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Abstract: Quantitative magnetic resonance imaging (qMRI) aims to quantify tissue parameters by elim-
inating instrumental bias. We describe qMRI theory, simulations, and software designed to estimate
proton density (PD), the apparent local concentration of water protons in the living human brain. First,
we show that, in the absence of noise, multichannel coil data contain enough information to separate
PD and coil sensitivity, a limiting instrumental bias. Second, we show that, in the presence of noise,
regularization by a constraint on the relationship between T1 and PD produces accurate coil sensitivity
and PD maps. The ability to measure PD quantitatively has applications in the analysis of in-vivo
human brain tissue and enables multisite comparisons between individuals and across instruments.
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INTRODUCTION

Quantitative magnetic resonance imaging (qMRI) meth-
ods seek to measure biophysical properties of the sub-
strate. QMRI measurements are of great value because
they can be compared in a single subject across different

instruments at multiple time points, as well as between
different subjects.

Proton density (PD) is the most basic MRI measure, rep-
resenting the apparent concentration of water protons
(mobile hydrogen atoms) in each voxel. Water concentra-
tion differs between brain tissue types, and the general
ability to infer quantitative tissue properties from qMRI
measurements requires knowledge of the ratio between
macromolecules and water within each voxel [Tofts, 2003].

Several PD-estimation techniques have been described
[Abbas et al., 2014, 2015; Mezer et al., 2013; Neeb et al.,
2006; Noterdaeme et al., 2009; Volz et al., 2012a,b; Whittall
et al., 1997]. These techniques quantify PD by accounting
for coil-sensitivity maps (receive inhomogeneity) in three
different ways. First, some techniques combine data from
multichannel coils into a single channel while others keep
data from the multiple channels separate during the esti-
mation. Second, the techniques use different regularizing
assumptions to overcome the ill-posed nature of the
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problem. Third, the techniques differ as to whether the
method relies on a single global brain analysis, or a set of
local calculations that are integrated in a final step.

Here, we describe, implement, and analyze these PD-
estimation techniques for the purpose of comparing their
efficacy and accuracy. In Theory, we explain the general
principles and why the estimation is ill-posed, requiring
regularization. We then explain several different regulari-
zation approaches. Finally, we contrast local versus global
estimation methods. In Methods, we describe the simula-
tion, acquisition and fitting pipelines. In Results, we com-
pare the theory and measurements. We support [Volz
et al., 2012b]’s finding that it is possible to achieve high
PD-estimation accuracy using T1 regularization, and we
further show that the best results are obtained by using
local T1 regularization based on many small, overlapping
volumes.

THEORY

We introduce the fundamental MRI equations for PD
estimation from a spoiled-gradient-echo (spoiled-GE) MRI
sequence. We explain why separating PD from coil sensi-
tivity is ill-posed. We then systematically describe solu-
tions to this problem.

MRI Signal Equations for PD Estimation

The measured signal from a voxel in any brain spoiled-
GE image depends on M0 x; y; zð Þ; which is the Hadamard
product (8) of the receive-coil sensitivity (G x; y; zð Þ) and the
proton density (PD x; y; zð Þ) of the brain tissue [Eq. (1)].

M0 x; y; zð Þ5G x; y; zð Þ 8PD x; y; zð Þ5 G 8PD (1)

The signal equation for the spoiled-GE MRI sequence,
showing the combination of brain and instrumental
parameters, is:

S að Þ5 G 8 PD
� �
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T2�ð Þsin að Þ 1 2 e2 TR
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 !
(2)

Quantitative MRI aims to separate the brain substrate
from the instrumental factors (coil sensitivity, also called
coil gain). Equation (2) shows that T1 can be estimated

with multiple measurements using at least two different
flip angles (a) [Deoni et al., 2003; Fram et al., 1987].

Equation (2) also shows that the PD estimate is linked
with the spatial variations in coil sensitivity (G), and that
no simple imaging manipulation can separate PD from G.

To see this, note that we can insert an arbitrary matrix, A
and the bA (the Hadamard inverse of A), into the Eq. (1)
without changing the measured signal (i.e., [M05

G 8PD 5G 8A 8 bA 8PD]) . Hence, (G 8A) and (bA 8PD) are
also solutions, and the equation can only be solved for PD
using additional constraints.

Furthermore, after separating G and PD in space, one
needs to find a single scalar that calibrates the PD values
to establish physical units. Here, we set the scale using the
common assumption that in brain ventricles PD 5 1
(“Methods,” Scaling PD to Water Content section).

Constraining the Ill-Posed PD-Estimation

Problem

We analyze five approaches that contribute to solving
the ill-posed problem: (a) the coil-sensitivity functions are
smooth over the volume, (b) the information in the bio-
physical relationship between PD and T1, (c) the addi-
tional information available by analyzing the coil channels
separately, (d) the value of further regularization princi-
ples, and (e) building the solution from many local esti-
mates rather than a single global estimate.

Smoothness constraints

A general approach to separating PD and G is to assume
that the coil-sensitivity functions are smooth over space
[Abbas et al., 2015; Blaimer et al., 2004; Mezer et al., 2013;
Noterdaeme et al., 2009; Volz et al., 2012a,b]. We can
implement this constraint by approximating the coil sensi-
tivity as low-order 3D-polynomial functions specified by
parameters < p >.

