
BIN DONG

PEKING UNIVERSITY

Dynamic System and Optimal Control Perspective 
of Deep Learning

Special thanks to YipingLu who helped in preparation of the slides.



Outline
ÂBackground and motivation

ÂDeep neural network and numerical ODE

ÂDeep neural network and numerical PDE

ÂAn application in image processing and medical imaging

ÂOptimal control perspective for deep network training



Background & 
Motivation



Deep Learning: Burning Hot!

4Credit: D. Donoho/ H. Monajemi/ V. Papyanά{ǘŀǘǎ оурέϪ{ǘŀƴŦƻǊŘ



Deep Learning
5ŜŜǇ ƭŜŀǊƴƛƴƎ ƛǎ άŀƭŎƘŜƳȅέ 
- Ali Rahimi, NIPS 2017



Deep Learning

What are still challenging
Learning from limited or/and weakly labelled data

Learning from data of different types

Theoretical guidance, transparency

Should we expect rigorous mathematical analysis of deep learningΚ aŀȅōŜΣ ōǳǘΧ

We also wish to allow the possibility than an engineer or 
team of engineers may construct a machine which works, but
whose manner of operation cannot be satisfactorily 
describedby its constructors because they have applied a 
method which is largely experimentalςAlan M. Turing



What are still challenging
Learning from limited or/and weakly labelled data

Learning from data of different types

Theoretical guidance, transparency

²Ŝ ǇǊƻōŀōƭȅ ǎƘƻǳƭŘ ŦƛǊǎǘ ŦƛƴŘ άŦǊŀƳŜǿƻǊƪǎέ ŀƴŘ άƭƛƴƪǎέ ǿƛǘƘ ƳŀǘƘŜƳŀǘƛŎǎ.

Deep Learning

Deep Network

Network Architecture

Network Training

Differential Equations (DE)

Numerical DE

Optimal Control



Deep Neural Networks 
and Numerical ODE
NETWORK STRUCTURE DESIGN



Depth Neural Network

Ὢ Ὢ ὪỄ ὼ

Deep Neural Network

A Dynamic System?



Motivation

●▪ ●▪ █●▪

Deep Residual Learning(@CVPR2016)

●◄ █●

Forward Euler Scheme

- WeinanE. A Proposal on Machine Learning via Dynamical Systems. Communications in 
Mathematical Science, 2017.

- Haber E, RuthottoL. Stable architectures for deep neural networks[J]. Inverse Problems, 2017.
- Bo C, MengL, et al. Reversible Architectures for Arbitrarily Deep Residual Neural Networks, 

AAAI 2018
- Lu Y. et al., Beyond Finite Layer Neural Network: Bridging Deep Architects and Numerical 

Differential Equations, ICML 2018.



Motivation

Theoretical Convergence Results is built in:
Thorpe, Matthew, and Yves van Gennip. "Deep Limits of Residual Neural Networks."arXiv
preprint arXiv:1810.11741(2018).
A New Generalization Perspective From Control:
Han, Jiequn, and QianxiaoLi. "A mean-field optimal control formulation of deep learning."arXiv
preprint arXiv:1807.01083(2018).

●▪ ●▪ █●▪

Deep Residual Learning(@CVPR2016)

●◄ █●

Forward Euler Scheme



Depth Revolution

Deeper And Deeper



Depth Revolution

Going into
infinite layer

Differential Equation 
As Infinite Layer 
Neural Network



Polynet(@CVPR2017)

(b) Polynet

Zhang X, Li Z, Loy C C, et al. PolyNet: A Pursuit of Structural Diversity in Very Deep Networks. CVPR 2017

Revisiting previous efforts in deep learning, we found that 
diversity, another aspect in network design that is relatively 
less explored, also plays a significant role

PolyStrure: ὼ ὼ Ὂὼ ὊὊὼ

Backward Euler Scheme:
ὼ ὼ Ὂὼ ᵼὼ Ὅ Ὂ ὼ

Approximate the operator Ὅ Ὂ by Ὅ Ὂ Ὂ Ễ



FractalNet(@ICLR2017)

fc

fc

fc

conv

Larsson G, Maire M, Shakhnarovich G. FractalNet: Ultra-Deep Neural Networks without Residuals. ICLR 2017.

