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Abstract

We report preliminary results on stochastic optimization with lim-
ited distributional information. Lack of complete distribution calls
for stochastically robust models that, after exploiting available lim-
ited or partial information, offer risk-shielded solutions, i.e., solutions
that are insensitive to all possible distributions of random variables.
We focus on the well-known newsvendor problem in this study, where
the distribution of the random demand is only specified by its mean
and one of the following: its standard deviation or its support. We
propose a stochastically robust model for the newsvendor problem.
More specifically, our model tries to minimize the regret that is de-
fined as the ratio of the expected cost based on limited information to
that based on complete information, called Relative Expected Value
of Distribution (REVD). We show how to derive an optimal solution
to the REVD model. Numerical examples are provided to compare
our model with other similar approaches. The goal is to establish a
confidence ratio that the decision from our model is not worse, rela-
tively, too much than the decision based on the true distribution which
would be never known exactly in real world applications.

1 Introduction

We consider the newsvendor problem that can be described as follows. A
newsvendor sells certain product whose demand is unknown but follows cer-
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tain probability distribution. The newsvendor needs to place an order of ¢
units before observing the demand. There are three types of costs: the unit
ordering cost ¢, the unit inventory holding cost p, and the unit stock-out
cost t. The objective is to decide the optimal order quantity ¢ so that the
expected total cost is minimized. The problem can be formulated as

min Gy (q) = cq +tEBp(z —q)" +pEp(g —2)", (1)
where z is a random demand with a probability distribution f (pdf) and a
cumulative distribution F(cdf). We assume w.o.l.g. that ¢ < ¢, otherwise
there is a trivial optimal ordering ¢* = 0 for arbitrary distribution, since
G/f(q) > 0 for every ¢ > 0. We also assume that ¢ > 0.
When f is known, the optimal ordering quantity, denoted by ¢}, can be
easily obtained as it satisfies

/OodF(x):p+c.

q; p+t

However, in many practical situation, the distribution f is not necessarily
known. On the other hand, it is much easier to estimate points of the mean,
the standard deviation, and the support of z based on historical data. Scarf
[4] (see also Vairaktarakis [7] for more general settings) proposed a min-max
approach to the newsvendor problem when only the mean ;1 and standard de-
viation o of the demand are known. More specifically, he solves the following
min-max problem

2 1)
where H(u,0) is the set of distributions with mean of p and standard devi-
ation of o. The distribution-free solution Scarf introduced is

o t—c \/ p+ c

2 (\/p +c t— c
where the solution ¢, is often referred to as the “Scarf’s rule”. Scarf’s results
have been extended to more general setting, see, for example, Gallego and
Moon [2].

In a Boeing Stochastic&Robust Optimization project report [1], for a
class of stochastic optimization problems the authors established a relative
regret bound on a solution optimal to a deterministic counterpart, that is,
simply adapting the mean values of random variables in decision making. The
tightness of the bound depends on the closeness in cost function gradients
and may be efficiently checked when the deterministic solution is found. The
goal of the study can be also used to measure the benefits of distribution
information.




Scart’s approach is simple and offers a robust solution to the newsvendor
model. However, as the model tries to minimizes the worst case cost, the
solution obtained is quite pessimistic. Therefore, recently new robust models
are proposed to the newsvendor problem by Yue, Chen, and Wang [5] and
by Perakis and Roels [3]. Rather than minimizing the worst case cost (over
all possible distribution), the approach proposed by [5, 3] minimizes a regret
of the newsvendor, which is defined as follows. Assume that ¢ is the order
quantity where the decision is made without knowing the true distribution.
Assume the distribution is f, then the cost associated with the decision ¢
is Gy(q), while the optimal cost is G¢(q}) by solving (1). The regret, also
called the Absolute Expected Value of Distribution (AEVD), is then defined
by the difference of G¢(q) and G(q}), i-e.,

AEVD(q) = Gylg) — Gyla)).
Therefore, one would like to choose an optimal ¢ such that

AEVD
max 7(a)

is minimized, where H ([) is the set of all possible distributions.

In [5], H(I) is chosen as H (u,o)—all distributions with the given mean
and standard deviation; and in [3], H() is chosen as H(u,[A, B])—all dis-
tributions with the given mean and support [A, B] of the random demand.
Closed form solutions for these two cases are provided in both [5] and [3] while
other kinds of partial distribution information (i.e. symmetry, unimodality)
are also investigated in [3]. (The closed form solution for H (u, [A, B]) derived
in [3] was incomplete, so that we shall give complete results and proofs in
Appendix (6.5).)

It can be expected that the min-max regret approach is less conservative
than Scarf’s approach. However, the optimal objective value obtained in
the AEVD model must be interpreted in context. For instance, for two
distributions, one with a regret of $100 and another one of $200, which
might be meaningless if $100 is 50% of the corresponding minimal cost and
$200 is only 10% of the corresponding minimal cost.

Therefore, we propose a new robust model where the regret is defined as
the ratio of G'y(¢q) and G(q}), called Relative Expected Value of Distribution
(REVD), i.e.,

Glg)
REV D¢(q) = -
=G )
We show how to compute
max REV D¢(q) (2)

feH(I)



when H(I) is H(pu,0) or H(u,[A, B]). The analysis is slightly more compli-
cated than that in the AEVD model because a fractional objective function
is involved here.

Now, it is straightforward to interpret the objective value of our REVD
model. For example, if the optimal REV D is 1.1, it means that the chosen
decision is at most 10% above the expected minimal cost when one knows the
complete distribution of the demand. Furthermore, we develop techniques
to find the optimal ¢ such that

max REV D¢(q)

feH(I)

is minimized.

The above three approaches were suggested under general settings of ro-
bust optimization in [6] by Kouvelis and Yu, corresponding to three different
robustness criteria: Absolute Robustness, Robust Deviation and Relative
Robustness. In a specific decision, some or all of the robustness criteria
might be applied. The Scarf’s rule (absolute robust criterion) tends to lead
to decisions that are very conservative in nature and the main concern is how
to hedge against the worst possible happening. The AEVD (robust devia-
tion) and REVD (relative robustness) tend to be less conservative in their
decision selection, and more in tune with a logic that attempts to exploit op-
portunities for improvement, in other words, minimize the regret. And, the
AEVD model is to minimize the absolute regret, while the REVD model is
to minimize the relative regret. For most of the cases, the AEVD and REVD
model will tend to favor similar decisions, but the REVD should be used in
the situations that either the performance of the optimal AEVD ordering
is highly variable (i.e. can be very small or large); or the demand distribu-
tion fluctuates in a wide range (i.e. the standard deviation of the demand is
very large). These situations will be illustrated by numerical simulations in
Section 4.

