteration complexity of @) (§ %)

Which convergence regime of ASkotch is preferable? In the worst case, a n/k dependence in
the iteration complexity is necessary, since ASkotch must make a full pass through K to solve
. Thus, regime (i) is preferable as it allows ASkotch to reduce the price p/\ of using a low-rank
approximation. ASkotch is guaranteed to be in regime (i) provided it does not over-regularize, since
the phase transition to regime (ii) occurs when p > (n/k)A.

When the effective blocksize k is small, i.e., k = o(n), n/k is large, so ASkotch can still use large
p and small rank r while avoiding over-regularization. When the effective blocksize is large, i.e.,
kE = Q(n), n/k = O(1), so ASkotch must set p = O(A) to stay in regime (i). Consequently, if K
exhibits heavy-tailed spectral decay, the rank r might have to increase significantly for ASkotch to

remain in regime (i). Fortunately, most kernel matrices exhibit fast spectral decay—indeed, under
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standard regularity assumptions on the kernel function, d*(K) = O(y/n) [Rudi et al., 2017, |2018].
Thus, even if k = Q(n), ASkotch remains in regime (i) when it uses rank r = O(y/n). Overall,
convergence regime (i) for ASkotch is both preferable and also more likely to occur, compared to

regime (ii).

When Does ASkotch Converge in Log-Linear Time?

A natural question to ask is if there is a reasonable setting where Skotch and ASkotch enjoy a near-
optimal runtime of @(nz) A priori, the answer is not obvious, as we use a low-rank approximation
to Kpp. Consequently, the price of using this approximation may be too steep to ensure an (7)(712)
runtime. Fortunately, the following corollary shows that for matrices whose effective dimension is
not too large, the low-rank approximation has a minimal effect on the overall runtime. As the
effective dimension of kernel matrices is typically O(y/n) [Rudi et alJ 2017, 2018|, this corollary
shows that Skotch and ASkotch can achieve a near-optimal runtime for most KRR tasks, despite

approximating Kpp.

Corollary 2.18 (Log-linear convergence of ASkotch). Let P in ASkotch be the uniform distribution.
Let k and X be as in Lemma and suppose that max;ciy, E?(KA) = @(dS‘(KA)/n), p = cp\ for
¢, € [1,n/k], and d(K) = O(y/n). Then under the assumptions of Theorem with blocksize

b= ®(klog3 n), the total runtime of ASkotch to produce an e-approzimate solution is bounded by

The proof of Corollary appears in Appendix Corollary shows that when (i) the

effective dimension grows like O(y/n), (ii) the ridge leverage scores are relatively uniform, and (iii)
ASkotch uses uniform sampling with p = O()), ASkotch obtains a near-optimal runtime.

Another powerful consequence of Corollary is that the total runtime is independent of the
blocksize. ASkotch can use effective blocksize k = O(n) (which corresponds to b = O(n)) and still
have runtime O (nQ) Thus, when the leverage scores are relatively uniform, ASkotch can use large
blocksizes and obtain a log-linear runtime. From a practical perspective, this is invaluable, as large
blocksizes can exploit the massive parallelism offered by modern computing architectures. Indeed,
in our experiments, we use b = n/100 and observe excellent performance. The ability of ASkotch to

use a large blocksize separates it from SAP, which incurs an O(n?) cost per iteration when b = O(n).
Remark 2.19. The same runtime bounds hold for ARLS sampling, which allows us to avoid the
assumption that the ridge leverage scores satisfy max; ¢y, (i\(K A) =06 <‘F(nm> . Instead, we require
that k = ©(d*(K)), since this ensures that the cost of running BLESS is bounded by O(n?). Thus,

ARLS cannot use blocksizes as large as uniform sampling while maintaining near-optimal runtime.

We focus on uniform sampling, as this is what works best in practice.
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2.6.2 Proof of Theorem 2.17

Here, we provide the convergence proof of Skotch, which corresponds to the first claim in Theo-

rem The convergence proof for ASkotch is more involved and requires additional background,
so it is deferred to Appendix

Proof. We have seen in Section that at iteration 1,
E [[lwi — well, [wica] < (1= @)llwir — wel, -

Invoking the lower bound on j in Corollary [2:14] this becomes

B (s = wl, i) < (1 gy ) uios = s

Applying the law of total expectation in this last display, we deduce

t
2 2
B [l - o) < (1 o) o = wn e

The claimed iteration complexity bound follows immediately. O

2.7 Experiments

We perform an empirical evaluation of ASkotch, EigenPro 2.0, EigenPro 3.0, PCG, and Falkon
on KRR problems drawn from diverse application domains, including computer vision, particle
physics, ecological modeling, online advertising, computational chemistry, music, socioeconomics,
and transportation. We use three different kernels in our experiments: Laplacian, Matérn-5/2, and

radial basis function (RBF), which are among the most popular in the literature [Rasmussen and
\Williams|, 2005| |Gardner et al.,|2018]. Across this broad spectrum of application domains and kernels,

ASkotch obtains better predictive performance than the competing methods. These results show
that (i) full KRR can effectively scale to large problems and obtain better predictive performance
than inducing points KRR and (ii) ASkotch is a new state-of-the-art solver for large-scale full KRR.

We present the following results:

e Performance comparisons (Section[2.7.1)): We compare ASkotch to the state-of-the-art methods
for full KRR and inducing points KRR: EigenPro 2.0 [Ma and Belkin, 2019] and PCG for full
KRR, and Falkon |[Rudi et al., 2017, Meanti et al., 2020] and EigenPro 3.0 [Abedsoltan et al.,
for inducing points KRR. For PCG, we consider two of the most effective types of
preconditioners: Gaussian Nystrom (Nystrom) [Frangella et all 2023] and randomly pivoted
Cholesky (RPC) [Diaz et al.l [2023| Epperly et al., 2025]. ASkotch consistently obtains better

predictive performance than the competitors.
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e Showcase on huge-scale transportation data analysis (Section [2.7.2)): We run ASkotch on KRR
for a subsample of the New York City taxi dataset (n = 10%). To the best of our knowledge, no
previous work has scaled full KRR to a dataset of this size. ASkotch once again outperforms

the competition.

e Verification of linear convergence (Section [2.7.3)): We show that ASkotch achieves global linear
convergence on three KRR problems with n > 5 - 10° samples, which verifies the linear con-
vergence guarantee in Section [2.6] ASkotch reaches machine precision in at most 100 passes

through each KRR linear system, demonstrating its potential as a high-precision solver.

Each experiment is run on a single 48 GB NVIDIA RTX A6000 GPU with PyTorch 2.5.1 [Paszke
et all 2019], CUDA 12.5, PyKeOps 2.2.3 [Charlier et all,2021], and Python 3.10.12. The code for
our experiments is available at https://github.com/pratikrathore8/fast krr.

Our larXiv report (https://arxiv.org/abs/2407.10070v3)| includes expanded experimental results
and an ablation study that are omitted from this version of the paper. We also provide additional
information about datasets, kernel hyperparameters, regularizations, inducing points, preprocessing,
and time limits in Appendix C of our arXiv report.

Optimizer hyperparameters. Throughout the experiments, we use the default hyperparameters
that we recommend for ASkotch (Section , unless stated otherwise.

We compute the damping for PCG with the Gaussian Nystréom preconditioner using the same
procedure as ASkotch, ensuring a fair comparison. We also run PCG, EigenPro 2.0, and EigenPro
3.0 with the same rank as ASkotch to ensure a fair comparison. We set by, s, and the stepsize 7
in EigenPro 2.0 and EigenPro 3.0 using the defaults in the EigenPro 2.0/ and EigenPro 3.0 GitHub
repositories. We also run EigenPro 2.0 and 3.0 with regularization A = 0, as recommended in [Ma|
and Belkin| [2019], [Abedsoltan et al.| [2023].

Numerical precision. ASkotch, EigenPro 2.0, and EigenPro 3.0 are stable in single precision,
while Falkon and PCG often require double precision for satisfactory performance. Consequently,
the figures in the main paper show results when ASkotch, EigenPro 2.0, and EigenPro 3.0 run in
single precision and Falkon and PCG run in double precision.

We show in Appendix C of our larXiv report| that ASkotch still outperforms Falkon and PCG
when all methods are run in single precision.

Time limits. Each optimizer is run until it reaches a specified time limit, which depends on
the size of the dataset. These time limits range between 0.5 to 24 hours. We implement all of the
competing methods ourselves to ensure fair runtime comparisons with ASkotch. The most expensive
computations in all methods are performed using KeOps [Charlier et al. [2021], which ensures our

runtime comparisons are fair.


https://github.com/pratikrathore8/fast_krr
https://arxiv.org/abs/2407.10070v3
https://github.com/EigenPro/EigenPro-pytorch/tree/master
https://github.com/EigenPro/EigenPro3/tree/main
https://github.com/EigenPro/EigenPro3/tree/main
https://arxiv.org/abs/2407.10070v3
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Figure 2.3: Performance comparison between ASkotch and competitors on 10 classification and
13 regression tasks. We designate a classification problem as “solved” when the method reaches
within 0.001 of the highest classification accuracy found across all the optimizer + hyperparameter
combinations. We designate a regression problem as “solved” when the method reaches within 1% of
the lowest MAE (in a relative sense) found across all the optimizer + hyperparameter combinations.
PCG and Falkon are run in double precision. EigenPro 2.0, EigenPro 3.0, and PCG do not solve
any of the regression problems within the tolerance. ASkotch outperforms the competition on both
classification and regression.

2.7.1 Performance Comparisons

We evaluate predictive performance on 10 classification and 13 regression tasks from established
benchmarks. The classification tasks are from computer vision, particle physics, ecological modeling,
and online advertising, while the regression tasks are from computational chemistry, music analysis,
and socioeconomics. We assess predictive performance on classification and regression tasks by
computing classification accuracy and mean-absolute error (MAE) between the predictions and
targets, respectively, on the test set.

We summarize the results of our performance comparisons in Fig. ASkotch outperforms the
competition on both classification and regression. Notably, ASkotch outperforms the state-of-the-art
inducing point methods EigenPro 3.0 and Falkon, demonstrating the value of using full KRR over
inducing points KRR.
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2.7.2 Showcase: Huge-Scale Transportation Data Analysis

We apply KRR to a subsample of the taxi dataset| to predict taxi ride durations in New York City.
Following Meanti et al.| [2020], we use an RBF kernel. Due to hardware limitations, we set the
blocksize b in ASkotch at n/2,000 = 5 - 10* and vary the rank r € {50,100, 200,500}. We set the
rank for PCG as low as 7 = 50, but none of the PCG methods complete a single iteration in the
time limit.

Following Meanti et al.|[2020], we use the root mean square error (RMSE) between the predictions
and targets.

The results are shown in Fig. ASkotch outperforms Falkon for each value of . Both EigenPro
2.0 and EigenPro 3.0 (not shown) diverge. Once again, our findings demonstrate the value of using

full KRR over inducing points KRR for large-scale regression tasks.

2.7.3 ASkotch Converges Linearly to the Optimum

We demonstrate that ASkotch obtains linear convergence to the optimum for large-scale full KRR.

To do so, we plot the relative residual

1K xw = yll/ Iyl

obtained by ASkotch. We run ASkotch in double precision.
Fig. shows the relative residual obtained by ASkotch on three large-scale KRR problems.
ASkotch converges linearly for all selections of the rank r. Excitingly, ASkotch reaches machine

precision on all three problems, showing its potential as a high-precision linear system solver.

comet mc (n = 6.10 - 10%) acsincome (n = 1.33 - 10%) click prediction (n = 1.60 - 10%)

Relative residual
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[

Relative residual
T
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ASkotch, r = 50 —&— ASkotch, r = 100 —e— ASkotch, r = 200 —e— ASkotch, r = 500

Figure 2.4: ASkotch converges linearly on large-scale full KRR. “Full data passes” indicates the
number of passes through K: since b = n/100, one full data pass is equivalent to 100 iterations of
ASkotch. ASkotch tends to converge faster as the rank r increases, which matches our theoretical
results. Interestingly, » = 200 and r = 500 yield similar results on comet_mc.


https://github.com/toddwschneider/nyc-taxi-data
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2.8 Conclusion

We introduce ASkotch, an approximate sketch-and-project method for large-scale full KRR. Our the-
oretical analysis and experiments demonstrate that ASkotch is a promising replacement for existing
KRR solvers. Looking ahead, we aim to develop methods for automatically selecting the accelera-
tion parameters [ and © in ASkotch, create a distributed implementation of ASkotch that scales to
datasets with n > 10° training points (such as the full taxi dataset), and develop a mixed-precision
version of ASkotch that delivers high-quality results with less memory and compute.

Our work, along with previous studies [Wang et al., 2019} [Frangella et al.,|2023, |Diaz et al.,|2023],
shows that full KRR allows better predictive performance than inducing points KRR. ASkotch scales
full KRR to datasets orders of magnitude larger than previously possible. In future work, we look
forward to seeing how a fast solver for full KRR enables new applications. Moreover, following
our methodology, it should be possible to solve general pd linear systems within the (approximate)

sketch-and-project framework.



Chapter 3

Challenges in Training PINNs: A

Loss Landscape Perspective

We study the loss landscape of physics-informed neural networks (PINNs) and diagnose why these
models are difficult to train. Empirically, we show that the PINN loss is severely ill-conditioned
because of the differential operators in its residual term, and that the standard Adam+L-BFGS
pipeline (Adam followed by L-BFGS) can stall at a high loss when L-BFGS line search fails. To ad-
dress this failure mode, we introduce NysNewton-CG (NNCG), a matrix-free second-order optimizer
that preconditions a Newton-CG solve with a Nystrom approximation of the Hessian. We also show
that ill-conditioned differential operators induce ill-conditioned PINN losses, giving a theoretical
justification for our empirical observations.

This chapter is based on [Rathore et al.| [2024], which appeared at the International Conference

on Machine Learning (ICML) in 2024 and was selected for an oral presentation.

3.1 Introduction

The study of Partial Differential Equations (PDEs) grounds a wide variety of scientific and engineer-
ing fields, yet these fundamental physical equations are often difficult to solve numerically. Recently,
neural network-based approaches including physics-informed neural networks (PINNs) have shown
promise to solve both forward and inverse problems involving PDEs [Raissi et al.l 2019, [E and Yu,
2018, [Lu et al. [2021albl [Karniadakis et al., 2021, |Cuomo et al., 2022]. PINNs parameterize the
solution to a PDE with a neural network, and are often fit by minimizing a least-squares loss involv-
ing the PDE residual, boundary condition(s), and initial condition(s). The promise of PINNs is the
potential to obtain solutions to PDEs without discretizing or meshing the space, enabling scalable

solutions to high-dimensional problems that currently require weeks on advanced supercomputers.

36
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Figure 3.1: On the wave PDE, Adam converges slowly due to ill-conditioning and the combined
Adam+L-BFGS optimizer stalls after about 40000 steps. Running NNCG (our method) after
Adam+L-BFGS provides further improvement.

This loss is typically minimized with gradient-based optimizers such as Adam [Kingma and Baj,
2014], L-BFGS [Liu and Nocedal, [1989], or a combination of both.

However, the challenge of optimizing PINNs restricts the application and development of these

methods. Previous work has shown that the PINN loss is difficult to minimize [Krishnapriyan et al.,
[2021), [Wang et al. 2021al 2022b| |De Ryck et al.| 2023] even in simple settings. As a result, the PINN

often fails to learn the solution. Furthermore, optimization challenges can obscure the effectiveness

of new neural network architectures for PINNs, as an apparently inferior performance may stem
from insufficient loss function optimization rather than inherent limitations of an architecture. A
simple, reliable training paradigm is critical to enable wider adoption of PINNs.

This work explores the loss landscape of PINNs and the challenges this landscape poses for
gradient-based optimization methods. We provide insights from optimization theory that explain
slow convergence of first-order methods such as Adam and show how ill-conditioned differential
operators make optimization difficult. We also use our theoretical insights to improve the PINN
training pipeline by combining existing and new optimization methods.

The most closely related works to ours are Krishnapriyan et al.| [2021], De Ryck et al.| [2023], which
both identify ill-conditioning in the PINN loss. Unlike [Krishnapriyan et al. [2021], we empirically

confirm the ill-conditioning of the loss by visualizing the spectrum of the Hessian and demonstrating
how quasi-Newton methods improve the conditioning. Our theoretical results directly show how an

ill-conditioned linear operator induces an ill-conditioned objective, in contrast to the approach in

[De Ryck et al.| [2023] which relies on a linearization.

Contributions. We highlight contributions of this paper:

e We demonstrate that the loss landscape of PINNs is ill-conditioned due to differential operators
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in the residual term and show that quasi-Newton methods improve the conditioning by 1000 x
or more (Section [3.5)).

o We compare three optimizers frequently used for training PINNs: (i) Adam, (ii) L-BFGS, and
(iii) Adam followed by L-BFGS (referred to as Adam+L-BFGS). We show that Adam+L-BFGS
is superior across a variety of network sizes (Section .

e We show the PINN solution resembles the true PDE solution only for extremely small loss
values (Section [3.4). However, we find that the loss returned by Adam+L-BFGS can be
improved further, which also improves the PINN solution (Section .

e Motivated by the ill-conditioned loss landscape, we introduce a novel second-order optimizer,
NysNewton-CG (NNCG). We show NNCG can significantly improve the solution returned by
Adam+L-BFGS (Fig. and Section [3.7).

e We prove that ill-conditioned differential operators lead to an ill-conditioned PINN loss (Sec-
tion. We also prove that combining first- and second-order methods (e.g., Adam+L-BFGS)

leads to fast convergence, providing justification for the importance of the combined method

(Section [3.8)).

Notation. We denote the Euclidean norm by || - ||2 and use ||M]| to denote the operator norm
of M € R™*™. For a smooth function f : R? — R, we denote its gradient at w € R? by Vf(w)
and its Hessian by Hy(w). We write 9y, f for df/0w,. For Q C R?, we denote its boundary by 9.
For any m € N, we use I,, to denote the m x m identity matrix. Finally, we use < to denote the

Loewner ordering on the convex cone of positive semidefinite matrices.

3.2 Problem Setup

This section introduces physics-informed neural networks as optimization problems and our experi-

mental methodology.

3.2.1 Physics-Informed Neural Networks

The goal of physics-informed neural networks is to solve partial differential equations. Similar to
prior work [Lu et al.,|2021b} [Hao et al., 2023], we consider the following system of partial differential

equations:

=0, z€Q, (3.1a)
=0, z€0Q, (3.1b)

where D is a differential operator defining the PDE, B is an operator associated with the boundary
and /or initial conditions, and 2 C R%. To solve (3.1)), PINNs model u as a neural network wu(x;w)
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(often a multi-layer perceptron (MLP)) and approximate the true solution by the network whose

weights solve the following non-linear least-squares problem:

1 MNres ) 9
inimize L = D ' ' 3.2
migipive L) =, 3 (Pl ) (32)
e j i\
+ T ; (B[u(m‘b;w),xb]) .
Here {z!}]% are the residual points and {xi}?icl are the boundary/initial points. The first loss

term measures how much u(z;w) fails to satisfy the PDE, while the second term measures how
much u(x; w) fails to satisfy the boundary/initial conditions.

For this loss, L(w) = 0 means that u(z;w) exactly satisfies the PDE and boundary/initial
conditions at the training points. In deep learning, this condition is called interpolation
et al 2021] Belkin, [2021]. There is no noise in (3.I), so the true solution of the PDE would

make (3.2) equal to zero. Hence a PINN approach should choose an architecture and an optimizer

to achieve interpolation. Moreover, smaller training error corresponds to better generalization for
PINNs [Mishra and Molinaro| 2023]. Common optimizers for (3.2)) include Adam, L-BFGS, and
Adam+L-BFGS [Raissi et al. [2019] [Krishnapriyan et al., 2021} [Hao et al.| [2023].

3.2.2 Experimental Methodology

We conduct experiments on optimizing PINNs for convection, wave PDEs, and a reaction ODE.

These equations have been studied in previous works investigating difficulties in training PINNs; we

use the formulations in [Krishnapriyan et al.| [2021], Wang et al.| [2022b] for our experiments. The
coefficient settings we use for these equations are considered challenging in the literature
mapriyan et al} [2021] [Wang et all, [2022b]. Appendix [B.1] contains additional details.

We compare the performance of Adam, L-BFGS, and Adam+L-BFGS on training PINNs for all
three classes of PDEs. For Adam, we tune the learning rate by a grid search on {1075,107%,1073,1072,1071}.

For L-BFGS, we use the default learning rate 1.0, memory size 100, and strong Wolfe line search.

For Adam+L-BFGS, we tune the learning rate for Adam as before, and also vary the switch from
Adam to L-BFGS (after 1000, 11000, 31000 iterations). These correspond to Adam+L-BFGS (1k),
Adam+L-BFGS (11k), and Adam+L-BFGS (31k) in our figures. All three methods are run for a
total of 41000 iterations.

We use multilayer perceptrons (MLPs) with tanh activations and three hidden layers. These
MLPs have widths 50, 100, 200, or 400. We initialize these networks with the Xavier normal

initialization |Glorot and Bengio), 2010] and all biases equal to zero. Each combination of PDE,

optimizer, and MLP architecture is run with 5 random seeds.

