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Derivative-Free General Nonlinear Programming

min__pa f(5) ‘
s.t. hy(s) = 0, Adding Slack D s f(2)
I < ho(s) < up, ‘ s.t. glx) =0,
Iy < 5 < uy. l» < T < Uy.

* All functions are smooth functions.

* The solver only has access to zero-order information.
* Function evaluation may be expensive.

* There may be some noises in function evaluation.

* Many applications In real practice.



Applications of Derivative-Free Algorithm

 Aircraft design: Giunta, Anthony A., et al. Multidisciplinary optimisation
of a supersonic transport using design or experiments theory and
response surface modelling, 1997.

* Parameter estimation Iin time series: Bennedsen, Mikkel, Eric
Hillebrand, and Jingying Zhou Lykke, Global temperature projections from
a statistical energy balance model using multiple sources of historical data,
2022.

* Selecting the tuning parameters of deep neural network: Snoek,
Jasper, Hugo Larochelle, and Ryan P. Adams, Practical bayesian
optimization of machine learning algorithmes, 2012.

* Prompt Optimization--



Popular Methods

* Model-Based Trust-Region methods: minimization of model
functions In adaptively chosen trust region.
* Example: Powell's Derivative-Free Optimization (PDFO) solvers.

* Model-Based Descend method: use model functions to find a
descent direction and search along the direction.
* Example: Implicit filtering, SOLNP+.
* Direct search method: compare the current points with some near

points to reduce function value.

* Example: Nonlinear Optimization with Mesh Adaptive Directional Search
(NOMAD), Nelder-Mead Simplex method.

* Generic, Simulated Annealing,



SOLNP+: History

* First proposed by Ye in 1989.
* Originally implemented (SOLNP) in Matlab, 1989.

* R implementation (Rsolnp) by Alexios Ghalanos and Stefan
Theussl, 2011.

* New and C implementation (SOLNP+) with improvements, 2022.



SOLNP+: Overview

* Use finite difference to approximate the gradient.
* Approximate the constraints by linear function.

* Use Augmented Lagrangian Method (ALM) to solve the nonlinear
constrained problem.

* Use Sequential Quadratic Programming (SQP) and BFGS update
to solve ALM subproblems.



SOLNP+ : Approximate Gradient and Constraints

* Use finite difference to calculate the approximated gradient.

flz +de;) — f(z)
0

[vﬂf(x)]? — y € = [0? SRR T O]

* Approximate the nonlinear constraints by linear function:

glz)y=0 =y  g(z;)+ ngg(:zrgﬁ)T(:zr —x,) =0



SOLNP+ Quter Iteration; ALM Framework

* Modiflied Augmented Lagrangian function

Li(x.y) = f(z) —y" [g(x) — (g(zx) + Vs, g(xr)" (z — x1))]
k 2
+ 2 lg(a) — (g(ex) + Vagan) @ - ).
* Primal Update (Robinson, 1972):

min Ly (x, yi)
s.t. g(xr) + ngg(:z:;;)fr(a: —axp) = 0.
Z;r. <zx < Uy,

where yi. 1S the approximated Lagrange multiplier with respect to the
linear constraints.



Solve ALM Subproblem: Find Feasible Solution

* The linearized problem may not be feasible.
* Find (approximated) feasible solution =} by solving the following LP.

min 7

s.t. g(zr) (1 —7) + Vs g(zx)" (¢ — z) = 0,
lo < < ug,
>0

* When 7 1s small, we find a near feasible start point.
* Start from z;. , move along the direction that is in the null space
of Vs, g(zr)’.



SOLNP+ Inner lteration: SQP and BFGS Update

* SOLNP+ generates the following sequential quadratic
programming (SQP) to solve the ALM subproblem.

min E(’I — :Iri’f_)TH‘,i (x — x3.) + Vs, Li(2).. g/;;)T(a: — x7.)

s.t. g(ax) + Vo, g(a)! (2 — zy) = by,
[;I? <z < ug.

where bi = g(a;) + V5,9(")" (¢) —2:) and BFGS update:

H) =1.