We are also investigating the multiple-item and capacitated inventory
problem based on the same models, where similar results are obtained and
will be reported in a new report.

2 Min-Max REVD with mean and support

In this section, we compute (2) with H(/) = H(u, [A, B]) by using the duality
of linear fractional programming. In particular, consider a primal problem
(P) max f;—i
st. Axr =0,
x> 0.



The primal problem can be reformulated as a linear program by applying the

following variable transformation: ¢t = ﬁ, z =tx:

(P) max ¢72
st. Az—bt=0,
d'z =1,
z>0,t>0.

Therefore, the dual problem is

(D) min A
sit. ATy+4d\ > ¢,
—b"y >0,
y, A free.

Now, apply the above result to the min-max REVD:

minq maxfeH(M,[ABD REVDf (q)

min, max Lo
= q feH (u,[A,B]) Gyla})

Grla
ming Gjf(q)

min, max max, 24
q fE€H (1,[A,B]) 4 G

£(a
Gylq
Gr(q) e

: q

= MINA<g<p MAXA<LG<p MAXfeH(u,[A,B)) ch(q)'

=

= min, MaXjsem(u,[A,B)

~

=

= g MaXg MaXfeH (u,[A,B))

Let’s consider the inner optimization problem

) Gy(q)
h , = max 2
(4,4) feH([AB) G£(q)

A<g<Band A<§<B,

which can be formulated as

max g;gg;
st [P dF(z) =1,
fA IL’dF(.I’) = ILL’

where F'(z) is the cumulative distribution function of f.

Rewrite G¢(q) and G(q) as

Gslg) = fAchF +prq—a:de)—l—f (x — q)dF(x)
fA q—x)+ cqldF(x f t(x — q) + cq|dF(x),

and
Ge(q) = fj[p(q—x)—l—cq dF (x —i—f (x — §) + cq|dF (z).
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Then, we can view it as an infinite fractional LP with
&' = (p(g — ) + cqlazg, Uz — @) + cqluzg),

d" = (p(q— o) + clozg, W — ) + cdlazq);

and the variable vector f(x)|a<z<p, where f(x) is the density of the distri-
bution F(x).
Hence, the dual of this infinite fractional LP problem is

min A

st. yo+ayi +Ap(@— ) +cq] = [plg—x)+cql-lagq
+Ht(x —q) +cq] - 154, for A<z <q
Yo+ zy1 + Alt(x — §) +¢cq] > [plg— ) +cq] - lagy

+t(r —q)+cql - ly>y, for §<az<B

Yo + pyr < 0.
It is equivalent to

min A

st. —pyr+ayr +Ap(d—x) +cq] > [plg—x)+cq]- lagy

Hit(x —q)+cql - losg, A<z <{g

—pp Ty + Az — @) +cq] = [plg —x) +cql - Lasg

+t(r —q)+cql- 1>y, <z <B.
Now, from the dual problem we get the following results: (Note: Mini-

mizing A is equivalent to minimizing the function value of the left-hand-side

at x = p. )

Lemma 1. For (¢, §) € [A, B]?, we have

= if 4> and q > g

4—q (= C)(u A)— (p+c)(q u) oS </

h(q’ d> - 1 i qﬂ;‘ (p+c)(B /fb) (t— c)(u q) li C{ ; a anj g ; ({7
( q)(t ) cG+tu—tq g pandgq = (q,

L+ gqu—tq ; if < pandq<q.

Notice that the result are symmetric under the following exchange: p <
—t, t+ —pand A < B.

Define REVD,,0,(q) = maxsepua,5)) REV Df(q) as the largest REVD,
and let ¢¢ be the decision that minimizes it, that is

¢ = arg min REVD,,,.(q).

Then we have the following lemma:



Lemma 2.
oo e
REV Dz (q) = { Z+(q), o< d,

—(q), ifqg>q",
where
i—q (t— —A) - i —

ha(q) = A (=g t=Jp-A)-p+ad-pn |

min{Bp+ € (u-A)} 2420  — A cq +pq — pu

— B—p)—(t— — g

ho(g) = i a—qpt)B-_p-(t-Jp=-4

max{A,u—2% (B-p)}<i<p B — 4 cq+itp—1tq

We can further simplify it by introducing the following variable transfor-
mations:

_q=-p t—c , ptc p—A . By qQ—p p=q
0——,@— 7ﬁ_ y @ = >b_ .
iz p p Iz p Iz p

Then, the above formula becomes

maXp<z<min (%a,b) g-f—(ea l‘), if q S qe,

REVDant) = { e 0 TG S

where
r—0 «aa—fx

t4+a B—1+pz
y+6 pBb—ay
_(0,y) =1+ : :
9-(6,9) y+b B—-1+ay
Notice that hy(q) is a decreasing function while h_(q) is a increasing
function, and h,(B) <1 < h_(B), h-(A) < 1 < h (A). It follows that
hy(q°) = h_(q%), which is equivalent to

max 0,x) = max _(0,y).
0<z<min(Fa,b) 9+(6,2) 0<y<min(a,2b) 9-(0:y)
Therefore, we can calculate ¢¢ by solving the following optimization prob-
lem:
max g+(9,l’) s.t. g+(0,I) = g—(eay)

nggmin(%a,b),ﬂgygmin(a Bp)

Eliminating 6 from the constraint and then plug it into the objective function,
we get the following optimization problem:

max ga7b7a76(x7 y)’
Ogmgmin(%a,b),ogygmin(a,gb)

where

_ (z +y)(oa — Bz)(Bb — ay)
Govas(®Y) = T G T+ ay) + e+ @) (Fb—ag) (B =1+ Ba)’

We now have




Theorem 1. Let (z*,y*) be the solution of the above optimization
problem. Then, the min-max REVD and the associated decision ¢¢ are
given by

REV Dyor(q°) = g(z*,y") and ¢° = (14 0°)p,

where

ge — 2y +b)(aa—pr)(5 1+ ay) —y(z +a)(6b — ay)(6 — 1+ fz)
(y +0)(ea — Bz) (6 — 1+ ay) + (x + a)(Bb — ay) (B — 1 + fz)

From Theorem 1, we can further show that the minimum of REV D,,,,
increases as a or b increases, which is also illustrated in the numerical ex-
amples given in the next section. Actually, we can see this from the model
directly. Note that a +b = Z=2 measures the size of the support, which is
an indicator of the uncertainty. Hence, as a or b increases, the support gets
larger, and the amount of uncertainty increases, therefore it’s reasonable to

expect larger minimum REV D,,,;.