We use 10000 residual points randomly sampled from a 255 x 100 grid on the interior of the
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problem domain. We use 257 equally spaced points for the initial conditions and 101 equally spaced
points for each boundary condition.

We assess the discrepancy between the PINN solution and the ground truth using ¢ relative
error (L2RE), a standard metric in the PINN literature. Let y = (y;)?_; be the PINN prediction
and y' = (y})I, the ground truth. Define

2 _ o2
LORE — \/zz = [y = y/I3

2= 13/1 ly'l12

We compute the L2RE using all points in the 255 x 100 grid on the interior of the problem domain,
along with the 257 and 101 points used for the initial and boundary conditions.

We develop our experiments in PyTorch 2.0.0 [Paszke et al 2019] with Python 3.10.12. Each
experiment is run on a single NVIDIA Titan V GPU using CUDA 11.8. The code for our experiments
is available at https://github.com/pratikrathore8/opt_for_pinns.

3.3 Related Work

Here we review common approaches for solving PDEs with physics-informed machine learning and

PINN training strategies proposed in the literature.

3.3.1 Physics-Informed ML for Solving PDEs

A variety of ML-based methods for solving PDEs have been proposed, including PINNs [Raissi et al.l
2019], the Fourier Neural Operator (FNO) [Li et al., [2021], and DeepONet [Lu et al., |2021a]. The
PINN approach solves the PDE by using the loss function to penalize deviations from the PDE
residual, boundary, and initial conditions. Notably, PINNs do not require knowledge of the solution
to solve the forward PDE problem. On the other hand, the FNO and DeepONet sample and learn
from known solutions to a parameterized class of PDEs to solve PDEs with another fixed value of
the parameter. However, these operator learning approaches may not produce predictions consistent
with the underlying physical laws that produced the data, which has led to the development of hybrid
approaches such as physics-informed DeepONet [Wang et al. [2021c]. Our theory shows that the
ill-conditioning issues we study in PINNs are unavoidable for any ML-based approach that penalizes

deviations from the known physical laws.

3.3.2 Challenges in Training PINNs

The vanilla PINN [Raissi et al. 2019] can perform poorly when trying to solve high-dimensional,
non-linear, and/or multi-scale PDEs. Researchers have proposed a variety of modifications to the

vanilla PINN to address these issues, many of which attempt to make the optimization problem


https://github.com/pratikrathore8/opt_for_pinns
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easier to solve. Wang et al| [2021al [2022a]b], Nabian et al| [2021], [Wu et al| [2023alb] propose loss
reweighting/resampling to balance different components of the loss, [Yao et al| [2023], Miiller and|
propose scale-invariant and natural gradient-based optimizers for PINN training,
\Jagtap et al.| [2020a}b], Wang et al.| [2023] propose adaptive activation functions which can accelerate
convergence of the optimizer, and propose an approach to precondition the PINN
loss itself. Other approaches include innovative loss functions and regularizations
Lu et al., 2021c, Kharazmi et al. [2021} [Khodayi-Mehr and Zavlanos| [2020} [Yu et all [2022] and
new architectures [Jagtap et al) 2020c, |Jagtap and Karniadakis, 2020, [Li et al., 2020, Moseleyl|
. These strategies work with varying degrees of success, and no single strategy improves

performance across all PDEs.

Our work attempts to understand and tame the ill-conditioning in the (vanilla) PINN loss directly.
We expect our ideas to work well with many of the above training strategies for PINNs; none of these
training strategies rid the objective of the differential operator that generates the ill-conditioning
in the PINN loss (with the possible exception of [Liu et al| [2024]). However, Liu et al.| [2024]

preconditions the PINN loss directly, which is equivalent to left preconditioning, while our work

studies the effects of preconditioned optimization methods on the PINN loss, which is equivalent to
right preconditioning (Appendix . There is potential in combining the approach of
[2024] and our approach to obtain a more reliable framework for training PINNs.

Our work analyzes the spectrum (eigenvalues) of the Hessian Hp of the loss. Previous work
[Wang et al|2022Db] studies the conditioning of the loss using the neural tangent kernel (NTK), which

requires an infinite-width assumption on the neural network; our work studies the conditioning of

the loss through the lens of the Hessian and yields useful results for finite-width PINN architectures.
Several works have also studied the spectral bias of PINNs [Wang et al., |2021b} 2022b|, Moseley et al.l
2023|, which refers to the inability of neural networks to learn high-frequency functions. Note that

our paper uses the word spectrum to refer to the Hessian eigenvalues, not the spectrum of the PDE

solution.

3.4 Good Solutions Require Near-Zero Loss

First, we show that PINNs must be trained to near-zero loss to obtain a reasonably low L2RE. This
phenomenon can be observed in Fig. demonstrating that a lower loss generally corresponds to
a lower L2RE. For example, on the convection PDE, a loss of 1073 yields an L2RE around 107!,
but decreasing the loss by a factor of 100 to 10~? yields an L2RE around 1072, a 10x improvement.
This relationship between loss and L2RE in Fig. is typical of many PDEs .

The relationship in Fig. underscores that high-accuracy optimization is required for a useful
PINN. There are instances (especially on the reaction ODE), where the PINN solution has a L2RE

around 1, despite a near-zero loss; we provide insight into why this is occurring in Appendix[B-2] In
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Figure 3.2: We plot the final L2RE against the final loss for each combination of network width,
optimization strategy, and random seed. Across all three PDEs, a lower loss generally corresponds
to a lower L2RE.

Sections [3.5] and we show that ill-conditioning and under-optimization make reaching a solution

with sufficient accuracy difficult.

3.5 The Loss Landscape is IlI-Conditioned

We show empirically that the ill-conditioning of the PINN loss is mainly due to the residual loss,
which contains the differential operator. We also show that quasi-Newton methods like L-BFGS

improve the conditioning of the problem.

3.5.1 The PINN Loss is IlI-Conditioned

The conditioning of the loss L plays a key role in the performance of first-order optimization methods
[Nesterov, [2018]. We can understand the conditioning of an optimization problem through the
eigenvalues of the Hessian of the loss, Hy. Intuitively, the eigenvalues of H; provide information
about the local curvature of the loss function at a given point along different directions. The
condition number is defined as the ratio of the eigenvalue of largest magnitude to the eigenvalue
of smallest magnitude. A large condition number implies the loss is very steep in some directions
and flat in others, making it difficult for first-order methods to make sufficient progress toward the
minimum. When Hp(w) has a large condition number (particularly, for w near the optimum), the
loss L is called ill-conditioned. For example, the convergence rate of gradient descent (GD) depends
on the condition number [Nesterov} 2018|, which results in GD converging slowly on ill-conditioned
problems.

To investigate the conditioning of the PINN loss L, we would like to examine the eigenvalues
of the Hessian. For large matrices, it is convenient to visualize the set of eigenvalues via spectral
density, which approximates the distribution of the eigenvalues. Fast approximation methods for
the spectral density of the Hessian are available for deep neural networks [Ghorbani et al.l 2019, [Yao
et al] [2020]. Fig. [3.3] shows the estimated Hessian spectral density (solid lines) of the PINN loss

for the convection, reaction, and wave problems after training with Adam+L-BFGS. For all three
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Figure 3.3: (Top) Spectral density of the Hessian and the preconditioned Hessian after 41000 iter-
ations of Adam+L-BFGS. The plots show that the PINN loss is ill-conditioned and that L-BFGS
improves the conditioning, reducing the top eigenvalue by 10® or more.

(Bottom) Spectral density of the Hessian and the preconditioned Hessian of each loss component
after 41000 iterations of Adam+IL-BFGS for convection. The plots show that each component loss
is ill-conditioned and that the conditioning is improved by L-BFGS.

problems, we observe large outlier eigenvalues (> 10* for convection, > 10* for reaction, and > 10°
for wave) in the spectrum, and a significant spectral density near 0, implying that the loss L is ill-
conditioned. The plots also show how the spectrum is improved by preconditioning (Section [3.5.3)).

3.5.2 The IllI-Conditioning is Due to the Residual Loss

We use the same method to study the conditioning of each component of the PINN loss. Figs.
and show the estimated spectral density of the Hessian of the residual, initial condition, and
boundary condition components of the PINN loss for each problem after training with Adam+L-
BFGS. We see residual loss, which contains the differential operator D, is the most ill-conditioned
among all components. Our theory (Section shows this ill-conditioning is likely due to the

ill-conditioning of D.

3.5.3 L-BFGS Improves Problem Conditioning

Preconditioning is a popular technique for improving conditioning in optimization. A classic example
is Newton’s method, which uses second-order information (i.e., the Hessian) to (locally) transform an
ill-conditioned loss landscape into a well-conditioned one. L-BFGS is a quasi-Newton method that
improves conditioning without explicit access to the problem Hessian. To examine the effectiveness

of quasi-Newton methods for optimizing L, we compute the spectral density of the Hessian after
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Table 3.1: Lowest loss for Adam, L-BFGS, and Adam+L-BFGS across all network widths after
hyperparameter tuning. Adam+L-BFGS attains both smaller loss and L2RE vs. Adam or L-BFGS.

- Convection Reaction Wave
Optimizer
Loss L2RE Loss L2RE Loss L2RE
Adam 1.40e-4 5.96e-2 4.73e-6 2.12e-2 2.03e-2 3.49e-1

L-BFGS 1.51le-5 8.26e-3 8.93e-6 3.83e-2 1.84e-2 3.35e-1
Adam+L-BFGS 5.95e-6 4.19e-3 3.26e-6 1.92e-2 1.12e-3 5.52e-2

L-BFGS preconditioning. (For details of this computation and how L-BFGS preconditions, see
Appendix [B.3]) Fig. [3.3]shows this preconditioned Hessian spectral density (dashed lines). For all
three problems, the magnitude of eigenvalues and the condition number has been reduced by at least
103. In addition, the preconditioner improves the conditioning of each individual loss component of
L (Figs. and . These observations offer clear evidence that quasi-Newton methods improve
the conditioning of the loss, and show the importance of quasi-Newton methods in training PINNs,

which we demonstrate in Section [3.6]

3.6 Adam+L-BFGS Optimizes the Loss Better Than Other
Methods

We demonstrate that the combined optimization method Adam+L-BFGS consistently provides a
smaller loss and L2RE than using Adam or L-BFGS alone. We justify this finding using intuition

from optimization theory.

3.6.1 Adam+L-BFGS vs Adam or L-BFGS

Fig.[B-3in Appendix[B.4 compares Adam+L-BFGS, Adam, and L-BFGS on the convection, reaction,
and wave problems at difficult coefficient settings noted in the literature [Krishnapriyan et al., 2021}
Wang et al.| 2022b]. Across each network width, the lowest loss and L2RE is always delivered
by Adam+L-BFGS. Similarly, the lowest median loss and L2RE are almost always delivered by
Adam+L-BFGS (Fig. . The only exception is the reaction problem, where Adam outperforms
Adam+L-BFGS on loss at width = 100 and L2RE at width = 200 (Fig. [B.3).

Table summarizes the best performance of each optimizer. Again, Adam+L-BFGS is better
than running either Adam or L-BFGS alone. Notably, Adam+L-BFGS attains 14.2x smaller L2RE
than Adam on the convection problem and 6.07x smaller L2RE than L-BFGS on the wave problem.

3.6.2 Intuition From Optimization Theory

The success of Adam+L-BFGS over Adam and L-BFGS can be explained by existing results in

optimization theory. In neural networks, saddle points typically outnumber local minima [Dauphin
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et all 2014} [Lee et al.,2019]. A saddle point can never be a global minimum. We want to reach a
global minimum when training PINNs.

Newton’s method (which L-BFGS attempts to approximate) is attracted to saddle points [Dauphin
et al.l [2014], and quasi-Newton methods such as L-BFGS also converge to saddle points since they
ignore negative curvature [Dauphin et al), 2014]. On the other hand, first-order methods such as
gradient descent and AdaGrad |[Duchi et al) 2011] avoid saddle points [Lee et al. 2019, |Anton-
akopoulos et al.| 2022]. We expect that (full-gradient) Adam also avoids saddles for similar reasons,
although we are not aware of such a result.

Alas, first-order methods converge slowly when the problem is ill-conditioned. This result gener-
alizes the well-known slow convergence of conjugate gradient (CG) for ill-conditioned linear systems:
O(y/rlog(1)) iterations to converge to an e-approximate solution of a system with condition number
k. In optimization, an analogous notion of a condition number in a set S near a global minimum
is given by #f(S) = sup,cs [[Hy(w)l||/p, where  is the PL*-constant (see Section [3.§). Then gra-
dient descent requires O (ks (S)log(+)) iterations to converge to an e-suboptimal point. For PINNs,
the condition number near a solution is often > 10* (Fig. , which leads to slow convergence of
first-order methods. However, Newton’s method and L-BFGS can significantly reduce the condition
number (Fig. , which yields faster convergence.

Adam+L-BFGS combines the best of both first- and second-order/quasi-Newton methods. By
running Adam first, we avoid saddle points that would attract L-BFGS. By running L-BFGS after
Adam, we can reduce the condition number of the problem, which leads to faster local convergence.
Fig. [3.1] exemplifies this, showing faster convergence of Adam+L-BFGS over Adam on the wave
equation.

This intuition also explains why Adam sometimes performs as well as Adam+L-BFGS on the
reaction problem. Fig. shows the largest eigenvalue of the reaction problem is around 103, while
the largest eigenvalues of the convection and wave problems are around 10* and 10°, suggesting the

reaction problem is less ill-conditioned.

3.7 The Loss is Often Under-Optimized

In Section[3.6] we show that Adam+L-BFGS improves on running Adam or L-BFGS alone. However,
even Adam+L-BFGS does not reach a critical point of the loss: the loss is still under-optimized.
We show that the loss and L2RE can be further improved by running a damped version of Newton’s
method.

3.7.1 Why is the Loss Under-Optimized?

Fig. shows the run of Adam+L-BFGS with smallest L2RE for each PDE. For each run, L-BFGS

stops making progress before reaching the maximum number of iterations. L-BFGS uses strong
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Table 3.2: Loss and L2RE after fine-tuning by NNCG and GD. NNCG outperforms both GD and
the original Adam—+L-BFGS results.

- Convection Reaction Wave
Optimizer
Loss L2RE Loss L2RE Loss L2RE
Adam+L-BFGS 5.95e-6 4.19e-3 5.26e-6 1.92e-2 1.12e-3 5.52e-2
Adam+L-BFGS+NNCG  3.63e-7 1.94e-3  2.89e-7 9.92e-3 6.13e-5 1.27e-2
Adam+L-BFGS+GD 5.95e-6 4.19e-3 5.26e-6 1.92e-2 1.12e-3 5.52e-2

Wolfe line search, as it is needed to maintain the stability of L-BFGS [Nocedal and Wright), |2006].
L-BFGS often terminates because it cannot find a positive step size satisfying these conditions—we
have observed several instances where L-BFGS picks a step size of zero (Fig. in Appendix ,
leading to early stopping. Perversely, L-BFGS stops in these cases without reaching a critical point:
the gradient norm is around 1072 or 10~2 (see the bottom row of Fig. . The gradient still

contains useful information for improving the loss.

3.7.2 NysNewton-CG (NNCG)

We can avoid premature termination by using a damped version of Newton’s method with Armijo
line search. The Armijo conditions use only a subset of the strong Wolfe conditions. Under only
Armijo conditions, L-BFGS is unstable; we require a different approximation to the Hessian (p X p
for a neural net with p parameters) that does not require storing (O(p?)) or inverting (O(p?)) the
Hessian. Instead, we run a Newton-CG algorithm that solves for the Newton step using precondi-
tioned conjugate gradient (PCG). This algorithm can be implemented efficiently with Hessian-vector
products. These can be computed O ((nyes + Nbe)p) time |[Pearlmutter] [1994]. Sectionshows that
the Hessian is ill-conditioned with fast spectral decay, so CG without preconditioning will converge
slowly. Hence we use NystromPCG, a PCG method that is designed to solve linear systems with fast
spectral decay |Frangella et al.,[2023]. The resulting algorithm is called NysNewton-CG (abbreviated
NNCG); a full description of the algorithm appears in Appendix

3.7.3 Performance of NNCG

Fig. shows that NNCG significantly improves both the loss and gradient norm of the solution
when applied after Adam+L-BFGS, while Fig. visualizes how NNCG improves the absolute error
(pointwise) of the PINN solution when applied after Adam+L-BFGS. Furthermore, Table shows
that NNCG also improves the L2RE of the PINN solution. In contrast, applying gradient descent
(GD) after Adam+L-BFGS improves neither the loss nor the L2RE. This result is unsurprising, as
our theory predicts that NNCG will work better than GD for an ill-conditioned loss (Section [3.8).
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Figure 3.4: Performance of NNCG and GD after Adam+L-BFGS. (Top) NNCG reduces the loss by
a factor greater than 10 in all instances, while GD fails to make progress. (Bottom) Furthermore,
NNCG significantly reduces the gradient norm on the convection and wave problems, while GD fails
to do so.

3.7.4 Why Not Use NNCG Directly After Adam?

Since NNCG improves the PINN solution and uses simpler line search conditions than L-BFGS, it
is tempting to replace L-BFGS with NNCG entirely. However, NNCG is slower than L-BFGS: the
L-BFGS update can be computed in O(mp) time, where m is the memory parameter, while just
a single Hessian-vector product for computing the NNCG update requires O ((nyes + nbe)p) time.
Table shows NNCG takes 5, 20, and 322 more times per-iteration as L-BFGS on convection,
reaction, and wave respectively. Consequently, we should run Adam+L-BFGS to make as much

progress as possible before switching to NNCG.

3.8 Theory

We relate the conditioning of the differential operator to the conditioning of the PINN loss function
(3:2) in Theorem [3.4f When the differential operator is ill-conditioned, gradient descent takes many
iterations to reach a high-precision solution. As a result, first-order methods alone may not deliver

sufficient accuracy.
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Figure 3.5: Absolute errors of the PINN solution at optimizer switch points. The first column shows
errors after Adam, the second column shows errors after running L-BFGS following Adam, and the
third column shows the errors after running NNCG following Adam+L-BFGS. L-BFGS improves
the solution obtained from first running Adam, and NNCG further improves the solution even after
Adam+L-BFGS stops making progress. Note that Adam solution errors (left-most column) are
presented at separate scales as these solutions are far off from the exact solutions.
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Algorithm 2 Gradient-Damped Newton Descent (GDND)

Require: # of gradient descent iterations Kgp, gradient descent learning rate ngp, # of damped Newton iterations

Kpn, damped Newton learning rate npn, damping parameter ~y
Phase I: Gradient descent
for k=0,...,Kgp —1do
Wg+1 = Wi — neDp VL(w)
end for
Phase II: Damped Newton
Set o = wkgp
for k=0,...,Kpn — 1 do
W1 = W — o (Hr (Br) + 1)~ VL(1y)
end for

Ensure: approximate solution s

To address this issue, we develop and analyze a hybrid algorithm, Gradient Damped Newton
Descent (GDND, Algorithm , that switches from gradient descent to damped Newton’s method
after a fixed number of iterations. We show that GDND gives fast linear convergence independent of
the condition number. This theory supports our empirical results, which show that the best perfor-
mance is obtained by running Adam and switching to L-BFGS. Moreover, it provides a theoretical
basis for using Adam+L-BFGS+NNCG to achieve the best performance.

GDND differs from Adam+L-BFGS+NNCG, the algorithm we recommend in practice. We
analyze GD instead of Adam because existing analyses of Adam [Défossez et al., |2022, [Zhang et al.
2022 do not mirror its empirical performance. The reason we run both L-BFGS and damped Newton

is to maximize computational efficiency (Section [3.7.4)).

3.8.1 Preliminaries
We begin with the main assumption for our analysis.

Assumption 3.1 (Interpolation). Let W, denote the set of minimizers of (3.2]). We assume that
L(w,) =0, forall w, € W,,

i.e., the model perfectly fits the training data.

From a theoretical standpoint, Theorem [3.1]is natural in light of various universal approximation
theorems [Cybenko, 1989, [Hornik et al., 1990} De Ryck et al., [2021], which show neural networks are
capable of approximating any continuous function to arbitrary accuracy. Moreover, interpolation in
neural networks is common in practice |[Zhang et al.| 2021, Belkin) 2021].

PL*-condition. In modern neural network optimization, the PL*-condition [Liu et al., |2022|
2023] is key to showing convergence of gradient-based optimizers. It is a local version of the celebrated

Polyak-Lojasiewicz condition [Polyakl |1963, Karimi et al., [2016], specialized to interpolation.
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Definition 3.2 (PL*-condition). Suppose L satisfies Theorem [B.1] Let & C RP. Then L is u-PL*in
S if )
IVL(w)|
2
The PL*-condition relates the gradient norm to the loss and implies that any minimizer in S is

> L(w), Yw e S.

a global minimizer. Importantly, the PL*-condition can hold for non-convex losses and is known to
hold, with high probability, for sufficiently wide neural nets with the least-squares loss [Liu et al.
2022).