A Kth-order 3D polynomial can be express by Eq. (3),
where i1j1k � K and i, j, and i are non-negative.

p01
X
i;j;k

pijkxiyjzk (3)

For example, a first-order (linear K 5 1) polynomial has
four parameters [Eq. (3a)]

Gp x; y; zð Þ5p01p1x1p2y1p3z (3a)

A second-order polynomial (K 5 2) has 10 parameters [Eq.
(3b)]

Gp x; y; zð Þ5p01p1x1p2y1p3z1p4x21p5y21p6 z2

1p7xy1p8yz1p9zx
(3b)

The smoothness constraint is not sufficient to solve for the
PD. Suppose that the number of polynomial coefficients is

Abbreviations

MAPE The median of the absolute percent errors
NLS Nonlinear least squares
PD Proton density
qMRI Quantitative magnetic resonance imaging
SEIR Spin echo inversion recovery
s.d. Standard deviation
Spoiled-GE Spoiled gradient echo
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Np, and we measure the Nv voxels with a single channel.
There are Nv unknown PD values and Np unknown coil
sensitivity parameters. There are more unknowns
(Nv 1 Np) than measurements (Nv). Hence, calculating a
unique PD requires additional assumptions.

One option is to assume that all of the smooth variation
in the M0 image is explained by the coil-sensitivity func-
tion Gp [Noterdaeme et al., 2009; Volz et al., 2012a]. But
this approach is limited because true PD also contains
smooth variation. Below, we describe alternative sources
of information.

T1 constraints

[Volz et al., 2012b] found that both theory and observa-
tion confirm that, in any given tissue type, there is a rela-
tionship between T1 and PD, and showed that it can be
used to separate PD from G. A large part of the T1 varia-
tion is explained by the concentration of non-water tissue
[Kim et al., 1994; Kucharczyk et al., 1994; St€uber et al.,
2014]. Across the conditions used for human brain imag-
ing, the relationship between 1/T1 and 1/PD is linear [Eq.
(4)], [Abbas et al., 2015; Fatouros and Marmarou, 1999;
Gelman et al., 2001; Mezer et al., 2013; Tofts, 2003].

1

PDpred
5

g

T1
1d; PDpred5

T1

g1dT1
(4)

Multichannel information

[Mezer et al., 2013] use multichannel data to separate
PD from G. Specifically, data from multiple channels pro-
vide an over-determined system of equations. Suppose
that the number of polynomial coefficients is Np, the num-
ber of channels is Nc, and the number of voxels we are
measuring is Nv. There are Nv unknown PD values, and
Nc 3 Np unknown channel-sensitivity parameters, and
Nc 3 Nv measurements. There will be more measurements
than unknowns when NcNv > Nv1NcNp.

If G is a polynomial of relatively low order, the number of
measurements exceeds the number of unknown parameters.
Figure 1 illustrates the relationship between the substrate PD
(right image), the three-channel sensitivity functions (middle
column), and the M0 images from three channels (left column).

Using multichannel data, a solution for PD and G can
be found by minimizing an objective function that
includes the difference between the observed and the pre-
dicted M0. The minimization can be calculated in two dif-
ferent ways. We can use an alternating least-squares (ALS)
method [Eq. (5)] (k50) that iterates between the two linear
equations, fixing either (bp or cPDÞ, until convergence.

bp; cPD5argminp;PD jjM00bs2M0predjj221 kErrreg

n o
(5)

Alternatively, we can use a nonlinear search for bp the
polynomial coefficients, solving for cPD as a nested least

squares that is part of the minimization function [Eq. (6)]
(k50).

bp5argminp jjM00bs 2M0predjj22 1 kErrreg

n o
(6)

cPD5M00bs8
1

Gp

� �
; M0pred5 cPD8 Gp

In the presence of measurement noise, these solutions are
subject to overfitting. To limit this possibility, we use a
regularization term kErrreg and cross-validation to quantify
the fit’s accuracy. The regularization term expresses addi-
tional constraints, permitting a slightly worse fit to the
data in exchange for satisfying other important constraints.
The regularization parameter k expresses the tradeoff
between fitting the data and these additional constraints.

Regularization for multichannel approach

We evaluated three regularization techniques:

Ridge (Tikhonov) regression. Ridge regression (also
called Tikhonov regression) is widely used in parallel
imaging [Hoge et al., 2005; Liang et al., 2002; Lin et al.,
2004]. This regularizer selects a vector of coil-sensitivity
polynomial coefficients (p) with a small vector length

Figure 1.

The problem as a picture. The images show the relationship

between proton density (PD), coil sensitivity, and the MRI M0

data [Eq. (1)]. The PD values are multiplied, point-by-point

(Hadamard product), by the coil sensitivities, to produce the M0

images. In this simulation, the coil sensitivities are second-order

polynomials.

r Proton-Density Mapping r

r 3 r



(Errreg5jjpjj22). When an orthonormal polynomial basis is
chosen, minimizing the vector length of p is equivalent to
minimizing the vector length of the coil-sensitivity coeffi-
cients. Tikhonov regularization has a closed-form solution
that can be obtained with ALS [Eq. (5)].

