On a Homogeneous Algorithm for a Monotone Complementarity Problem with Nonlinear Equality Constraints

Erling Andersen^� Yinyu Ye^y December 1995 (revised June 1996)

Abstract: We present a homogeneous formulation and an interior-point algorithm to solve a monotone complementarity problem (MCP) with nonlinear equality constraints and “free” variables. If the problem is solvable, then the algorithm generates a solution converging towards feasibility and complementarity simultaneously. Moreover, we analyze the complexity of the algorithm when the problem satisfies certain Lipschitz conditions.

Key words: Monotone complementarity problem, interior-point algorithms, equality constraints.

�Department of Management, Odense University, Denmark.

yDepartment of Management Sciences, The University of Iowa, Iowa City, Iowa 52242, USA. This author is supported in part by NSF Grant DDM-9207347.

1 Introduction

Consider a monotone complementarity problem (MCP) with nonlinear equality constraints and “free” variables in the following form: (MCP ) minimize x^T s

subject to 0 s = f(y, x) := h(y, x) g(y, x) , (x, s) ≥ 0,

where f(y, x) is a continuous monotone mapping from R^m × R^n_{++} := {x ∈ R^n : x > 0} to R^{m+n}, x, s ∈ R^n, and^T denotes transpose. In other words, for every (y^1, x^1 > 0), (y^2, x^2 > 0) ∈ R^m × R^n_{++}, we have (e.g., [4]) ((y^1; x^1) − (y^2; x^2))^T (f(y^1, x^1) − f(y^2, x^2)) = (y^1 − y^2)^T (h(y^1, x^1) − h(y^2, x^2)) + (x^1 − x^2)^T (g(y^1, x^1) − g(y^2, x^2)) ≥ 0.

Denote by ∇f the Jacobian matrix of f, which is positive semi-definite in R^m × R^n_{++}. For simplicity, we also assume that ∇h has a full row rank.

A related (MCP ) problem with nonlinear equations was considered by Wang, Monteiro and Pang [9], who developed a potential reduction algorithm for solving the problem. Many other complementarity problems can be formulated as (MCP ). For example, the mixed complementarity problem, studied by Chen and Mangasarian [3], Dirkse and Ferris [5], and Simantiraki and Shanno [8], minimize v^T (u − x) + w^T x subject to f̂(x) = w − v, x ≤ d, (x, v, w) ≥ 0 can be written as minimize w^T x + s^T v

subject to w s = f(x, v) := f̂(x) + v d − x , (x, v, w, s) ≥ 0,

Note that f̂ being monotone implies that f is monotone and the problem is in the form of (MCP ), where neither h nor y is present, and s := (w; s) and x = (x; v). Here we use a MATLAB-type notation, (w; s), to represent the column vector where w is on the top of s.

(MCP ) is said to be (asymptotically) feasible if and only if there is a bounded sequence (y^t, x^t, s^t), t = 1, 2, ..., such that lim_{t→∞} 0 s^t − f(y^t, x^t) → 0, where any limit point (ŷ, x̂, ŝ) of the sequence is called an (asymptotically) feasible point for (MCP ). (MCP ) has an interior feasible point if it has an (asymptotically) feasible point (ŷ, x̂ > 0, ŝ > 0). (MCP ) is said to be (asymptotically) solvable if there is an (asymptotically) feasible (ŷ, x̂, ŝ) such that x̂^T ŝ = 0, where (ŷ, x̂, ŝ) is called the “optimal” or “complementary” solution for (MCP ).

Denote the feasible set of (MCP ) by F and the solution set by S. Note that (MCP ) is feasible does not imply that (MCP ) has a solution. If (MCP ) has a solution, then it has a maximal solution (y^∗, x^∗, s^∗) where the number positive components in (x^∗, s^∗) is maximal. Note that the indices of those positive components are invariant among all maximal solutions for (MCP ) (see Güler [6]).

Consider a class of (MCP ) where f satisfies the following condition. Let

υ : (0, 1) × (0, ∞) → (1, ∞)

be a monotone increasing function such that ‖ ‖ ‖ ‖ ‖ ‖y‖ I 0 0 X f(y + d_y, x + d_x) − f(y, x) − ∇f(y, x) d^y d_x ‖ ‖ ‖ ‖ ‖ 1 ≤ υ(α, ζ)(d_y ; d_x)^T ∇f(y, x)(d_y ; d_x) (1) whenever d_x ∈ R^n, (y, x) ∈ R^m × R^n_{++}, ‖ ‖X^{−1}d_x ‖ ‖_∞ ≤ α, and ‖d_y‖ ≤ ζ ‖y‖ for some fixed 0 < α < 1, 0 < ζ < ∞. Then, f is said to be υ-scaled Lipschitz in R^m × R^n_{++}.