Definition 3.3 (Condition number for PL* loss functions). Let S be a set for which L is u-PL*.

Then the condition number of L over S is given by

H
K?L(S) _ SupwESL L(w)H’

where H (w) is the Hessian matrix of the loss function.

Gradient descent over S converges to e-suboptimality in O (k1 (S)log (1)) iterations [Liu et al.,
2022].

3.8.2 Ill-Conditioned Differential Operators Lead to Challenging Opti-

mization

Here, we show that when the differential operator defining the PDE is linear and ill-conditioned,
the condition number of the PINN objective (in the sense of Theorem is large. Our analysis
in this regard is inspired by the recent work of De Ryck et al.| [2023], who prove a similar result
for the population PINN residual loss. However, De Ryck et al. [2023]’s analysis is based on the
lazy training regime, which assumes the NTK is approximately constant. This regime does not
accurately capture the behavior of practical neural networks |Allen-Zhu and Li| 2019, |Chizat et al.|
2019, |Ghorbani et al}, 2020} 2021]. Moreover, gradient descent can converge even with a non-constant
NTK [Liu et al., [2020]. Our theoretical result is more closely aligned with deep learning practice as
it does not assume lazy training and pertains to the empirical loss rather than the population loss.

Theorem provides an informal version of our result in Appendix that shows that ill-
conditioned differential operators induce ill-conditioning in the loss . The theorem statement
involves a kernel integral operator, Ko, (defined in in Appendix7 evaluated at the optimum

Wi

Theorem 3.4 (Informal). Suppose Theorem holds and p > Nyes + Nbe. Fiz w, € W, and set
A = D*D. For some a > 1/2, suppose the eigenvalues of Ao Koo (w,) satisfy A\j(Ao Kuo(wy)) =
O (j_%‘). If \/Npes = Q2 (log (%)), then for any set S that contains w, and for which L is pu-PL*,

kL(S)=Q(n&,), with probability > 1 — 0.
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Theorem relates the conditioning of the PINN optimization problem to the conditioning of
the operator A o Ko (wy), where A is the Hermitian square of D. If the spectrum of A o Ko (wy)
decays polynomially, then, with high probability, the condition number grows with 7es. AS Npes
typically ranges from 10 to 10*, Theorem shows the condition number of the PINN problem
is generally large, and so first-order methods will be slow to converge to the optimum. Fig. in
Appendix empirically verifies the claim of Theorem [3:4] for the convection equation.

3.8.3 Efficient High-Precision Solutions via GDND

We now analyze the convergence behavior of Algorithm [2| Theorem provides an informal version
of our result in Appendix [B.7]

Theorem 3.5 (Informal). Suppose L(w) satisfies the p-PL*-condition in a certain ball about wy.
Then there exists ngp > 0 and Kgp < oo such that Phase I of Algom'thm outputs a point Wi,
for which Phase II of Algom'thm@ with npx = 5/6 and appropriate damping v > 0, satisfies

L) < (2) Eloken)

Hence after Kpn > 3log (@) iterations, Phase II of Algom'thm@ outputs a point satisfying
L(”LZ)KDN) S €.

Theorem [3.5] shows only a fixed number of gradient descent iterations are needed before Algo-
rithm [2| can switch to damped Newton’s method and enjoy linear convergence independent of the
condition number. As the convergence rate of Phase II with damped Newton is independent of the
condition number, Algorithm [2[ produces a highly accurate solution to .

Note that Theorem [3.5] is local; Algorithm [2] must find a point sufficiently close to a minimizer
with gradient descent before switching to damped Newton’s method and achieving rapid conver-
gence. It is not possible to develop a second-order method with a fast rate that does not require
a good initialization, as in the worst-case, global convergence of second-order methods may fail to
improve over first-order methods [Cartis et al., 2010, |Arjevani et al., |2019]. Moreover, Theorem (3.5

is consistent with our experiments, which show L-BFGS is inferior to Adam+L-BFGS.

3.9 Conclusion

In this work, we explore the challenges posed by the loss landscape of PINNs for gradient-based
optimizers. We demonstrate ill-conditioning in the PINN loss and show it hinders effective training
of PINNs. By comparing Adam, L-BFGS, and Adam+L-BFGS, and introducing NNCG, we have
demonstrated several approaches to improve the training process. Our theory supports our experi-

mental findings: we connect ill-conditioned differential operators to ill-conditioning in the PINN loss
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and prove the benefits of second-order methods over first-order methods for PINNs.
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Chapter 4

GPU-Enabled Large-Scale
Optimization Using Randomized

Linear Algebra

This chapter caps a line of work on randomized numerical linear algebra (RandNLA) for large-
scale optimization, including NystromPCG [Frangella et all [2023], NysADMM [Zhao et al., 2022,
Diamandis et al., [2026], SketchySGD [Frangella et al., [2024b], PROMISE [Frangella et al.| 2024a],
and SAPPHIRE [Sun et al. 2025]. We develop rlaopt, an open-source, PyTorch-based package
that makes RandNLA-based optimization accessible to practitioners. rlaopt includes GPU-enabled
implementations of NystromPCG, NysADMM, and SAPPHIRE, a CVXPY-inspired modeling lan-
guage for specifying optimization problems, and support for differentiating through the solver for
end-to-end learning; it delivers GPU speedups of 5 —30x over CPU implementations on benchmark
problems.

This chapter is based on a manuscript in preparation for ACM Transactions on Mathematical

Software.

4.1 Introduction

Large-scale optimization lies at the heart of modern machine learning and scientific computing.
Datasets routinely contain millions of samples and features, giving rise to optimization problems
whose sheer scale demands efficient algorithms and hardware-aware implementations. Over the past
two decades, randomized numerical linear algebra (RandNLA) has emerged as a powerful toolkit
for addressing these challenges, producing algorithms that exploit low-rank structure and stochastic

approximations to dramatically reduce computational costs |[Halko et al., [2011, Mahoney} [2011]
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[Woodruff, |2014, Martinsson and Tropp, [2020]. However, a significant gap remains between the

strong algorithmic foundations of RandNLA and the software available to practitioners: existing
implementations of RandNLA-based methods lack the ability to leverage modern parallel hardware
such as GPUs, and do not provide a simple, user-friendly syntax for modeling optimization problems.
Consequently, practitioners who wish to apply RandNLA-based algorithms to large-scale problems
must piece together ad hoc implementations, limiting both accessibility and performance.

We now describe two important problem classes where RandNLA-based algorithms offer signifi-

cant advantages, and where the lack of high-quality implementations is particularly acute.

Large-scale linear systems. Dense linear systems of the form (A 4+ AI)z = b arise in kernel

ridge regression [Scholkopf and Smolal [2002], Gaussian process inference [Rasmussen and Williams),

12005, |Gardner et al) [2018], and other settings throughout machine learning and scientific com-

puting. Direct methods such as Cholesky decomposition require O(n3) computation and O(n?)
storage, limiting them to problems with n ~ 10%. Iterative methods such as conjugate gradient scale
more favorably, with per-iteration complexity O(n?), but converge slowly when the problem is ill-

conditioned—a common occurrence in practice. RandNLA-based preconditioning, in particular the

randomized Nystrém preconditioner [Frangella et al.,[2023], dramatically accelerates convergence by

constructing high-quality low-rank approximations of the kernel matrix at modest cost. The result-
ing preconditioned conjugate gradient (NystromPCG) method combines the scalability of iterative

methods with robustness to ill-conditioning.

Large-scale optimization. Classical optimization methods, such as interior-point methods, pro-
duce high-accuracy solutions but rely on expensive matrix factorizations that limit their applicability
to large-scale problems [O’Donoghue et al. [2016, [Stellato et al.l 2020, |Applegate et al. [2021]. On
the other end of the spectrum, first-order methods such as stochastic gradient descent (SGD) and
its variants [Robbins and Monrol, |1951}, lJohnson and Zhang), 2013, |Defazio et al., 2014, |Allen-Zhu,
scale to massive datasets but suffer from slow convergence on ill-conditioned problems and

sensitivity to hyperparameters such as the learning rate [Nemirovski et al., 2009]. Operator splitting

frameworks such as the alternating direction method of multipliers (ADMM) [Boyd et al.,[2011] nat-

urally handle constraints and nonsmooth regularizers, but also require the solution of subproblems
that can be ill-conditioned. RandNLA techniques integrate naturally with both stochastic gradient
methods and operator splitting: Nystrom-based preconditioning accelerates ADMM by improving

the conditioning of linear system subproblems [Zhao et al| [2022, Diamandis et all [2026], and ran-

domized curvature estimates yield preconditioned stochastic gradient methods with reliable default

hyperparameters and fast convergence [Frangella et al., [2024blal [Sun et all [2025]. Crucially, the

dominant operations in these RandNLA-enhanced methods are matrix-matrix and matrix-vector
products, which are highly amenable to GPU acceleration.

Fig. [A] illustrates the opportunity: machine learning datasets are commonly ill-conditioned
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(a) Machine learning datasets are often ill-
conditioned, with condition numbers ranging from (b) NystromPCG on GPU obtains a 20X speedup
10* to 108 or larger. over CPU.

Figure 4.1: Tll-conditioning is prevalent in machine learning datasets (left), and GPU acceleration
yields dramatic speedups for RandNLA-based solvers (right).

(Fig. , and GPU acceleration yields dramatic speedups for RandNLA-based solvers such as
NystromPCG (Fig. .

To address the gap between RandNLA algorithms and practical software, we develop rlaopt, a
PyTorch-based package for large-scale optimization and scientific computing. rlaopt includes GPU-
enabled implementations of NystromPCG for large-scale linear systems, NysADMM
for constrained convex optimization, and SAPPHIRE [Frangella et al.| 2024al |Sun et al., [2025]
for empirical risk minimization. To make these solvers accessible, we create a flexible modeling
language inspired by disciplined convex programming [Grant et al. 2006] and CVXPY

land Boyd, 2016 that allows users to specify optimization problems using natural mathematical

syntax. rlaopt also supports differentiating through the solver, making it suitable for modern
machine learning pipelines that require end-to-end gradient computation. Our implementation is
open-sourced under an Apache license and is available at https://github.com/udellgroup/rlaopt.
Documentation can be found at |https://rlaopt.readthedocs.io/en/latest/, and a PyPI release is

forthcoming.

4.1.1 Contributions

Our contributions are as follows:

1. We develop rlaopt, an open-source, PyTorch-based software package for large-scale optimiza-
tion using randomized linear algebra. rlaopt supports both CPU and GPU execution, enabling

practitioners to leverage hardware accelerators with minimal code changes.

2. We create a flexible modeling language, inspired by disciplined convex programming
2006] and CVXPY [Diamond and Boyd, [2016], that allows users to specify optimization
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problems via natural mathematical syntax. This modeling language supports a wide range of

objectives, constraints, and regularizers.

3. We implement a suite of RandNLA-based algorithms within rlaopt, including NystromPCG
for large-scale linear systems, NysADMM for constrained convex optimization via operator

splitting, and SAPPHIRE for preconditioned, stochastic variance-reduced optimization.

4. We demonstrate significant GPU speedups over CPU implementations across all algorithm
families: up to 20x for NystromPCG, 20-30x for NysADMM, and 5-10x for SAPPHIRE on

benchmark problems.

5. We show that rlaopt supports differentiating through the solver, enabling applications such

as hyperparameter tuning and end-to-end learning within modern machine learning pipelines.

4.1.2 Roadmap

Section 2] formally defines the problem classes addressed by rlaopt. Section [.3] surveys related
work organized by problem class. Section describes the modeling language and demonstrates
its flexibility through examples. Section explains how rlaopt automatically detects problem
structure to apply appropriate solvers. Section presents performance benchmarks comparing

CPU and GPU implementations across problem classes. Section [£.7] concludes the paper.

4.2 Problem Classes

In this section, we formally define the problem classes addressed by rlaopt. We consider two
broad classes: positive definite linear systems (Section [4.2.1)) and empirical risk minimization with
constraints and regularizers (Section |4.2.2]).

4.2.1 Positive-Definite Linear Systems

The first problem class consists of symmetric positive-definite (pd) linear systems of the form

Az = b, (4.1)

where A € R™*™ is symmetric and pd, b € R", and € R” is the unknown. A common special case
is the regularized linear system
(K+ M)z =0, (4.2)

where K € R™ " is symmetric positive-semidefinite (psd) and A > 0 is a regularization parameter.
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Linear systems of this form arise frequently in machine learning and scientific computing. A

prominent example is kernel ridge regression (KRR), in which one solves
inimize || 12+ 2wl (4.3)
minimize | Kw — =|lw .
WERn 9 Y ) K>

where K € R"*™ is a kernel matrix with entries K;; = k(z;, ;) for a kernel function k, and y € R”
is the target vector. The optimality conditions of yield the linear system (K + Al)w* = y.
Linear systems of the form also arise in Gaussian process (GP) inference |[Rasmussen and
Williams|, 2005], where computing the posterior mean and variance requires solving dense linear
systems involving a kernel matrix.

Direct methods such as Cholesky decomposition solve (4.1)) in O(n?) time with O(n?) storage,
limiting them to problems with n < 10%. Tterative methods such as conjugate gradient (CG) scale
more favorably, with per-iteration complexity O(n?), but converge slowly when A is ill-conditioned.
Ill-conditioning is common in practice: kernel matrices in machine learning often have rapidly de-
caying spectra, leading to large condition numbers [Caponnetto and DeVitol 2007, (Bachl 2013| /Tu
et al) 2016, [Ma and Belkin| 2017, [Belkin, |2018|. rlaopt addresses this challenge by providing
NystromPCG, which uses a randomized Nystrém preconditioner [Frangella et al., [2023] to dramat-

ically accelerate the convergence of CG on ill-conditioned systems.

4.2.2 Empirical Risk Minimization with Constraints and Regularizers

The second problem class is composite convex optimization of the form
k
minimize f(z) + Zl gi(Asz — b;), (4.4)
=

where f: R™ — R is smooth and convex, each g;: R™ — RU{+o0} is closed, convex, and proxable
(i.e., its proximal operator can be evaluated efficiently), A; € R™*™ and b; € R™:. This formulation
is flexible enough to encode a wide range of machine learning problems, including empirical risk
minimization (ERM) with constraints and regularizers.

In a typical ERM setting, the smooth component f takes the form
XN
fla) =5 tilaj ), (45)

where {(aj,yj)}évzl is a training set with a; € R™ and y; € R, and ¢; is a loss function. The
nonsmooth terms g; encode regularizers and constraints such as ¢; regularization, box constraints,
elastic net penalties, and indicator functions of convex sets.

Several concrete problems fit naturally into this framework:
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e /;-regularized logistic regression: f is the average logistic loss and g(z) = ul|z|; for some

regularization weight p > 0.

e Bounded elastic net: f(w) = o || Xw—yl|2, with g1 (w) = A\ |Jw[|1 +22||w|]3 and g encoding

box constraints 0 < w < 1.

e Constrained multinomial regression: f is the average cross-entropy loss for multiclass

classification, with g encoding box constraints on the regression coefficients.

rlaopt provides several solvers for problems of the form . For problems where the full
gradient of f is available, rlaopt supports NysADMM [Zhao et all 2022] which combines ADMM
with Nystrom-based preconditioning to accelerate linear system subproblems that arise in ADMM.
For large-scale ERM problems where only stochastic gradients of f are available, rlaopt supports
SAPPHIRE [Frangella et al.l 20244} [Sun et al.| 2025|, a family of preconditioned stochastic variance-
reduced methods that uses randomized curvature estimates to achieve fast convergence with reliable
default hyperparameters. rlaopt also supports (accelerated) proximal gradient for problems where

preconditioning is not needed.

4.3 Related Work

We survey related work organized by the problem classes introduced in Section For each class,
we describe existing algorithmic approaches and software, and discuss how rlaopt relates to and

improves upon them.

4.3.1 Large-Scale Linear Systems

Direct methods. Direct methods such as Cholesky decomposition are the standard approach for
solving dense pd linear systems |Golub and Van Loan, 2013]. While they produce high-accuracy
solutions, their O(n?) computational cost and O(n?) storage requirements render them impractical
for problems with n > 10%. rlaopt targets the regime where direct methods are too expensive,

providing iterative solvers that scale to much larger problem sizes.

Iterative methods and preconditioning. Conjugate gradient (CG) is the method of choice
for large-scale pd linear systems, with per-iteration complexity O(n?) for dense systems. However,
CG converges slowly when the system is ill-conditioned, and effective preconditioners are essential
for practical performance. Randomized Nystrom preconditioning [Frangella et al.l [2023| constructs
a high-quality low-rank approximation of the coefficient matrix using sketching techniques from
RandNLA [Halko et al., 2011} Martinsson and Tropp, 2020]. The resulting NystromPCG method

converges rapidly even on ill-conditioned problems, and its dominant cost—matrix-matrix products
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for constructing the preconditioner—is highly GPU-amenable. rlaopt provides a GPU-enabled
implementation of NystromPCG that achieves up to 20x speedup over CPU.

Kernel methods. FALKON [Rudi et al., 2017] is a widely used solver for inducing points kernel
ridge regression that uses Nystrom preconditioning with CG. Gaussian process inference packages
such as GPyTorch |Gardner et al. [2018] also rely on PCG-based linear solvers. rlaopt differs from
these tools by targeting general pd linear systems rather than a specific application and providing a

modeling language for specifying the problem.

4.3.2 Optimization Solvers

Interior-point methods. Interior-point methods (IPMs) are the gold standard for small-to-
moderate-scale convex optimization, producing high-accuracy solutions with polynomial-time guar-
antees [Nesterov and Nemirovskiil [1994]. Software implementations such as Clarabel [Goulart and
Chenl, [2024] provide reliable IPM solvers, and recent work has extended these to GPU [Chen et al.|
2025b|. However, IPMs rely on matrix factorizations whose cost grows cubically with problem size,
limiting their applicability to large-scale machine learning problems. rlaopt takes a complemen-
tary approach, using first-order and operator splitting methods enhanced with RandNLA to handle

problems at scales where IPMs are impractical.

Operator splitting methods. The alternating direction method of multipliers (ADMM) |Gabay
and Mercier}, |1976, [Boyd et al. |2011] and related operator splitting methods |[Ryu and Yin, [2022]
decompose composite optimization problems into simpler subproblems that can be solved indepen-
dently. ADMM is the basis for several widely used solvers, including OSQP [Stellato et al., [2020]
for quadratic programs and SCS |[O’Donoghue et al [2016] for conic programs. A key bottleneck in
ADMM is solving a subproblem corresponding to the primal update. NysADMM [Zhao et al., [2022]
accelerates inexact ADMM by solving the primal subproblem with NystrémPCG, using a randomized
Nystrom preconditioner to handle ill-conditioning; for non-quadratic smooth losses, the subproblem
is formed from a second-order approximation of the smooth term. GeNIOS [Diamandis et al., [2026]
builds on this recipe with adaptive penalty parameter updates, periodic preconditioner refresh, an
adaptive inexact PCG tolerance, ADMM over-relaxation, and primal/dual infeasibility detection,
with an open-source Julia implementation. rlaopt’s NysADMM solver inherits these engineering
choices from GeNIOS (with the exception of infeasibility detection), adapted to a PyTorch/GPU
setting, and achieves 20-30x speedups over CPU for constrained optimization problems. A related
line of work specializes operator splitting to linear programming: PDLP [Applegate et al., 2021]
applies the primal-dual hybrid gradient method to a saddle-point formulation of LP with diago-
nal preconditioning, adaptive step sizes, and adaptive restarts, and cuPDLP [Lu and Yang, [2025]
ports this approach to GPUs. These solvers share rlaopt’s philosophy of scaling on GPU through
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matrix-vector products, but target LP specifically rather than the broader composite convex setting.

Proximal gradient methods. Proximal gradient methods [Parikh et al. [2014] and their ac-
celerated variants are a natural fit for composite problems of the form when the proximal
operator of each g; is cheap to evaluate. These methods have per-iteration costs dominated by
gradient evaluations of the smooth component f, but converge slowly on ill-conditioned problems.
rlaopt implements proximal gradient with optional Nystrom-based preconditioning, which improves
convergence on ill-conditioned objectives while preserving the simplicity of the proximal gradient

framework.

Stochastic gradient methods. When the smooth component f has a finite-sum structure,
stochastic gradient methods such as SGD [Robbins and Monro| [1951], Adam [Kingma and Bal
2014], SVRG |Johnson and Zhang), 2013], SAGA |[Defazio et al. 2014], and Katyusha [Allen-Zhu,
2018, Kovalev et al., [2020] achieve low per-iteration costs by operating on mini-batches. However,
these methods are sensitive to hyperparameters and converge slowly on ill-conditioned problems [Ne-
mirovski et al.;2009]. The PROMISE framework [Frangella et al.,2024a] and SketchySGD [Frangella
et al., 2024b| address these limitations by using randomized curvature estimates as preconditioners,
yielding methods with reliable default hyperparameters and fast convergence on ill-conditioned prob-
lems. SAPPHIRE [Sun et al. 2025] generalizes this line of work to proximal settings, supporting
nonsmooth regularizers and constraints within the preconditioned stochastic gradient framework.
rlaopt provides GPU-enabled implementations of SAPPHIRE methods, achieving 5-10x speedups
over CPU on large-scale ERM problems.

