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Unconstrained minimization
minimize f(x)

» f:R" — R convex, continuously differentiable (hence dom f

open)
> we assume optimal value p* = inf, f(x) is attained (and finite)
> we assume a starting point x(%) such that x(©) € dom f is known

unconstrained minimization methods
» produce sequence of points x(k) € dom f, k =0, 1,... with
f(x)) = p*

> can be interpreted as iterative methods for solving optimality

condition

Vi(x*)=0



Descent methods
x+1) — 5 () Lt AX(K) with £(x(KD)) < £(x(K)

other notations: x™ = x + tAx, x := x + tAx, x + x + tAx
Ax is the step, or search direction
t is the step size, or step length
from convexity, f(x*) > f(x) + Vf(x)Ax, so
f(xT) < f(x) implies VF(x)T Ax < 0

(i.e., Ax is a descent direction)

vvyyvyy

Algorithm 1 General descent method.

given a starting point x € domf.

repeat
1. Determine a descent direction Ax.
2. Line search. Choose a step size t > 0.
3. Update. x := x + tAx.

until stopping criterion is satisfied.




Step size choices

» constant step size t(K) = ¢t
» decreasing step size t(K) = 1/k

» line search



Line search types

exact line search: t = argmin, , f(x + tAx)

» how?



Line search types

exact line search: t = argmin, , f(x + tAx)

> how? bisection to find a zero of g’(t) where g(t) = f(x + tAx)
> takes O(log(1/€)) steps to find t with |g'(t)| <€

backtracking line search (with parameters a € (0,1/2], b € (0,1))
> starting at t = 1, repeat t := bt until

f(x + tAx) < f(x) 4+ atVF(x)T Ax

» graphical interpretation: backtrack until t < ¢,

f(x + tAx)

CF(x) + V()T A F(X) +atVE(x)T Ax
> + t
t=0 to
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Gradient descent method

general descent method with Ax = —Vf(x)

Algorithm 2 Gradient descent method.

given a starting point x € dom f.

repeat
1. Ax = =VIf(x).
2. Line search. Choose a step size t > 0.
3. Update. x := x + tAx.

until stopping criterion is satisfied.

> stopping criterion usually of the form |[Vf(x)|2 < e

» very simple, but often very slow



quadratic problem in R?
F(x) = (1/2) (¢ +7) (v>0)

with exact line search, starting at x(©) = (v,1):
K K
(k) _ 7—1> (k>_< 7—1>
===, X = ———=
LT (v +1 2 Y +1

> very slow if y > 1lorvy<1
» example for v = 10:

4t

X2
o

~10 0 10



nonquadratic example

f(X17X2) — eX1+3X270.1 + eX173X270.1 + efxlfo.l

backtracking line search exact line search
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a problem in R100

500
f(x)=c'x— Z log(b; — a] x)
i=1

10%
102
o L N
10 .exact |s.
102
backtragking l.s.
—4l T~
1075 50 100150 200

‘linear’ convergence, i.e., a straight line on a semilog plot



Quadratic upper and lower bounds

what problem does the gradient descent step x := x + tVf(x) solve?
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Quadratic upper and lower bounds

what problem does the gradient descent step x := x + tVf(x) solve?
answer:

N 1
minimize, f(X)Jer(X)T(y*X)+E||Xfy||2

So gradient descent will work best if Hessian is“almost” scaled
multiple of the identity.

Formally, find a € R and 8 € R so that for all x, y € dom f,

AT (=245 [yl < F1) < FI+TFT ()45 Iy

> lower bound is called strong convexity (with parameter )
» upper bound is called smoothness (with parameter j3)
» clearly a < 3
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Example |: quadratic

AT FG)T(r—x) S lxy P < Fl) < F+TF ()T (r—x)+5 ey P

> lower bound is called strong convexity (with parameter )
> upper bound is called smoothness (with parameter )

suppose A € ', and consider f(x) = 2x" Ax. is f smooth and
strongly convex?



