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Subgradient

recall: the subgradient generalizes the gradient for nonsmooth
functions

for f : R" = R, we say g € R" is a subgradient of f at x € dom(f) if
fly) > f(x)+g"(y —x) Vy € dom(f)

this is just the first-order condition for convexity

notation:

> Of(x) denotes the set of all subgradients of f at x
» Vf(x) denotes a particular choice of an element of 9f(x)



Subgradients and optimality
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Subgradients and sublevel sets

g is a subgradient at x means f(y) > f(x) + g (y — x)
hence f(y) < f(x) = g’ (y —x) <0

g c af(Xo)

Vf()q)

> f differentiable at xo: V(x0) is normal to the sublevel set
{x[f(x) < f(x0)}

» f nondifferentiable at xo: subgradient defines a supporting
hyperplane to sublevel set through xg



Optimality conditions — unconstrained

recall for f convex, differentiable,
f(x*) =inf f(x) <= 0= Vf(x*)

generalization to nondifferentiable convex f:
f(x*) =inf f(x) < 0 € Of(x*)

X0

proof.



Optimality conditions — unconstrained

recall for f convex, differentiable,
f(x*) =inf f(x) <= 0= Vf(x*)

generalization to nondifferentiable convex f:
f(x*) =inf f(x) < 0 € Of(x*)

X0
proof. by definition (!)
fly) > f(x*)+07(y —x*) forall y <= 0c df(x*)

...seems trivial but isn't



Example: piecewise linear minimization

f(X) = maxiil,.“,m(a,'TX + b,)
x* minimizes f <= 0 € 9f(x*) = conv{a; | a] x* + b; = f(x*)}
< there is a A with

A= 0, 17\ =1, ZA;a,-:O
i=1

where \; = 0 if 3] x* + b; < f(x*)



... but these are the KKT conditions for the epigraph form
minimize t
subjectto a/x+b;<t, i=1,...,m
with dual

maximize b\
subject to A > 0, ATA =0, 1"A=1



Optimality conditions — constrained

minimize  fo(x)
subject to fi(x) <0,i=1,...,m

we assume

> f; convex, defined on R" (hence subdifferentiable)

> strict feasibility (Slater's condition)

x* is primal optimal (A* is dual optimal) iff

F(x) <0, AF >0
0 € Ofp(x*) + 2:11 AFOfi(x*)
AF(x*) =0

... generalizes KKT for nondifferentiable f;



Subgradients and descent
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Directional derivative

directional derivative of f at x in the direction dx is

F/(x;0x) £ lim Flx+ hox) = F(x)
IANY) h

can be +00 or —©

> f convex, finite near x = f/(x; dx) exists

» f differentiable at x iff, for some g (= Vf(x)) and all dx,
f'(x;0x) = gTox

(i.e., f'(x;9x) is a linear function of §x)
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Directional derivative and subdifferential

general formula for convex f: f'(x;0x) = sup g'ox

. 0x

geof(x)

of (x
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Descent directions

0x is a descent direction for f at x if f/(x;dx) <0

for differentiable f, dx = —Vf(x) is always a descent direction
(except when it is zero)



Descent directions

0x is a descent direction for f at x if f/(x;dx) <0

for differentiable f, dx = —Vf(x) is always a descent direction
(except when it is zero)

warning: for nondifferentiable (convex) functions,
Vf(x) need not be descent direction

X2

example: f(x) = |xi| + 2|x|




Subgradients and distance to sublevel sets

if is convex, f(z) < f(x), g € Of(x), then for small enough t > 0,
Ix — tg = zlla < [Ix = zl2

thus —g is descent direction for ||x — z
(e.g., x*)

|2, for any z with f(z) < f(x)

negative subgradient is descent direction for distance to optimal point

proof:
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Subgradients and distance to sublevel sets

if is convex, f(z) < f(x), g € Of(x), then for small enough t > 0,
Ix — tg = zlla < [Ix = zl2

thus —g is descent direction for ||x — z
(e.g., x*)

|2, for any z with f(z) < f(x)