Differentiable optimization. Several frameworks enable differentiating through the solution of
optimization problems. cvxpylayers [Agrawal et all [2019] embeds parametrized convex programs
specified in CVXPY as differentiable layers, using implicit differentiation through the KKT condi-
tions of the conic reformulation. This approach supports a broad class of disciplined convex programs
but scales cubically in the cone program dimension, limiting its applicability to small-to-moderate
problems. JAXopt [Blondel et all [2022] provides a modular implicit differentiation framework in
JAX with a wide range of solvers, including proximal gradient, L-BFGS, and OSQP. MPAX |Lu
et al., [2024] is a JAX-based first-order solver for large-scale linear and quadratic programs that
supports differentiation through unrolled solver iterations. These frameworks are complementary to
rlaopt: they cover different problem classes or ecosystems, while rlaopt contributes differentiable,
RandNLA-based solvers in PyTorch that are specifically designed for large-scale, ill-conditioned

problems.
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4.4 Modeling Language

A central design goal of rlaopt is to provide a simple, expressive interface for specifying optimization
problems. To this end, we develop a modeling language inspired by disciplined convex programming
|Grant et al.,|2006] and CVXPY [Diamond and Boyd, [2016] that lets users construct objectives from
composable building blocks using natural mathematical syntax. In this section, we describe the core

abstractions of the modeling language and demonstrate its flexibility through examples.

4.4.1 Core Abstractions

The rlaopt modeling language is built around three core abstractions: variables, atoms, and solvers.

Variables. A Variable represents an unknown quantity to be optimized. Variables are created

by specifying their shape and, optionally, a name and a device (CPU or GPU):

w = Variable((n,), name="w"

beta = Variable((p, K), name="beta", device="cuda")

Variables can appear in mathematical expressions involving matrix multiplication, addition, and
subtraction, using standard Python operators. For instance, X @ w + b - y represents the affine

expression Xw + b — y.

Atoms. An atom is a function with known mathematical properties (e.g., smoothness, or the
availability of a proximal operator) that serves as a building block for constructing objectives. rlaopt
provides atoms for common losses, regularizers, and constraints encountered in machine learning and

scientific computing. Table summarizes the available atoms.

Composing objectives. Objectives are constructed by combining atoms with the + operator,
mirroring the mathematical structure of the problem. Scalar multiplication via * is also supported.
For example, the bounded elastic net problem

1 A
minimize —||Xw +b— y||3 + M |lwlli + Z|w|? subject to 0<w <1
w,b 2N 2

is specified as:

w = Variable((X.shape[1],))
b = Variable((1,))
obj = SumSquares(X @ w + b - y) * (0.5 / N) \
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Category

Atom

Mathematical form

General

SumSquares (expr)

[lexpr|3

Linear model losses

LinearRegression(w, loader)

LogisticRegression(w, loader)
MultinomialRegression(w, loader)
PoissonRegression(w, loader)
GammaRegression(w, loader)
InverseGaussianRegression(w, loader)
HuberRegression(w, loader, §)

2T, —a w?

¥ 3, log(1+e7%% )

—x 2_; log(softmax(Xw)j.c;)

Poisson negative log-likelihood

Gamma negative log-likelihood

Inverse Gaussian negative log-likelihood
Huber loss with threshold §

LiNorm(w, ) Alwl|1
Regularizers LaNorm(w, A) Alfwl]2
& NucNorm(W, A) AW ||« (nuclear norm)
ElasticNet(w, A1, A2) Aljwllr + %HWH%
Box(w, lower, upper) Z[lower < w < upper]
NonNegative (w) [w > 0]
Halfspace(w, c, upper) Z[c"w < upper]
. LinearEquality(w, A, b) Z[Aw = b
Const t
onstraimts Polyhedron(w, A, b, C, 1, u) Z[Aw =b, | < Cw < u]
LiNormBall(w, r) Zfjw]: < 7]
L2NormBall (w, r) If|lwll2 < 7]
LInfNormBall(w, r) Zlw|lee < 7]
Table 4.1: Atoms available in rlaopt. Linear model losses operate on data provided via a

Dataloader. Z[-] denotes the indicator function of the given constraint set (zero when satisfied,
~+o0 otherwise). || - ||« denotes the nuclear norm (sum of singular values).

+ ElasticNet(w, lamil,
+ Box(w, 0.0,

lam2) \
1.0)

The resulting objective obj automatically tracks the variables and atoms that compose it.

Solvers.

Once an objective has been defined, the user selects a solver and its configuration. rlaopt

provides a unified solver interface with two modes of operation: a stepped mode for fine-grained
control over the optimization loop, and a direct mode for one-call solving. A complete reference
of all solver configuration parameters, termination criteria, and their defaults is provided in Ap-
pendix In stepped mode, the user initializes the solver state and calls step iteratively (note
that the NysADMM solver is accessed via the ADMM class in the API):

solver = ADMM(obj, config=ADMMConfig())
variable_values = obj.variable_values
state = solver.init_state(variable_values)

for _ in range(num_iters):
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variable_values, state = solver.step(variable_values, state)

In direct mode, the user simply calls solve:

solver = ProxGrad(obj, config=ProxGradConfig(eta=0.5))
result = solver.solve()

x_sol = result.variable_values

Both modes return the solution as a dictionary mapping variable names to their optimal values.

Linear systems. For pd linear systems, rlaopt provides a separate LinSys interface. The user

specifies a matrix, right-hand side, and regularization:

lin_sys = LinSys(A, b, reg=le-2)

The linear system is then solved with NystromPCG:

precond_config = NystromConfig(rank_init=50)
pcg_config = PCGConfig(preconditioner_config=precond_config)

solver = PCG(lin_sys, config=pcg_config)

params = lin_sys.w
state = solver.init_state(params)
for _ in range(100):

params, state = solver.step(params, state)

4.4.2 Differentiating Through the Solver

A key feature of rlaopt is its native support for differentiating through the optimization solver.
In modern machine learning pipelines, users are often interested in optimizing with respect to a
parameter of the optimization problem itself—for example, tuning a regularization parameter to
minimize validation error, or learning loss function parameters in an end-to-end pipeline [Agrawal
et al.l 2019, Blondel et al. [2022} |Lu et al., 2024]. Formally, consider a parametrized optimization
problem z*(f) = argmin, ¢(z;0), where § € R? is an external parameter. A common use case is

hyperparameter tuning, in which one seeks to minimize an outer objective that depends on the
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solution of the inner problem:

inimi L(x*(6 4.6
ml;lelgyze (z*(0)), (4.6)

where £ is a validation loss or other performance metric. For example, one may wish to tune
the regularization parameter p in a lasso problem to minimize the prediction error on a held-out

validation set:

1
N. val

HXtrainx - ytraian + FL”‘CC”l
(4.7)

The solvers in rlaopt are implemented in a functional manner and support automatic differen-

minin&ize | Xval * (1) — yoall|3, where z*(p) = argmin
n> x

train

tiation by backpropagation through the optimization trajectory. Users can embed a solver within a
differentiable computation graph by setting detach=False in the solver configuration. For the lasso
tuning problem ([4.7)), this is expressed as:

def outer_objective(mu):
x = Variable((p,), name="x")
train_obj = SumSquares(A_train @ x - b_train) / N_train \
+ LiNorm(x, mu)
solver = ProxGrad(train_obj, config, detach=False)
result = solver.solve()
x_sol = result.variable_values["x"]

return torch.linalg.norm(A_val @ x_sol - b_val) ** 2 / N_val

mu = torch.tensor(1.0, requires_grad=True)
for _ in range(200):
grad, value = torch.func.grad_and_value(outer_objective) (mu)

mu = mu - eta * grad

PyTorch’s automatic differentiation propagates gradients through the solver iterations, yielding the
derivative of the validation loss with respect to p without requiring the user to implement custom

backward passes.

4.4.3 Comparison to Disciplined Convex Programming and CVXPY

The rlaopt modeling language shares disciplined convex programming and CVXPY’s philosophy of
composable atoms and natural mathematical syntax, but differs in a key respect. Both disciplined
convex programming and CVXPY transform problems into a standard conic form before passing
them to a backend solver |Grant et all [2006 [Diamond and Boyd, [2016], which can significantly

increase the problem size and obscure the structure of the original problem. In contrast, rlaopt
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preserves the composite structure f(z) + ), ¢;(A;x — b;) and works directly with gradient and
proximal oracles, avoiding unnecessary reformulation. This is particularly advantageous for machine
learning problems such as logistic regression, where conic reformulation introduces many additional

variables |[Diamandis et al.| 2026].

4.5 Automatic Detection of Problem Structure

A key feature of rlaopt is its ability to automatically detect the structure of a user-specified opti-
mization problem and decompose it into a form amenable to the chosen solver. This section describes

how rlaopt performs this decomposition for proximal gradient methods and ADMM-based methods.

4.5.1 Smooth-Nonsmooth Decomposition

Recall from Section that rlaopt handles composite convex optimization problems of the form

k
inimi i Ai — bl s 4.8
minimize f(z) + ;g (Aiz — bi) (4.8)

where f is smooth and convex, and each g; is closed, convex, and proxable. When a user constructs
an objective by composing atoms (as described in Section , rlaopt must determine which terms
constitute the smooth component f and which terms constitute the nonsmooth components g;, along
with their associated linear operators A; and offsets b;.

Every atom in rlaopt declares two key properties: whether it is smooth (i.e., differentiable
everywhere) and whether it is prozable (i.e., its proximal operator can be evaluated efficiently).
For example, SumSquares is smooth, while L1Norm and Box are nonsmooth but proxable. Given a

composite objective constructed via the + operator, rlaopt partitions the terms:
e All atoms with the smooth property form the smooth component f.
e All atoms without the smooth property form the nonsmooth components g1, ..., gk.

This partition is performed automatically and requires no input from the user.

4.5.2 Splitting for Proximal Gradient Methods

For proximal gradient and accelerated proximal gradient methods, rlaopt requires that each nons-
mooth atom g; acts directly on a variable (rather than on an affine expression of variables). In this
case, the proximal operator of g; can be applied directly to the variable at each iteration, yielding

the standard proximal gradient update

= prox,, (z¥ =V f(zh)), (4.9)
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where 1 > 0 is the step size and g = Zle gi-

rlaopt validates two conditions for proximal gradient splitting:
1. Each nonsmooth atom must be proxable, meaning it takes a raw variable as input.

2. The nonsmooth atoms must operate on disjoint sets of variables, so that their proximal oper-

ators can be applied independently.

If either condition is violated (for example, if a nonsmooth atom receives an affine expression as
input), rlaopt raises an error indicating that the problem structure is incompatible with proximal

gradient methods and suggesting the use of ADMM instead.

4.5.3 Splitting for ADMM

ADMM handles a broader class of problems than proximal gradient, as it allows nonsmooth atoms
to receive affine expressions of the variables as input. When a nonsmooth atom g; acts on an affine
expression A;x — b; rather than a raw variable, rlaopt introduces an auxiliary variable z; and

rewrites the problem in the consensus form

e k
minimize  f(z) + >, 9i(2)
T 1 (4.10)
subject to A;x — z; = by, i=1,...,k.

Each atom provides a decompose method that performs this transformation. Given a nonsmooth

atom g; with input expression A;z — b;, the decomposition produces:
1. A new auxiliary variable z; whose shape matches the output dimension of A;x — b;.
2. A new atom g;(z;) that is proxable (since it now acts on a raw variable).
3. The linear operator A; and offset b;, extracted from the affine expression.

The linear operator A; is represented implicitly as a LinearOperator object that computes matrix-
vector products v — A;v and adjoint products v — A] v without forming A; explicitly. This is
important for scalability, as the linear operators arising from data matrices in machine learning can
be very large.

The ADMM algorithm then alternates between approximately solving the z-subproblem (a
smooth optimization problem involving f and the quadratic penalty terms), applying the proxi-
mal operators of g; to update each z;, and updating the dual variables. The z-subproblem requires
solving a linear system at each iteration, which rlaopt accelerates using Nystrom-based precondi-
tioning [Frangella et al., [2023| [Zhao et al.l [2022].
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Solver Applicable when

NystromPCG Problem is a pd linear system Az = b.

Proximal gradient  All nonsmooth atoms act on raw variables and operate on dis-
joint variable sets.

NysADMM Nonsmooth atoms may act on affine expressions of variables.
Automatically introduces auxiliary variables and linear con-
straints.

SAPPHIRE Smooth component f has a finite-sum structure f(x) =

+ >, fi(x). All nonsmooth atoms act on raw variables.

Table 4.2: Conditions for solver applicability in rlaopt.

4.5.4 Solver Selection

Given a composite objective, the choice of solver depends on the problem structure. Table
summarizes the conditions under which each solver family is applicable.

In practice, when the user specifies a solver, rlaopt validates that the problem structure is
compatible and raises an informative error if it is not. This design gives users explicit control over

the solver while preventing misuse through automatic structural checks.

4.5.5 Example: Splitting in Action
We illustrate the splitting process with a concrete example. Consider the ¢;1-regularized least-squares

problem where an affine transformation of the decision variable is penalized:

1
minimize ﬁHXw—yH%—&—)\HCw—dHl, (4.11)

w

where C' € R™*™ and d € R™. The user specifies this problem as:

w = Variable((n,))
obj = SumSquares(X @ w - y) * (0.5 / N) + LiNorm(C @ w - d, lam)

For a proximal gradient solver, this problem is not directly compatible, because the LiNorm
atom receives the affine expression C @ w - d rather than a raw variable. For ADMM, rlaopt
automatically detects this structure and decomposes the problem. The LiNorm atom’s decompose
method introduces an auxiliary variable z € R™ and rewrites the problem as

minimize g [ Xw —y3 + Allz]s

subject to Cw —z=d.
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The linear operator C' and offset d are extracted from the affine expression, and the proximal operator
of A||l - |l1 (soft-thresholding) is applied to z at each ADMM iteration. The w-subproblem involves
minimizing 5% | Xw — y[|3 + £|[Cw — 2% — d 4+ w*||3, which amounts to solving a pd linear system

that rlaopt accelerates with Nystrom preconditioning.

4.6 Preliminary Experiments

We present a preliminary evaluation of rlaopt across the problem classes introduced in Section (.2}
For each example, we show the mathematical formulation, the rlaopt code, and the convergence
behavior. We also demonstrate GPU speedups across all solver families. These experiments serve as
an initial demonstration of rlaopt’s capabilities; a more comprehensive evaluation with additional
datasets, baselines, and problem instances is ongoing. Experiments are run on a dual-socket AMD
EPYC 7763 system (2 x 64 cores, 256 threads, 3.53 GHz max boost, 512 MiB L3 cache) with 1 TiB
of RAM and NVIDIA RTX A6000 GPUs (48 GB). CPU experiments are limited to 16 cores due to
policies on our computing cluster. All experiments use PyTorch 2.9.1 with CUDA 12.5.

4.6.1 Large-Scale Ridge Regression with NystromPCG
Our first example is large-scale ridge regression, which reduces to solving the pd linear system
(XX +Aw=X"y,

where X € RV*? is the data matrix, y € RY is the target vector, and A > 0 is the regularization

parameter. In rlaopt, this problem is specified and solved as follows:

# Define the linear system

reg = le-2

b=XTGCy

lin_sys = LinSys(X.T @ X, b, reg)

# Configure and run NystromPCG
precond_config = NystromConfig(rank_init=50, base_damping=0.0)
pcg_config = PCGConfig(preconditioner_config=precond_config)

solver = PCG(lin_sys, config=pcg_config)

params = lin_sys.w

state = solver.init_state(params)

for _ in range(100):



CHAPTER 4. GPU-ENABLED OPTIMIZATION USING RANDNLA 69

PCG Convergence: acsincome (CPU vs GPU)

—— CPU
GPU

15}

1071

Residual Norm

10-184

10234

10284

0 50 100 150 200 250 300
Time (seconds)

Figure 4.2: NystromPCG convergence on ridge regression with the acsincome dataset.

params, state = solver.step(params, state)

Fig. shows the convergence of NystromPCG on the acsincome dataset, which has size N =
1,664,500 and p = 3000. NystromPCG converges rapidly due to the randomized preconditioner,

which effectively addresses the ill-conditioning of the Gram matrix X " X.

4.6.2 Multinomial Regression with Box Constraints via SAPPHIRE

Our second example is constrained multinomial logistic regression:

e . 1 N ) ) _
I%lenlégrillge — % Dz log(softmax(X f)i.,), ¢ €{0,1,..., K —1},

subject to —-1< <1,

where X € RV*? is the feature matrix and ¢; is the class label for sample 7. In rlaopt, this is

expressed as:

# Define the objective

beta = Variable((X.shape[1], 10), name="beta", device=device)
dataset = Dataset(X, y, device=device)

loader = Dataloader (dataset, batch_size=4096)

model = MultinomialRegression(beta, loader, fit_intercept=False)

obj = model + Box(beta, lower=-1.0, upper=1.0)
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SAPPHIRE Convergence: cifar-10 (CPU vs GPU)
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Figure 4.3: SAPPHIRE convergence on constrained multinomial regression with the CIFAR-10

dataset.

# Configure and Tun SAPPHIRE

solver = Sapphire(obj, config=SapphireConfig(eta=0.1, base_method="svrg"))
variable_values = obj.variable_values

state = solver.init_state(variable_values)

for _ in range(200):

variable_values, state = solver.step(variable_values, state)

Fig. shows the convergence of SAPPHIRE on a CIFAR-10 classification task, where N =
50,000 and p = 3,072. The GPU implementation of SAPPHIRE achieves a 5x speedup over CPU,

with both implementations converging towards the same solution.
4.6.3 Bounded Elastic Net via NysADMM
Our third example is the bounded elastic net problem:

minimize ok Xuw + b= yl3 + Milluwlly + Aol

subject to 0 < w <1,

where A1, Ao > 0 are regularization parameters. This problem combines a smooth least-squares loss

with nonsmooth regularizers and box constraints, making it a natural fit for NysADMM. In rlaopt:
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# Define the objective
lambd = 0.1 * torch.linalg.norm(X.T @ y, ord=float("inf")) / X.shape[0]
w = Variable((X.shapel[1],))
b = Variable((1,))
obj = SumSquares(X @ w + b - y) * (0.5 / X.shape[0]) \
+ ElasticNet(w, lambd, lambd) \
+ Box(w, 0.0, 1.0)

# Configure and run NysADMM (API class: ADMM)
solver = ADMM(obj, config=ADMMConfig())
variable_values = obj.variable_values

state = solver.init_state(variable_values)
for _ in range(20):

variable_values, state = solver.step(variable_values, state)

Fig. shows the convergence of NysADMM on the e2006-tfidf dataset, which has size N =
16,087 and p = 150,360. NysADMM converges rapidly, with the GPU implementation achieving a
25x speedup over CPU.

4.6.4 GPU Speedups

A key advantage of rlaopt is that all solvers run on GPU with no code changes beyond moving the
data to the device. Fig. summarizes the CPU-to-GPU speedups across the three solver families.
NystromPCG achieves up to 20x speedup, NysADMM achieves 20-30x speedup, and SAPPHIRE
achieves 5-10x speedup. The larger speedups for NystromPCG and NysADMM reflect their reliance
on dense matrix-matrix products, which are highly parallelizable on GPU. SAPPHIRE’s stochastic

mini-batch iterations are less compute-bound, yielding a more modest but still substantial speedup.

4.6.5 Differentiating Through the Solver

Finally, we demonstrate rlaopt’s ability to differentiate through the optimization solver. We con-
sider the task of tuning the regularization parameter u in a lasso problem to minimize the prediction
error on a held-out validation set, as formulated in .

Fig. shows the convergence of the outer gradient descent loop that optimizes pu. At each
outer iteration, rlaopt solves the inner lasso problem using proximal gradient and then computes
the gradient of the validation loss with respect to p via PyTorch’s automatic differentiation. The
validation loss decreases steadily, demonstrating that rlaopt correctly propagates gradients through

the solver and enables effective hyperparameter tuning.
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Figure 4.4: NysADMM convergence on the bounded elastic net problem with the E2006-tfidf dataset.

4.7 Conclusion

We have presented rlaopt, an open-source, PyTorch-based software package for large-scale opti-
mization using randomized linear algebra. rlaopt addresses a significant gap between the algorith-
mic foundations of RandNLA and the software available to practitioners, providing GPU-enabled
implementations of NystromPCG, NysADMM, and SAPPHIRE within a unified framework. We
have introduced a flexible modeling language inspired by CVXPY that allows users to specify op-
timization problems using natural mathematical syntax, and described how rlaopt automatically
detects problem structure to perform the appropriate decomposition for each solver. Our preliminary
experiments demonstrate that RandNLA-based preconditioning consistently outperforms standard
baselines across problem classes, and that GPU acceleration yields speedups of 5-30x over CPU.
Two directions are planned for future work. First, we will expand the set of supported atoms and
solvers, including NysNewton-CG [Rathore et al. [2024] (Chapter [3), which combines NystrémPCG
with Newton’s method, and ASkotch [Rathore et all, 2026] (Chapter [2), which combines RandNLA
with sketch-and-project solvers |[Gower and Richtarik} 2015 for linear systems. Second, we will ex-

tend rlaopt to support more scientific computing applications from RandNLA, including stochastic
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(b) NysADMM: 20-30x. (c) SAPPHIRE: 5-10x.