Runge-Kutta
Scheme(2order)

ὼ
Ὧὼ Ὧ Ὧὼ Ὢὼ ὪὯὼ Ὢὼ



ODE: Infinite Layer Neural Network 

Dynamic System Neural Network

Continuous limit Numerical Approximation

WRN, ResNeXt, Inception-ResNet, PolyNet, SENetetcΧΧ Υ 
New scheme to Approximate the right hand side term
Why not change the way to discrete ό?

Lu, Yiping, et al. "Beyond finite layer neural networks: Bridging deep architectures and numerical differential 
equations."ICML 2018



Experiment

●▪ ●▪ █●▪

●◄ █●

@Linear Multi-step Residual Network

Lu, Yiping, et al. "Beyond finite layer neural networks: Bridging deep architectures and numerical differential 
equations."ICML 2018



Experiment

●▪ ●▪ █●▪

@Linear Multi-step Residual Network

●◄ █● ●▪ ▓▪●▪ ▓▪●▪ █●▪

Linear Multi-step Scheme

Linear Multi-step Residual Network

Lu, Yiping, et al. "Beyond finite layer neural networks: Bridging deep architectures and numerical differential 
equations."ICML 2018



conv

conv

conv

conv

conv

conv

conv

convScale 1-kScale k

(b)Linear Multi-step ResNet(a) ResNet

Lu, Yiping, et al. "Beyond finite layer neural networks: Bridging deep architectures and numerical differential 
equations."ICML 2018



conv

conv

conv

conv

conv

conv

conv

convScale 1-kScale k

(b)Linear Multi-step ResNet(a) ResNet

Only One More 
Parameter

Lu, Yiping, et al. "Beyond finite layer neural networks: Bridging deep architectures and numerical differential 
equations."ICML 2018



Experiment

@Linear Multi-step Residual Network

(a)Resnet (b)LM-Resnet

Lu, Yiping, et al. "Beyond finite layer neural networks: Bridging deep architectures and numerical differential 
equations."ICML 2018



Experiment

@Linear Multi-step Residual Network



Explanation on the performance boost via modified equations

@Linear Multi-step Residual Network

▓▪ ◊ ▓▪
◄
◊▪ █◊●▪ ▓▪●▪ ▓▪●▪ Ἴ█●▪

●▪ ●▪ Ἴ█●▪

ResNet

LM-ResNet

◊
Ἴ
◊▪ █◊

[1] Dong B, Jiang Q, Shen Z. Image restoration: wavelet frame shrinkage, nonlinear evolution PDEs, and beyond. 

Multiscale Modeling and Simulation: A SIAM Interdisciplinary Journal 2017.

[2] Su W, Boyd S, Candes E J. A Differential Equation for Modeling Nesterov's Accelerated Gradient Method: Theory 

and Insights. Advances in Neural Information Processing Systems, 2015.

[3] A. Wibisono, A. Wilson, and M. I. Jordan. A variational perspective on accelerated methods in 

optimizationProceedings of the National Academy of Sciences 2016.



Plot The Momentum

@Linear Multi-step Residual Network

▓▪ ◊ ▓▪
◄
◊▪ ▫ ◄ █◊

Learn A Momentum

●▪ ▓▪●▪ ▓▪●▪ Ἴ█●▪



Plot The Momentum

@Linear Multi-step Residual Network

▓▪ ◊ ▓▪
◄
◊▪ ▫ ◄ █◊

Learn A Momentum

●▪ ▓▪●▪ ▓▪●▪ Ἴ█●▪



Connection to stochastic dynamic

Noise can avoid overfit?

Dynamic System

Lu, Yiping, et al. "Beyond finite layer neural networks: Bridging deep architectures and numerical differential 
equations."ICML 2018



GastaldiX. Shake-Shake regularization. ICLR Workshop Track2017.

●▪ ●▪ Ɫ█ ● Ɫ█ ●ȟⱢḐ╤ ȟShake-Shake regularization

Apply data augmentation 
techniques to internal 
representations.

●▪ █ ●▪ █ ●▪ █ ●▪ Ɫ █ ●▪ █ ●▪

Lu, Yiping, et al. "Beyond finite layer neural networks: Bridging deep architectures and numerical differential 
equations."ICML 2018

Connection to stochastic dynamic



Huang G, Sun Y, Liu Z, et al. Deep Networks with Stochastic Depth ECCV2016.

●▪ ●▪ Ɫ▪█●Deep Networks with Stochastic Depth 

¢ƻ ǊŜŘǳŎŜ ǘƘŜ ŜũŜŎǘƛǾŜ ƭŜƴƎǘƘ ƻŦ 
a neural network during training, 
we randomly skip layers entirely. 