Correlation regularization. The second regularizer con-
strains the correlations between M0 measurements and
channel sensitivity. The PD estimation is based on the fact
that each channel carries different sensitivity information.
The correlation between M0 measurements from any two
channels, corr M0i; M0j

� �
must be greater than the correla-

tion between the corresponding sensitivity maps of these
channels corr Gi; Gj

� �
, [Mezer et al., 2013]. This regulariza-

tion reduces overfitting by limiting the correlation between
the coil sensitivities (Gi; Gj), keeping the correlation below
that found in the measurements (M0i; M0j).

Errreg5
1; if corr M0i; M0j

� �
< corr Gi; Gj

� �
0; otherwise

(

With correlation regularization there is no closed-form
solution, and a non-liner search can be used [Eq. (6)].

Biophysical regularization. The Tikhonov and coil-
correlation regularizers arise from general mathematical
ideas; the third regularizer is motivated by specific bio-
physical information.

Volz’s group [Volz et al., 2012b] suggests that PD can be
accurately estimated by accounting for a global linear rela-
tionship between T1 and PD [Eq. (4)]. A similar approach
can be used to derive a regularization term for the multi-
channel problem [Eq. (6)]:

Errreg 5 jjdPD 2 PDpredjj22 5 jjdPD 2
T1

g1dT1
jj22

The regularization term (Errreg) is calculated as follows.
Given an estimate of the sensitivities’ coefficients bp, we calcu-
late Gp, cPD; and M0pred. We then use T1 and cPD values
to estimate the parameters g and d as a nested-least-
squares problem that minimizes the error Errreg.

The parameters (g; d) of the linear relationship between
1/T1 and 1/PD only depend on the selected voxels’ T1
and cPD values. The regularization penalty is imposed only
for deviations from the linear relationship, with no prefer-
ence for any specific (g; d) values; the linear parameters
may vary across tissue types and individuals because each
tissue type contains different molecules and ion content
[Kim et al., 1994; Kucharczyk et al., 1994; Mezer et al.,
2013; St€uber et al., 2014].

Global versus Local Fitting

There is a third general decision we can make about the
PD-estimation method. We might try to fit the entire vol-
ume (global) at once through the minimization process. A
second possibility is to use a relatively low-order polyno-

mial over many small volumes (local) [Mezer et al., 2013],
and then to smoothly join these estimates (see Combining
Local PD Estimates section and Supporting Information
Appendix 3). These methods differ in noise sensitivity,
number of unknown parameters, computational time, and
ability to capture regional differences. We compare the
global and local methods in Results.

METHODS

Software

We provide a full implementation (Matlab) of the
image-processing, analysis and simulation code, along
with test data. Software that enables the reader to repro-
duce the main figures in this article is available at
[https://github.com/mezera/mrSensitive]. The image-
processing and simulation libraries are maintained at:
https://github.com/mezera/mrQ.

Human Subjects

The Stanford University Institutional Review Board
approved all procedures for medical research involving
human subjects. Human measurements were performed
on a healthy adult volunteer who provided informed writ-
ten consent. A sample data set can be found at http://
purl.stanford.edu/nn554zr6949.

Phantom

A homogeneous standard agar phantom (fBIRN) was
used to evaluate the quality of the coil- sensitivity inhomoge-
neity correction. The fBIRN standard phantom is constructed
using a 17.5-cm-diameter spherical container that contains a
mixture with approximately 3.6 L H2O; 400 ml 21.8 mM
NiCl2; 120 grams Agar and 20 grams NaCl (0.5%) (for more
details please see: http://www.birncommunity.org/tools-
catalog/function-birn-stability-phantom-qa-procedures/).

A sample phantom data set can be found at [http://
www.birncommunity.org/tools-catalog/function-birn-stabil-
ity-phantom-qa-procedures/].

MR-Image Acquisition

Phantom and human data (N 5 15 ages 19–38). were
obtained using a 3T GE Signa 750 MRI scanner. We
obtained data using a Nova 32-channel receive-only head
coil. The quantitative T1 and PD parameters were meas-
ured from spoiled-GE images acquired with different flip
angles (48, 108, 208, 308), and TE 5 2.4 ms. The human-
brain measurements were made at 0.93 3 0.93 3 1 mm3

resolution and with a TR 5 14 ms; the phantom data were
acquired at 2 mm isotropic resolution and TR 5 20 ms.

The RF excitation flip angles were calibrated using spin
echo inversion recovery (SEIR) scans as reference [Mezer
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et al., 2013]. These scans were done with TR 5 3 s, slab
inversion pulse and spatial spectral fat suppression. The
echo time (TE) was set to minimum full; inversion times
were 50, 400, 1,200, 2,400 ms. We used 2 3 2 mm2 inplane
resolution with a slice thickness of 4 mm. EPI readout was
performed (SEIR-epi) using 23 acceleration at 3T.

The data acquisition takes about 4 min for the SEIR-epi
and 8 min for spoiled-GE for 2 3 2 3 2 mm3 resolution
with four flip angles, or 20 min for 1 3 1 3 1 mm3 resolu-
tion. The spoiled-GE time can be halved by using two, rather
than four, flip angles (for example see [Volz et al., 2012a,b]).

To test the instrument-independence of the PD and coil-
sensitivity estimates, we repeated the scanning sequence
described above for one subject with a GE 8-channel
receive-only head coil.