Hi+ = H o+ |
k ko' 4T g sl'H 1S
i1 i

where t = Vs, Li(z;™ yp) — Vs, Li(zh.ye) and s = L



Solve SQP: QP Subproblem

* Let i be the solution of the following QP.

min 5(:1: — :zrﬁﬁ)THi,_(:zr —x.) + Vs, Li(x),. y;;)T(:z: — ;)

s.t. g(xy) + Vrjkg(:zzgf_)lﬁ(:zz — xp) = by,
L, <2 < u,.
* SOLNP+ applies IPM to solve it and performs line search between
@1 and z; to reduce Lj(x. y;)

* Use Lagrange multiplier of linear constraints as an approximation
to the real multiplier.



Computation Aspects for SOLNP+

* Heuristics to update the penalty parameter px .
* Restart when the algorithm cannot make any progress.

* Line search to iImprove quality of solution.

* Adaptively choose §, to increase robustness.
* Feasibility problems

* Large-scale unconstrained problems



SOLNP+: Dealing with Feasiblility

* Sometimes feasibility 1s hard to satisfy

* When poor feasibility 1s detected, SOLNP+ will switch to another
formulation for satisfying feasibility

min f(x)

min f(z) + jpe v+ ppe v

s.t. g(a) =0 Use €1 penalty s.t. gx)+u—v=0
— / —s =10
ls < h(x) < ug () =
le <2 < ug

ls < s <ug, u,v=>>0
ly <x <wu

where U, 1s adjusted according to feasibility change.



SOLNP+ Solver

SOLNP+ 1s written in ANSI C and under active development.
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Computational Results |: Noiseless functions

Prob. | Dim. Number L:-_t'Em]uatiom _ Objective Function Value o . . . . . ; ; . . ._
SOLNP+ | NOMAD | PDFO | SOLNP+ NOMAD PDFO : gg%nﬂﬂ"n

HSI1 | 2 41 312 53 | -8.49787e+00 | -8.40846e+00 | -8.40846e-+00 0.8 PDFO

HS26 | 3 81 326 146 | 1.43427e06 | 3.56000e+00 | 2.11600e+01 E 0

Hs3s | 4 165 625 460 | 1.62750e-05 | 2.25010e-13 | 7.87702e-+00 A

HS40 | 4 74 239 6 | -2.50025e-01 | -2.40655e-01 | -2.50000e-01 E 0.6

HS46 | 5 272 252 537 | 4.30387e-00 | 3.33763e+00 | 9.24220e-06 g os

HS56 | 7 158 383 263 | -3.45603e-00 | -1.00000e-+00 | -3.45616e+00 = 0.4

HSTS | 5 82 206 110 | -2.91074e+00 | 2.73821e+00 | -2.91970e+00 g 0s

HSTO | 5 75 353 101 | 7.87804e02 | 1.72660e01 | T.87768e02 g

HSSO | 5 104 312 06 | 5.30184c-02 | 2.50025¢-01 | 5.30408e-02 a 0@

HSSL | 5 138 328 153 | 5.30470e-02 | 1.21224e-01 | 5.30408e-02 0.1

HS84 | & 217 1818 54| -5.28034e+06 | -5.28010e+06 | -5.28033¢+06 0

HSO3 | 6 | 148 | 1100 | 2367 | 1350836102 | 1.35525+02 | 1.35076e+02 0 1000 2000 9000 4000 2000 E000 7000 000 9000

HS106 | & 530 2670 | 4000 | 7.08435e+03 | 7.66634e+03 | 8.048230+03 Function evalutions

Figure 1: Test result of 74 problems in Hock and Schittkowski Hock and Schittkowski
[1080] problems. Total running time of SOLNP+, NOMAD, PDFO are 1.410250e+00s,

2.251209e+-03s and 5.324220e+00s.

Table 1: Test results on Hock and Schittkowski Hock and Schittkowski [1980] problems. The blue color means that the

solver refurns an approximate optimal solution with better objective value.

TM Ragonneau and Z Zhang. Pdfo: Cross-platform interfaces for powells derivative-free

optimization solvers (version 1.1), 2021.

Le Digabel, Sébastien. "Algorithm 909: NOMAD: Nonlinear optimization with the MADS algorithm." ACM Transactions on Mathematical Software (TOMS) 37.4 (2011): 1-15.and
Christophe Tribes.



Computational Results |l: Functions with Noise

* We consider the following problem,
min,_pa« f()
s.t. g(lx) =0,

. [, < x < u,.
with observed value

f(x) = f(x)(1 + N, (2)),
9(z) = g(z)(1+ oNy(z))
where N;(z) ~ N(0,1)i.i.d. , o = 10",

* If the infeasibility error of the point is less than 1073, we regard it
as feasible point.