●▪ ╔Ɫ▪█●▪ Ɫ▪ ╔Ɫ▪█●▪

Lu, Yiping, et al. "Beyond finite layer neural networks: Bridging deep architectures and numerical differential 
equations."ICML 2018

Connection to stochastic dynamic



Noise can avoid overfit?

ὢὸ Ὢὢὸȟὥὸ ὫὢὸȟὸὨὄȟὢπ ὢ

The numerical scheme is only need 
to be weak convergence!

╔▀╪◄╪ὰέίίὢὝ

Lu, Yiping, et al. "Beyond finite layer neural networks: Bridging deep architectures and numerical differential 
equations."ICML 2018

Connection to stochastic dynamic



Huang G, Sun Y, Liu Z, et al. Deep Networks 
with Stochastic Depth ECCV2016.

●▪ ●▪ Ɫ▪█●Deep Networks with Stochastic Depth 

¢ƻ ǊŜŘǳŎŜ ǘƘŜ ŜũŜŎǘƛǾŜ ƭŜƴƎǘƘ ƻŦ 
a neural network during training, 
we randomly skip layers entirely. 

●▪ ╔Ɫ▪█●▪ Ɫ▪ ╔Ɫ▪█●▪

We need ρ ςὴ ὕЍЎὸ

Lu, Yiping, et al. "Beyond finite layer neural networks: Bridging deep architectures and numerical differential 
equations."ICML 2018

Connection to stochastic dynamic
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conv

conv
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conv
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conv

convScale 1-kScale k

(b)Linear Multi-step ResNet(a) ResNet

Stochastic 
Strategy As 
Previous

▓▪ ◊ ▓▪
◄
◊▪ ▫ ◄ █◊ ▌◊▀╦◄

Lu, Yiping, et al. "Beyond finite layer neural networks: Bridging deep architectures and numerical differential 
equations."ICML 2018



Experiment

@Linear Multi-step Residual Network

Lu, Yiping, et al. "Beyond finite layer neural networks: Bridging deep architectures and numerical differential 
equations."ICML 2018



Conclusion

@Beyond Finite Layer Neural Network

Neural Network Dynamic System

Stochastic Learning Stochastic Dynamic System

New Discretization

LM-ResNet

Original One:  LM-Resnet56Beats Resnet110

Stochastic Depth One:  LM-Resnet110Beats Resnet1202

Modified Equation

Lu, Yiping, et al. "Beyond finite layer neural networks: Bridging deep architectures and numerical differential 
equations."ICML 2018



Earlier Evidence: LISTA

Gregor, K., and LeCun, Y. Learning fast approximations of sparse coding. InICML 2010(pp. 399-406). 

0)0()),(()1( =+=+ ZkSZXWhkZ e  q

ISTA

Unrolling

╩▓

LISTA

Unrolled Dynamics



Earlier Evidence: TRD

Learning a diffusion process for denoising

Chen Y, Yu W, Pock T. On learning optimized reaction diffusion processes for effective image restoration CVPR2015

Average PSNR among a dataset with 68 images

Unrolled Dynamics



Recent Evidence: Optimization 
Algorithm Inspired DNN

ÅDeep neural network as optimization algorithm:

ÅFaster algorithm result in better deep neural network:

●▓ ꜚ╦●▓ ●▓ ●▓ ╕●▓

Heavy Ball Net:   
ὼ Ὕὼ ὼ ὼ

Accelerated GD Net:    

ὼ ‌ ȟὝὼ ‍ ὼ Ὤ ȟὼ

Li H, Yang Y, Chen D and Lin Z. Optimization Algorithm Inspired Deep Neural Network Structure Design. ACML 2018.



X. Wang, et al. "Non-local neural networks." CVPR 2018.

Recent Evidence: Nonlocal DNN

Residual Block:

ResNetBlock:

Nonlocal Block:

Å άYƛƴŜǘƛŎǎέ Řŀǘŀ ǎŜǘΥ нпсƪ ǘǊŀƛƴƛƴƎ
videos and 20k validation videos.
Å Task: classification involving 400
human action categories

Instability when using multiple blocks!



Nonlocal diffusion

Nonlocal Neural 
Network

Nonlocal Markov Jump 
Process

Tao Y, Sun Q, Du Q, et al. Nonlocal Neural Networks, Nonlocal Diffusion and Nonlocal Modeling. NeurIPS2018.

