Stats300b Problem Set 4
Due: Thursday, February 11 at 5:00pm on Gradescope

Question 7.6 (Smallest eigenvalue of a random, possibly heavy-tailed matrix): Let X; be i.i.d.
RZ-valued random vectors, mean zero, where Cov(X;) = ¥ for a positive definite 3. Assume also
that E[|(v, X)|] > kVvT Lo for any vector v € R?, where s > 0 is a constant.

(a) Show that for any vector v € RY,
P (|(v, X)| >

(b) Let f]n = %2?21 XiXZ»T denote the empirical second-moment matrix of the X;, and for a
symmetric matrix A, let

Awin(4) = inf {UTAU lve Sd—l}

denote the minimum eigenvalue of A, where S¥~! = {v € R? | ||v||, = 1} denotes the sphere in
R?. Show that there exist constants Cy,Ca, C3 € (0, 00), which may depend on x, such that

P (Amin(in) Z (Cl - 02\/5 — Cgt)

)\min(E)> >1— e
+

for all t > 0.

Answer:
(a) We use the Paley-Zygmund inequality (Question |1.11]), which states that

E[[{v, z)|)?
vTEv = 0(2 = O)E[ (v, X)[]>

P(|(v, X)| > 0E[|(v, X)[]) > (1 - 6)*

Using that E[|(v,z)|] > kvVvTSv for a constant k£ > 0 and setting § = 1 above, we have

1 k20T Yo K2

> — = .
~ 40TY0 — (3/4)kvTSv 4 -3k

B(|(v, ) > 5 [lelly)

(b) Let |[v]|% = v" v for shorthand, and recall that Apin(X) = inf,cgi—1 VoTSv. The set of half-
planes in R% has VC-dimension at most d + 1, while |v]ls; > Amin for all v € S%1. Thus if we
define the random variable

Bi(v) =1 {@,Xi) > gxmm} +1 {(v,Xi) < —gxmin} :

then
2

4—3kK
by the first part of the question. Using the VC-dimension bounds from class, for a numerical
constant C, we have

d—1 1 - \/E _ont?
t. =Y Bi(v) ~E[Bi(v)] < ~Cy/ - —t ] < .
P (EI veST st P B;(v) — E[B;(v)] C - t e

1

E[B;(v)] >



Written differently,

2
P <EI vesStsit, %Card({i € [n] | (v, X:)? > K*Amin(2)/4}) < 1 f 3 C\/g - t) < e

On the complement of the event within the probability above, we have

2 2

A K d K
v > —oy/Eot) B
v ”-(4—35 \/; >+ 7 Amin(%)

for all v € RY,
O

Question 7.8 (Covering numbers for low-rank matrices):  Let M, 4 be the collection of rank r
matrices A € R¥? with ||A||p, = 1, where we recall that the Frobenius norm HAH%r =2 A?j =
tr(AT A) is the usual Euclidean norm applied to the entries of A. Show that the covering numbers
N(M;a, |||l €) of M, 4 in the Frobenius norm satisfy

4
log N(M,.q, |||lg, - €) < 2rdlog (1 + ;) .

Hint: Our solution uses the singular value decomposition that A = ULV = Yoy uiaiviT , where
¥ = 0 is diagonal and U = [uy ---u,] and V = [v; ---v,] € R¥" are orthogonal, i.e., UTU = I,
and VTV = I,.. Note: It is possible to get slightly sharper bounds than these, but we won’t worry

about that.

Answer:  We use the hint, that is, that any matrix A € M, 4 has a singular value decomposition
A=UXVT. Let B=WSQT be the singular value decomposition of B, so that A = Sy uiaiviT
and B = Y_I_, w;s;ql, where we note that > /_; 07 <1 and Y., s? < 1 by construction. Then
for any such A, B we have

() <
|A =By <> |Juioiv] —wisig! ||,
=1

(id) <
< 3 ||wios = wisi)ol gy + Jwssi(o — )7 ||

=1

T
=Y lwioi = wisilly [villy + llwisilly [0 = aill,
i=1
(331)
<Y lluwioi —wisilly + [[vi — gilly (7.1)
i=1
where inequality (7) is the triangle inequality, (77) is the triangle inequality after adding and sub-
tracting w;s;v] , and (iii) follows because ||w;s;||, < 1 and |v;|l, = 1.
Each of the vectors w;0;, w;s;, v;, q; all belong to the f2-ball ]Bg. Let N = {Ti}i]\il be an e-cover
of B¢ in |||y, which has cardinality at most N < (1 +2/€)? by our arguments in class. Then for
every 2r-tuple a = (i1, ...,42,) € {1,..., N}?", we define

T
— E T
Aa = sz TT+ij'
7=1



Given any SVD of UXVT = A € M, 4, there is evidently a tuple o with

<e and |[jv; - 7'7”+in2 se

Hujaj _TinQ

for j =1,...,r. For this tuple, we obtain

A= Adllp < (26) = 2re

j=1
by inequality ([7.1]).