Example |: quadratic

AT FG)T(r—x) S lxy P < Fl) < F+TF ()T (r—x)+5 ey P

> lower bound is called strong convexity (with parameter )
> upper bound is called smoothness (with parameter )

suppose A € ', and consider f(x) = 2x" Ax. is f smooth and
strongly convex?

> strongly convex, with parameter & = Apin(A) (if Amin(A) > 0)
» smooth, with parameter § = Ajax(A)



Example |: quadratic

AT FG)T(r—x) S lxy P < Fl) < F+TF ()T (r—x)+5 ey P

> lower bound is called strong convexity (with parameter )
> upper bound is called smoothness (with parameter )

suppose A € ', and consider f(x) = 2x" Ax. is f smooth and
strongly convex?

> strongly convex, with parameter & = Apin(A) (if Amin(A) > 0)
» smooth, with parameter § = Ajax(A)

proof:
%yTAy = %(X+(y—X))TA(X+(Y—X))
LT (Tl - )+ 20T - x)
AinlA) )y < 2y TAly ) < 2By e



Example IlI: smoothed absolute value

FRTF T (x4 ey [P < F(3) < FO+TFGOT(r—x) 5 ey

> lower bound is called strong convexity (with parameter a)

» upper bound is called smoothness (with parameter j3)

consider
1.2 x2 <1

huber(x) = { 2

|x| — 3 otherwise

is huber smooth and strongly convex?



Example IlI: smoothed absolute value

FRTF T (x4 ey [P < F(3) < FO+TFGOT(r—x) 5 ey

> lower bound is called strong convexity (with parameter a)

» upper bound is called smoothness (with parameter j3)

consider
1.2 x2 <1

huber(x) = { 2

|x| — 3 otherwise
is huber smooth and strongly convex?

> not strongly convex

» smooth, with parameter 8 =1



Example lll: regularized absolute value

AT (=30 + 2 Iyl < Fb) < FI+TFT ()45 Iyl

> lower bound is called strong convexity (with parameter «)

> upper bound is called smoothness (with parameter /3)

consider f(x) = |x| + x2. is f smooth and strongly convex?
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Example lll: regularized absolute value

AT (=30 + 2 Iyl < Fb) < FI+TFT ()45 Iyl

> lower bound is called strong convexity (with parameter «)

> upper bound is called smoothness (with parameter /3)
consider f(x) = |x| + x2. is f smooth and strongly convex?

» strongly convex, with parameter a =1

» not smooth
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Roadmap

we'll analyze gradient descent for a few cases:

> is f a-strongly convex, or not?

» is f [3-smooth, or not?

» is f Lipschitz differentiable, or not?

» do we use a fixed step size, or line-search?
a question: are these rates “the best possible”? how could we tell?
compared to what?

we'll do the B-smooth case first, then work up to the others
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Monotone gradient

first, another convexity condition:

» a differentiable function f : R” — R is convex iff for all x,

y € domf,
(VF(x) = VF(y) (x—y) >0

» Vf is called a monotone mapping
» strict inequality = strictly monotone mapping

16
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Monotone gradient: proof

» if f is differentiable and convex, then
Fly) 2 f() +VFx)(y =x)  F(x) 2 f(y) + V() (x—y)
add these to get
0> (VF(x) = V(y) (v — x)

» if Vf is monotone, then for any x, y € dom f, let
g(t) =f(x+t(y — x)). for t >0,

g/(t) = VF(x + tly — x))T(y — x) > g'(0).
SO
1
Fly) = &(1) = £(0) + /0 g(t)dt > g(0)+g'(0)

= f(x)+ VF(x)(y —x)
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Smoothness: equivalent definitions

for convex f : R" — R, the following properties are all equivalent:

1. ngx — f(x) is convex

2. fis f-smooth: for all x, y € domf,
B
fly) < F(x)+ V()T (y —x) + 5 lx = yI?