Simulated PD And Coil-Sensitivity Data

We simulated a spoiled-GE signal that is a function of
coil sensitivity, PD, T1, and TR using [Eqs. (1) and (2)].
Data were simulated using flip angles of 48, 108, 208 and
308, and a TR of 14 ms. There was no need to simulate the
TE and T2* because of assumed short TE (�2ms).

In some cases, independent Gaussian-noise samples
were added to each simulated flip angle.

We simulated 32-channel head coil-sensitivity functions
with values estimated on homogeneous phantom data (see
above Estimation of the Coil sensitivity-Profile with 3D
Polynomials section).

We simulated both small volumes (e.g., 15 3 15 315
voxels) with spatial PD structures (Fig. 1) and a whole-
brain volume (Fig. 2).

In the small volume (local) cases, we simulated the PD
values with a variety of spatial distributions. The sensitiv-
ity functions were simulated as polynomials [Eq. (3)] with
coefficients that correspond to the values estimated on a
homogeneous phantom. The T1 values were simulated as
a function of these PD values [Eq. (4)]. In some simula-
tions, we also introduced specific deviations from the T1-
PD formula.

The whole-brain M0 data were simulated using real sen-
sitivity and PD values. The sensitivity functions were
taken from M0 images of the homogenous phantom. To
achieve a realistic whole-brain PD volume, we used fitted
PD values on one subject (fitted with local T1 regulariza-
tion, Local multichannel methods and regularization sec-
tion). Finally, we added Gaussian noise to the simulated
data. If T1 values were part of the regularization, we used
the estimated T1 from the same subject.

Image Processing

RF excitation bias

The nominal RF excitation flip angles (aNÞ were cali-
brated using the SEIR-epi data [Mezer et al., 2013]. We
first measured the gold standard T1 using SEIR-epi [Barral
et al., 2010]. The spoiled-GE data were registered to the
SEIR-epi using ANTS, a nonlinear registration software
[Avants and Gee, 2004]. Finally, we calculated the true
angle (aT), correcting for excite inhomogeneity (bÞ;
(aT5aNb) by comparing the biased spoiled-GE data and
the gold standard SEIR-epi T1 values [Mezer et al., 2013].
The adjustment was made by using the spoiled-GE equa-
tion and nonlinear least squares (NLS) to estimate the true
flip angle. In this analysis, we assumed that the excite
inhomogeneity function was smooth over space. Therefore,
we calculated the smooth inhomogeneity in the SEIR-epi
space and interpolated it to the higher resolution spoiled-
GE imaging space (see Supporting Information Appendix
1 for the full algorithm).

For the homogeneous phantom data, the SEIR-epi mean
T1 value was applied. No registration was needed in this
case. The other methods were the same.

T1 and M0 fits

The T1 and M0 maps were calculated from the meas-
ured and simulated (see below) spoiled-GE data using Eq.
(2) and a fitting procedure described by [Chang et al.,

Figure 2.

A full-brain simulation comparing PD estimates. Typical human PD values (panel A) were multi-

plied by different 32-coil sensitivity functions estimated from phantom data (one shown, panel

B). Gaussian noise (N) was added to produce simulated M0 data (panel C). PD was estimated

from the simulated M0 data (panel D) using different methods (see Figs. 5 and 6).
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2008]. This method minimizes the difference between the
data and the signal-equation predictions. For the measured
MRI data, we used Eq. (2), but with the corrected flip
angle (aT) instead of the nominal flip angles (aÞ.

Estimation of the Coil Sensitivity-Profile

with 3D Polynomials

We used the agar homogeneous phantom (constant PD)
to estimate the coil-sensitivity functions. For the phantom,
the M0 signal measures the variation in coil sensitivity,
which we modeled using a 3D orthonormal basis (GpÞ.
The quality of the fit was estimated using different poly-
nomial orders, and local region sizes are described in
Results.

Algorithms to Separate PD And Coil Sensitivity

from the M0 Image

In Theory (Constraining the ill-Posed PD-Estimation
Problem and Global versus Local Fitting sections), we dis-
cussed four different approaches (local vs. global and sin-
gle vs. multiple coils) to estimate the PD and the coil
sensitivity from the calculated M0 data [Eq. (2)]. Here, we
describe implementations of each of these approaches.

Global single-channel methods

We implemented three published global single-channel
methods. [Volz et al., 2012a] described UNICORT, a
method that estimates a smooth field using the SPM soft-
ware to remove the coil sensitivity [Weiskopf et al., 2011].
[Noterdaeme et al., 2009] suggested COIN, which uses a
different approach to estimate a smooth global field.
Finally, [Volz et al., 2012b] proposed a method, PseudoT1,
that uses the T1 values to estimate the PD map. We imple-
mented UNICORT and PseudoT1, assisted by personal
communication with the authors.

For single-channel analyses, we combined the M0
images from a 32-channel coil using the standard sum of
squares (SOS). We also tested the methods for a single
channel formed as the median of the multiple channels. In
the text below, SOS was used unless specified in the text.

Global multichannel method

We tested one global multichannel approach that was
developed for parallel imaging (ESPIRIT) [Uecker et al.,
2014]. The software and sample data for this approach
are also available at [http://www.eecs.berkeley.edu/
~mlustig/Software.html].