(a) NystromPCG: up to 20x.

Figure 4.5: CPU-to-GPU speedups across all solver families in rlaopt.
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Figure 4.6: Differentiating through rlaopt’s proximal gradient solver enables gradient-based tuning
of the lasso regularization parameter pu. The validation loss decreases as p is optimized.

trace estimation |[Hutchinsonl 1990, Meyer et al., 2021] and spectral density estimation [Lin et al.

12016} [Ubaru et al., 2017, [Yao et all [2020].
rlaopt is available at https://github.com/udellgroup/rlaopt, with documentation at https: //rlaopt.readthedocs.ic
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https://rlaopt.readthedocs.io/en/latest/

Chapter 5

Conclusions

5.1 Summary of Contributions

This dissertation has studied ill-conditioning across three important settings in machine learning;:
kernel ridge regression, the optimization of physics-informed neural networks, and convex compos-
ite and stochastic optimization. Across these settings, we identified where ill-conditioning arises,
explained why it limits the state of the art, and developed algorithms, analyses, and software that
correct it.

In Chapter [2, we developed ASkotch, an iterative method for full KRR that combines sketch-
and-project with the randomized Nystrom approximation. ASkotch enjoys condition-number-free
linear convergence under mild assumptions on the effective dimension of the kernel matrix, has per-
iteration cost linear in n and storage cost independent of n, and outperforms the state of the art for
full and inducing-points KRR across 23 large-scale problems. ASkotch is the first method to scale
full KRR to a dataset with n = 10% samples on a single 48 GB GPU, a regime where PCG cannot
complete a single iteration.

In Chapter |3, we showed that the PINN loss is severely ill-conditioned due to the differential
operators in the residual term, and that quasi-Newton methods improve the conditioning of the
loss by 1000x or more. We proved that an ill-conditioned linear differential operator induces an ill-
conditioned PINN loss, giving a theoretical justification for these empirical findings. Building on this
analysis, we introduced NysNewton-CG (NNCG), a second-order optimizer that uses a randomized
Nystrom approximation of the Hessian to precondition a Newton-CG solve, and showed that running
NNCG after the Adam+L-BFGS pipeline rescues PINN training on problems where Adam+L-BFGS
stalls at a high loss.

In Chapter [4] we developed rlaopt, an open-source, PyTorch-based software package that makes
scalable preconditioned optimization accessible to practitioners. rlaopt provides GPU-enabled im-
plementations of NystromPCG, NysADMM, and SAPPHIRE, together with a flexible CVXPY-style

74



CHAPTER 5. CONCLUSIONS (o)

modeling language and support for differentiating through the solver. Across our benchmarks, GPU
execution yields speedups of up to 20x for NystromPCG, 20-30x for NysADMM, and 5-10x for
SAPPHIRE over CPU implementations.

Taken together, these contributions show that ill-conditioning need not be an obstacle to scalable
machine learning: with the right combination of algorithms, analysis, and software, we can obtain
training approaches that are both scalable and robust to conditioning. We close the dissertation by

discussing directions for future research that build on the ideas developed here.

5.2 Future Directions

The ideas developed in this dissertation open several promising directions for future research.

Sketch-and-project solvers for dense, positive-definite PDE discretizations. ASkotch
solves large, dense, positive-definite kernel linear systems by combining sketch-and-project with
the randomized Nystrém approximation. Several PDE discretization frameworks give rise to linear
systems with exactly this structure: kernel and Gaussian-process collocation methods for elliptic
PDEs produce dense, symmetric positive-definite systems |[Chen et all [2021], and Galerkin dis-
cretizations of boundary integral methods for Laplace, Helmholtz, and elasticity problems also yield
dense, symmetric positive-definite systems [Sauter and Schwabj, 2011]. Adapting ASkotch-style
sketch-and-project solvers to these systems is a natural next step, and could yield memory-efficient,
condition-number-free iterative PDE solvers in settings where classical preconditioners are expensive
to construct or apply.

Constrained formulations of PINNs. The standard PINN loss is a weighted sum of the PDE
residual, boundary, and initial condition terms, and performance is sensitive to how these weights are
chosen. An alternative is to formulate PINN training as a constrained optimization problem, where
the PDE residual, boundary, and initial conditions are all enforced as constraints. For forward
problems, the result is a feasibility problem; for inverse problems, the data-fitting loss becomes
the objective subject to these constraints. This sidesteps the loss-weighting problem, though the
resulting formulation could be challenging to solve because the neural network parameterization
makes the constraints nonconvex.

Better optimizers for physics-informed learning. The analysis in Chapter |3 shows that
ill-conditioned differential operators induce an ill-conditioned PINN loss. We expect similar ill-
conditioning to arise in physics-informed operator-learning methods, such as physics-informed Deep-
ONets [Wang et al. [2021¢] and physics-informed neural operators [Li et al.l 2024], since these meth-
ods incorporate the same differential operators in their training losses. Recent work also shows that
preconditioning is essential for mitigating spectral bias in physics-informed learning [Khodakarami

et al) 2026], and pushing physics-informed learning to machine precision: the multi-stage neural
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network framework of Wang and Lai| [2024] uses Adam followed by L-BFGS to reach near-machine-
precision accuracy on function approximation and PDE solving, and [Wang et al.| [2025] relies on a
high-precision Gauss-Newton optimizer to find new unstable singularities in fluid dynamics. The
insights developed in this dissertation about ill-conditioning and preconditioning with randomized
low-rank approximations could inform the design of new optimizers for physics-informed operator

learning, high-precision multi-stage training, and singularity discovery.



Appendix A

Supplementary Material for
Chapter

A.1 Additional Algorithm Details

We provide additional details for the algorithms proposed in this paper. Appendix describes
the practical implementation of the randomized Nystrom approximation and provides pseudocode
for Nystrom. Appendix describes how we compute preconditioned smoothness constants and
provides pseudocode for get L.

A.1.1 Randomized Nystrom Approximation: Implementation

Here, we present a practical implementation of the Nystrom approximation from Section in
Nystrém (Algorithm . Nystrém is based on Tropp et al.| [2017, Algorithm 3]. eps(z) is defined as
the positive distance between x and the next largest floating point number of the same precision
as x. The resulting Nystrom approximation M is given by Udiag(A)f] T where U € RPX" is an
orthogonal matrix that contains the approximate top-r eigenvectors of M, and A € R” contains
the top-r eigenvalues of M. The Nystrom approximation is psd but may have eigenvalues that are
equal to 0. In our algorithms, this approximation is always used in conjunction with a regularizer
to ensure positive definiteness.

The dominant costs are in computing the (shifted) sketch Y, which has complexity O(p?r),
and computing an SVD of B, which has complexity O(pr?). In total, the overall complexity of the
algorithm is O(p?r + pr?).

7
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Algorithm 3 Nystrém

Require: psd matrix M € R?*? approximation rank r < p

Q < randn(p, ) > Test matrix
Q <« thin_qr(Q) > Orthogonalize test matrix
A  eps(Q.dtype) - Tr(M) > Compute shift
YA + (M + AT)Q > Compute sketch, adding shift for stability
C + chol(Q7YA) > Cholesky decomposition: CTC = Q7Y
B «+ ot > Triangular solve
[0, %, ~] + svd(B, 0) > Thin SVD
A« max{0, diag(T? — AI)} > Compute eigs, and remove shift with element-wise max

return U diag(A)UT

Applying the Nystrom Approximation to a Vector

In our algorithms, we often perform computations of the form (M—l—p])_lg = (U diag(A)UT+pI)_1g.
This computation can be performed in O(rp) time using the Woodbury formula [Higham) [2002]:

A PN - -1 . 1
(U diag(A)UT + pI)"lg=U (diag(A) + pI) Ulg+ ;(g ~UUTy). (A1)

We also use the randomized Nystrom approximation to compute preconditioned smoothness
constants in get_L (Algorithm. This computation requires the calculation (P + pI)~'/?v for some

v € RP which can also be performed in O(pr) time using the Woodbury formula:

A A A N A —1/2 1 oA

(U ding(R)UT + pI) /20 = U (diag(R) + pI) 00+ 5= 00T) (A2)
In single precision, (A.1)) is unreliable for computing (P + pI)~!'g. This instability arises due
to roundoff error: the derivation of (A.1l) assumes that UTU = I , but we empirically observe
that orthogonality does not hold in single precision. To improve stability, we compute a Cholesky
decomposition LLT of pdiag([&_l) + UTU, which takes O(pr?) time since we form UTu. Using the

Woodbury formula and Cholesky factors,
(U diag(A)UT + pI)~1g =

g— ~U(pdiag(A™Y + UTU)" 0Ty

=—g—-ULTL'0Ty.

DI =
DI

This computation can be performed in O(pr) time, since the O(r?) cost of triangular solves with
LT and L is negligible compared to the O(pr) cost of multiplication with U7 and U.
Even in single precision, we find that using (A.2)) in get_L works well in practice.

A.1.2 Computing Preconditioned Smoothness Constants

Here, we provide the details on the randomized powering procedure (get L, Algorithm |4) from Sec-

tion for automatically computing the preconditioned smoothness constant. Given a symmetric
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matrix H, preconditioner P, and damping p, get_L uses randomized powering [Martinsson and
Troppl, [2020] to compute
M((P+ pI)"Y2H(P + pI)~Y/?).

The algorithm only requires matrix-vector products with the matrices H and (P + pI)~*/?. When P
is calculated using Nystrém, we can efficiently compute a matrix-vector product with (P+pl )’1/ 2 us-
ing (A.2). In practice, we find that 10 iterations of randomized powering are sufficient for estimating

the preconditioned smoothness constant.

Algorithm 4 get L

Require: symmetric matrix H, preconditioner P, damping p, maximum iterations N < 10
00— randngP.shape[O])
00 = 0%/[v°]|2 > Normalize
for:=0,1,...,N —1do
it (P + pI)fl/zvi
vt Hyt L
Vil (P 4 pI) "1/ 2yt
B A LTkt P > Normalize
end for
A (VN THTyN
return A\

A.2 Proofs of Results Appearing in the Main Paper

This appendix provides proofs for every result in the main paper whose proof was omitted. In
particular, we provide detailed arguments for the RLS-to-DPP reduction in Section and the
convergence of ASkotch (Theorem [2.17)).

A.2.1 Proof of Lemma 2.3

Proof. Consider the matrix
12,7 (£ -1 1/2
K21E (KBB +p1) IsKY?.

This can be rewritten as
KY2IE (Kgs + )2 [(KBB + AN (Ko + pl)_1 (Kii + M)Y2| (Kgg + AI) 215K,
From this, we deduce
opelly < K218 (f(BB + pI)il IsKY? < Lp, T,
By definition, Lp, > Lp,, s0

~ -1 ~
opIly < K217 (KBB + pI) IsKY? < Lp, I,
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Multiplying by L3}, we establish the claim. O

37

A.2.2 ARLS-to-DPP Reduction

Here we prove the ARLS-to-DPP reduction in Lemma [2.12

Proof idea. To prove Lemma we first establish that the leverage score estimates {/;}7_,
are rough approximations for the marginal probabilities (i.e., marginal overestimates) of any given
element i € [n] being sampled into a set distributed according to j-DPP(A) (Lemmal[A.). We must
then combine this guarantee with existing results on DPP coupling [Dereziniski and Yangj, [2024].
However, since prior work focuses on uniform sampling rather than ARLS sampling, we construct a
subdivision, which uses the marginal overestimates to create an equivalent DPP for which our ARLS
sampling maps to uniform sampling (Lemma and Lemma . This equivalence allows us to
call upon existing guarantees for coupling a DPP with uniform sampling (Lemma.

The relationship between leverage score estimates and marginal probabilities is shown in Ap-
pendix[A-22)and the subdivision construction is shown in Appendix[A~2:2] The proof of Lemma [2.12]
is given in Appendix

Leverage Score Estimates are Rough Approximations of Marginals

We start by showing that approximate RLSs are marginal overestimates of a j-DPP(A).

Lemma A.1 (ARLS are marginal overestimates). Given A € S}, k = Q(logn), and A > 0 such
that dS‘(A) > 4k, let {0;}1, be c-approzimations of A-ridge leverage scores of A. For j € T =
[Qk — 4/6klog (%),Qk + 4/6klog (%)], let £;; == Pr(i € Bjppp) be the i-th marginal probability of
B;ppp ~ j-DPP(A/X). Then, 2; > ¢;; for all i.

The proof of Lemma requires (i) Lemma which shows that the size of a DPP sample
is close to its expected size with high probability and (ii) Lemma which shows that ¢;; is

non-decreasing in j:

Lemma A.2. Given any A € S, let Bppp ~ DPP(A) and E[|Bppp|| be its expected size. Then
with probability 1 — 0, we have ||BDpp| — E[|BDPP|H < \/S]EHBDPPH log (%)

Lemma A.3 (Monotonicity). For any 0 < j1 < jo, we have £;;, < ¥;

i|71 |72

The proofs of Lemmas [A-2] and [A-3] are deferred to Appendix [A222] respectively.
Proof of Lemma[A.1 Define Bppp ~ DPP(A/)) with E[|Bppp|] = d* := d*(A) > 4k, and denote

its ¢-th marginal probabilities as Ef_‘ = Pr(i € Bppp). By Lemma {Ef‘};’:l are the \-ridge leverage
scores of A. Also let wy = Pf(lBDPp| =) be the probability of the set Bopp having size I. Then,
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we can express the marginals of BDpp via the law of total probability:

ff\ = Pr(i S BDPP) = ZPI‘(i S [;,Dpp | |BDPP| = l) . PI‘(‘BDPP| = l) = Zéi‘l . w;\yl,
l l

where we use the fact that Pr(i € Bppp | |l§’Dpp\ =1) = Pr(i € Bi.ppp) = ;;;- Defining the interval

7= [d)‘ \/3dA log (2 d’\ +1/3d* log (2 } by applying Lemmato Bopp, we have |Bppp| € T

holds with probability 1 —
Since we assume § = n O(l) and d* > 4k = Q(logn) (with a sufficiently large constant), the
infimum of 7 can be bounded as d* — \/3d;\ log (%) > %d:\ > 3k. Similarly, the supremum of Z can

be bounded as 2k + /6klog (2) < 3k, showing that supZ < infZ. By combining this result with
Lemma [A.3] we have the following for any j € Z:

0= Zgill Wi Zgi\l W3y = Zgiﬂ cws g > (1=0) - Lig, > (1= 0) - Ly

leZ 1¢T leZ

Suppose we have RLS c-approximations {/;}?_, such that ¢; > Z)‘ (see Deﬁnltlon. Since 6 < 1/2,
this implies that 2¢; > 65\/(1 —0) > 4, for any j € Z, i.e., the RLS approximations are (up to a
factor of 2) marginal overestimates for j-DPP(A). O

Relating ARLS Sampling to DPPs Using Subdivisions

The remainder of our analysis builds on the following lemma from Derezinski and Yang| [2024], which

couples a fixed-size DPP, Bj.ppp ~ j-DPP(A), with uniform sampling.

Lemma A.4 (Derezinski and Yang| [2024], Lemma 6.6). Let Bj.ppp ~ j-DPP(A) be a fized-size
DPP sample where A € S and logn < j < n. Suppose the marginal probabilities of j-DPP(A)
are near-uniform, that is, Pr(i € Bj.ppp) < ¢j/n holds for all i € [n] for some ¢ > 1. Let B be an
i.i.d. uniform sample from [n] of size O(cjlog®n). Then, there is a coupling between B ppp and B,

such that the joint random variable (B;.ppp, B) with probability 1 — n= %W satisfies B;.ppp C B.

Unfortunately, we cannot use Lemma [A4] directly, because the “near-uniform marginals” as-
sumption does not hold in our setting. To address this, we rely on a subdivision process, which
transforms a probability distribution (such as a fixed-size DPP) into another distribution which
is equivalent (in some sense) and has nearly uniform marginals. This approach, first introduced
by |Anari and Dereziniski| [2020], uniformizes the marginals by enlarging the groundset [n] through

selective duplication.

Definition A.5 (Subdivision of j-DPP, inspired by Anari and Derezinski| [2020]). Given A € S7,
define the distribution g := j-DPP(A). Let matrix X be such that A = XX, and denote z, as

its i-th row. Assume we have marginal overestimates {f;}"_, such that f; > Prs.,(i € S) for all
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i € [n]. Denote £ = 3, 0;, let t; = {%IZ—‘ and n = ), t;. For each i € [n], we create t; copies of

%x: and let the collection of all these vectors form the new matrix X. Let A = XX T € ST, we

define the subdivision process of p as p’ = j-DPP(A).
We start by stating that the subdivision process produces a distribution with near-uniform

marginals |Anari et al.| [2024].

Lemma A.6 (Anari et al|[2024], Proposition 23). Let distribution u = j-DPP(A), and p/ =
j-DPP(A) be the subdivision process of . Then, i’ has near-uniform marginals: for all i¥) € [a]
we have PrSNH,(i(j) € 3) < % < %e'

The following lemma shows an equivalence between p = j-DPP(A) and its subdivision (up to a
mapping of the elements), which allows us to transform the problem of sampling from p to sampling

from its subdivision p’'.

Lemma A.7 (Equivalence between j-DPP and its subdivision). Let distribution p = j-DPP(A),
and j' = j-DPP(A) be its subdivision process. Let B ~ j-DPP(A) and define a function 7 : [7)] — [n]
which maps the t; duplicates (in [R]) of element i € [n] back to i. Then, 71'([;’) ~ j-DPP(A).

Proof. By the definition of the subdivision, if two identical rows are sampled from X, then the
determinant of the corresponding principal submatrix is 0, as is the probability measure p’. Thus
without loss of generality, we can assume that we only sample distinct rows from X. Let B =
{i(lll), e ,iglj)} C ([?]) be a subset sampled from 4/, and let B = W(B) = {W(i(ll])), e ,ﬂ(i;-lj))} =

{i1,...,1;} C ([?]). Then, from definition we have

—

i o det(XzXJ)  w(B)
1 (B) o det(XgX 5) = T A

J

Note that there are precisely t;, ---t;, different sets of duplicates that map to the same set B,
so a random set B ~ w o= j—DPP(/Nl) after mapping with 7 is distributed exactly according to
1 = j-DPP(A). 0

Having shown that sampling from y is equivalent to sampling from its subdivision u’, we need to
establish a sampling scheme on [n]. Intuitively, importance sampling on [n] based on probabilities
proportional to {¢;}"_, should be equivalent to uniform sampling on [72]. However, the definition of
t; introduces rounding error. To address this issue, we use the ARLS sampling scheme introduced in
Definition In the following result, we show the equivalence between this sampling scheme and
uniform sampling on the enlarged subdivision ground set [71].

Lemma A.8 (From subdivided uniform sampling to marginal sampling). Let {lZ}:‘zl be the marginal
overestimates, and define p; == % . [%m where { = > ;. Let o be the importance sampling distri-
bution defined on [n] according to probabilities {p;}_,, and o' be the uniform sampling distribution

defined on [A). Let I ~ o, and let I be a uniformly random element in 7~ (I). Then I ~ o’.
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Proof. For any i € [n] and [ € [t;], we have the following:

__p 1
Z?:l pj t
ot 1
l
n Z?:l tj Y
_ 1
Z?:l tj
1
= -
Therefore, I is uniformly random in [7]. O

Proof of Lemma [2.12]

With all the pieces in place, we now prove Lemma [2.12

Proof. Suppose that {gl}le are c-approximations of A-ridge leverage scores of A as in Definition
Then, according to Lemma {2!71'};;1 are the marginal overestimates of j-DPP(A) for any j € Z.
Thus by Lemma our ARLSé—sampling is equivalent (up to the mapping ) to uniform sampling
on the subdivision ground set [n].

Now for p = j-DPP(A), we look at its subdivision process i/ = j-DPP(A). According to
Lemma 1’ has near-uniform marginals, i.e., Prg,/(i € S) < 2¢j/n. Thus by Lemma if we
let B be a i.i.d. uniform sample from [72] of size O(cjlog® 1) = O(cklog® n), then there is a coupling
(B', B, ppp), such that with probability 1 —n~°W, we have B ,pp € B, where B, pp ~ 4.

For one side, by Lemma we know that W(B;_DPP) is distributed identically to the sample
Bj.ppp, where 7 is the mapping from Lemma @ For the other side, by Lemma we know
that 7w(B’) is distributed according to ARLSg‘—sampling7 i.e., the same as B from the statement
of Lemma m We conclude that for any j € Z, if we do ARLSé—sampling with sample size
b = O(ck log® n) and obtain B, then we can couple B with B;.ppp such that B ppp C B with
probability 1 — =), O

Proof of Lemma [A.2]

To prove Lemma we start with the following result from [Kulesza and Taskar| [2012], which

relates the cardinality of a random-size DPP to a sum of independent Bernoulli random variables.