The cardinality of such 2r-tuples is at most N?" < (1 4 2/€)?"?. Now we simply replace € by
€/2r to get the claimed covering. O

Question 7.13 (Moduli of continuity and high probability rates of convergence):  In this question,
we show how convexity can be extremely helpful for many reasons in estimation and proving rates
of convergence, including (more or less) free guarantees of consistency, as well as high-probability
convergence possibilities. Let # € R? and define

£6) = ELF(©: X)) = [ F(o:)iP()

X

be a function, where F'(-; z) is convex in its first argument (in #) for all z € X, and P is a probability
distribution. We assume F(0;-) is integrable for all . Recall that a function h is convex

h(th 4 (1 —1)8") < th(0) + (1 —t)h(#') for all 8,6’ € R%, t € [0,1].
Let 6y € argming f(#), and assume that f satisfies the following v-strong converity guarantee:

v
F0) = f(B0) + 5 10— boll* for 0 st 16— o] <5,

where 8 > 0 is some constant. We also assume that the instantaneous functions F'(-;z) are L-
Lipschitz with respect to the norm ||-||.
Let X1,..., X, be an i.i.d. sample according to P, and define f,,(9) := £ 3" | F(6; X;) and let

b, € argmin f, ().
0
(a) Show that for any convex function h, if there is some r > 0 and a point 6y such that h(6) > h(6p)
for all 6 such that |0 — 6g|| = r, then h(0") > h(fy) for all §" with |6’ — 6] > r.
(b) Show that f and f, are convex.
(c) Show that  is unique.

(d) Let
Al z) = [F(0;2) = f(0)] = [F(6o; ) — f(60)] -
Show that A(6, X) (i.e. the random version where X ~ P) is 4L |6 — 6p|*-sub-Gaussian.

(e) Show that for some constant o < oo, which may depend on the parameters of the problem (you
should specify this dependence in your solution)

for all t < ¢’y/nf3, where ¢’ > 0 is a constant depending on the parameters of the problem and
C < o0 is a numerical constant. Hint: The quantity A,(6) := 13" | A(6, X;) may be helpful,
as may be the bounded differences inequality in Question



Answer:

(a) Fix 0’ such that ||0’ — 6p|| > r. Then there is some 6 € [0y, 0'] such that |0 — 0| = r, that is,
there is a t € (0,1) with

0=t + (1 —1)0', so h(0) <th(fo)+ (1 —t)h(d).

Rearranging by subtracting h(6p) from both sides yields h(6) — h(6p) < (1 —t)(h(8") — h(bp))-
Noting that h(6p) < h(#) and that ¢ € (0,1), we thus obtain

0 < h(0) —h(By) < (1 —t)[h(0") — h(By)], or h(0') > h(bp).
(b) This is immediate: for any (positive) measure y, including P and P,,, we have
/F(t9 + (1= t)¢;2)du(z) < /tF(e;x) + (1 = t)F(¢';x)du(z).
(¢) The uniqueness of 6 is immediate by part (b) and (a), because f(6) > f(6y) + %62 > f(6p) for
all @ with |8 — 6o = 6.
(d) We have that E[A(#, X)] = 0, and that
[A(0, )| < [F(6;2) = F(6o; 2)| + [£(0) — f(6o)| < 2L 10 — 6ol

that is, A is bounded by 2L |6 — 6p||. Using the standard result that a variable Z € [a,b] is
%—snb—(}aussian, we have that A is 16L% |6 — 6g||* /4 = 4L* || — 6y||* sub-Gaussian.

(e) Fix 6 < B and let ©5 = {0 : [|0 — 6| < J}. Suppose that 0, is not within & of 6, that is,
|0r, — 6p]] > 9. Then by part (a), there must be some 65 € O such that f,,(6s) < fn(0o). Then

1n05) < Ja(80) = Fa(00) = F(B0) + F(65) + F(60) — /(05)
< fal60) = £(60) + £(85) — 51165 — b0l

Rearranging, we have

2105 = 00ll> < £u00) = F(60) + F(05) = fu(05) < |An(65)] < sup [An(0)].

9cO;
In particular, if we have that R
16n — ol = 6,
then it must be the case that y
552 < Hsup |AL(0)]. (7.2)
€05

Now, let us understand this last event (7.2]). Let A/, be A,, with the point z; swapped for /.
Then

sup |An ()] — sup A7 (B)] < sup [An(0) — A, (6)]
5

JSICh 0€Bs
- :Leseug (F(6;2:) — [(8)) — (F(Bo; 1) — f(60) — (F(8;25) — [(8)) + (F(bo); 2} — f(60))]
< ;QSEU& {|F(0;x:) — F(0o; x:)| + |[F(0; ) — F(6o; 27)|} < % gseu(g(; 10 — 60| = %5‘



That is, suppee, |An(0)| satisfies bounded differences, and we have

nt?
+t] < exXp { — m .