Local multichannel methods and regularization

For the local multichannel approaches, we divided the
whole-brain into multiple overlapping volumes (boxes,
1.4 cm on a side, centers separated by 7 mm; each box

overlaps with 32 neighbors) [Mezer et al., 2013]. We solved
for the PD in each box independently and then combined
the multiple estimates into a single, large PD map (see
Combining Local PD Estimates section).

We used Eq. (5) or (6) (in Theory, Multichannel informa-
tion section) to estimate the PD and G. The M0 data were
predicted from the coil-sensitivity functions and PD val-
ues. We implemented three different regularization
approaches (ridge, correlation, and T1-regularization), as
described in the Theory section. The optimal weight for
the regularization term (k) was set using a cross-validation
approach (see Selection of the regularizer weight section in
Supporting Information Appendix 2). [https://github.
com/mezera/mrSensitive].

In the absence of a closed-form solution, we estimated
PD and G using both ALS solutions [Eq. (5)] and an NLS
fitting procedure [Eq. (6)] (Matlab, lsqnonlin.m [MATLAB
and Optimization Toolbox Release 2014a]). The estimates
were very similar, but the ALS methods took much longer.
Therefore, we are reporting the NLS method.

In Supporting Information Appendix 2, we explain that
the validity of each regularization approach, and its cross-
validation error in small volumes (3,375 voxels), were
tested via simulations. In the simulations, different (1,250
datasets) coil-sensitivity functions and PD spatial distribu-
tions were simulated. The PD spatial distributions
included single spots, homogeneous regions, regions with
low- and high-frequency variation, random values, and
circular regions.

Local single-channel method

The Global-PseudoT1 [Volz et al., 2012b] uses all non-
CSF T1 values as a single global regressor to estimate the
whole-brain PD and coil sensitivity (see T1 constraints and
Global single-channel methods sections). We implemented
a localized version (Local-PseudoT1) using Eq. (6) with
Errreg of the T1 biophysical regularization (see Theory,
Multichannel information section). In our implementation,
the algorithm was applied separately for many local vol-
umes, each with its own T1-PD biophysical relationship.
The calculation of the local coil-sensitivity function and
the combination of the local fits was similar to the other
local approaches (described in Local multichannel meth-
ods and regularization and Combining Local PD Estimates
sections), with one difference: only a single SOS M0 vol-
ume was used.

Combining Local PD Estimates

In the case of the global problem, we used the ventricles
for scaling PD values (see Scaling PD To Water Content
section); however, the multilocal problem requires that we
first estimate one more unknown scalar per box. For the
multichannel approaches, and the Local-PseudoT1, we
used a local analysis that combined estimates across a
large number of small, overlapping volumes [Mezer et al.,
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2013]. Each box’s PD values were estimated independ-
ently, and each estimate had one unknown scalar (see MRI
Signal Equations for PD Estimation section). Since all the
boxes overlap in space, the scaling factors are related and
the relationship can be expressed using a set of linear
equations. We solved for the relationship between the sca-
lars by imposing consistency across the overlapping boxes
(see Supporting Information Appendix 3 for the full algo-
rithm, and a sample code in SimLinJoinBoxes.m [https://
github.com/mezera/mrSensitive]).

Scaling PD to Water Content

To quantify the PD estimates, we scale the values to
match the theoretically known PD and T1 value of free
water in the ventricles. We identify the PD scalar in three
steps. First, we identify the ventricles as those voxels in the
center of the brain volume (in ac-pc space) with
4.2<T1< 4.7 s. Second, we divide the sensitivity map from
the data with the lowest flip-angle; these have the highest
signal-to-noise ratio for the ventricles [Volz et al., 2012a,b].
Last we search for a single scale factor for those voxels that
best fit the data using Eq. (2) assuming the CSF parameters
are PD 5 1 and T1 5 4.3 s [Hopkins et al., 1986].

Comparison between PD Fitting Algorithms

To compare the different PD fitting algorithms described
in (3.8) we used the following approach

a. The whole-brain simulation M0 data (see Simulated
PD And coil-Sensitivity Data section) were processed
with each algorithm and the PD outputs were com-
pared against the ground-truth PD simulation.

b. In-vivo M0 data acquired on the same subject were
scanned with a 32-channels coils (see MR-Image
Acquisition section) and with an 8-channels GE coil.
These data were processed with different algorithms
describe above (3.8) to estimate the algorithm reliabil-
ity and robustness in PD estimations.

Comparing PD Mapping across Subjects

Data from 15 subjects (see MR-Image Acquisition section)
were fitted for PD (see Local single-channel method section).

To calculate the mean white and gray matter PD values,
each subject ’s brain was segmented using FSL software
software [Jenkinson et al., 2012]).

RESULTS

Assessing the whole-brain-simulation PD values (Fig. 2)
using the traditional SOS M0 calculation yields poor
results (R2 5 0.32). Using the median channel M0 rather
than the SOS is not substantially better (R2 5 0.52). This

reinforces the need to develop the quantitative PD-
estimation algorithms analyzed below.