Computational Results Ill: Noise functions

Prob Dim Average Number of Evaluations Average Objective Function Value
SOLNP SOLNP+ NOMAD PDFO SOLNP SOLNP+ NOMAD PDFO

HS11 2 118.13(20/50) 151.80 238.42 43.54 4.03901e+03 | -5.49903e+00 | -8.4909588:+-00 | -B.425409e+00
HS26 3 125.55(21,/50) 304.48 213.24 44.26 1.67703e+01 2.75509e-05 3.49606e+00 | 2.11602e+01
HS28 3 66.60 147.68 326.26 60.68 8.04709e+00 2.33612e-07 1.98141e+00 1.6774Te-04
HS38 4 37.00 711.40 702.12 261.58 T.77TTTe+03 | 1.28702e+00 1.57504e-01 7.93643e+00
HS40 4 512.17(44,/50) 114.18 179.08 67.14 -2.04400e-01 | -2.50388e-01 | -2.37238e-01 | -2.400996e-01
HS46 5 127.00(28,/50) 304.60 280.70 101.02 2.76249e+00 2.36028e-05 3.33766e+00 | 1.602009e+00
HS56 7 21.93(36/50) 374.06 377.60 133.98 (1/50) | -1.00014e4-00 | -3.45475e+4+00 | -9.900082-01 | -3.45015e+00
HS7T8 5 (H0/50) 168.50 208.34 73.58 -2.91984e+00 | -2.77044e4+00 | -2.91955e+00
HS79 5 BRO.00(47/50) 104.30 273.48 79.62 (2/50) | 3.75856e+00 7.87020e-02 4.27542e+01 T.87840e-02
HSEO0 5 (50/50) 100.06 221.14 GR.88 5.39374e-02 T7.20400e-02 5.39545e-02
HSE1 o 1194.00(49,/50) 246.50 223.58 125.20 (1/50) | 2.71448e-01 5.43039e-02 0.10489e-02 5.39526e-02
HS&4 5 17.96 427.96 580.86(36,/50) | 54.11 (41/50) | -2.35125e+406 | -5.22T08e+06 | -5.25703e+06 | -5.24458e4-06
HS93 6 19.00(39 /50)) 805.14 469.20 56.38 1.37064e+02 | 1.3592Te4+02 | 1.35562e+02 | 1.35922e4+02
HS106 8 45.00(49/50) 855.52(2/50) 1473.64 82.30 1.49936e+04 | 1.39741e+04 | 7.80392e+03 | 1.490T1e+04

Table 2: Test results with noise on Hock and Schittkowski Hock and Schittkowski [1980] problems. Each experiment is
repeated 50 times. The blue color means that the solver returns a solution with better objective value.”(fail time/total
time)” means the number of times for which the solvers return an infeasible solution. The average i1s taken for all the
feasible solutions returned by the solver. Average test time of SOLNP, SOLNP+, NOMAD and PDFO on these problems
are 7.14111e-01, 4.48086e-02, 1.51465e+02, and 1.26806e-01 seconds.



Computational Results Ill: Feasibility Problem

SOLNP+ 53/129 601.9 213298
PDFO 55/129 3056.7 324265

Test Result on the feasibility problems with dimension less than 200 of Cutest problem set.
Solved means the solvers return a point with infeasibility less than 0.001.

Gould, Nicholas IM, Dominique Orban, and Philippe L. Toint. "CUTESst: a constrained and unconstrained testing environment with safe
threads for mathematical optimization."” Computational optimization and applications 60 (2015): 545-557.



Computational Results IV: Tumor Growth
Problem

min P* = p(fend) + Q(fcncl] + {:;,)P(rcnd)

t]. B -_tﬂ-,a']. B -,a?l

s.t. 0<t < tond. 1=1.---n,
0<a; <1. 1=1.---n,

0 < max C(t) < Vmax,
iE[Diond]

tend
0 < / C'(t)dt < veum-
0

At time f; , we give drug of dosage @i to the patient. P* is the size of tumor at the
end of the treatment. '(t) Is the drug concentration.,



Tumor Growth Problem continued

* P* s calculated by the ODE

dC _
- 4,C
dt !
AP PO+ 0p. | _
— =04, P(1 — i Lr_|_ JP)—I—QE,(_.JP—{J;;P—ngg(_TP
dt I
1 -
49 _ 4.P — 0,6,C0
dt
dC o __ __
;P = 0105C'Q — 0:0p — 0Qp.