To analyze the above optimization problem, we first look at a special case
when o = 3 (ie. t—c=p+c)anda =10 (le. p= AJFTB). In this case
the objective function is symmetric w.r.t  and y. Since it is concave, the
optimal is achieved at x = y. Therefore, the above optimization problem is
deduced to the following univariate optimization problem:

_ z(a — x)
02220 DaalT) = (z+a)(l-1+2) s
Notice, ¢.(7) = —[(z +a)*(x +1— 2)*]*[(2a + 1~ 1)2* +2a(1 - })z —

a*(1— 1)]. Therefore the optimal 2* that maximize ¢, () is the root of the
second order equation

1 1 1
20 +1— )z +2a(1 — )z —a*(1— =) =0
(2a+1 = —)a® + 2a(l — —)z —a*(1~ )

in the interval [0, a]. Hence

. —ala—1)++/2¢*(a — 1)(aa+a—1)
xrx =
200 +a —1 ’

and the minimum REV D,,,, for this case is ¢q o (x*).

To illustrate the variance of REVD, let’s look at a few plots of g(x,y) for
several sets of a, b, « and 3. The plot of g(x,y) for the case of a = b = 1,
a = [ =2 is given as below:



The plot of g(x,y) when a=b=1, alpha=beta=2
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For this case, the optimal z* = 0.2899, y* = 0.2899, with the min-max
REVD 1.202. That is, our decision is at most 20% above the expected
minimal cost when one knows the complete distribution of the demand. The
plot of g(x,y) for the case of a =1, b = 2, @ = 3 and [ = 4 is given as below:

The plot of g(x,y) when a=1, b=2, alpha=3, beta=4

g(x.y)

For this case, we can find the optimal x* = 0.062, y* = 0.910, with the
min-max REVD 1.220. The plot of g(x,y) for the case of a =1, b =2, « =3



and = 8 is given as below:

The plot of g(x,y) when a=1, b=2, alpha=3, beta=8

1.25

a(xy)

For this case, we can find the optimal z* = 0, y* = 1, with the Min-max
REVD 1.215.

3 Min-Max REVD with mean and standard
deviation

We use the same notation as in last section to minimizes the maximum REVD
for distributions with given mean p and standard deviation o. (Thus, we may
have different expression for g(x,y) in different sections.)

Let H(p, o) be the set of all distributions with given mean p and standard
deviation o. Then all the two-point pdf’s in H(u, o) can be represented by
{T(y)] =t < v < p}, where T(v) is a two-point pdf that assigns weights

wi(y) = % and wy(7y) = Iﬁ to points

D—\1L L+
2and @a(y) =p+o
) () —

1
@) =p—of )7,
respectively.

If f =T(v), the objective function G(q) after some algebraic manipula-
tion, can be simplified as follows:

cq —t(q — p), 1 if ¢ <qi(v),
Grey(q) = ca+ollp—7)Et+]2 +v(q—p), ifa(y) <q< ),
cq +plq — ), if ¢ > g2(7).
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We have

Lemma 3. (Similar to Theorem 3 in [5]) For any ¢ and f € H(u, o), there
exists a two-point pdf T'(y) € H(u, o) with —t < v < p such that

REV Dy(q) < REV Dr()(q)-

In view of Lemma 3, for any given decision ¢, we only have to search
among two-point pdf’s T'(y) to find its largest REVD, i.e., to find a parameter
—t < v < p that maximizes REV Dp(,)(q):

REVD;42(q) = max {REVDy(,)(q)}

—t<y<p

From the geometric interpretation we can define

V+(Q7’Y) = REVDT(W)(Q)’—cSvSpm(v)Squz(v)
Gry(9) ‘
Gy (@)l (M=a<az(7)

cq+ol(p—7)(t+7)] 1 +y(g—p)
cq1 (V) +ol(p—7)(t+7)]12 =y (o (5))

Y

[N

)

and

Vo(2,7) = REVDr()(q)]-t<1<-ca(m<a<at)
Gr(4)(q) |
GT(’Y) (qg(’y)) q1 (’Y)SQSQQ(’Y)

cq+0[(p—v)(t+7)}1%+v(q—u) _.
caz (7)o ((p=7) (t+7)]2 +3(0 (12)2)

Then, we derive

Lemma 4.

max {R‘EVDT(’Y) (Q)} = max{ max V+(Qa ’71), max Vo (Q7 72)}

—t<y<p —c<n<p —t<y2<—c
Thus, combining with the result in Lemma 3, we have

REVDinas(¢) = max{_max Vi(¢,m), max V_(¢72)}.

Let ¢° be the decision that minimizes the largest REVD, that is
¢¢ = arg min REVD,,_.(q).

Since Vi (g, m) < 1 for all ¢ < qi(n1), —¢ <y < pand V(¢,7) <1
for all ¢ > qa(72),—t < 72 < —c. Then max_.<,,<, Vi(g,71) < 1 for
all ¢ < ¢1(—c¢) and max_;<,,<_.V_(¢,71) < 1 for all ¢ > g2(—c), because
min_c<y, <p q1(71) = qu(—¢) and max_i<p,<—c 2(72) = @2(—c).

11



Notice that V4 (q,71) and max_.<, <, V4(q,71) are both increasing func-
tions of ¢, while V_(¢,72) and max_;<.,<_.V_(q,72) are both decreasing
functions of ¢. It follows that

q1(—¢) < g < gao(—c¢)

and
max V,(¢%,71) = max V(q Va)-

—c<m<p —t<y2<—

Therefore, we can simplify the formula for REV D,,,.(q) as follows:

~ max_.<y <, Vilg,m), ifq>¢",
REvaax<Q) - { MAaX_t<yy<—c V_ (q’ ’}/2), if q S QE.

We can further simplify it by introducing the following variable transfor-
mations:

— t —
0:q ,u’a: c’ﬁ:p—l—c’)\:ﬁ’x:’h—l—c y:_’Y2+C‘

Y

o p p o p p
Then, the above formula becomes

_ maxo<z<g g+(9,x), if q > q 5
REV Dpau(q) = { maxoeyen g (0.y). if q < g°.

where
1+9%ﬁ
9+(0,2) =Vi(g,n) =1+ T,
a+ (-1 g—fi
1—-6,/0%y
g-(0,y) =V_(qg,7%) =1+ Ty
B+ (B—1A /2

The above formula also illustrates how to calculate the maximum REVD
for any given decision q. Now, let us calculate ¢° by the following optimization
procedure:

nggﬁl%)éyga g+ (0,2) st. g, (0,2) = g_(0,y).