negative subgradient is descent direction for distance to optimal point

Ix — 2|13 - 2tg " (x — 2) + £l 13
Ix = 23 — 2t(f(x) — £(2)) + £*]ll13

proof: ||x —tg — z||3

IN
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Descent directions and optimality

fact: for f convex, finite near x, either

» 0 € Of(x) (in which case x minimizes f), or
> there is a descent direction for f at x

i.e., x is optimal (minimizes f) iff there's no descent direction for f at
X

proof: define dxq = — argmin ||z||2
z€0f(x)

if 0xsa = 0, then 0 € 9f(x), so x is optimal; otherwise
f'(x; 6xsa) = — (infcar(x) ||2H2)2 < 0, so dxsq is a descent direction
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Outline

Subgradient method
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Subgradient method

the subgradient method is a simple algorithm to minimize
nondifferentiable convex function f

slk+1) (k) ozkg(k)
» x(K) is the kth iterate

» g is any subgradient of f at x(¥)
> vy > 0 is the kth step size
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Subgradient method

the subgradient method is a simple algorithm to minimize
nondifferentiable convex function f

D) — () _ g, g(6)

» x(K) is the kth iterate
» g is any subgradient of f at x(¥)
> vy > 0 is the kth step size

warning: subgradient method is not a descent method.
so, do not call it subgradient descent [Steven Wright].

16

45



Subgradient method

the subgradient method is a simple algorithm to minimize
nondifferentiable convex function f

D) — () _ g, g(6)

» x(K) is the kth iterate
» g is any subgradient of f at x(¥)
> vy > 0 is the kth step size

warning: subgradient method is not a descent method.
so, do not call it subgradient descent [Steven Wright].

instead, keep track of best point so far

=1,...,
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Line search + subgradients = danger

warning: with exact line search, subgradient method can converge to
suboptimal point!
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Line search + subgradients = danger

warning: with exact line search, subgradient method can converge to
suboptimal point!

X2

example: f(x) = |x1| + 2|x2|
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Step size rules

step sizes are fixed ahead of time (can't do linesearch)

> constant step size: ay = a (constant)
» constant step length: a, = 7/[|g¥]|2 (so [|[x*+1) — x(K)||, = ~)
» square summable but not summable: step sizes satisfy

o0 o0
g a,% < 00, E Qy = 00
k=1 k=1

1
€8, ok =3

» nonsummable diminishing: step sizes satisfy

oo
lim ay =0, E Q= 00,
k— 00 —1

e.8., 0 =

<)



Outline

Analysis of SGM
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Lipschitz functions

a function f : R” — R is L-Lipschitz continuous if for every
X,y € domf,

[f(x) = f)I < Llix =yl
(often, we simply say f is L-Lipschitz)



Lipschitz functions

a function f : R” — R is L-Lipschitz continuous if for every
X,y € domf,

[f(x) = f)I < Llix =yl
(often, we simply say f is L-Lipschitz)

notice for any g € 9f(x),
fly) = f(x) <g"(y —x) < llgllly — x|
so the Lipschitz constant for f satisfies

L< sup  sup g
xedom f g€df(x)



Lipschitz functions

examples:

> x]:
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Lipschitz functions
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> |x|: L=1
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» |Ixlli: L= /(n) (subgradients are sign vectors)



Lipschitz functions

examples:
> |x|: L=1
» max(x,0): L=1
» |Ixlli: L= /(n) (subgradients are sign vectors)

> [lx]|? for [Ix]| < R:



Lipschitz functions

examples:
> |x|: L=1
» max(x,0): L=1
» |Ixlli: L= /(n) (subgradients are sign vectors)

> |Ix||? for x| < R: L=R



Lipschitz functions

examples:
> |x|: L=1
» max(x,0): L=1
» |Ixlli: L= /(n) (subgradients are sign vectors)

v

Ix||? for |x|| < R: L=R

Amax(X):



Lipschitz functions

examples:
> |x|: L=1
» max(x,0): L=1
» |Ixlli: L= /(n) (subgradients are sign vectors)

v

v

Ix||? for |x|| < R: L=R

Amax(X): L =1 (subgradients are eigenvectors)