Georgios Arampatzis, Daniel Walchli, Pascal Weber, Henri Rastas, and Petros Koumoutsakos. (u,
A)-ccma-es for constrained optimization with an application in pharmacodynamics. In Proceedings of
the Platform for Advanced Scientific Computing Conference, pages 1-9, 2019
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Figure 2: Convergence histories of the objective value after 1000 evaluations.



SOLNP+: Large-scale Unconstrained Problem

* Multipoint ZO gradient estimates (Duchi, 2014)

ﬁ’f(-f') - fJ(H) Z (f (x4 0uy) — f(x)) ugl

When v 1s chosen as e, It becomes coordinate /.

* With gradient estimates, SOLNP+ implements ZO version of
* SGD (Ghadimi, 2013)
* DRSOM (Zhang, 2022) with interpolation

J.C.Duchi, M. 1. Jordan, M. J. Wainwright, and A. Wibisono, “Optimal rates for zero-order convex optimization: The power of two
function evaluations,”|IEEE Trans.Inf Theory, vol.61,n0.5,pp.2788-2806,2015.doi: 10.1109/TIT.2015.2409256.

S. Ghadimi and G. Lan, “Stochastic first-and zeroth-order methods for nonconvex stochastic programming,” SIAM J. Optimiz., vol. 23,
no. 4, pp. 2341-2368, 2013. doi: 10.1137/120880811

Zhang, Chuwen, et al. "DRSOM: A Dimension Reduced Second-Order Method and Preliminary Analyses." arXiv preprint
arXiv:2208.00208 (2022).



/0O-DRSOM

Dimension reduced second-order method (DRSOM) automatically adjust stepsize aj of directions
* gradient g = Vf(xy) 1
A

* momentum dy = X — Xp_1 Tri1l = Tk + [_Q’k dk] |: 2] = Tk +Dkak
* other directions added in Dy .. o7

DRSOM solves small trust region subproblem (TRS) to determine ay
féjﬁi f (@) + g Dra + %GTD;-H:;DW
s.t. || Drall, <A
We use two way to calculate the gradient.

e ZO-RMP-DRSOM: Use Randomized Multi-Point Method
e ZO-RBCD-DRSOM: Use Randomized Block Coordinate Descent

ZO-DRSOM uses interpolation to approximate Df H Dy, in TRS



Experiments in Large Problems: Rosenbrock

* Rosenbrock function is a well-known
nonconvex functions in the form of

FO) = ) 1000xiy = x2)? + (x; — 1)?
=1

e /O-Adamm, ZO-SGD and ZO-DRSOM are
tested in a 1200 dimensional Rosenbrock

problem.

 ZO-RMP-DRSOM, ZO-RBCD-DRSOM and

/0-SGD decrease most smoothly.

However, inappropriate parameters lead to
Inappropriate performance of ZO-SGD.

1000 Dimensional Rosenbrock Problem, Batch Size 50
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Function Evaluation % 10%

Chen, Xiangyi, et al. "Zo-adamm: Zeroth-order adaptive momentum method
for black-box optimization." Advances in neural information processing
systems 32 (2019).



Experiments in Large Problems: SNL

Sensor network localization (SNL) Is
widely used in GPS and location
services.
We known
* Some distances between sensors
* Some distances between sensors
and anchors
* Position of anchors
We want to know
* Position of sensors

®
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Experiments in Large Problems: SNL

* SNL i1s the problem to recover unknown locations of sensors given
some distances.

- Given anchors a; € R4, d;; € Ny and dy; € N,, we need to find
x; € R% such that

* Reformulate SNL as nonconvex optimization problem

min f(e)= ) (lzi—=zl3-di)*+ Y (lax — =3 — di;)?

IT'ER“{._VZI .. .
(i,7)ENz (k,7)ENq



Experiments in Large Problems: SNL

e /0O-Adam, ZO-SGD, ZO-RBCD-DRSOM and ZO-RMP-DRSOM are tested in a 500-sensor

SNL problem.
e /O-RMP-DRSOM again outperforms others.

1000 Dimensional SNL Problem, 300 Anchor, 500 Sensor, Batch Size 100
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Advantage of SOLNP+

* Able to make use of dual information.

* Provide estimation of both primal and dual solutions.
* |t seems Faster in speed.

* [t seems Robust under noise.

Thank you!