3. (if f is twice differentiable) V2f(x) < 8/
4. Vf is Lipschitz continuous with parameter 3: Vx,y € domf,

IVE(x) = VIl < Bllx =yl

5. Vf is co-coercive with parameter %: for all x, y € domf,

(VF(x) = V) (x —y) 2 %IIW(X) - Vi)l
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Smoothness: equivalent definitions

for convex f : R" — R, the following properties are all equivalent:
: ngx — f(x) is convex

2. fis f-smooth: for all x, y € domf,

[a—y

y) < ) + VATl —x) + 5 x = y P

w

(if f is twice differentiable) V2f(x) < 8/
. Vf is Lipschitz continuous with parameter 3: Vx,y € domf,

IVE(x) = VIl < Bllx =yl

~

5. Vf is co-coercive with parameter %: for all x, y € dom f,
1
(VF(x) = V) (x —y) > EIIW(X) —Viy)l?

proof: 2) is first order condition for convexity of 1); 3) is second order
condition for convexity of 1); 4) = 2) by integration; 5) = 4)
using Cauchy-Schwarz; 2) = 5) using first order condition (Lemma
3.5 of Bubeck). only 2) = 5) requires convexity.
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Smoothness: proofs of equivalence

1. f is S-smooth: for all x, y € domf,
B
F(y) S FC)+ V) Ty = x) + Slbx = yl?

2. Vf is Lipschitz continuous with parameter 3: for all x,
y € domf,
IVF(x) = VIl < Blix =yl

proof. integrate and use Lipschitz Vf (last line) to prove smoothness:
Fy) = f(x) = V()T (y = x)

_ /O VF(x + t(y — x))T(y — x)dt — VF(x) T (y — x)

/0 (VF(x+ t(y — x)) = VF(x)T(y — x)dt

IN

/0 IVE(x + t(y = x)) = VE)2ll(y = x)l|2dt

IN

! B
[ Bty =0l = 51 = I3
0
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Smoothness: proofs of equivalence

1. Vf is Lipschitz continuous with parameter f3: for all x,
y € domf,

IVE(x) = VI < Bllx =y

2. Vf is co-coercive with parameter %: for all x, y € domf,

(VF(x) = V() (x —y) 2 %IIW(X) - Vi)l



Smoothness: proofs of equivalence

1. Vf is Lipschitz continuous with parameter f3: for all x,
y € domf,

IVE(x) = VI < Bllx =y

2. Vf is co-coercive with parameter %: for all x, y € domf,
1
(VE(x) = V() (x—y) > BIIW(X) — Vf(y)l?

proof. use Cauchy-Shwarz (first ineq) and co-coercivity (second)
IVF(x) = VEO)IN O =)l = (VE(x) = V() T (x = y)
1
> BHVf(X) ~ Vi)l

Ix =)l > %HW(X) — Vi)

to get Lipschitz continuity
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Analysis of gradient descent for smooth functions

three assumptions for analysis:

» f:R" — R convex and differentiable with dom f = R"
» f is smooth with parameter 5 > 0

> optimal value p* = inf, f(x) finite and attained at x*

Algorithm: GD with constant step size.
pick constant step size 0 < t < %, and repeat

XU — () ¢ £ (xR0

(nb: not implementable without guess for ()



Analysis of gradient descent for smooth functions

use quadratic upper bound with y = x* = x — tVf(x):
B
2
f(x) — tIVF(x)I> + t2§||Vf(X)H2

f(x) < Ff(x)+ V) (xT —x)+ Z|xT = x|?

if constant step size 0 < t <

=

') < F(x) = SIVFGIP
< F() = VAT (- x) = S|V
= bl = IR = Xt V)

= x| =[xt = X))

|
he

*
+
L
B3

(second line uses first order convexity condition)



Analysis of gradient descent for smooth functions

take average over iteration counter i =1,..., k:
LS fy -t < 150 Lo a0 )
k — -k — 2t
< (KO P k) )
< Sl P
since f(x(¥)) is non-increasing,
A - p* < oo X — x|

- 2tk

so number of iterations k to reach f(x(¥)) — p* < e is O(1/e)



Analysis of gradient descent for smooth functions

now, with line search!

» t chosen by line search w/params (a, b) = (1, 1) (to simplify
proofs), so x* = x — tVf(x) satisfies

Fx") < F(x) = SIVFG)I.