Design a new stableblock

Recent Evidence: Nonlocal DNN as 
Nonlocal Diffusion



Deep Neural Networks 
and Numerical PDE
DATA DRIVEN PHYSIC LAW DISCOVERY



Can we learn principles (e.g. PDEs) from data?

PDE-Net: Learning PDEs from Data

Dynamics of actin in Immunocytoskeleton Dynamics of Mitochondria

Long Z et al. PDE-Net: Learning PDEs from Data. ICML 2018.

Credit: KebinShi, 
Physics@PKU



Can we learn principles (e.g. PDEs) from data?

Preliminary attempt: 
Combine deep learning and numerical PDEs

Objectives:
Predictive power (deep learning)
Transparency (numerical PDEs) 

PDE-Net: Learning PDEs from Data

Long Z et al. PDE-Net: Learning PDEs from Data. ICML 2018.

S. Sato et al., Siggraph2018



PDE-Net: Learning PDEs from Data
PDE-Net: a flexibleand transparentdeep network

42

‬ό

‬ὸ
Ὂὼȟόȟ​όȟ​όȟȣAssuming

ὸ-block‏ PDE-Net: multiple ‏ὸ-blocks

Long Z et al. PDE-Net: Learning PDEs from Data. ICML 2018.

Prior knowledge on Ὂ:
Å Type of the PDE
Å Maximum order



PDE-Net: Learning PDEs from Data
Constraints on kernels (granting transparency)

Moment matrix (related to vanishing moments in wavelets)

We can approximate any differential operator at any prescribed order by constraining ὓή

For example: approximation of  with a σ σkernel

1st order
learnable

2st order
learnable

1st order
frozen

Dong, Q. Jiang and Z. Shen, Multiscale Modeling & Simulation, 2017

Long Z et al. PDE-Net: Learning PDEs from Data. ICML 2018.



PDE-Net: Learning PDEs from Data
Numerical experiments: data set generation

Convection-diffusion equation (linear)

Diffusion with a nonlinear source (nonlinear)

Initialization: random function with frequency ωand 6

Assumptions on Ὂ

Linear: 

Nonlinear

Long Z et al. PDE-Net: Learning PDEs from Data. ICML 2018.



PDE-Net: Learning PDEs from Data
Numerical experiments: results

Prediction: linear (υ υand χ χfilters)

υ υ

χ χ

Learnable filters (orange) v.s. frozen filters (blue) in prediction

Long Z et al. PDE-Net: Learning PDEs from Data. ICML 2018.



PDE-Net: Learning PDEs from Data
Numerical experiments: results

Model estimation: linear

46

Long Z et al. PDE-Net: Learning PDEs from Data. ICML 2018.



PDE-Net: Learning PDEs from Data
Numerical experiments: results

Prediction and model estimation: nonlinear (χ χfilters)

Long Z et al. PDE-Net: Learning PDEs from Data. ICML 2018.



PDE-Net 2.0: Numeric-Symbolic Hybrid 
Representation
Symbolic network (granting transparency)

Prior knowledge on Ὂ:
Å Addition and multiplication of 

the terms;
Å Maximum order.

‬ό

‬ὸ
Ὂόȟ​όȟ​όȟȣAssuming



PDE-Net 2.0: Numeric-Symbolic Hybrid 
Representation
Symbolic network (granting transparency)

Long Z, Lu Y and Dong B. άt59-Net 2.0: Learning PDEs from Data with A Numeric-{ȅƳōƻƭƛŎ IȅōǊƛŘ 5ŜŜǇ bŜǘǿƻǊƪέΣ ŀǊ·ƛǾΥмумнΦлппнсΣ 2018

Motivated by EQL
Å Sahoo, S. S.; Lampert, C. H. & Martius, G. ICML 2018.
Å Martius, Georg, and Christoph H. Lampert. arXiv

preprint arXiv:1610.02995(2016).
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More Constraints:
Å Pseudo-upwinding
Å Sparsity on moment matrices
Å Sparsity on the symbolic network



PDE-Net 2.0: Numeric-Symbolic Hybrid 
Representation
Weaker assumption on Ὂ: unknown type

Long Z, Lu Y and Dong B. άt59-Net 2.0: Learning PDEs from Data with A Numeric-{ȅƳōƻƭƛŎ IȅōǊƛŘ 5ŜŜǇ bŜǘǿƻǊƪέΣ ŀǊ·ƛǾΥмумнΦлппнсΣ 2018

’ πȢπυ

Remainer weights of ◊ȟ○

Prediction

Model recovery

.ǳǊƎŜǊΩǎ 9ǉǳŀǘƛƻƴ



Application In Image 
Processing
BLIND IMAGE RESTORATION



Deep Learning For Restoration

Network 1             Ɑ

One Noise Level One Net



Deep Learning For Restoration

Network 1             Ɑ

Network 2             Ɑ

One Noise Level One Net



What We Want

One   Model

One Model For All Noise Level



What Happen When Meet High Noise Level

BM3D DnCNN
(Zhang et al. TIP, 2017)

Fails!