Lemma A.9 (Kulesza and Taskar| [2012], Algorithm 1 and Theorem 2.3). For A € S, let A =
> )\zuzu;r be its eigendecomposition where \y > Ao > -+ > \,,. Suppose we independently sample

i ~ Bernoulli (/\j‘_:_l> fori € [n] and we also sample Bppp ~ DPP(A). Then |Bppp| 4 S Y-
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We also require the following Chernoff bound, which is a classic result in probability theory:

Lemma A.10 (Chernoff bound). Let Z = I | Z; where Z; ~ Bernoulli(p;) are independent
[

Bernoulli random variables. Let y = E[Z], then for all € € (0,1) we have

Pr(|Z — p| > en) < 2exp(—€>p/3).

Proof of Lemma[A-3 Let {\;}!, be the eigenvalues of A in decreasing order, and let v; ~ Bernoulli ( 1’\+1)
be n independent random variables. By Lemma E[|Borp|] = >, Elvi] = >, ﬁ Applying
Lemma to {7}, we obtain

.

which gives that with probability 1 — 4, ||Bppp| — E[|Bppe|]| < \/S]EHBDPPH log (2). O

Z Yi — Z ]E[%‘]

> eZH%]) < 2exp (—62 ZE[%]/3> ,

Proof of Lemma [A.3]

The proof of Lemmarelies on elementary symmetric polynomials (Definition|A.11]) and Newton’s
inequalities (Lemma |A.12]).

Definition A.11 (Elementary symmetric polynomial). Given vector A = (A1,...,\,) € R”, we

define its i-th elementary symmetric polynomial as

Si(A) = Z H )\j.

se(1) 7%
Lemma A.12 (Newton’s inequalities). For non-negative real numbers A1, ..., Ay, let s; be the j-th
elementary symmetric polynomial in Aq, ..., \,. If we denote 5; = sj/(’;), then 55 > 541551

Proof of Lemma[A.3 Recall that we define l;; = Pr(i € Bjppp), and it can also be written as
¢;; = Pr(i € Bppp | |Bopp| = j), where Bppp ~ DPP(A/)) is a random-size DPP sample. Next,
we use [Kulesza and Taskar [2012, Eq. 5.33]:

. . - si_1(A_
tij; = Pr(i € Boppp | [Bopp| = j) = Z(eiTUp)Q)\pW,
p=1 J

where {¢;}7_; are the standard basis vectors, {v,}I"_, are the eigenvectors of A, and A, == Ap(A4/X).

In order to show that ¢;; is non-decreasing in j, it suffices to show that W is non-decreasing

in j for any given p € [n]. Denote §; = s; (A)/([?]) as the mean of the j-th elementary symmetric
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polynomial, then by Lemma we have

ami () s Wsn ) G ) s (W)sa ()
> g? (J[n]1) (]+1) s?(A) j(n—j) 52
which gives
sj+1(A) j(n—j) 55(A) s;(A)

50 S G Dm— D) 5 aA)

Notice that sj41(A) = sj41(A—p) + Ay - 5;(A_,), and by using this fact we have

5j(A—p) _ sj(A—p) 1

sie1(A) s (Ap) + Ap - sj(A,p) A+ w

We have shown that M is decreasing in j when p is fixed, so

s (A_p
s;(A—p) _ 1 1 _ sj-1(A_p)
si1(A) 6+ % dp + il s;(A)

which shows that % is increasing in j for any p € [n].
J

A.2.3 Proof of Corollary

Proof. Theorem guarantees that

. A k
o= 16pKk.n, 1

We upper bound &j.,, to deduce the claim. By definition,

1 Aj(Ky)
n—kj )\min(K)\)

Kkin =
>k
1 A(K) 4 A

n— k >k Amin([() + )\

1 2\

<
- n—k‘Z)\min(K)—i-)\
>k

<2.

85

Here the third inequality uses \;(K) < A whenever j > 2d*(K) [Frangella et al., [2023, Lemma 5.4].

Thus, E,;}l > 1/2, which yields the claim.

O
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A.2.4 Proof of Proposition 2.15

We begin with the following preliminary technical result.

Lemma A.13. Let K € S}, I € RY*™ be a row-selection matriz generated via an arbitrary sampling
scheme. Set Kgp = IBKIg. Then, for any p > 0,

Proof. As Kgg = IgK1 [7; , it is a compression of K to the subspace spanned by the columns of Iz;.
Consequently, Cauchy’s Interlacing Theorem [Bhatiaj, 2013, Corollary II1.1.5] yields

Ai(KBB) < Aj(K).

Now, by definition of d”(-) and the fact that f(z) = x/(z + p) is increasing in x for p > 0, we have

/—\>/
<
e
o]
=
N
IN
>
A)/
<
—~
=
~

We now commence the proof of Proposition 2.1

Proof of Proposition[2.15 We begin by observing that Lemma yields dP (Kpg) < dP(| K p). As
Kpp is constructed from a sparse sign embedding with r = O (d”(LKJb) log (W)) columns

and (=0 (log(wg non-zeros per column, Lemma 4.6 in Dereziniski et al.| [2025b|] implies

. 1
IKss — Kppll < 2Ar41(Kpp) + = Y _ A;(Kpp), with probability at least 1 — 4.
T

j>r

Now, combining Lemma 5.4 in |Frangella et al. [2023] with r = O (d”(LKJb) log (W)) yields

Art1(Kpp) <

»-lk\b

ZA (Kpg) < g

J>r

Thus,
|Kss — Kgs| < p.

Combining this last display with the relation that Kgp < Kgg and our hypothesis that p > A\, we
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find
Kpp + M =< Kgp + pI = Kpg + pI + (KBB - KBB)
< Kpp + pl + pI < (1+1) (Kpg + pI)
= 2(Kpp + pl).
Moreover,

A A
Kpg + M = K + ;p[ - ;(KBB —|—p[).

Combining these bounds with Kgp > K 55, we deduce

A/ .

P (KBB +pI) < Kpg+ A <2 (KBB -H)I) .
The preceding display immediately implies

<opy; <Lp, <2.

| >

As Lp, = max{Lp,,1}, it follows that Lp, < 2. Invoking Lemma [2.3{ we conclude the proof.

A.2.5 Proof of Theorem

In this section, we prove Theorem by analyzing the convergence of ASkotch. We begin with
some preliminaries and notation.

Preliminaries and Notation

The convergence analysis of ASkotch is based on a Lyapunov function argument. For NSAP applied
to a symmetric psd matrix A € R™, |Gower et al|[2018|] establishes convergence in terms of the
Lyapunov function

1
Ap = [lvg — w*H2B1/2]E[HB]+Bl/2 + ;”wt —wll,

where B € ST, Tz = B~Y/2AST (SAB~*AST)" SAB™Y/2, and = A}, (E[Mz)).

min

In particular, they establish the following result:

Proposition A.14 (Gower et al.|[2018], Eq. 39). Suppose that

null(E[IIg]) = null(A).
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Then at iteration t, NSAP satisfies

E[A; | we—1,ve-1,2¢-1] < (1 - \/E) Ayq,

0= Amin (E5]), ¥ = Amax <IE [(E[H3]1/2HBE[HB]1/2>2]> .

where

Proposition introduces a new parameter, v, the largest eigenvalue of the second moment of
the normalized projection matrix. Similar to how [ is an analogue p for analyzing ASkotch, there

is an analogue to v for analyzing ASkotch:

= Amax (IE {(E[ﬂg,p]—1/2ﬁB7P1E[ﬁB7p]—1/2)2]) .

This new parameter © corresponds to the second moment of the normalized approximate projection
matrix. To establish our convergence result, we need to upper bound ©. The following lemma does

precisely this.

Lemma A.15 (Upper bound on »). Suppose that B and Kgp are constructed according to the
hypotheses of Theorem[2.17, then

where A 1s as in Lemma .

Proof. The proof parallels the proof of Theorem 3.7 in Derezinski et al.| [2025¢]. Our hypothesis on
the construction of B and K, 51 allows us to invoke Theorem to reach

Bllls ) = g Ky )7
where k, = p/A > 1. The preceding display implies

E[lls,,] " < 8k,(I + AK ).
To upper bound 2, we observe that it may be rewritten as

U= H]E[ﬂB,p]—1/2E [ﬂB’pE[ﬂ&p}—lﬂBﬁp} E[ﬂB,p]_l/QH .
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Combining this with the upper bound on E[lﬁllg,p]_l and the fact that 1:[5”0 = I, we deduce

7 < 8, [Blfls, )7 V2E [0, + Nl K5 s | Els,) 2

< 8"% H]E[ﬁB,p]_l/zE {ﬁB,p + j‘ﬂB,nglﬁB,P} E[ﬁ&p]_l/zH

< 8k, (1 +A HE[ﬁB,p]—l/QE e E[ﬁg,p]—m‘ ) (%)
Now, using the definition of IT5_,, we can express the middle term as follows:

A 1 1 A _ _ A B
Mg, K5 g, = ﬁTKi/ IE (Kpi + pI) M g(K\ K K IE (Kps + pl) " K
Pg

1 - _ - _

7 K\ PIE (Kgp + pI) " IgIE (Kpg + pI) " IzK)/?
Pg
1

iz,

1 ~
7 KT8 (Kgp + pI) ' Ig K}/
Pg

K\PIE (Kgp + p) 215K}/

PN

1 1
— 1, = -
PLps P

II5,,.

Here, the last inequality uses that by definition L ps > 1. By plugging the preceding upper bound
into , we reach

Al . . .
b < 8k, (1 + |Elfs,,) /2 [s, K5 s, EW&A“H)

8ﬁpX

= 8k, +

8(p+ )
A

This proves the first inequality. To prove the second inequality, recall that Lemma [2.10] implies
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A< % > >k Aj(K»). Combining this with the preceding display, we conclude

L S(eH T )
= )
_ 8p+ nTik/\+%Zj>k)‘j(K)
X
p+ ”T*’“/\Jr/\
)

()

<8

Here, the second inequality follows from the fact that + > ok Aj(K) < A when k > d*(K) |Frangellal

et al., 2023, Lemma 5.4]. O

Convergence Proof of ASkotch

To show the convergence of ASkotch, we use the Lyapunov function
A . 2 1 2 A
= 0= g, s+ =l (A.3)

where fi = Amin(E[[I5,,]). The Lyapunov function (A.3) is identical to the one for NSAP except
E[llz ] replaces E[IT5] and ji replaces pu. The replacement stems from the fact that ASkotch com-
putes the search direction with ﬁ(f(gg + pI)~! instead of (Kgg + A )~L.

Pr

Proof of Theorem[2.17, Item 2. The only difference between ASkotch and NSAP is that E[ﬁ&p]
replaces E[IIg], so we can apply the same argument as |Gower et al.| [2018] to show the convergence
for the modified Lyapunov function . Thus, we only need to ensure ]E[f[& o] satisfies the following
condition from Proposition

null(E[Ils ,]) = null(Ky) = {0}.

Indeed, this is necessary for the modified Lyapunov function to make sense; otherwise, E[ﬂg’p] is
singular. Under the hypotheses of Theorem [2.17} Theorem [2.13|guarantees /i > 0, which immediately
implies

null(E[Tls ,]) = null(Ky) = {0}.

Thus, we can invoke arguments in |Gower et al.| [2018] to arrive at a modified version of Proposi-

tion where p and v are replaced by i and  respectively. Applying this modified version of
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Proposition we deduce

E[A; | wi—1,vi-1,2t-1] < (1 - \/E) Ay .

Applying the law of total expectation yields

E[A] < <1 . \/E>AO

Using the definition of A,, we reach

t
Efllwr — will%,] < (1— )(awo—w*ni(mm]1K1/z+||wo—w*||m)

t
1
< (1 ) <u-ﬂ||wow*||%g+||wow*%g)
—~ t
il
:2(1—\/;> lwo — w.||%, - (*)

To obtain a fine-grained convergence rate, we apply our bounds on /i and . Corollary lower

bounds i as

Thus,

Combining these lower bounds, we deduce

f mf {\F }

Combining the preceding display with , we conclude the following convergence guarantee:

t
1 . Ak kA
E[lws — w%,] <2 <1 - mmm {\/;n’ \/;p}> lwo — wy %, -

wb
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A.2.6 Proof of Corollary

Proof. Our hypothesis that max;c(, zf (K)) =06 (M) allows us to invoke Corollary [2.11|to en-

n

sure that the conclusion of Theorem [2.17 holds when ASkotch uses uniform sampling with a blocksize
b=06 (k: log3 n) Moreover, the assumption on p guarantees that we are in convergence regime (i).
Hence, the number of iterations required to obtain an e-approximate solution is O (,/c,% log (1)).
When a sparse sign embedding is used to construct Kpp, the per-iteration cost of ASkotch is
O(nb+ br?). Combining this with the iteration complexity bound and b = ©(klog® n), we conclude
that the total cost of ASkotch is given by

@, (@ (n? + nr?) log (1)) :

The claim now follows by observing that r = O(y/n) as d°(| K |) < d*(K) = O(y/n). O



Appendix B

Supplementary Material for
Chapter

B.1 Additional Details on Problem Setup

Here we present the differential equations that we study in our experiments.

B.1.1 Convection

The one-dimensional convection problem is a hyperbolic PDE that can be used to model fluid flow,

heat transfer, and biological processes. The convection PDE we study is

ou ou
a‘f’ﬂ%—o, xG(O,ZW),tE(O,l),

u(z,0) = sin(z), =z € [0,2n],
uw(0,t) = u(2m,t), te€]0,1].

The analytical solution to this PDE is u(x,t) = sin(x — 8t). We set § = 40 in our experiments.

93
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B.1.2 Reaction

The one-dimensional reaction problem is a non-linear ODE which can be used to model chemical

reactions. The reaction ODE we study is

@—pu(l—u) =0, ze€(0,2m),t€(0,1)

ot
x— )2
u(z,0) = exp <_(2(7r/4))2) , x €][0,2n],

uw(0,t) = u(2m,t), te€]0,1].

The analytical solution to this ODE is u(z,t) = M%%, where h(z) = exp (—%).

We set p = 5 in our experiments.

B.1.3 Wave

The one-dimensional wave problem is a hyperbolic PDE that often arises in acoustics, electromag-

netism, and fluid dynamics. The wave PDE we study is

0%u 0%u
e @z(x z € (0,1),t € (0,1),
u(z,0) = sin(wz) + %sin(ﬁﬂ'z), x €1]0,1],
ou(x,0)
T = O7 HASS [O, 1]7

w(0,t) = u(l,¢) =0, tel0,1].

The analytical solution to this PDE is u(x,t) = sin(rz) cos(27t) + 1 sin(87x) cos(287t). We set

£ =5 in our experiments.

B.2 Why Can Low Losses Correspond to Large L2RE?

In Fig. there are several instances on the convection PDE and reaction ODE where the PINN
loss is close to 0, but the L2RE of the PINN solution is close to 1. [Rohrhofer et al.|[2023] demonstrate
that PINNs can be attracted to points in the loss landscape that minimize the residual portion of the
PINN loss, 5.— >0 (Dlu(}; w),xi])Q, to 0. However, these can correspond to trivial solutions:
for the convection PDE, the residual portion is equal to 0 for any constant function u; for the reaction
ODE, the residual portion is equal to 0 for constant w =0 or u = 1.

To show that the PINN is indeed learning a trivial solution, we visualize two solutions with small
residual loss but large L2RE in Fig. The second column of Fig. [B.1] shows the PINN solutions

are close to 0 almost everywhere in the domain. Interestingly, the PINN solutions correctly learn
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Convection, 3 = 40

Exact solution 0 PINN solution 0 Initial condition Boundary condition
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—+—  Exact solution ~—— PINN solution —— PINN solution at z = 0 —— PINN solution at » = 27

Figure B.1: The first two columns from the left display the exact solutions and PINN solutions. The
PINN fails to learn the exact solution, which leads to large L2RE. Moreover, the PINN solutions are
effectively constant over the domain. The third and fourth columns from the left display the PINN
solutions at the initial time (¢ = 0) and the boundaries (z = 0 and = = 27). The PINN solutions
learn the initial conditions, but they do not learn the boundary conditions.

the initial condition. However, the PINN solutions for the convection PDE and reaction ODE do
not match the exact solution at the boundaries. One approach for alleviating this training issue
would be to (adaptively) reweight the residual, initial condition, and boundary condition terms in
the PINN loss [Wang et al. [2021al 2022b].

B.3 Computing the Spectral Density of the L-BFGS-Preconditioned

Hessian

B.3.1 How L-BFGS Preconditions

To minimize (3.2]), L-BFGS uses the update
W41 = W — nHkVL(wk), (B].)

where Hj, is a matrix approximating the inverse Hessian. We now show how (B.1)) is equivalent to
preconditioning the objective (3.2)). Define the coordinate transformation w = H ,1/ %z By the chain
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rule, VL(z) = H;/2VL(7U) and Hy(z) = H;/2HL(w)H;/2. Thus, (B.1)) is equivalent to

Zkt1 = 2K — NV L(zk), (B.2)

1/2
wir = Hy 220

Eq. reveals how L-BFGS preconditions . L-BFGS first takes a step in the precondi-
tioned z-space, where the conditioning is determined by Hp,(z), the preconditioned Hessian. Since
H), approximates H; *(w), H;/QHL(U))H;/Q ~ I,, so the condition number of Hy (z) is much smaller
than that of Hy(w). Consequently, L-BFGS can take a step that makes more progress than a method
like gradient descent, which performs no preconditioning at all. In the second phase, L-BFGS maps
the progress in the preconditioned space back to the original space. Thus, L-BFGS is able to make
superior progress by transforming to another space where the conditioning is more favorable,
which enables it to compute an update that better reduces the loss in .

B.3.2 Preconditioned Spectral Density Computation

Here we discuss how to compute the spectral density of the Hessian after preconditioning by L-BFGS.
This is the procedure we use to generate the figures in Section [3.5.3]

L-BFGS stores a set of vector pairs given by the difference in consecutive iterates and gradients
from most recent m iterations (we use m = 100 in our experiments). To compute the update
direction HyV fi, L-BFGS combines the stored vector pairs with a recursive scheme [Nocedal and
Wright|, |2006]. Defining

1 3£_1yk71

Sk =Thi1—Ths Yk = Ves1—Vie, pp=—5— Ww=-7— Vi=I-pryrsi, Hp =l
Yi. Sk Ye_1Yk—1

the formula for H; can be written as

Hy = (ijllvkjlm)ng(Vk*kafl)—i—Z pr—t(Viy -+ qulljtl)sk*lsgfl(kalJrl Vi 1) Hpro18K- 184y
1=2

Expanding the terms, we have for j € {1,2,...,i},

% Jj—1
T - T -
Vi Vel =1 — E Pk—jYk—j0,_; where ;= sp_;— E (Pk—1Yk—15k—j) Vk—1-
= =1

It follows that

. VIR =Y VT)

He=(I-YVO)TyI(I-YVT)+ 55" = | /Ap(I - YVT)T S] l g = H,HY.,
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where

Pk—mYk—m | >

~h
I
kS
ES
L
<
>
L

<
I
s
S
L
=1
T
3

S= 181 - Skml|> Bro1=Pho1Sk—1s Skt = Voo (V1 ViE 1)sk—y for 2 <1< m.
| |

We now apply Algorithm to unroll the above recurrence relations to compute columns of Y, S and

V.

Algorithm 5 Unrolling the L-BFGS Update

Require: saved directions {y;}*=™ , saved steps {s;}'-;",, saved inverse of inner products
k

{pi Z:_kni1

Yk—1 = Pk—1Yk—1

Uk—1 = Sk—1

Sk—1 = \/Pk—18k—1

fori=k—2,....k—mdo
Ui = piYi
Set =0
forj=k—-1,...,1+1do

a=a+ (75 5i)0

end for
V; = 8; — «
5 = \/pi(si — )

end for

Ensure: vectors {g;, 0;, éi}f:_k"il

Since (non-zero) eigenvalues of H; Hy(w)Hj, equal the eigenvalues of the preconditioned Hes-
sian HyHp(w) = H,H] Hy(w) (Theorem 1.3.22 of Horn and Johnson| [2012]), we can analyze the
spectrum of ﬁgH L (w)ﬁ r instead. This is advantageous since methods for calculating the spectral
density of neural network Hessians are only compatible with symmetric matrices.

Since H Hy(w)Hy is symmetric, we can use stochastic Lanczos quadrature (SLQ) |Golub and

Meurant), [2009, [Lin et all 2016] to compute spectral density of this matrix. SLQ only requires
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Reaction, p =5
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Figure B.2: Spectral density of the Hessian and the preconditioned Hessian of each loss component
after 41000 iterations of Adam+L-BFGS for the reaction and wave problems. The plots show the
loss landscape of each component is ill-conditioned, and the conditioning of each loss component is
improved by L-BFGS.

matrix-vector products with H;, and Hessian-vector products, the latter of which may be efficiently

computed via automatic differentiation; this is precisely what PyHessian does to compute spectral

densities [Yao et all, [2020].