Eliminating # from the constraint and then plug it into the objective function,
we get the following optimization problem:

max AT
ogxgﬂﬂgygagaﬁ’( 9

(/55 + /)y
Jopa(T,y) =1+ :
B+ (8- 1A ﬁ—tz]xﬂ/ﬁ* o+ (8= 1A/ %2y

We now have

where

e
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Theorem 2. Let (z*,y*) be the solution of the above optimization
problem. Then, the min-max REVD and the associated decision ¢¢ are
given by

REV Dppaz(q°) = g(2*,y*) and ¢° = p+ 6°,

where

—[B+ (8- DA/ e +[04+(ﬁ—1)>\ Ty

VEEB+ (8- Dh/ 2 +

From Theorem 2, we can further show that the minimum REV D,,,, de-
creases as A = £ increases, which is also illustrated in the numerical examples
given in the next section. Notice £ is a measure of the uncertainty, hence we
can see that as £ increases, the amount of uncertainty decreases accordingly,
therefore it’s reasonable to expect smaller minimum REV D,,,,.

0 =

a4+ (B—=1)A "‘”]

To analyze the above optimization problem, we first look at a special case
when o = (3, i.e. t —c¢ = p+ ¢. Notice, in this case the objective function
is symmetric w.r.t x and y, since it is concave, then the optimal is assumed
when x = y. Therefore, the above optimization problem is deduced to the
following univariate optimization problem:

max Pu () = ’ + 1.

sz a+ (a— 1N, /et

One can find some upper bounds for REV D,,..(¢%), one trivial upper

bound is 1 + 5 for a = 3 case; and 1 + ma(L)f\}ﬁ for the general
case.

Notice, ¢, ,(2) = (o + (o = 1)Ay /<) 2[a — (a — DA(2? + oz — o) (a +

x)"2(a — x)7%/?]. Therefore the optimal z* that maximize ¢, (7) is the
root of the following equation

1+(1 E)

a— (o= DAz? + az — @) (a+z) "V (a—2)3? =0
in the interval [0, @], and the minimum REV D,,,, for this case is ¢qa(2%).
Again, to illustrate the variance of REVD), let’s look at a few plots of

g(x,y) for several sets of a, b, & and 3. The plot of g(z,y) for the case of
a==2and X\ =5 is given as below:

13



alxy)

For this case, we can find the optimal z* = 1.324, y*
the min-max REVD 1.101.

1.15

11

1.05

as below:

alxy)

For this case, we can find the optimal x* = 0.963, y* = 0.828, with the

11
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The plot of g(x,y) for alpha=beta=2, lambda=5
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The plot of g(x,y) for alpha=1, beta=2, lambda=5

y

14

= 1.324, with
That is, our decision is at most 10% above
the expected minimal cost when one knows the complete distribution of the
demand. The plot of g(x,y) for the case of a =1, § =2 and A\ = 5 is given



min-max REVD 1.077. The plot of g(x,y) for the case of &« = 0.5, § = 2 and
A =5 is given as below:

1.08
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1.06

1.05

1.04

g(xy)
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1.01

The plot of g(x,y) for alpha=0.5, beta=2, lambda=5
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For this case, we can find the optimal x* = 0.627, y* = 0.433, with the
min-max REVD 1.060.

4 Numerical examples

Here we present some numerical examples to confirm our model and theoret-

ical findings.

4.1 Given mean i and standard deviation o

Consider the following newsvendor example used in Gallego and Moon [2]:

p=10.10, t = 15.20, pu = 900, o = 122.

For different value of the fixed ordering cost ¢, we use the following ordering
quantities: the simple mean g, the Scart’s rule ¢, the min-max AEVD order-
ing ¢¢, the min-max REVD ¢", the optimal order quantities under the normal

15



distribution, Gamma distribution, Log-normal distribution and uniform dis-
tribution respectively. Furthermore, for each order quantity, we calculate the
maximum AEVD, the maximum REVD and the cost range. Notice, [5] did
not take the ordering cost ¢ into account, hence we enhance their result in
Appendix (6.6) when the ordering cost exists, so that we can compare their
result with that from our model. The cost range can be computed from the
tight upper bound G,(¢) and lower bound G;(q) of G¢(g) given in [5]:

p—t t+p
Gulg) = cq+——(g—p) +— 10" + (g - )*1M2,

and
Gi(q) = cq+t(n—q)" +plg— )"
For example, we run the MATLAB routine [output| = compare(p,t, i, 0, c)
for the case of ¢ = 1 as follows: (We round the order quantities into integers.)

>> [output]=compare(10.10, 15.20, 900, 122, 1)

output =

1.0e+002 *

9.00000000000000  5.59421544044897 0.01363044836708
9.15000000000000  4.85642471804169  0.01328808067625
9.12000000000000  4.62729638619057  0.01308715890476
9.10000000000000  4.76069763139554  0.01296496449780
9.19000000000000  5.16847035268217  0.01356899231343
9.13000000000000  4.70319441055238  0.01315321455813
9.11000000000000  4.68096004455819  0.01302201391452
9.26000000000000  5.73156192371308  0.01409742369965

Table 1: Ordering cost ¢ = 0.2

c=0.2 Quantity | Max AEVD | Max REVD | Cost Range

L 900 $612.25 1.849 [$180, $1723]

q 923 $495.31 2.316 [$417, $1696]

q? 918 $459.80 2.030 [$365, $1698]

q. 911 $516.45 1.645 [$293, $1704]
Normal 929 $541.31 2.659 ($479, $1698]
Gamma 923 $495.31 2.316 [$417, $1696]
Log — normal 921 $480.29 2.202 ($396, $1697]
Uniform 939 $620.87 3.232 [$582, $1709]
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Table 2: Ordering cost ¢ =1