PDEs In Image Processing
input output

processing

Zhang X, Lu Y et al., Dynamically Unfolding Recurrent Restorer: A Moving Endpoint Control Method for Image RestorationICLR2019.



Moving Endpoint Control

Early Stopping Is 
A Regularization

Can we train it?

Need to be learn

Terminal time as a variable to train

Zhang X, Lu Y et al., Dynamically Unfolding Recurrent Restorer: A Moving Endpoint Control Method for Image RestorationICLR2019.



Our Approach: Dynamically Unfolding Recurrent Restorer

Zhang X, Lu Y et al., Dynamically Unfolding Recurrent Restorer: A Moving Endpoint Control Method for Image RestorationICLR2019.



Restoration Unit

Policy Unit

A Good Policy Leads
To A Good Restorer

Given A Policy -> Train The Restorer

- Good Policy Leads To Better Restorer
- Good Policy Leads To Better Generalization

Zhang X, Lu Y et al., Dynamically Unfolding Recurrent Restorer: A Moving Endpoint Control Method for Image RestorationICLR2019.



DURR Model
Discretize: Turn To An RL Problem

Consider the objective as a reward

You can also choose other 
approaches:
- A good image quality assessment without 

reference.
- A Classifer
- Fixed loop times according to the noise level
- A Person

Zhang X, Lu Y et al., Dynamically Unfolding Recurrent Restorer: A Moving Endpoint Control Method for Image RestorationICLR2019.



DURR Model
Results

Zhang X, Lu Y et al., Dynamically Unfolding Recurrent Restorer: A Moving Endpoint Control Method for Image RestorationICLR2019.



DURR Model
Results

Zhang X, Lu Y et al., Dynamically Unfolding Recurrent Restorer: A Moving Endpoint Control Method for Image RestorationICLR2019.



bƻǎŜ [ŜǾŜƭ 5ƻŜǎƴΩǘ {ŜŜƴ Lƴ Training

DURR

DnCNN

Zhang X, Lu Y et al., Dynamically Unfolding Recurrent Restorer: A Moving Endpoint Control Method for Image RestorationICLR2019.



JPEG Deblocking

Ground Truth DnCNN-B Our DURR

One Model For All QF

Zhang X, Lu Y et al., Dynamically Unfolding Recurrent Restorer: A Moving Endpoint Control Method for Image RestorationICLR2019.



Application In Medical 
Imaging
UNROLLING REVISITED



Sun, Li, and Xu. Deep ADMM-net for compressive sensing MRI. NIPS 2016.

Unrolled Dynamics: 
ADMM-Net



Sun, Li, and Xu. Deep ADMM-net for compressive sensing MRI. NIPS 2016.

Unrolled Dynamics: 
ADMM-Net



Further Application of Unrolling ς
Task-Based Image Reconstruction

D. Wu et al., End-to-End Lung Nodule Detection in Computed Tomography, MICCAI Workshop, 2018. (arXiv:1711.02074)

Two-step approach: imaging and diagnosis

Problems of the two-step approach:
Evaluation of the reconstructed image quality.

Redundancy in data for a specific task.

Can we make it end-to-end, and does it help? 

Image 
Reconstruction

Abnormality 
Detection



Further Application of Unrolling ς
Task-Based Image Reconstruction

D. Wu et al., End-to-End Lung Nodule Detection in Computed Tomography, MICCAI Workshop, 2018. (arXiv:1711.02074)

Unrolled SQS

ROC



Further Application of Unrolling ς
Task-Based Image Reconstruction

D. Wu et al., End-to-End Lung Nodule Detection in Computed Tomography, MICCAI Workshop, 2018. (arXiv:1711.02074)

ROC Cross Entropy



Further Application of Unrolling ς
Task-Based Image Reconstruction

D. Wu et al., End-to-End Lung Nodule Detection in Computed Tomography, MICCAI Workshop, 2018. (arXiv:1711.02074)

Similar Ideas