Algorithm 6 Performing matrix-vector product

Require: matrices Y, V, S formed from resulting vectors from unrolling, vector v, and saved scaling
factor for initializing diagonal matrix g
Split vector v of length size(w) + m into vy of size size(w) and vy of size m
v = k(v — f/ffTvl) + Svy
Perform Hessian-vector-product on v’, and obtain v’
Stack /Yk (v — YVTv") and S§Tv”, and obtain v’

Ensure: resulting vector v’

!

By combining the matrix-vector product procedure described in Algorithm [6] with the Hessian-

vector product operation, we are able to obtain spectral information of the preconditioned Hessian.
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Convection, 8 = 40 Reaction, p =5 Wave, 3 =5
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—— Adam  —— Adam + L-BFGS (1k) Adam + L-BFGS (11k) ~ —— Adam + L-BFGS (31k) ~ —— L-BFGS

Figure B.3: Performance of Adam, L-BFGS, and Adam+L-BFGS after tuning. We find the learning
rate n* for each network width and optimization strategy that attains the lowest loss (L2RE) across
all random seeds. The min, median, and max loss (L2RE) are calculated by taking the min, median,
and max of the losses (L2REs) for learning rate n* across all random seeds. Each bar on the plot
corresponds to the median, while the top and bottom error bars correspond to the max and min,
respectively. The smallest min loss and L2RE are always attained by one of the Adam+L-BFGS
strategies; the smallest median loss and L2RE are nearly always attained by one of the Adam+1-
BFGS strategies.

B.4 Adam+L-BFGS Generally Gives the Best Performance

Fig. shows that Adam+L-BFGS typically yields the best performance on both loss and L2RE

across network widths.

B.5 Additional Details on Under-optimization

B.5.1 Early Termination of L-BFGS

Fig.[B4] explains why L-BFGS terminates early for the convection, reaction, and wave problems. We
evaluate the loss at 10* uniformly spaced points in the interval [0, 1]. The orange stars in Fig.
are step sizes that satisfy the strong Wolfe conditions and the red dots are step sizes that L-BFGS

examines during the line search.
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Figure B.4: Loss evaluated along the L-BFGS search direction at different stepsizes after 41000
iterations of Adam+IL-BFGS. For convection and wave, the line search does not find a stepsize that
satisfies the strong Wolfe conditions, even though there are plenty of such points. For reaction, the
slope of the objective used in the line search procedure at the current iterate is less than a pre-defined
threshold 107?, so L-BFGS terminates without performing any line-search.

B.5.2 NysNewton-CG (NNCG)

Here we present the NNCG algorithm (Algorithm E[) introduced in Section and its associated
subroutines RandomizedNystromApproximation (Algorithm , NystromPCG (Algorithm E[), and
Armijo (Algorithm . At each iteration, NNCG first checks whether the Nystrom preconditioner
(stored in U and [X) for the NystromPCG method needs to be updated. If so, the preconditioner is
recomputed using the RandomizedNystromApproximation subroutine. From here, the Newton step
dy, is computed using NystromPCG; we warm start the PCG algorithm using the Newton step dj_1
from the previous iteration. After computing the Newton step, we compute the step size 7 using
Armijo line search — this guarantees that the loss will decrease when we update the parameters.
Finally, we update the parameters using n; and dy,.

In our experiments, we set n = 1, K = 2000,s = 60, F = 20,e¢ = 107, M = 1000, = 0.1,
and B = 0.5. We tune p € [1075,107%,1073,1072,10~!]; we find that u = 1072,10~! work best in
practice. Figs. and show the NNCG run that attains the lowest loss after tuning p.
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Algorithm 7 NysNewton-CG (NNCG)

Require: Initialization wg, max. learning rate n, number of iterations K, preconditioner sketch size

s, preconditioner update frequency F', damping parameter u, CG tolerance ¢, CG max. iterations
M, backtracking parameters «, 3
d_1=0
for k=0,...,K—1do
if k is a multiple of F' then

U, A] = RandomizedNystromApproximation(Hp, (wg), s) > Update Nystrom

preconditioner every F' iterations

end if

dj, = NystromPCG (Hp (wy), VL(wg), dk—1, U, A, s, e, M) > Damped Newton step
(Hp(wy) 4+ pI) "'V L(wy)

N, = Armijo(L, wg, VL(wy), —dk,n) > Compute step size via line search

Wi41 = W — Md > Update parameters
end for

The RandomizedNystromApproximation subroutine (Algorithm is used in NNCG to compute
the preconditioner for NystromPCG. The algorithm returns the top-s approximate eigenvectors and
eigenvalues of the input matrix M. Within NNCG, the sketch computation Y = M@ is implemented
using Hessian-vector products. The portion in red is a fail-safe that allows for the preconditioner to

be computed when H is an indefinite matrix. For further details, please see [Frangella et al.[[2023].
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Algorithm 8 RandomizedNystromApproximation

Require: Symmetric matrix M, sketch size s

S = randn(p, s) > Generate test matrix
Q@ = qr_econ(S)
Y =MQ > Compute sketch
v = y/peps(norm(Y, 2)) > Compute shift
Y, =Y +v@Q > Add shift for stability
A=0 > Additional shift may be required for positive definiteness
C = chol(Q"Y,) > Cholesky decomposition: CTC = QTY,
if chol fails then

Compute [W,T] = eig(QTY,) > Q1Y) is small and square

Set )\ - /\min(QTYV)
R=W( + |\NI)~2w7T

B=YR > R is psd
else

B=YC! > Triangular solve
end if

[V,%,~] = svd(B,0) > Thin SVD

A = max{0,%% — (v + |\[I)} > Compute eigs, and remove shift with element-wise max

Return: V, A

The NystromPCG subroutine (Algorithm @ is used in NNCG to compute the damped Newton

step. The preconditioner P and its inverse P~1 are given by

UA+puDUT + (I -UUT)

YU(A + ul)"*UT 4+ (1 - UUT).

Within NNCG, the matrix-vector product involving the Hessian (i.e., A = Hp(wy)) is implemented

using Hessian-vector products. For further details, please see [Frangella et al.| [2023].
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Algorithm 9 NystromPCG

Require: Psd matrix A, right-hand side b, initial guess zqg, approx. eigenvectors U, approx. eigen-

values A, sketch size s, damping parameter u, CG tolerance ¢, CG max. iterations M
ro=b— (A+ ul)xg

z0 =P 1rg

Po = Zo

k=0 > Iteration counter

while ||7g]l2 > € and k < M do
v=(A+ pl)po
a= (rf2)/(ptvo) > Compute step size
T =x9+ apg > Update solution
r=r1r9—Qu > Update residual
z=P lr

B =(r"2)/(rg 20)
To < T, 9 T, po < 2+ Bpo,z0 — 2z, k+—k+1
end while

Return:

The Armijo subroutine (Algorithm is used in NNCG to guarantee that the loss decreases at
every iteration. The function oracle is implemented in PyTorch using a closure. At each iteration,
the subroutine checks whether the sufficient decrease condition has been met; if not, it shrinks the

step size by a factor of 8. For further details, please see Nocedal and Wright| [2006].

Algorithm 10 Armijo

Require: Function oracle f, current iterate x, current gradient V f(z), search direction d, initial

step size t, backtracking parameters o, 8
while f(z +td) > f(z) + at(Vf(z)"d) do
t < [t > Shrink step size
end while
Return: ¢

B.5.3 Wall-clock Times for L-BFGS and NNCG

Table summarizes the per-iteration wall-clock times of L-BFGS and NNCG on each PDE. The
large gap on wave (compared to reaction and convection) is because NNCG has to compute hessian-

vector products involving second derivatives, while this is not the case for the two other PDEs.
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Table B.1: Per-iteration times (in seconds) of L-BFGS and NNCG on each PDE.

Optimizer  Convection Reaction Wave

L-BFGS 4.6e-2 3.6e-2 9.0e-2
NNCG 2.5e-1 7.2e-1 2.9el
Time Ratio 5.43 20 322.22

B.6 Ill-Conditioned Differential Operators Lead to Difficult

Optimization Problems

In this section, we state and prove the formal version of Theorem The overall structure of the
proof is based on showing the conditioning of the Gauss-Newton matrix of the population PINN loss
is controlled by the conditioning of the differential operator. We then show the empirical Gauss-
Newton matrix is close to its population counterpart by using matrix concentration techniques.
Finally, as the conditioning of Hj at a minimizer is controlled by the empirical Gauss-Newton

matrix, we obtain the desired result.

B.6.1 Preliminaries

Similar to|[De Ryck et al. [2023], we consider a general linear PDE with Dirichlet boundary conditions:

where u : R* — R, f: R?— R and € is a bounded subset of R?. The “population” PINN objective
for this PDE is

Lnol) = 5 [ (Plutesw)] = () du(o) + 5 [ (uaiw) = g(a))* doa).

A can be any positive real number; we set A = 1 in our experiments. Here p and o are probability
measures on 2 and 92 respectively, from which the data is sampled. The empirical PINN objective
is given by

Nbe

L) = 5> (DluCafsw)] = f@0)’ + 52— > (ulafsw) — g(a))
res ;_q c j=1

Moreover, throughout this section we use the notation (f, g) 12(q) to denote the standard L?-inner

product on Q:
(e = [ Todu(o).
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Lemma B.1. The Hessian of the Loo(w) is given by

Hp_(w /D V wtt(x;w)] D[V pu(z; w)] du(z /DV u(z; w)] (DVypu(z;w)] — f(x)) du(z)

+A Vwt(z; w)Vpu(z; w) do(z) + X V2 u(z;w) (u(z;w) — g(z)) do(x).
r9) 0

The Hessian of L(w) is given by

Hy(w) = o S PVl PTun(atsoll” + 1 S PIVEu(alsw) (PITutal o] — /(o)
res i=1 res i=1
(B.3)
A& . Nbe '
+ e 2 Vo) Vulaio) o+ 2 ZV2 (o) (u(afs w) — g(z;))

In particular, for w, € W,

Hy(wy) = Gr(w) + Gp(w).

Here
Gr(w) = nz DIVl w I DVulzs w)]T, Gylw) = - nZ Vowt(z); we) Vaulad; w,)".
Nres T 4
Dlu(ay; w)] u(zy; w)
Define the maps Fres(w) = , and Fe(w) = . We have the following
Dlu(zy=; w)] u(zy™; w)]

important lemma, which follows via routine calculation.

Lemma B.2. Let n = Nyes +npe. Define the map F : RP — R™, by stacking Fres(w), Foc(w). Then,
the Jacobian of F is given by
JFres (W
Tr(w) = [ ( >]

J]:bc (w)

Moreover, the tangent kernel Kx(w) = Jr(w)Jx(w)T is given by

JFree (W) JF, (0)T TF, (W) 5, (0)T] Kz, (w) JF e (W) Ty ()T
Kr(w) = = s

TFoe (W) F ()T TF (w)J7, ()" ()7, (w)" K7, (w)
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B.6.2 Relating G, (w) to D

Isolate the population Gauss-Newton matrix for the residual:
Goo(w) = / D[V yu(w; w)| D[V pu(w; w)]  du(z).
Q

Analogous to De Ryck et al.| [2023] we define the functions ¢;(z;w) = Oy, u(x;w) for i € {1...,p}.
From this and the definition of Goo(w), it follows that (Goo(w)),; = (Dl¢il, D[¢j]) 2(0)-
Similar to | De Ryck et al.|[2023] we can associate each w € R? with a space of functions H(w) =

span (¢1(z;w), . .., ¢p(z;w)) C L*(2). We also define two linear maps associated with H(w):
P
T(w)v = Zvi@(m; w),
i=1

T (w)f = ((f, 1) r2()s-- - (s dp)r2()) -
From these definitions, we establish the following lemma.

Lemma B.3 (Characterizing Goo(w)). Define A = D*D. Then the matriz Goo(w) satisfies
Goo(w) = T*(w) AT (w).
Proof. Let e; and e; denote the ith and jth standard basis vectors in RP. Then,

(Goo(w))ij = (Dlgs](w), D]g;](w)) L2(0) = (pi(w), D*D[d;(w)]) r2() = (Tei, D*D[Te;]) 2
= (i, (T"D*DT)e;]) 12(0)»

where the second equality follows from the definition of the adjoint. Hence, using A = D*D, we
conclude Goo(w) = T*(w) AT (w). O
Define the kernel integral operator Koo (w) : L*(Q) — H by

P

Koo (w)[f)(x) = T()T*(w) f =Y (f, ilw; w))di(w; w), (B.4)

=1

and the kernel matrix A(w) with entries A;;(w) = (¢i(z;w), ;(z;w)) 2(0)-
Using Theorem [B:3] and applying the same logic as in the proof of Theorem 2.4 in [De Ryck ef al.
[2023], we obtain the following theorem.

Theorem B.4. Suppose that the matriz A(w) is invertible. Then the eigenvalues of G (w) satisfy

Aj(Goo(w)) = Nj(Ao Kao(w)), forall j € [p].
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B.6.3 G,.(w) Concentrates Around G, (w)

In order to relate the conditioning of the population objective to the empirical objective, we must
relate the population Gauss-Newton residual matrix to its empirical counterpart. We accomplish
this by showing G, (w) concentrates around G (w). To this end, we recall the following variant of

the intrinsic dimension matrix Bernstein inequality from Tropp| [2015].
Theorem B.5 (Intrinsic Dimension Matrix Bernstein). Let {X;};c[n) be a sequence of independent

mean zero random matrices of the same size. Suppose that the following conditions hold:

1 X:ll < B, ZE[XZXZT] =V, ZE[XZTXJ Vs
i=1 i=1

Define
voo]
= , ¢ = Inax ‘/1 ) ‘/2 )
0 W {vall, [vali}
and the intrinsic dimension dj,; = trjllcsl(‘v)

B
Then for allt > ¢+ =,

>

=1

2t
P( >t> < 4ding exp (—zmin{273}),
S

Next, we recall two key concepts from the kernel ridge regression literature and approximation

via sampling literature: ~y-effective dimension and ~-ridge leverage coherence [Bach| [2013] |Cohen
et al.l [2017, [Rudi et al.| [2017].

Definition B.6 (y-Effective dimension and 7-ridge leverage coherence). Let v > 0. Then the

~-effective dimension of G (w) is given by
dlg(Goo(w)) = trace (Gog(0)(Goo(w) +4I) 7).
The ~-ridge leverage coherence is given by

w —1/2 u(x; w ? su w —1/2 ulx;w ?
G (w) — sup G @) DDV sz w)l|”_ supace |[(Goolw) £ 1) DIV yutaw)]]|

20 By [[(Goo (w) +71) 12DV yu(z; w)]| de(Gioo ()

Observe that d);(Goo(w)) only depends upon vy and w, while x?(Goo(w)) only depends upon
~v,w, and Q. Moreover, x7(Goo(w)) < oo as € is bounded.

We prove the following lemma using the y-effective dimension and ~-ridge leverage coherence in
conjunction with Theorem
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Sdsz(

Lemma B.7 (Finite-sample approximation). Let 0 < v < A\ (Goo(w)). If Nyes > 40X (G oo (w))d (G oo (w)) log (
then with probability at least 1 — §

[Goo(w) =71 2 Gr(w) = 5 [BGoo(w) + 1]

N | =

1
2
Proof. Let 2; = (Goo(w)+yI)~Y2D[V pu(zs; w)], and X; = i (zia]

I'—D,), where D, = Goo(w) (Goo(w) + )7L
Clearly, E[X;] = 0. Moreover, the X;’s are bounded as

. . X 12 _Y. ¥ Y
||XZ|| = max { )\max(Xl) ,— )\mln(Xz) } S max { ||x1|| , /\max( XZ) } S max { X (Goo(w))deﬁr(Goo(w)) 7 1}
res Nres Nres Nres Tres Nres
_ X (Goo(w))deg(Goo (w))
Nres

Thus, it remains to verify the variance condition. We have

Nres 1 1
ZE[XZXZT] = nresE[Xlg] = Mres X TE[(xlx{ - DV)Q] = IE[||331||2371331T]
i=1 Nres Nres
L Gy Goc)
nres

Hence, the conditions of Theoremﬁhold with B = XW(Gw(in%ff(Gw(w)) and Vp =V, = XW(Gw(w)Tzigff(Gw(w))DW.

Now 1/2 < ||[V|| <1 a8 nres > XY (Goo(w))dlg(Goo(w)) and v < Ay (Goo(w)). Moreover, as Vi = V5
we have diny < 4d75(Goo(w)). So, setting

A7 (G oo (W A7 (G oo (W
| B0 (G0 Gon () log (G2 30 (G (1) (G 1) o (PG
B 3MNyes 3Mres

and using nyes > 40X (G oo (w))d (G oo (w)) log (M), we conclude

>1><5.
> <

Nres

(|

> Xi
i=1

Now, |32 X4l < % implies

5 [Goal) +91) 3 Gy (w) ~ Gao(u) 3 3 [Gow) +71].

N~

The claim now follows by rearrangement. O

By combining Theorem and Theorem we show that if the spectrum of Ao K (w) decays,

then the spectrum of the empirical Gauss-Newton matrix also decays with high probability.
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Proposition B.8 (Spectrum of empirical Gauss-Newton matrix decays fast). Suppose the eigen-
values of Ao Koo (w) satisfy Aj(Ao Ke(w)) < Cj2*, where a > 1/2 and C > 0 is some absolute
constant. Then if \/Tiyes > 40C1 X7 (Goo(w)) log (%), for some absolute constant Cq, it holds that

AMipes (Gr (W) < nped

with probability at least 1 — 9.

Proof. The hypotheses on the decay of the eigenvalues implies d (G oo (w)) < C1v~ 2= (see Appendix
1

C of Bach! [2013]). Consequently, given v = n;&, we have dz(G(w)) < Cinks. Combining this

with our hypotheses on nyes, it follows nyes > 40C1 XY (G oo (w))d g (G oo (w)) log (w). Hence

Theorem [B.7] implies with probability at least 1 — § that

Gr(w) 2 5 (BGo(w) +71I),

DN | =

which yields for any 1 <r <n

Ao (Gr(w)) < 5 (BN (Goo(w)) + ) -

[N

Combining the last display with nyes > 3d5(Goo(w)), Lemma 5.4 of Frangella et al.| [2023] guarantees
Ar(Goo(w)) < /3, and so

AMiee (Gr(w)) < 5 BA(Goo(w)) +7) <7 <

N =

B.6.4 Formal Statement of Theorem [3.4] and Proof

Theorem B.9 (An ill-conditioned differential operator leads to hard optimization). Fiz w, € W,
and let S be a set containing wy for which S is u-PL*. Let o > 1/2. If the eigenvalues of Ao s (wy)
satisfy Aj(Ao Koo(wy)) < CG72* and \/Nyes > 40C1 XY (G oo (wy)) log (%), then

F':L(S) > CQngesﬂ
with probability at least 1 — §. Here C,C1, and Cy are absolute constants.

Proof. By the assumption on n,es, the conditions of Theorem are met, so,

Ao (Gr(wy)) < Mg
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Convection, =1

8 9 10 11 12 13

logy Nres

Figure B.5: Estimated condition number after 41000 iterations of Adam+L-BFGS with different
number of residual points from 255 x 100 grid on the interior. Here )\; denotes the ith largest
eigenvalue of the Hessian. The model has 2 layers and the hidden layer has width 32. The plot
shows k, grows polynomially in the number of residual points.

with probability at least 1 — §. By definition G,.(w,) = Jz,._(w,)T J£,. (w,), consequently,

res

Ares (K Fpey (04)) = Ay (Gr(w4)) < 1y

Now, the PL*-constant for S, satisfies u = inf,,es An(Kx(w)) [Liu et al) 2022]. Combining this
with the expression for Kr(w,) in Theorem we reach

1S MK F(w02) < A (K, (w2)) < il

Mres res — ""res >

where the second inequality follows from Cauchy’s Interlacing theorem. Recalling that k1 (S) =

w, and Hp (w,) is symmetric psd, we reach

M (Hz (w,)) (;) M(Gr(w)) + Xp(Go(ws)) @ Ai(Gr(w,)) @ Cus (G (1) )0
- > . " = oo\ Wx res*

kL(S) >

Here (1) uses Hp(wx) = Gr(wy) + Gp(w,) and Weyl’s inequalities, (2) uses p > Niyes + Nbe, S0 that
Ap(Gp(wy)) = 0. Inequality (3) uses the upper bound on p and the lower bound on G, (w) given in
Theorem Hence, the claim follows with Cy = C3A1(Goo(wy)). O

B.6.5 k Grows with the Number of Residual Points

Figure plots the ratio Ay (Hp)/A129(Hr) near a minimizer w,. This ratio is a lower bound for
the condition number of Hy,, and is computationally tractable to compute. We see that the estimate

of the k grows polynomially with n,es, which provides empirical verification for Theorem [3.4]
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B.7 Convergence of GDND (Algorithm

In this section, we provide the formal version of Theorem [3.5 and its proof. However, this is delayed
till Appendix [B:7.4] as the theorem is a consequence of a series of results. Before jumping to the
theorem, we recommend reading the statements in the preceding subsections to understand the

statement and corresponding proof.