c=1 Quantity | Max AEVD | Max REVD | Cost Range
1 900 $559.42 1.363 [$900, $2443]
q: 915 $485.64 1.329 [$1067, $2432]
q° 912 $462.73 1.309 [$1033, $2432]
q. 910 $476.07 1.296 [$1011, $2433]
Normal 919 $516.85 1.357 [$1111, $2432]
Gamma 913 $470.32 1.315 [$1044, $2432]
Log — normal 911 $468.10 1.302 [$1022, $2433]
Uniform 926 $573.16 1.410 [$1189, $2438]
Table 3: ordering cost ¢ =5
c=5 Quantity | Max AEVD | Max REVD | Cost Range
1 900 $619.02 1.120 [$4500, $6043]
a. 876 $496.27 1.097 [$4745, $6014]
q° 881 $459.15 1.090 [$4694, $6015]
q. 882 $465.67 1.088 (34684, $6016]
Normal 870 $542.10 1.107 [$4806, $6016]
Gamma 865 $581.29 1.115 [$4857, $6020]
Log — normal 863 $597.20 1.119 [$4877, $6022]
Uniform 859 $629.41 1.126 [$4918, $6028]
Table 4: Ordering cost ¢ = 10
c=10 Quantity | Max AEVD | Max REVD Cost Range
1 900 $1006.86 1.107 [$9000, $10543]
q 811 $501.74 1.054 [$9463, $10247]
q° 831 $407.46 1.042 [$9359, $10259]
q. 831 $407.46 1.042 [$9359, $10259]
Normal 800 $555.50 1.060 [$9520, $10250]
Gamma 798 $565.33 1.061 [$9530, $10252]
Log — normal 798 $565.33 1.061 [$9530, $10252]
Uniform 776 $674.46 1.073 [$9645, $10277]
Table 5: ordering cost ¢ = 15
c=15 Quantity | Max AEVD | Max REVD Cost Range
L 900 $1519.09 1.112 [$13500, $15043]
a 222 $135.60 1.010 [$13636, $13773]
q° 378 $104.34 1.008 [$13604, $13782]
q. 780 $613.93 1.0018 [$13524, $14171]
Normal 606 $253.26 1.0044 [$13559, $13866]
Gamma 632 $283.49 1.0040 [$13554, $13888]
Log — normal 644 $299.10 1.0038 [$13551, $13900]
Uniform 692 $375.30 1.0031 [$13541, $13961]
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Notice, the maximum REVD only depends on «, # and A. Hence, we
can fix two of them, and change the value of the other parameter to see the
corresponding changes of maximum REVD.

The results are as follows:

Fix B=1.1, A=4, the REVD plot for a=0.5:4
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Fix a=1, A=5, the REVD plot for f=1.5:5
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Fix a=1, =2, the REVD plot for A=1:8
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From the numerical results, we can observe the followings.

1. For the example in Table 1, the order quantity from the AEVD model
has a large maximum REVD 2.030, i.e. the worst case cost is 103%
more than the minimal cost. In contrast, the order quantity from the
REVD model has maximum REVD 1.645, whose worst case cost is only
64.5% more than the minimal cost. And the regrets from not ordering
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optimal for these two ordering quantities are 459.80 and 516.45, which
is almost in the same scale. That’s why our REVD model is preferable
to AEVD model in those situations.

2. In the first plot for the case of 3 = 1+§ =llandA=£=4a= %3
varying from 0.5 to 4, we can see that the maximum REVD quantities
corresponding to the optimal orderings under AEVD model and REVD
model are quite different. Typically, the above two quantities are quite
close, but differ largely when A is small (i.e. more uncertainty) and/or
B =1+ 2 issmall (ie. the inventory holding cost is dominant).

3. We have considered four distributions: normal, Gamma, Log-normal,
Uniform. Although none of them dominates the others, it is quite clear
that uniform distribution may not be a good choice for the newsvendor
in making decisions.

4.2 Given mean u and support [A, B]

Notice, the maximum REVD only depends on «, (3, a and b. Hence, we
can fix three of them, and change the value of the other parameter to see
the corresponding changes of the maximum REVD. In particular, if we fix
A=0,B=1and p=1, then a = 1. We can change «,  or b, and compute
the maximum REVD corresponding to the optimal ordering under different
distributions, say, Beta(1, b), Beta(2, 2b), Beta(3, 3b), Triangular distribu-
tion and Uniform distribution. Compare them with the results for maximum
REVD of min-max REVD ordering and mean ordering, we get the following:
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maximum REVD

maximum REVD

Fix B=2, a=1, b=1.2, the REVD plot for 0=0.5:4
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Fix a=1, a=1, b=1.2, the REVD plot for f=1.5:5
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Fix a=1, =2, a=1, the REVD plot for b=0.6:1.8
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From the numerical results, we can observe the followings.

1. The triangle and some beta distributions seem to shield risk quite well
for the worse case, so that they might be good benchmark distributions
for inventory decision making when the demand mean and support are
known.

2. Again, it is quite clear that uniform distribution may not be a good
choice for the newsvendor in making decisions.

Remarks Note that in these numerical examples we did not include the or-
dering quantity that minimizes the maximum AEVD for the following two
reasons: First, we did not derive the method to compute the ordering quan-
tity that minimizes the maximum AEVD with mean p and support [A, B].
In fact, the method provided in [5] to compute the min-max AEVD ordering
is only for the case of given mean u and standard deviation o. And, [3] and
Appendix 6.5 in our report deal with the case of given p and support [A, B],
but what we computed is RVAI (Robust Value of Additional Information),
which is the difference between the profit and optimal profit, instead of the
difference between the costs in AEVD. Although these two are equivalent
somehow, but we still need to take some time to convert them from one to
another.

Secondly, neither [5] nor [3] takes the ordering cost ¢ into consideration,
hence at the time when we derive Theorem 3 in Appendix 6.5, ordering cost
was not taken into account either. But if we need to compare the AEVD
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with our REVD model, ’¢’ needs to be taken into account. We plan to do so
SOO™.

5 Conclusions and Future Work

Our findings have important implications to general stochastic optimization.
For example, in the case of knowing the mean and support, the triangle dis-
tribution could be used as a “robust” assumption in decision models and
sampling methods. For knowing the mean and standard deviation, the nor-
mal distribution seems save for a class of problems. We plan to investigate
these distributions further.

The problem discussed above has only one random variable. As we men-
tioned earlier, we are now investigating the multiple-item, dependent random
variable, and capacitated inventory problem under the same model.

More importantly, we plan to apply the model and approach to general
stochastic optimization problems, where we also like to derive theoretical
bounds on REVD for certain classes of problems.
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6 Appendix

6.1 Proof of Lemma 1.

Proof: (i) ¢ > pand ¢ > ¢
=

(y1 — A\p)x + A(ed + pq) — pyr = plg — x) + ¢q for A <z < g,
and
(y1 + At)x + Aeq — tG) — pap > t(x —q) +cq for § <z < B.

(Note: coincide with the first segment.)
Therefore,

(¢g—q)p+c
cq + pq — pp
(g—9+o)p
cq + pq — pp

Amin = 1+

(ii) ¢ > pand ¢ < ¢
=

(y1 — Ap)x + Mcd + pq) — pyr > plg —x) +cq for A <z <,
and

(y1 + M)z + Aeq — tG) — pap > t(x —q) +cq for § <z < B.

(y1 — Ap)x + Acq + pd) — pyr = plg — ) +¢q forz = A
and
(11 = Ap)x + A(cd +pq) — pyr = t(x — q) +cq for z =g

(Note: intersect with two point at x = A and = = §).