Thus, we control the expected supremum of the errors A, () over the neighborhood ©s.
We note by our standard symmetrization inequalities, and the fact that 6 — /nA, () is
AL2 |6 — 6o||*-sub-Gaussian process, that

sup |A,(6)]

P sup [8.(0)] > E
(USCH [dSCH

B | sup 18,0)|| < <2 [ Viog N85, T

sup = T = og 5y 171l » €)aE,

o0ce; vn Jo

where N denotes the covering numbers of O in norm ||-|| at radius e as usual. But then we

have log N(Os, |||, €) < dlog(1 + g) for e < 0, and 0 otherwise, so that

That is, for some numerical constant C', we have

E lsup [An(0)]
(SSH

P <9s€11@p6 1AL (0)] > C\L/%(\/ﬁ + t)) <e (7.3)
for all t > 0.
On the event that supgeg, |[An(0)] < LT\{?é + %51&, which occurs with probability at least
1—et by inequality , we have by inequality
<ot (\/EH) s,
vy/n

where C' < oo is an absolute constant, as long as 6 < [ (where [ is the radius of strong
convexity). Setting ¢ = CLv/d/v+\/n, that

< o(l+1).
That is,

P (y@n — | <C (\/&H)) >1— et

L
vy/n
so long as ﬁ(\/& +t) < ¢f, where ¢ > 0 is a numerical constant.

O

Question 7.15: We consider a few different contraction inequalities and complexities, relating
Gaussian to Rademacher complexities. For this problem, define the Rademacher and Gaussian
complexities of a set T C R™ by

Ry (T) := E[félglés,t)l} and Gy(T) := E[ﬁg(mﬂ]

where ¢; Y Uni{#£1} and g ~ N(0, I,,). Note the lack of an absolute value in the Gaussian complex-
ity.



(a) Let X ~ N(0,X) be a Gaussian vector. Argue that for any index 1o,

E[max | X; — Xj|] = QE[maXX] and E[max |X;|] < 2E[max X;] + E[| X, ]]-
4,7 1 7

(b) Show that for anyﬂ set T'C R",

Ru(T) < V2rGo(T) + \/zti)rél;EH(g,t)H.

If T is symmetric (so T = —T') show that R,(T) < \/ZGn(T

(c) Let ¢; : R - R, i=1,...,n, be a M-Lipschitz functions, meaning |¢;(z) — ¢;(y)| < M|z — y|
for z,y € R, and define ¢(t) = (¢i(t;))"_; to be the elementwise application of ¢. Using the
result of part (]E[), show that

Raf6(1)) < MVERGA(T) + [ 1t Ell(5.6(0)]

(d) For a function class F C {R% — R}, define the Rademacher and Gaussian complexities

Zglf xl Zgl ‘rl ]

=1
for any collection xf = {z;}7.; C R% Let the function class F = {f( )= (0,z) | |0]]; <1},
and let ¢ be 1-Lipschitz with ¢(0) = 0. Show that for O’n] =y, (the sum of squares of

the jth component of the vectors x; € R?),

Rn(F | ) sup

feF

] and Gn(F|z7) = [sup

Ry(¢poF|al) < C'\/max a2 -log(2d)
for a numerical constant C.

Answer:

(a) For the first question, we use the symmetry of the differences to see that max; ; | X; — X;| =
max; j(X; — X;), and so by symmetry

Elmax | X; — X;|] = E[max(X; — Xj)] = E[max X + max(—X;)] = 2E[max X;].
2%} 2,] ) 7 7

For the second, we use the triangle inequality to obtain

E[max | X;[] < Emax|X; — Xj,[] + E[|X;,[] < E[max|X; — Xj|] + E[| X, ],
1 (2 2,7

as claimed.

lignoring measurability issues, and assuming that for any random vector X and function f we require that
]E[SuptGT [, X)) = SUPkeN SUP|1 |<k,ToCT E[maxier, f(t, X)]



(b) Note that E[|g;|] = v/2/7 for g; ~ N(0,1). Then the Rademacher complexity satisfies

n
™
Z\[& (i) zlé\gﬂilsup ]
tel | =

Z €ilgilti
where (x) uses Jensen’s inequality. As &;|g;] S N(0, 1), whenever T' is symmetric this gives the
result. When 7" may be non-symmetric, we apply part (a) to give the claimed result.

R, (T) = E[sup |{e, t)|
teT

sup

(c) We develop a comparison inequality. Define the processes
n
Zy = Z(Z)(t,;)gi and Y; := M(t,g)
i=1
on T, where g ~ N(0, I,,). Then

n

E[(Z: — Zu)?) =) (6(t:) — ¢(ui))* < M? |ju — t[|5 = E[(Y; — Yo,)?].

i=1
Applying the Sudakov-Fernique comparison inequality gives

Gn(¢poT) < MG, (T),

and so by applying part (]ED we have

Ru(6(T)) < VErGa(o(T)) + f inf E|(g, 6(2))

2 teT
Applying the comparison inequality gives the result.
(d) We use that t =0 € T, and apply the previous parts; we immediately obtain

sup Zgla: t

el <15=7

Rn(¢oF | 27) < O(1)Gn(doF | z7) < O(1)Gn(F | z7)

i T

J

Each coordlnate Jof Yo giwi;is N(O,Y 0" ) and so standard Gaussian maxima (Ques-

tion give