Coil-Sensitivity Estimation Using a Smooth

Polynomial

We used the phantom M0 data to establish an appropri-
ate polynomial degree to approximate the global and local
coil sensitivities for 32-channel coils (Fig. 3A). A tenth-
order polynomial fit the global coil sensitivity with less
than 1% error (Fig. 3B). A third-order polynomial fit the
coil sensitivity in a typical local volume (10 cm3 5 10 ml)
with an error of less than 1% (Fig. 3C).

PD Estimates from Small Volumes of Simulated

M0 Data

We simulated M0 images and channel-sensitivity func-
tions, and estimated PD values. As predicted by theory,
when the sensitivity functions are polynomials (Gp), and
there is no noise, multichannel data can be used to esti-
mate the true PD values perfectly (Fig. 4A). But when M0
is contaminated by Gaussian noise, the PD, and the chan-
nel sensitivities are poorly estimated, and the returned
solution explains the M0 data better than the true solution
(Fig. 4B). Moreover, the residual error has spatial struc-
ture, so that the voxels with a large error are clustered
together. These clusters arise because the estimated sensi-
tivity functions are smooth.

Next, we evaluated three multichannel approaches with
various types of regularization (Tikhonov [Hoge et al.,
2005; Liang et al., 2002; Lin et al., 2004], correlation [Mezer
et al., 2013], and local T1). All regularizations dramatically
reduced the noise overfitting from median absolute per-
cent errors (MAPE) of 30.65% with no regularization, to
MAPE< 10% (Fig. A-2A). The T1-regularization approach
was found to be the best (MAPE 5 3.39%, Fig. 4C). This is
also the only approach with no significant spatial structure
in the residual error (Supporting Information Appendix 2,
Fig. A-2B).

Comparing PD Estimates Using Whole-Brain

Simulation with Noise

We compared global and local methods based on multi-
channel and single-channel data. The comparison is based
on a whole-brain simulation with noise (Fig. 2).

Global single-channel approach

We evaluated three global methods that estimate the PD
from single-channel M0 images: UNICORT [Volz et al.,
2012a], COIN [Noterdaeme et al., 2009] and PseudoT1
[Volz et al., 2012b]. The accuracy (R2) for the three algo-
rithms is 0.9, 0.47, and 0.92, respectively (Fig 5B).
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Importantly, the MAPE values of each method also dif-
fer in space (Fig. 5B inserts). In general, the global
approaches are very sensitive to the PD spatial structure,
especially when the PD contains a smooth variation. Intro-

ducing a smooth PD variation to the global calculations in
Fig. 5 considerably reduces the performance (R2< 0.63).
The algorithms’ accuracy also depends on how the chan-
nel data are combined, such that the combination using

Figure 3.

Global and local polynomial fits to phantom M0 data. (A) The

coil sensitivity was estimated from M0 data obtained from a

homogenous phantom. The illustration shows 32-channel coil

M0 data combined into a single channel using the standard sum-

of-squares (SOS) method. (B) The graph shows the percent

error between the whole combined M0 volume and a 3D poly-

nomial approximation for a range of polynomial orders. A third-

order polynomial has about a 7% error, and a tenth-order poly-

nomial has a 1% error. (C) Local polynomial fits to phantom M0

data. The five subpanels show the percent error in the esti-

mated multiple-channel sensitivities as a function of volume.

Each subpanel shows calculations of different local volumes that

are centered at each of the black points in panel A. The differ-

ent symbols show the error for polynomials of different orders.

In the center of the phantom, the polynomial fits do well even

at larger volumes. The sensitivity changes rapidly at the edges,

and the polynomial fits do well only over smaller volumes. In all

cases, the error of the third-order polynomial approximation is

less than �1% for a volume of about 104 mm3 (�2.15 cm iso-

tropic or 10 ml).
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Figure 4.

Accuracy of PD estimates from multichannel data. (A) In the noise-free case, the M0 data from

multiple coils perfectly estimates PD and polynomial coil-sensitivity functions. (B) In the presence

of noise, the PD estimate without regularization is poor. (C) The PD estimate can be regularized

by biophysical constraint of the T1 values. Even in the presence of substantial noise, the T1-

regularized PD estimate is close to the simulated true value.

Figure 5.

Comparing full-brain PD estimates of three global approaches.

(A) Simulated multichannel M0 volumes are combined to pro-

duce a single-channel SOS M0 volume. (B) The 2D histograms

compare the simulated and estimated PD using three different

global methods (UNICORT [Volz et al., 2012a]; COIN [Note-

rdaeme et al., 2009]; PseudoT1 [Volz et al., 2012b]). The image

gray scale measures the number of voxels. The mean accuracy

(R2) is shown in each panel. When the data are combined using

the median channel value, rather than SOS, the mean accuracy

is lower (0.84, 0.47, 0.70, respectively, not shown). The inset

images show the error’s spatial distribution (percent).
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the median channel value differs significantly from the
SOS combination.

Finally, the high polynomial orders suggested by [Volz
et al., 2012b] for the PseudoT1 method either failed to con-
verge or produced results with a large error. The best
polynomial order was K 5 3, which is lower than the poly-
nomial order required to accurately fit the data (K 5 10;
Fig. 3).

Global multichannel approach

To analyze global smooth function estimated from
multiple-channel-coil information, we used methods that
were developed for parallel imaging (ESPIRIT) [Uecker
et al., 2014]. The accuracy of this method is similar to that
of the SOS value of M0 (see ESPIRIT script Example.m
[https://github.com/mezera/mrSensitive]). We note that
this method was not proposed for PD estimation.