Therefore,
A mpq dmat=0u=A) —p+od—p
- Gg—A cq+pd — pp
= 472 pratg—(t—cpA
g—A  cq+pi—pp

(ili) ¢ < pand g > ¢
=

(y1 — Ap)x + Acd + pq) — pyr > plg — x) +cq for A <z <4,
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and

(1 + M)z + Meg —tq) — pyn > t(x — q) +¢q for <z < B.

(y1 + M)z + Neq — t§) — pyr = plg — x) +cq for v =g

and
(y1 + M)z + A(eq —tq) — pyr = t(x — q) + cq for z = B.

(Note: intersect with two point at x = ¢ and = = B).
Therefore,

q—q4(p+c)(B—p)—({t—c)p—q)
B—q cq+tu—1q

_4—4(t=0pi=(p+c)tB
B—q cq+tu—1q

>\min =1+

n

(vi) ¢ <pand ¢ < ¢
=

(y1 = Ap)x + A(ed + pq) —uyr > plg —x) +cq for A< w <4,
and
(y1 + M)z 4+ Mg — t§) —uyy = t(x — q) + ¢q for § < x < B.

(Note: coincide with the second segment.)
Therefore,

N (@—q)(t—c)

)\min: ~ ~

cq +tp —tq

gy = -0 =)t
! cq+tu—tq

The above four cases together completes the proof.

6.2 Proof of Lemma 2.
Notice

REV Dpar(q) = maxysep(ua,p) REV Ds(q)

max <4< h(q, )

max{max,<q<p (¢, §), maxa<4<, h(q, §)}

= max{maXmax(uq<i<B ¢, §), MAXA<g<min(uq) (2 §) }
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the last equality is because of the following facts:

~ —q + ¢ ]
hg, ) = H_w < h(q,p), when p < g <g;
cq +pq — pp
) (G—a)(t—o) i
hg.d) =1+ D270 < g ), when g < < p.
(¢,4) pr— (g, 1) ¢<q<p
Then
h+(Q) = maxdzmaX(u q) h( (qA) ) (u—A)—( Y(G—p)
t +c
= MaXg>max(u,q) 3 ucq+pq ppu e
o i~ (=) (p—A)—(p+a)(d=) | q

= MaXinrp, prt 175 (p=A) } >G> max(u, q)g 31 cq+pd—pp
G—q (t=c)(p—A)—(p+c)(§—p) +1

= MAXnin{B e (u-A)}>4>pn G—A cq+pi—pp

the last equality is because

(t—c)p—A)—(p+c)g—p
cq +pq — pi

. q—q
h = +1<1
(Q7q) qA :] —_ )

when

t—c
<qg<min{B,u+———~u—A),q}.
p < ¢ <min{B,u p+cw ), q}

By the same way, we have

h-(¢) = maXg<min(ug) Mg, )
_ q—q (p+o)(B—p)—(t—c)(n—4) +1

MAX pax{A,u— 22 (B—p)}<4<p B—g cq+tu—tq

Notice that h (q) is decreasing function while h_(q) is increasing function,
and hy(B) <1< h_(B), h_(A) <1< hy(A). It follows that

hi(q°) = h-(q°).
Therefore, we can get the formula for REV D,,..(q) as follows:

| hilg), ifqg<q¢",
REVD,(q) = { o as

6.3 Proof of Lemma 3.

We have two ways to prove it.

Method 1. Apply the result of Theorem 3 and remark (7) in paper [5].
Let T'(v) be the two-point pdf chosen in Theorem 3 such that q(y) = ¢}.
Then AEV Dy(q) < AEV Dr(,(q) and Gr,)(q;) < Gy(q;) (by (7) in [5]).
(Note: The proof for AEV D¢(q) < AEVDT (v)(q) is slightly different from
the proof in [5], because the definition of G¢(q) is different.)
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Then
AEVDy(q) _ AEV Dr¢,)(9)

Gi(g5) = Greplgp)
=
Gyle) _ AEVD(q) 1< AEV Dr(y)(q) 1o Gri ()
Gr(q}) Gr(q}) — Grylgy) Griy(a})
=

T Gila)) T Grey(ap) T Grs (qm))

the last inequality is because G, (q7(,)) < Gr(7)(q})-

Method 2: Use the LP duality to prove just like what we did in section
2. (see the proof of Lemma 1 or [3] Theorem 7)

Method 2: Use the LP duality to prove. (see [3] Theorem 7)

Let r = REV Dy42(q), then consider the following LP problem:

max  Gr(q) —rGs(q)
st. [yx'dF(x)=q; fori=0,1,2,

where o = 1, ¢ = p and ¢qo = p? + o2,
Its dual is

min  yo + y1p + y2(0” + p?)
s.t. Yo+ 110 + x> [plg —x) +cql - Lo<g + [t(z — @) + cq] - 1a>g
—r{[p(¢d — ) + cq] - Lu<g + [t(x — @) + ¢ - Lu>4}, V.

From the geometrical interpretation of this dual problem , we can see that
there are at most two intersection points (i.e. two active constraints of the
dual), which means the optimal distribution is at most a two-point distribu-
tion.

6.4 Proof of Lemma 4.

Consider the following two cases:
(1) When —c < < p, then Ur(y) = ¢1(7). We have

GT(’y (Q)

REV Dr,)(q) = Gron(@(7))

(a) If ¢1(7) < ¢ < ga(7), then

REV Dr(y)(q) = Vi(q,7)-
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(b) If ¢ > ga(7), then

REV Do (4) — ca+pla—n) ot ra—m
D T ol -+ Ao = en (@:7)

(c) If ¢ < qi(7), then

REV Droo(q) = cq—tg—p) ey gy
o R A 7 S =< R =)

On the other hand, from the geometric point of view, since G, (q) is a
convex function, we have

REV Dr(,)(q) 2 Vi(g,7)-

It follows that

Vi(q,7) < REV Dr(y)(q) < max{V,(q.7),Vi(q,p), V-(q, —1)}.

(2) When —t < < —¢, by the same way we have

V_(q,7) £ REV Dy (q) < max{V_(q,7),Vi(q,p), V-(q,—1)}.

Combining these two, we have

max {REVDT("/) (q)} = max{ IT<laX V+ (q7 71)’ max V_ (Q7 72)}
—c<711<p —t<72

—t<y<p Y2<—c

6.5 The ordering that minimizes the RVAI for distri-
butions with given mean p and support [A,B]

In [3], the min-max regret problem is formulated as

i e {fmax1(Q, /)] - 1(Q, )
where 11(Q, F') = pEr[min{Q, D}] — c@ is the expected profit. Notice, here
we use the same notation as in [3]: @ is the order quantity before the selling
season, Q is the order quantity after observing the demand distribution, ¢ is
the unit order cost and p is the unit selling price. We use these notations
throughout all this subsection.