B.7.1 Overview and Notation

Recall, we are interested in minimizing the objective in (3.2)):

Lw) = 32— > (Dlutafsw))* + 5 > (Blutefs w)])
res i=1 C J:1

where D is the differential operator defining the PDE and B is the operator defining the boundary

conditions. Define

| A Blu(a};w)]

Using the preceding definitions, our objective may be rewritten as:
1 2
L(w) = 51F(w) -yl

Throughout the appendix, we work with the condensed expression for the loss given above. We
denote the (nyes + nbe) X p Jacobian matrix of F by Jr(w). The tangent kernel at w is given by
the n x n matrix Kz(w) = Jr(w)Jz(w)?. The closely related Gauss-Newton matrix is given by
G(w) = Jr(w)" Jr(w).

B.7.2 Global Behavior: Reaching a Small Ball About a Minimizer

We begin by showing that under appropriate conditions, gradient descent outputs a point close to a
minimizer after a fixed number of iterations. We first start with the following assumption which is

common in the neural network literature [Liu et al., 2022} 2023].

Assumption B.10. The mapping F(w) is £Lx-Lipschitz, and the loss L(w) is f1-smooth.



APPENDIX B. PINNS SUPPLEMENTARY MATERIAL 112

Under Theorem and a PL*-condition, we have the following theorem of [Liu et al.| [2022],

which shows gradient descent converges linearly.

Theorem B.11. Let wy denote the network weights at initialization. Suppose Theorem[B.10 holds,
and that L(w) is p-PL*in B(wo,2R) with R = 27”252““)0) Then the following statements hold:

1. The intersection B(wg, R) N W, is non-empty.

2. Gradient descent with step size n = 1/}, satisfies:
wit1 = wi — NV L(wg) € B(wg, R) for all k > 0,

L(wy) < (1 - ;)kL(wo).

L

For wide neural networks, it is known that the u-PL*condition in Theorem hold with high
probability, see [Liu et al.| [2022] for details.

We also recall the following lemma from |Liu et al.|[2023].

Lemma B.12 (Descent Principle). Let L : RP — [0,00) be differentiable and p-PE*in the ball
B(w,r). Suppose L(w) < %urz, Then the intersection B(w,r) N W, is non-empty, and

gdistZ(w, W,) < L(w).

Let Lp, be the Hessian Lipschitz constant in B(wo,2R), and L), = SUPyecp(u, 2r) [HF(w)],
where ||Hz(w)|| = max;ep [|Hr, (w)|. Define M = max{Ly, , Ly, LFLr, 1}, €10c = Lo, where
e € (0,1). By combining Theorem and Theorem we are able to establish the following

important corollary, which shows gradient descent outputs a point close to a minimizer.

Corollary B.13 (Getting close to a minimizer). Set p = min {510“ \/,ER7R}. Run gradient

B.
194/ Tf’

descent for k = % log (%ﬁ;l}“w”)) iterations, gradient descent outputs a point wioe Satisfying

2
oo . 1
L(wioe) £ — minq 1, — ¢,
(wiec) < 4 1n{ 25L}

leoc - w*HHL(w*)-i-uI < p, for some w, € W.

Proof. The first claim about L(wjec) is an immediate consequence of Theorem m For the second
claim, consider the ball B(wec, p). Observe that B(wioe, p) C B(wp, 2R), so L is u-PL* in B(wiee, p)-
Combining this with L(wiec) < ”sz, Theorem guarantees the existence of w, € B(wioc, p) "W,
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with |Jwiee — wy|| < %L(wloc). Hence Cauchy-Schwarz yields

leoc - w*”HL(w*)—i-pJ S V ﬂL + u||wloc - w*” S V 2ﬂLleoc - U}*H

AL

2
< 2 7L(wloc) < 2 x BfL&
1

u8pL =P

which proves the claim. O

B.7.3 Fast Local Convergence of Damped Newton’s Method

In this section, we show damped Newton’s method with fixed stepsize exhibits fast linear convergence
in an appropriate region about the minimizer w, from Theorem Fix £ € (0, 1), then the region

of local convergence is given by:

J\/’Eloc(w*) = {w ERP:lw - w*HHL(w*)JruI < 5100} )

3/2
where €1, = 7~ as above. Note that wi,e € Nz, (w,).

We now prove several lemmas, that are essential to the argument. We begin with the following

elementary technical result, which shall be used repeatedly below.

Lemma B.14 (Sandwich lemma). Let A be a symmetric matriz and B be a symmetric positive-
definite matriz. Suppose that A and B satisfy |A — B|| < eAmin(B) where € € (0,1). Then

(1-e) BXA=(1+¢)B.
Proof. By hypothesis, it holds that
—eXmin(B)I 2 A— B = eAmin(B)I.
So using B = A\nin(B)I, and adding B to both sides, we reach

(1-e) BXA=X(1+¢)B.

The next result describes the behavior of the damped Hessian in Ny _(wy).
Lemma B.15 (Damped Hessian in N;_ (w,)). Suppose that v > pu and ¢ € (0,1).

1. (Positive-definiteness of damped Hessian in Nz, (wy)) For any w € Ny, (w.),

Hp(w) +~1 = (1— Z) ~I.
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2. (Damped Hessians stay close in Nz, (w,)) For any w,w’ € Nz (w,),
(1—¢)[Hp(w) +~vI] K Hp(w') +~vI < (14¢€) [Hp(w) +1].

Proof. We begin by observing that the damped Hessian at w, satisfies

n

Hi(we) +71 = Glu) + 97+ 3 [Flw) — o], Hr, ()
i=1

= G(wy) + I =~

Thus, Hr(ws) + I is positive definite. Now, for any w € N, _(wy), it follows from Lipschitzness of
HL that

Ly el
I(Hz (w) + 1) = (Hr(wy) + D) < L [Jw = wi] < ﬁ\lw — Wil )41 S
As Apin (Hp (wy) +I) > v > p, we may invoke Theorem to reach
€ €
(1= 2) HLwn) +41) = He(w) 491 = (14 5) He(w.) +71).

This immediately yields ;
Amin (Hp (w) +~I) = (1 - Z) 7=

which proves item 1. To see the second claim, observe for any w,w’ € N _(w,) the triangle

inequality implies

(B ) +41) = (Hipw) 47T < 2 < 2 @) .

As Apin (Hp(w) +~+I) > %7, it follows from Theorem that

(1 3e) trtn(w) 4911 = Fuw) 401 = (14 22 ) () + 91,

which establishes item 2. O

The next result characterizes the behavior of the tangent kernel and Gauss-Newton matrix in

N (W05).

Lemma B.16 (Tangent kernel and Gauss-Newton matrix in N (wy)). Let v > u. Then for any
w,w € N, (wy), the following statements hold:

1. (Tangent kernels stay close)

(1 — %) Kr(w,) < Kr(w) < (1 n g) K7 (wy)
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2. (Gauss-Newton matrices stay close)

(1 - g) [G(w) + 1] < Glwy) +~T < (1 n g) [G(w) + 1]

3. (Damped Hessian is close to damped Gauss-Newton matriz)
(1— &) [G(w) +71] 2 Ho(w) ++1 % (1 + ) [Glw) +1].

4. (Jacobian has full row-rank) The Jacobian satisfies rank(Jx(w)) = n.

Proof. 1. Observe that

K (w) — Kr(w,)]| = [ Tr(w)Jr(w)” — Tr(we) Jr(w,)" |
= [ () = Tr ()] T () + T (w) [ () = T ()]

2LFL €M3/2 €
S2LrLy||w — wi| < ——Z|w — Wl gy (w, )11 <
=) € FEZE i s € F < 5

where in the first inequality we applied the fundamental theorem of calculus to reach

177 (w) = Jr(w)ll < Lixllw —w.-
Hence the claim follows from Theorem [B.14l
2. By an analogous argument to item 1, we find
I(G(w) +7D) = (Glw) +9D)]| < S,
so the result again follows from Theorem

3. First observe Hy(wy)+ vI = G(w.) + vI. Hence the proof of Theorem implies,

(1- Z) (Glwe) + 1) = Hy (w) +9T = (1+ Z) G (w,) +~1].

Hence the claim now follows from combining the last display with item 2.

4. This last claim follows immediately from item 1, as for any w € N, _(w,),

on (T () =V in(Kr(w) = /(1= 5 ) > 0.

Here the last inequality uses Amin (K7 (wy)) > u, which follows as w, € B(wg, 2R).
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The next lemma is essential to proving convergence. It shows in M, _(w,) that L(w) is uniformly
smooth with respect to the damped Hessian, with nice smoothness constant (1 4 ¢). Moreover, it

establishes that the loss is uniformly PE*with respect to the damped Hessian in N, _(wy).

Lemma B.17 (Preconditioned smoothness and PL*). Suppose v > p. Then for any w,w’,w” €
N, (wy), the following statements hold:

1. L(w") < L(w') + (VL(w'),w"” — w') + = ||w" - w’||qu(w)H[.

IVL@)I?, (o “1
(Hp (w)+~1) 2 1 1 (w)

2 I+e (H—’Y/M)L

Proof. 1. By Taylor’s theorem
1
L(w") = L(w") + (VL(w"),w" — w’) —l—/o (1—t)|jw"” - w’||?{L(w,+t(w,/,w/))dt
Note w' + t(w” —w') € N, (wy) as N;,, . (w) is convex. Thus we have,

1
L(w”) S L(U}/) + <VL(’LU/),’LUH - w/> +/0 (1 - t)”wN - w/”%IL(w’+t(w"7w’))+'yldt

1
< L(w') + (VL(w'),w"” — w') + /O (1= +e)[w” = w3, (u)+qrdt

1+e¢
= 1) + (VL) — o)+ D

2. Observe that

||VL<w)||%HL(w)+'yI)*1 _ 1

(Fw) = )7 [Tr(w) (Ho(w) +51) " Tr(w)T] (F(w) - y).

2 2
Now,
Tr(w) (Hu(w) +91)7 Jr ()" = 5 i 5 77(w) (Gw) +1) 7 T ()
= 1 i o) Jr(w) (Jr(w)" Jr(w) + 7[)71 Jr(w)T

Theorem guarantees Jr(w) has full row-rank, so the SVD yields

Tr(w) (Tr(w)" Tr(w) ++1) " Jr(w)" = USA(E2 +41) U7 = #I.

Hence

IV L) oty () 01y u 1
2 T (e (pt)2

IF(w) - y))* = ——L——L(w).
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O

Lemma B.18 (Local preconditioned-descent). Run Phase II of Algom'thm@ with npny = (14+¢)7!

and v = p. Suppose that Wy, W1 € Nz, (wy), then

loc

L(g41) < (1 - 2<1_1’_€)2> L(wy).

Proof. As Wy, Wg41 € N, (w,), item 1 of Theorem yields

IV L (1) H?HL(mk)Jr;d)*l
2(1+¢)

L(wg41) < Lwg) —
Combining the last display with the preconditioned PL*condition, we conclude

L(iss) < (1 - 2(1> L(in).

14¢)2
O
The following lemma describes how far an iterate moves after one-step of Phase II of Algorithm 2]

Lemma B.19 (1-step evolution). Run Phase II of Algorithm@ with npn = (1 +¢)~t and v > p.
Suppose Wy, € Nz (wy), then wry1 € N, (ws).

Proof. Let P = Hp(wy) 4+ vI. We begin by observing that
[Wrt1 = will b o)+t < VI elDesr — wilp.

Now,

- 1 ~ .
1Dk1 = willp = T IVL(@Dk) = VL(ws) = (1 + ) P(we — g )| p-

1 1
_ / (V2L (1w, + t(wy —w.)) — (1 +2)P] dt(w, — i)
1+¢ 0 p-1
1 1
= / [P—l/QVQL(w* +t(wy —w,))P7Y2 — (1 + E)I} At P2 (w, — 1)
1+¢||/o
1 1
<1 / HP‘I/QVQL(M* +t(wy, — we))P~V2 — (14 s)IH dt|[ @y — w.|p
0

We now analyze the matrix P~Y/2V2L(w, + t(wy, — w,))P~'/2. Observe that

P22 L(w, + t(wy, — w,))P™Y?2 = PY2(V2L(w, + t(wy, — wy)) + I — 1) P~1/?
= P7Y2(V2L(w, + t(wy — w,)) +y[)P~Y2 — AP~ = (1 — )] — P! = —cl.
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Moreover,

P22 L(w, 4 t(wy, — w,))P~Y2 < PY2(V2L(w, 4 t(wy — w,)) +7)P2 < (1 +¢)1.

Hence,
0= (1+e)— P Y2V L(w, + t(wy —w,))P~Y? < (1+2¢)I,
and so Lo
- + 2
[o*+t —w.lp < T2 10k = willp-
Thus,
14 2¢

1@ — w1y oy 4ur < ﬁ”wk —wyllp < (1 +28)|[ w0k — willy (w, )41 < Eloc-

O

The following lemma is key to establishing fast local convergence; it shows that the iterates

produced by damped Newton’s method remain in N, _(wy), the region of local convergence.

Lemma B.20 (Staying in NV, _

(wy)). Suppose that wipe € N,(wy), where p = w?ﬁ' Run Phase
IT of Algorithm[d with v = p and n = (1 + )71, then Wy1 € Ny, (wy) for all k > 1.

Proof. In the argument that follows kp = 2(1 + £)2. The proof is via induction. Observe that if
Wioe € N,(wy) then by Theorem w1 € Ne,,.(w,). Now assume w; € Nz (w,) for j =2,... k.
We shall show w1 € N, (ws). To this end, observe that

k
Wy 1 — Wil oy ()4t < N Wioe = Wil Fp (w4 + 112 Z IVLCw) (a1, ) 4p01) -
j=1
Now,
1 2031,
VL(w; w 1 < —||[VL(w;)||l2 < 4| —L(w;
IVL(wi)ll (11, (w, )41y \/ﬁll (w;) m (w;)

»
< % <]- - 1>J V L(wloc)7

H Kp

Here the second inequality follows from |VL(w)|| < /28 L(w), and the last inequality follows from
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Theorem which is applicable as 0y, ..., W, € Ng,,.(wy). Thus,
k /2
_ 28L 1y’ =
k1 =l s <4222 (1= 1) VG
(1

k /2
+¢)BL LY
S p+ 2'u)||wloc - w*”HL(w*)""F‘I Z (1 - >

K
=1 P

IN

/BLOO 1 j/2
122N (1- =
Rz l-5) )
VBL/u

1—4/1—-L

Kp

=11+ P < Eloc-

Here, in the second inequality we have used L(wg) < 2(1 + ¢€)||wioe — w*||§{L(w*)+HI, which is an
immediate consequence of Theorem Hence, wy41 € N, (w,), and the desired claim follows

by induction. O

Theorem B.21 (Fast-local convergence of Damped Newton). Let wio. be as in Theorem .

Consider the iteration

- - 1 - _ N -
Wga1 = Wy — m(HL(wk) + ul) 1VL(wk), where Wy = Wige-

Then, after k iterations, the loss satisfies

) 1
L(wk) S (1 — 2(1_1_5)2) L(wloc).

Thus after k= O (log (%)) iterations

Proof. Theorem ensure that W € N

€loc

rem and the definition of w**!, to reach

(wy) for all k. Thus, we can apply item 1 of Theo-

1

L(wg+1) < L(wy) — 2 +9)

IVL (k) |5

Now, using item 2 of Theorem and recursing yields

L(wg41) < (1 - 2(11+€)2> L(wy) < (1 - 2(11+€)2)k+1 L(wiec).

The remaining portion of the theorem now follows via a routine calculation. O
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B.7.4 Formal Convergence of Algorithm

Here, we state and prove the formal convergence result for Algorithm

Theorem B.22. Suppose that Theorem and Theorem [B.10 hold, and that the loss is u-PL*in

B(wg, 2R), where R = inmff(w()) Let 10 and p be as in Theorem|B.1, and set e = 1/6 in the defi-

nition of 1. Run Algorithm@with parameters: ngp = 1/Br, Kap = %L log (%) ,TIDN =

5/6,v7 = u and Kpx > 1. Then Phase I of Algom'thm satisfies

L < (2) L)

Hence after Kpn > 3log (@) iterations, Phase II of Algorithm@ outputs a point satisfying
L(’J)KDN) S €.

Proof. By assumption the conditions of Theorem are met, therefore wy,, satisfies ||wigp, —
Wil By (w41 < p, for some w, € W,. Hence, we may invoke Theorem to conclude the desired
result. O



Appendix C

Supplementary Material for
Chapter

C.1 Solver Configuration and Termination Criteria

This appendix provides a complete reference for the configuration parameters and termination cri-
teria of each solver in rlaopt. All configuration classes use sensible defaults, allowing users to get

started with minimal tuning.

C.1.1 NystromPCG Configuration

Solver configuration (PCGConfig). Table lists the parameters of PCGConfig.

Stopping criteria (PCGStoppingCriteria). Table[C.2Jlists the termination parameters for NystromPCG.

The solver terminates when the relative residual satisfies
[rell2 < tol - [|bfl2,

where r, = b — Axy, is the residual at iteration k, or when the iteration count reaches max_iters.

C.1.2 NysADMM Configuration

Solver configuration (ADMMConfig). Tablelists the parameters of ADMMConfig. The NysADMM

solver is accessed via the ADMM class in the API.

Stopping criteria (ADMMStoppingCriteria). Table lists the termination parameters for
NysADMM. The solver terminates when both the primal and dual residuals at iteration k fall

121
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Parameter Type Default Description

preconditioner_config PreconditionerConfig IdentityConfig() Preconditioner strategy.

Table C.1: PCGConfig parameters.

Parameter Type Default Description

max_iters int 1000 Maximum number of iterations.
tol float 107° Relative tolerance for convergence.

Table C.2: PCGStoppingCriteria parameters.

below their respective tolerances,
HrgriH < 6Zri and “Tgualll < €zual7

where the tolerances are computed as

pri

& = eups + e max([[ Az, [z, oll), e

= €abs T 6rclHAA—l—uk ||,

following the standard ADMM convergence criterion [Boyd et al., 2011], or when the iteration count

reaches max_iters.

C.1.3 Proximal Gradient Configuration

Solver configuration (ProxGradConfig). Table lists the parameters of ProxGradConfig.

Stopping criteria (ProxGradStoppingCriteria). Table lists the termination parameters
for the proximal gradient solver. The solver terminates when the proximal gradient mapping norm
satisfies
1
erry = Eka —prox, (vx — nV f(x1))[| < tol- Vd,

where 7) is the step size, d is the total number of decision variables, and prox, , denotes the proximal
operator of ng. This quantity measures the magnitude of the proximal gradient step, which vanishes

at a first-order optimal point. The solver also terminates when the iteration count reaches max_iters.

C.1.4 Nystrom Preconditioner Configuration

Preconditioner configuration (NystromConfig). Tablelists the parameters of NystromConfig,
which controls the randomized Nystrém preconditioner used by NystromPCG and NysADMM.



APPENDIX C. RLAOPT SUPPLEMENTARY MATERIAL 123

Parameter Type Default Description

rho float 1.0 Augmented Lagrangian penalty pa-
rameter.

rho_update_factor float 2.0 Multiplicative factor for updating p

during primal-dual balancing.

rho_update_threshold float 10.0 Threshold ratio of primal to dual resid-
ual that triggers a p update.
rho_update_freq int 25 Frequency (in iterations) for checking
and updating p.
alpha float 1.6 Over-relaxation parameter (0 < a <
2).
sigma float 1076 Regularization for the inexact linear
system solve.
gamma float 1.2 Exponent controlling the decay of the
linear system solve tolerance (> 1).
preconditioner_config PreconditionerConfig NystromConfig Preconditioner for the linear system
subproblem. Default: Nystrom with
rank 50.
preconditioner_update_freq int 20 Frequency (in iterations) for updating
the preconditioner.
Table C.3: ADMMConfig parameters.
Parameter Type Default Description
max_iters int 1000 Maximum number of iterations.
eps_abs float 107* Absolute tolerance for primal and dual residuals.
eps_rel float 107* Relative tolerance for primal and dual residuals.
Table C.4: ADMMStoppingCriteria parameters.
Parameter Type Default Description
eta float 1.0 Step size for the gradient update.
use_acceleration bool False Whether to use Nesterov acceleration.
use_linesearch bool True Whether to use backtracking line search for step size selection.

Table C.5: ProxGradConfig parameters.

Parameter Type Default Description
max_iters int 1000 Maximum number of iterations.
tol float 107* Tolerance for convergence based on the error metric.

Table C.6: ProxGradStoppingCriteria parameters.
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Parameter Type Default Description

rank_init int (required) Initial rank of the Nystrom approxima-
tion.

rank max int or None None Maximum allowable rank. Defaults to
rank_init if not specified.

num_power_iters  int 10 Number of power iterations for error es-
timation in rank adaptation.

error_tolerance float 1072 Error tolerance for rank adaptation.

base_damping float (required) Base damping parameter p for the pre-
conditioner (H + pI)~*.

damping mode str "adaptive" "adaptive": adjusts damping based on

smallest eigenvalue. "non_adaptive":
uses base_damping only.

Table C.7: NystromConfig parameters.
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