Lipschitz functions

examples:
> |x|: L=1
> max(x,0): L=1
» |Ixlli: L= /(n) (subgradients are sign vectors)
> |Ix||? for x| < R: L=R
> Amax(X): L =1 (subgradients are eigenvectors)

v

indicators of convex sets C:
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Lipschitz functions

examples:
> |x|: L=1
> max(x,0): L=1
» |Ixlli: L= /(n) (subgradients are sign vectors)
> |Ix||? for x| < R: L=R
> Amax(X): L =1 (subgradients are eigenvectors)

v

indicators of convex sets C: not Lipschitz continuous
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Assumptions

v

f is bounded below: p* = inf, f(x) > —o0

*

v

f attains its minimum at x*: f(x*)=p

v

f is L-Lipschitz, so

lgll <L forall gedf

v

IX@ = x*l2 < R

these assumptions are stronger than needed, just to simplify proofs



Convergence results

define
> averaged iterate () = 2 3~ | x(k
» averaged value f(K) = f(x ("))
> f = limy_oo FK)
> foest = liMk o0 O,

we'll show F(K) — f is close to p*.

> notice fbeSt < fk)
» advantage of averaging: no need to evaluate f!

» constant step size: f — p* < [%a/2, i.e.,
converges to L2a/2-suboptimal
(converges to p* if f differentiable, o small enough)

> constant step length: fiox — p* < Lv/2, ie.,
converges to Lv/2-suboptimal

» diminishing step size rule: fi,.t = p*, i.e., converges



Subgradient method decreases distance to optimal set

key quantity: Euclidean distance to the optimal set,
not the function value

let x* be any minimizer of f

e — 3 I3

||X(k) — aug® — x
= I x5 — 20ugT (x —x*) + o} 1613

< ) — |3 = 20 (F(xH) — p*) + a3]|g®)]3

I

using p* = f(x*) > f(x(F)) 4 gl T (x* — x(¥)

apply recursively to get

I — )3

IN

k k
XD =B =23 ai(F(xD) = p) + 3" a2)1g)3
i=1 i=1

IN

K K
R? — ZZai(f(x(i)) —p*) + L2 Za%
i=1 i=1



Subgradient method for constant step size

for constant step size o = o, we can use

k
a(f(xN) = p*) = (o) F(xD)) - akp*
i=1 i=1
akf () — p*) = akf (3K — p*)

v

(where the inequality is Jensen's) to get

0 < B2
— 2ka

» righthand side converges to [2a/2 as k — oo

. _ L . . .
» for fixed k, choose o = TVE to minimize bound

RL RL RL

F _pr < 2 O RT
PP=5Vk T avk vk



Subgradient method for varying step size

by recursive application of subgradient inequality, we had

k k
D =< e =t B2 3 aa(F(D) — )+ D of g3
i=1 i=1

IN

k k
R =23 ai(F(x) = p*) + 1> af
i=1 i=1

so for changing step size, use
k k
i k
D) ) (12 - ) (o
i=1 i=1

to get
W . R+ el
fbest - P S k .
2 Zi:l Q
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Subgradient method for varying step size

constant step length: for o, = 7/||g) ||, we get

(o _ o RHYE g3 Rk
best — 2Zf(:10éi — 2")/k/L ’

righthand side converges to Lvy/2 as k — oo

square summable but not summable step sizes:
suppose step sizes satisfy

oo o0
E s < oo, E Qe = 00
i=1 k=1

then .
22 2
f(k) _pr< R +1L Zi:l @i
best P = k
2 Zi:l (e
as k — oo, numerator converges to a finite number, denominator

0,

converges to o0, SO best



Stopping criterion

2 2k 2
L + L L .
> terminating when kz’ L7l <eis really, really, slow
2 Z,‘=1 Qj
foi—a= R RL
» we saw that if o, = a = L\/;then after k steps, € < Tk SO for
accuracy € need
R212
k> —5—

€
iterations

» the truth: there’s no good stopping criterion for the subgradient
method ...
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Outline