Definition 1 The Robust Value of Additional Information (RVAI)
corresponds to the maximum profit loss from knowing only partial
information on the demand distribution. Mathematically, the RVAI is the
optimal value of the above problem.
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By inverting the order of maximization, it can be formulated as follows:

minQZO RV AI
ming>o MaXpep Q){[maXQ>O (Q, F)] - 1(Q, F)}

ming>p Maxgsq{maxrep(q) [I1 (Q,F)— (Qa )]} X
man20 maXQZQ p{maXFED(q fo mln{xa Q} - min{xa Q})dF(Z‘)} + C(Q - Q)

Theorem 3. (The original one, Theorem 2 given in [3], was imcomplete) If
the demand distribution is nonnegative, with support [A, B] and mean g,
the min-max regret order quantity is the following:

Q=
( A+M“—A(B A), fp<m1n{1+ 4] 4 Bouy
B — iippc)c)(B w0, if1+4 —’i<p<1—|— f—_‘%)
At (fe = [e — sty al 1f1+B—_5,_-§1+(;—_ﬁ+%g:ﬁ w1
1 +%%

if max{1+ (% i+%g:ﬁ,/ _’2_
9. /B

< E<min{l +2/=4,

Y

S | -

L
sk

—

—

B— (i =\t — BB, i B 1B [Pk o < B
A+ PZ;Q(M A), if1+2\/u_jA<£<1+2B_—g
\B_;SZ(B A), if%zmax{1+BA1_|_QB “
and the RVAI amounts to
RVAI=
( (1_%%)@—0)(#—1‘1), 1fp<m1n{1+ 1+B iy
ZT?(B_H)’ 1f1+lB__H<£§1+5\/f_3A,
(1— 1—%%)2@%—1)43—14), if 14+ B4 <§§1+(%:ﬁ+%g:ﬁ\/g_
(Vp(B — 1) = /(p — ¢)(B = Qo)) if ma,x{l—i- (%__12 +%g:ﬁ\/g)—1’1+%f_—A
<2 <min{l+2 f:j,ﬁ:jJr%fj\/ﬁ
(1= 1= b’ (5 5= = 1)
=B =) it 2 4B B e < 2
(pZ;)Q(,u—A), 1f1+2\/3>u<p<1+25 L
3 (1—}%%)0(3—“), 1fﬁ2max{1+3 A 1_|_23 oy

where Qo = I'; N Ty is the intersection point of I'y and I's in the monotonic
interval, i.e. the unique solution of

Volp—A) — /c(Q — A) = \/p(B — ) — \/(p — ¢)(B — @), such that Q is

in the monotonic interval of both I's and Fg
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Proof: Let
FQ.Q) = pimax [ (min{r. @} = minfe. Q)P + Q- Q)

then

RVAI = ming> maXasg f(Qa Q) . R
= ming>o max{maxy., (@, Q), maxs, f(Q, Q)}
= ming>omax{f,(Q), f-(Q)}

where f,.(Q) = maxg.q £(Q,Q), f-(Q) = maxyo f(Q. Q).
The inner maximization problem of f(Q), Q) over all distributions in D(q),

can be formulated as a semi-infinite linear optimization problem. By strong
duality, the primal problem is equivalent to the following dual problem:

ming, ., Yo+ Y1
s.t. Yo + y1z > min{z, Q} — min{z,Q}, VA <z < B.

(a) For the case of Q > (. Using geometric interpretation, we can get
the same result as in [3]:

(p—c)(p—Q), if Q<A+ <(u—A), 2
@ =3 (Wplp=A) = /e(Q=A)? if A+ (n—A)<Q< A+ L0
(p= — o) (B - Q), lfQ>A+ BA).

(b) For Q < Q, we can get the following results by the same way:

c(Q — p), ifQZB—’%(QB—u),
(@) =< (Vp(B—p)—/(p—c)(B-Q))7> ifB—p;C%SQSB—p—
(54 — (P —9))(Q — A), if Q< B—eEar

Let I'y,I'5, I's denote the three segments of f,(Q), I'1,T',T's denote the
three segments of f_(Q) respectively. ( the order is the same as the order
listed in (a) (b) above.)

Notice the optimal order Q* satisfies f, (Q*) = f_(Q*), hence to minimize
max{f(Q), f-(Q)}, we need to find the intersection point of f,(Q) and
f-(@). ( take into account the monotonity of f,(Q) and f_(Q).) (Notice
Nl =)

We consider the following two cases:
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Case 1:

b , then we need to find the intersection point between
Fl; Fg, F3 and

F (Actually part of T'y). We get

{:

(( T5NTYy, fp>max{1—|— 1+23 1,

. HA )
TyN Iy, fBA+;§;g‘ Dok <B<14 84

TyNTy, if 14 5,/228 <2 <minf1 +2, /828 =4 4 15

A u—A’
Dy Ny, if 1424 /224 <2 <1420k}

[yNTy, if 2 <144, /24

=

= |l

Case 2: p < 5 2‘ & p%c > g—:ﬁ, then we need to find the intersection

point between [',Ty and Ty, Ty, Ts. (Actually part of I's). (It’s symmetric
to case 1 under the following exchange: p < p, ¢ < (p—c), A B and
[; < I';.) Then, we get

(T3NTy, if 2 > max{1+ 2=4 1 4 221}

TNy, if 8= 4 1824, Jud < 2 <14 54
Ty NTa, if 145 /6=2 < 2 < min{l +2,/6=4 B=A 4 154 fucady
DoNTy, if1+2 g—jgﬁgqu%,
\fmrg, if B <143 fﬁ.
Combing the above two cases, we get the results as follows:
(1) =4 <1
([ A+ S22 (B - A), if 2 <14 100
B — 2205(B - p), if1+§%§§g1+§ By
Q" =< Qo, if 1+1 %gggﬁ:ﬁhr%ffﬁ 5:57
Y Y i =l AT =t~ PR
B — (B - A), if 2>1+ 54,
(2) =4 >1
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A+Pp0~ A(B A),

hSHeY

A+ P+c

4pc
B c B—u
\

(M_A)v
(B_A)’

pp—A

fp<1+BA,

if 1+ 5745 <2< 1+(%‘_ﬁ+%’§:ﬁ\/?j)‘ﬂ
if1+(%‘_ﬁ+%§:‘;‘ L)l < B <142
i 142 /2h <2 <1422k

if 2> 14274,

Therefore, we can write them together as follows:

Q" =
A+pcp, A(B A) 1fp<mln{1+2“ A71+%7
B - ﬁppcl)(B 1, RS e e =t
- B (B—A) —A 1 B—A —A\—
A+ ( \/; \/5_ 2;“47 if 14574 < §§1+(g—u+53—#\/%—ﬂ ",
—A 1 AN— 1 B—
if max{1+ (% —. T35 \/% #) 171‘+'§Z:£}
B—p B-A , 1B-A [B—
<p<m1n{1+2\/u X’u —2 T 2.-A M—Z}’
—c —-c __ B-— (B—A)? B 1B—A /B B—A
- \/2;-—-\/3—-—-B_ﬁ)2 Bp if 5= +_2u A\ u— ﬁ % < 1*_u A
A+ pz;;Q(M A), if1+2 A§C§1+2M_A,
B~ (B~ A), 12> max{1 + £24,1 4 2854).
and the RVAI amounts to
RVAI=
(1=25=) P —o)(n—A) if 2 < min{1 + §2=4 1+ 54
(B —p), 1f1+13“<p<1+ —f;,
“A\2/c —A _ — A\
(1= 1= 250 (6= — De(B - A), if 1+ 575 < 2<1+ (52 + 3500/ 5o
—_A — —A\— -
VPB=w— V=B - Q)P if max{l+ (4= + 124, fid) -1 4 L0
<P <m1n{1+2\/fZ75:2+%5:2\/f:z
B— —cB-—A
(1— /1= R (5= — 1)
(p—¢)(B — A), if S5 b aiay d S ES L
)2 _ _
(p4p) (u— A), if 142 %S%Sl—FQS,—Z;
(1 - £2=8)e(B - p), if 2 > max{l+ J 1+ 20}
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6.6 The ordering that minimizes the maximum AEVD
for distributions with given mean p and standard
deviation o

Let £ be the set of all pdf’s with a given mean p and a given standard
deviation o. Then all the two-point pdf’sin f can be represented by {T'(v)|—

t <~ < p}, where T'() is a two-point pdf that assigns weights w;(y) = %

and ws(7y) = £23 to points

D=1 t+7.1
)2 and qo(7y) = p + o )2,

t+y p—=7

Q(y)=p—o(

respectively.
If f = T(v), the objective function G;(q) after some algebraic calcula-
tions, can be simplified as follows:

cq — t(q — ), 1 if ¢ < qi(7),
Grey(a) = cq+ollp—7)t+)]2 +v(q—pw), ifa(y) <q<qBy),
cq +p(q — ), if ¢ > q2(7).

Lemma 5. (Similar to Theorem 3 in [5]) For any ¢ and f € F, there exists
a two-point pdf T'(v) € F with —t < v < p such that

AEVD;(q) < AEV Dy, (q).

Proof: We have two ways to prove it.

Method 1. Similar to the proof of Theorem 3 in paper [5]. (Note: The
proof for AEV D¢(q) < AEV Dr(,)(q) is slightly different from the proof in
[5], because the definition of Gf(g) is different.)

Method 2: Use duality to prove it, which is pretty much the same as the
proof for Lemma 3.

In view of Lemma 5, for any given decision ¢, we only have to search
among two-point pdf’s T'(y) to find its largest AEVD, i.e., to find a parameter
—t < v < p that maximizes REV Dp()(q):

AEVD,0.(q) = max {AEVDz(q)}.

—t<~v<p

From the geometric interpretation we can define

V+(q,7) = AEVDT(’Y( )|—c<71<pq1(7)<q<q2(7)
= [Gr)(2) = Gren (@ (O)la () <a<a(v)

- m—u+o¢ZDW+@
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V_ (Q7 '7) = AEVDT('V) (Q) |7t§v§*c,q1(v)§q§q2 )

= [GT('Y)<Q) - GT(V)(CD (7))”(}1(7)Sq§q2(7)

= (1—n—0\/E)(+0)

Lemma 6.

_max {AEVDrq)(¢)} = max{_max V.(¢,m), max V_(g,72)}

Proof: We omitted the proof because it is only slightly different from the
proof in [5]. The only difference is that we take into account the ordering
cost 'c¢’.

Then, combining with the result in Lemma 5, we have

AEVDmam(Q) = II]&X{ max V+(Q7 71)7 max V_ (CL '72)}
7 <p —t<y2<

—c< —c

Let ¢¢ be the decision that minimizes the largest AEVD, that is
¢ =arg min AEVD,,..(q).

Since Vi(q,71) < 0 for all ¢ < ¢1(11), —¢ < 71 < pand V_(q,7%) <
0 for all ¢ > g2(72),—t < 72 < —c. Then max_.<,,<, Vi(¢,71) < 0 for
all ¢ < ¢1(—c¢) and max_;<,,<_.V_(¢,71) < 0 for all ¢ > ¢2(—c), because
Min_c<y, <p ¢1(71) = @(—¢) and max_i<p,<—c 2(72) = @2(—0).

Notice that V4 (g, v1) and max_.<,, <, V4(q, 71) are both increasing func-
tions of ¢, while V_(q,7,) and max_;<,,<_.V_(g,72) are both decreasing
functions of ¢. It follows that

q1(—c¢) < g < q2(—c¢)

and
max VJr(qeu 71) = max V. (qeu 72)

—c<v1<p —t<y2<—c

Therefore, we can simplify the formula for AEV D,,..(q) as follows:

_ ) MaX_c<y<p VJr(Qa 71>7 if g > ¢,
AEV Dpaa(q) = { Max_y<r,<o Vo (q,72), if ¢ < ¢

We can further simplify it by introducing the following variable transfor-
mations:
q— t—c _p+tc _ mtc Yo+ C

75 y L y Y= — .
g p p p p
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Then, the above formula becomes

maxo<gy<p g+ (0, ), if ¢ > ¢,

AEV Dinaz(q) = (po) { maxo<y<a g-(0,y), if ¢ <¢°,

where
04(6.2) = Vila. ) = 0+ /22
_ _ a—y
g-(0,y) =V_(q,72) = [0+ ﬁ+y]y-

The above formula illustrated how to calculate the maximum AEVD for
any given decision ¢q. Now, let us calculate ¢° by the following optimization
procedure:

max  g.(0,x) sit. g.(0,x) = g_(0,x).

LMV SY S

Eliminating 6 from the constraint and then plug it into the objective
function, we get the following non-constrained optimization problem:

max A
0<028 08y<a I (z,y),

oy 08— a—y
ga,ﬁ(:v,y)—x+y(\/a+x+\/ﬂ+y)-

Theorem 4. Let (z*,y*) be the solution of the above optimization
problem. Then, the min-max AEVD and the associated decision ¢¢ are
given by

where

AEV Dpar(¢°) = (po)g(x*,y*) and ¢° = p+ 0%,

1 08— x* a—y*
0° = —4/ x4y ).
x*—l—y*( o+ x* 6+y*y>

where
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