Local multichannel approach

We tested three types of local multichannel regulariza-
tions: Tikhonov [Hoge et al., 2005; Liang et al., 2002; Lin
et al., 2004], correlation [Mezer et al., 2013], and local T1
(Fig. 6). The Tikhonov regularization did not improve the
accuracy, R2 5 0.19 and the MAPE 5 20% (panel A), the
correlation regularization was R2 5 0.89 and MAPE 5 3.8%
(panel B), and the local T1-regularization method recov-
ered the PD values with high precision, R2 5 0.99 and
MAPE 5 0.5% (panel C). The Tikhonov error and correla-

tion error have significant spatial structure (Supporting
Information Appendix 2, Fig. A-2B), and this produces
low frequency errors across the brain (Fig. 6AB, insets).
The T1-regularization error has substantially less spatial
structure, so that accumulating data across the larger vol-
ume produces far less low-frequency spatial-coherence
error (Fig. 6C inset).

Initializing the multiple-channel fitting from very differ-
ent starting points had almost no effect on the fit accuracy.
Furthermore, in most of the brain volume, the regulariza-
tion weight selected by the cross-validation procedure was
the same as the weight selected for the phantom data and
phantom simulation.

The multichannel analyses are sensitive to noise. In
these simulations, changing the number of channels from
4 to 8 and 32 decreased the fit accuracy (by 10% and 50%,
respectively). The additional channels had very little or no
additional signal and mainly contributed noise.

Local single-channel approach

The Local-PseudoT1 approach combines the [Volz et al.,
2012b] PseudoT1 regularizer with the [Mezer et al., 2013]
local method. This approach is very efficient and works
extremely well (R2 5 0.98 and MAPE 5 0.8% for the SOS
M0, and R2 5 0.95 and MAPE 5 2% using the median of
the channels). This result is almost identical to the T1 reg-
ularization with multichannel data (Fig. 6C).

Figure 6.

Comparing full-brain PD estimates of three multichannel local approaches. The 2D histograms

(panels A–C) compare the simulated (see Fig. 2) and estimated PD using multichannel data and

the local-fitting approach for three different regularization techniques (Tikhonov, correlation and

T1). The gray scale measures the number of voxels. The mean accuracy (R2) is shown above

each panel. The spatial distribution of the percent error is shown by the colored insets.
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Instrument Independence

We compared human-brain PD estimates calculated
using two different coil arrays (Fig. 7); one with 8 channels
and the other with 32 channels. The coil-sensitivity func-
tions differ substantially between these arrays, due to both
the size and spatial distribution of the coil elements. Thus,
the comparison of the PD estimates from these two acquis-
itions evaluates the reliability in separating coil sensitivity
from PD.

Using both single-channel and multichannel T1 local
regularization (Fig. 7A,B), the two human- brain PD esti-
mates agree for both gray and white matter (R2 5 0.89).
The reliability is similar using either multiple channels or
combining the multiple channels into a single channel.
This level of agreement is also similar to other recently
published methods’ multicoil correlation [Mezer et al.,
2013] 0.88, UNICORT [Volz et al., 2012a] 0.87, and Pseu-
doT1 [Volz et al., 2012b] 0.82. Importantly, the residual
error size is similar across methods (MAPE �5%), but the
spatial distribution is only uniformly distributed for the T1
local regularization (Fig. 7C).

In-Vivo PD Mapping

We estimated the PD values of 15 subjects (ages 19–38).
We calculated the mean and standard deviation of PD val-
ues across the gray matter (0.83 6 0.06) and white matter
(0.74 6 0.07). These values agree with estimates using other
MRI methods [Abbas et al., 2014, 2015; Fatouros and

Marmarou, 1999; Gelman et al., 2001; Mezer et al., 2013;
Tofts, 2003; Volz et al., 2012a,b] and non-MRI invasive
methods [Tofts, 2003].

DISCUSSION

PD is the most basic MRI measurement, representing
the percentage of observed water protons, the source of
the MRI signal, in each voxel. The complement of PD, the
lipid and macromolecular tissue volume (MTV), is a fun-
damental measure of human brain tissue.

Calibration and computational methods are required to
separate the PD signal from the coil sensitivity. In modern
practice, clinical magnets and coils are not calibrated, so
that RF excitation and receive are major sources of
unwanted variation [Tofts, 2003].

In this work, we describe several computational strat-
egies to separate PD from coil sensitivity, G for spoiled-
GE. We show that assuming smoothness of G is necessary
but not sufficient; additional information and image-
processing algorithms are needed. We compare different
approaches that provide more information about G.

We find that multichannel data increases the robustness
of the fit but also significantly increases the size of the
acquired data and extends the computation time. We sup-
port the view of [Volz et al., 2012b] that T1 information
has great benefit for two reasons: T1 regularization uses a
biophysical prior that is more specific than general mathe-
matical assumptions, and T1 regularization includes high-
resolution spatial measurements that are important for

Figure 7.