Examples
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Example: Piecewise linear minimization

minimize  f(x) = max;=1,.._m(a] x + b;)

to find a subgradient of f: find index j for which

aij + b= max (3] x + b))
i=1,....m

and take g = a;

subgradient method: x(\+1) = x(k) — q a;

30/45



problem instance with n = 20 variables, m = 100 terms, p* ~ 1.1

fb(:S)t — p*, constant step length v+ = 0.05,0.01,0.005

k *
fb(es)t - p

500 1000 1500 2000 2500 3000
k



diminishing step rules ax = 0.1/v'k and ay = 1/Vk, square
summable step size rules ay = 1/k and ay = 10/k

10 . :
—0.1/sqrt(k) valug]
1/sqrt(k) value
---1/k value
10° [ - --10/k value
N )
Q
I
—~8
x3
preteel
10°

0 500 1000 1500 2000 2500 3000
k



How to avoid slow convergence

don’t use subgradient method when you want very high accuracy!

instead,

» for highest accuracy: rewrite problem as LP or SDP; use IPM
» for medium accuracy:

> regularize your objective (so it's strongly convex)
F(x) = f(x) +alx = x|
> smooth your objective (so it's smooth)

fx)=_E _f(y)

yilly—x[[<8

» more on these later. ..

» for low accuracy: use a constant step size; terminate when you
stop improving much or get bored
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Outline

Polyak's optimal step size
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Optimal step size when p* is known

» choice due to Polyak:

F(x®) — p*
Q= ———~
g™ 113

(can also use when optimal value is estimated)

» motivation: start with basic inequality
IXEFD =5t < I = x* (13 = 2au(F(xH)) = p*) + af16™13

and choose a to minimize righthand side



> vyields

e [ e

(in particular, |[x(k) — x*||, decreases each step)
> applying recursively,

o)

p*)Z

k
3 P =P
- g ™12

R2

IN

IN

SRS

IN

(F(x1) — p*)?
1g®113

R?1?



PWL example with Polyak’s step size, ) = O.l/\/E, a =1/k

_p*

(k)
best

— Polyak
aky:o.l/\/
- = 1/k

500 1000 1500 2000 2500 3000
k



Finding a point in the intersection of convex sets

C=CnN---Cnpis nonempty, Cy,...,C, C R" closed and convex

find a point in C by minimizing
f(x) = max{dist(x, ¢;), ..., dist(x, Cp,)}

with dist(x, C;) = f(x), a subgradient of f is

' x — P¢;(x)
g = Vdist(x. ) = =5 O
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subgradient update with optimal step size:

XKD ) gy, g )
— Pg(x)
= x _f(x0y 2T IGVD
X X
[Ix = Pg(x)ll2
= P (x)

> a version of the famous alternating projections algorithm

> at each step, project the current point onto the farthest set

» for m = 2 sets, projections alternate onto one set, then the other
» convergence: dist(x(¥), C) — 0 as k — oo

39 /45



Alternating projections

first few iterations:

...x") eventually converges to a point x* € C; N G,
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Example: Positive semidefinite matrix completion

some entries of matrix in S” fixed
find values for others so completed matrix is PSD
G =8, G is (affine) set in S" with specified fixed entries

projection onto C; by eigenvalue decomposition, truncation:
for X = 27:1 )\,~q,-q,-T,

vV v. vy

Pc (X) = Z max{0, \i}qiq;”
i=1

» projection of X onto G, by setting specified entries to fixed values

41
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specific example: 50 x 50 matrix missing about half of its entries

» initialize X() with unknown entries set to 0
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convergence is linear:

X0 - XV

10°

20

40

60

80 100
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v

v

v

Polyak step size when p* isn’t known

use step size
FxUy — £ 4o

best
1813

with 370% v = 00, 3002 7k < 00

o =

fb(:gt — Yk serves as estimate of p*

~k is in scale of objective value

can show fb(:s)t — p*
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PWL example with Polyak’s step size, using p*, and estimated with
vk = 10/(10 + k)

—optima]
- - -estimated

fb(cfs)t —p

0 500 1000 1500 2000
k

2500 3000
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