» from smoothness of f, we know t = % would work

b

. 1
» so linesearch returns t > 2 = =
=B 23

Algorithm: GD with line search.

pick line search parameters (a, b) = (1,1) and x(¥) € R”, and repeat
1. compute V£ (x(¥)
2. find t(¥) by line search

3. update
xE+D) — 5 () _ £ (x(K)



Analysis of gradient descent for smooth functions

using line search condition,
t
') < F(x) = SIVFGIP
* T * t 2
< F(X7) = VIx) (x = x7) = S IV(X)]

* 1 * *
= P (b= X = x = X" = tVE())

1
P o (b= XM = I = x)1%)

p* o+ B(llx = x| =[x — x*[1?)

IN

second line uses first order convexity condition,
last line uses % < % =20



Analysis of gradient descent for smooth functions

take average over iteration counter i =1,..., k:

k k
1 i * 1 i * i *
M) —pt < ST B(N xR = D - x?)
i=1 i=1
B

(I = x*)] = D — x|

IN

k
B x
ZIx® — x|

IN

since f(x(¥)) is non-increasing,

Fx9) — pt < I P

so number of iterations k to reach f(x(¥)) — p* < e is O(1/e)



Strong convexity: equivalent definitions

for convex f : R"” — R, the following properties are all equivalent:

1. f(x) — §xTx is convex

2. f is a-strongly convex: for all x, y € domf,
o
F(y) 2 £(x) + V) Ty = x) + Sl = y|?

3. (if f is twice differentiable) V2f(x) = al
4. Vf is coercive with parameter «: for all x, y € domf,

(VF(x) = VE() T (x —y) > allx - y|?

proof: 2) is first order condition for convexity of 1); 3) is second order
condition for convexity of 1); 4) is monotone gradient condition for 1)



Strong convexity + smoothness

if £ is a-strongly convex and -smooth,
then h(x) = f(x) — a/2|x||? is convex and (3 — a)-smooth:

1

(Vh(x) = Vh(y)) (x —y) > i

IVh(x) = Vh(y)[?

expand h to show

(VF(x) = V) (x —y) =

af 2 1 2
g IV - VA



Analysis of gradient descent for SSC functions

assumptions for analysis:

f : R” — R convex and differentiable with dom f = R"

>
» f is smooth with parameter 5 > 0

> f is strongly convex with parameter o > 0
>

optimal value p* = inf, f(x) finite and attained at x*

Algorithm: GD with constant step size.
pick constant step size 0 < t < %—‘-[3 and repeat
XD — () _ ¢ £(x(0)
1 2
nOteO&<B - 7<a7+3'
so SSC allows larger step sizes than just smoothness
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Analysis of gradient descent for SSC functions

x| Ix = £V F(x) — x|

[Ix — X*||2 + tL2||Vf(x)H2 — 2tVf(X)T(X —x")

[Ix

< x—x P+ 2IVFIR

<2t (2 e+ IV HIR)
- (1 ¢ (ji@)) Ix — x*|2 +t (t - 0442—B> IVF(x)|2
< (1-e(25) ) ke

(first inequality uses coercivity + co-coercivity,
2

last uses t < m)
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Analysis of gradient descent for SSC functions

» distance to optimum decreases by ¢ = 1 — t( 2043) every iteration

I — 2 < Fx©@ — x|

e., “linear convergence”
> ift= O%_ﬁ c= ('}2—__&)2 where Kk = g > 1 is condition number

» using quadratic upper bound, get bound on function value
F9) = p < ) - < B @ =2

» so number of iterations k to reach f(x(¥)) — p* < ¢ is O(log(1/€))



Conclusion

we showed that the gradient method with appropriate step sizes
converges, and guarantees

» for f convex and (3-smooth,

KN _ o < B0 _ oxp2
A — p* < D0 x|

» for f convex, B-smooth, and a-strongly convex,

Bk

F(x) — p < 20 — 2,

Q™

where ¢ = (£21)2, k = £ > 1 is condition number
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