Comparing in-vivo human brain PD measured with 8- and 32-

channel coils. (A) An axial brain slice showing the PD map esti-

mate by T1 local regularization in the same subject using two

different RF coils (8-channel and 32-channel). (B) The 2D histo-

gram compares the PD estimates measured using 8-channel (x-

axis) and 32-channel (y-axis) coils (R2 5 0.89). The gray scale

measures the number of voxels. The two dark regions represent

PD values from white matter (smaller) and gray matter (larger).

(C) A comparison between four different PD- estimation meth-

ods. Spatial distribution of error is shown for two methods that

use local PD fits (T1 local regularization, multichannel correla-

tion [Mezer et al., 2013]) and two that use global fits (UNI-

CORT [Volz et al., 2012a] and PseudoT1 [Volz et al., 2012b]).

The error is calculated as the percent of the difference between

the 8- and 32-channel PD images divided by the mean of the

images.
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controlling overfitting of the smooth coil sensitivity G.
Finally, global methods are less stable than local estima-
tion methods.

Analyzing the local T1 regularization, we find that the
additional advantage of multichannel data was minimal.
Importantly, the Local-PseudoT1 method is the only one
that has both high accuracy and uses a single channel for
fitting. The ability to solve with single-channel data dra-
matically speeds up the analysis and renders the algorithm
compatible with data that exist in many centers. Further-
more, multichannel approaches may be limited when each
channel’s data is under sampled due to accelerated acqui-
sition with parallel imaging approaches. It is still advisable
to test different methods, particularly in cases when there
is reason to believe that T1 might not be a good predictor
of PD (for example, when Gadolinium affects the signal),
in pathological cases or when there is a significant amount
of noise in the T1 estimates.

We confirm previous results showing a global correla-
tion between 1/PD and 1/T1 in gray and white matter.
The linear parameters [Eq. (4)] in this study are close to
the typical white-matter values of g � 0.5 s – 1 and d �
0.8 in previous studies [Abbas et al., 2015; Fatouros and
Marmarou, 1999; Gelman et al., 2001; Mezer et al., 2013;
Tofts, 2003]. Extending our previous work, we find that
these parameters vary across the brain; furthermore, we
also find significant local variation in the regression-line
parameters. The PD value measures the lipid and macro-
molecular tissue volume (MTV 5 1 2 PD), while the T1
value measure depends on both the volume and composi-
tion of those lipids and macromolecules. We suggest that
there is valuable information in describing the local values
in individual subjects. Interestingly, a recent study pro-
posed using a constant set of parameters relating T1 and
PD to simultaneously map RF excite and sensitivity inho-
mogeneities [Baudrexel et al., 2016]. Further work is
needed to determine the loss of accuracy caused by ignor-
ing local parameter differences or parameter differences
between individuals.

Parallel Imaging

Coil-sensitivity maps are an important part of parallel
imaging. In general, improving the accuracy of coil-
sensitivity maps enables greater acceleration [Blaimer
et al., 2004; Larkman and Nunes, 2007].

Several earlier studies developed a framework for
enhancing parallel imaging by jointly estimating coil sensi-
tivity and spin density [Ying and Sheng, 2007] using regu-
larization approaches [Liang et al., 2002; Lin et al., 2004;
Uecker et al., 2008]. The current work uses many of the
methods of parallel imaging, such as regularization, to
estimate coil-sensitivity maps and avoid overfitting. We
find that these approaches increase the accuracy of PD
mapping, and that the biophysical method is the most reli-

able and better than the current practice of estimating coil
sensitivity.

The methods we describe are not applicable to all cases
of parallel imaging, but there may be some application in
cases in which T1 maps are acquired. T1 regularization
and the methods developed here for combining data from
local (�2.7 cm3), overlapping, low-order-polynomial coil-
sensitivity maps may provide accurate maps that will be
useful for accelerating SENSE applications. Extending this
work into parallel imaging requires further research incor-
porating the phase component.

Limitations

T1-regularization assumes a linear PD-T1 relationship.
In principle, large deviations from this relationship might
yield poor PD estimates. The simulations show, however,
that the linear relationship that is part of the T1 regular-
izer does not need to be very accurate (see Supporting
Information Appendix 2).

The simulations and analyses neglect T2* effects on the
MRI signal because the measurements are acquired using
a short TE (�2 ms). Some T2* may be present in the data
and affect the PD estimates [Abbas et al., 2014, 2015; Volz
et al., 2012a]. There is a possibility of taking advantage of
T2 or T2* mapping with multiple TEs that can be
regressed to TE 5 0 [Neeb et al., 2006; Whittall et al., 1997].

CONCLUSIONS

Using single channel data to separate PD from coil sen-
sitivity is an ill-posed problem. One approach to solving
the problem is to use multi-channel measurements. We
show that in the absence of noise, a unique and accurate
separation can be obtained by imposing the mathematical
constraint of smooth coil sensitivities (low-order polyno-
mials). In the presence of noise, however, such solutions
are sensitive to overfitting and additional regularization
terms are necessary. Using a biophysical prior about the
T1-PD relationship yields more accurate estimates than
any of the mathematical regularizations we tried. Further,
applying the T1-PD constraint locally, and then joining the
local solutions, provides particularly accurate PD esti-
mates. Combining local T1-PD regularization with the
assumption of smooth coil functions yields robust and
accurate separation of PD from coil gain. Together these
regularizers separate PD and coil gain effectively even
when using conventional single channel data.
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