2 A homogeneous MCP model

Consider an augmented homogeneous model related to (MCP ):

(HMCP ) minimize x^T s + τκ

subject to 0 s κ = τh(y/τ, x/τ) τg(y/τ, x/τ) −y^T h(y/τ, x/τ) − x^T g(y/τ, x/τ) , (x, τ, s, κ) ≥ 0.

Let ψ(y, x, τ) : R^m × R^{n+1}_{++} → R^m × R^{n+1} be

ψ(y, x, τ) = τf(y/τ, x/τ) −(y; x)^T f(y/τ, x/τ) = τh(y/τ, x/τ) τg(y/τ, x/τ) −y^T h(y/τ, x/τ) − x^T g(y/τ, x/τ) . (2)

Then, it is easy to verify that ∇ψ is positive semi-definite as shown in the following lemma.

Lemma 1 . Let ∇f be positive semi-definite in R^m × R^n_+. Then ∇ψ is positive semi-definite in R^m × R^{n+1}_{++} , i.e. given (y, x > 0, τ > 0)

(d_y; d_x; d_τ )^T ∇ψ(y, x, τ)(d_y ; d_x; d_τ ) = ((d_y ; d_x) − d_τ (y; x)/τ)^T ∇f(y/τ, x/τ)((d_y ; d_x) − d_τ (y; x)/τ) ≥ 0

for any (d_y; d_x; d_τ ) ∈ R^m × R^{n+1}, where ∇ψ(y, x, τ) =

∇f(y/τ, x/τ) f(y/τ, x/τ) − ∇f(y/τ, x/τ)(y/τ, x/τ) −f(y/τ, x/τ)^T − (y/τ, x/τ)^T ∇f(y/τ, x/τ)^T (y/τ; x/τ)^T ∇f(y/τ, x/τ)(y/τ; x/τ) . (3)

Furthermore, we have the following theorem.

Theorem 2 . Let ψ be given by (2). Then,

i. ψ is a continuous homogeneous function in R^m × R^{n+1}_{++} with degree 1 and, for any (y; x; τ) ∈ R^m × R^{n+1}_{++} , (y; x; τ)^T ψ(y, x, τ) = 0 and (y; x; τ)^T ∇ψ(y, x, τ) = −ψ(y, x, τ)^T ii. If f is a continuous monotone mapping from R^m × R^n_{++} to R^{m+n}, then ψ is a continuous monotone mapping from R^m × R^{n+1}_{++} to R^{m+n+1}.

iii. If f is scaled Lipschitz with υ = υ_f , then ψ is scaled Lipschitz, that is, it satisfies condition (1) with υ = υ_ψ(α, ζ) = ( 1 + (2 + ζ − α)υ_f (2α/(1 − α), (ζ + α)/(1 − α)) 1 − α ) ( 1 1 − α ) . iv. (HMCP ) is (asymptotically) feasible and every (asymptotically) feasible point is an (asymptotically) complementary solution.

Now, let (y^∗, x^∗, τ^∗, s^∗, κ^∗) be a maximal complementary solution for (HMCP ). Then

v. (MCP ) has a solution if and only if τ^∗ > 0. In this case, (y^∗/τ^∗, x^∗/τ^∗, s^∗/τ^∗) is a complementary solution for (MCP ).

Proof. The proof of (i) is straightforward. The proof of (ii) is similar to that in our earlier paper [1].

We now prove (iii). Assume (y; x; τ) ∈ R^m × R^{n+1}_{++} and let (d_y; d_x; d_τ ) be given such that ‖ ‖(X^{−1}d_x; τ^{−1}d_τ ) ‖ ‖_∞ ≤ α < 1 and ‖d_y‖ ≤ ζ ‖y‖ .

To prove ψ is scaled Lipschitz we must bound ‖ ‖ ‖ ‖ ‖ ‖ ‖

‖y‖ I 0 0 0 X 0

0 0 τ ψ(y + d_y, x + d_x, τ + d_τ ) − ψ(y, x, τ) − ∇ψ(y, x, τ) d_y d_x d_τ

‖ ‖ ‖ ‖ ‖ ‖ ‖_1

. (4)

From (2) and (3), the upper part in (4) is identical to ‖y‖ I 0 0 X (f(y^′ + d_y0 , x^′ + d_x0 )(τ + d_τ ) − f(y^′, x^′)τ − (∇f(y^′, x^′)(d_y; d_x) + f(y^′, x^′)d_τ − ∇f(y^′, x^′)(y; x)d_τ /τ))

= (τ + d_τ ) ‖y‖ I 0 0 X (f(y^′ + d_{y0} , x^′ + d_{x0} ) − f(y^′, x^′) − ∇f(y^′, x^′)(d_{y0} ; d_{x0} ))

= (τ + d_τ ) τ ‖y^′‖ I 0 0 τX^′ (f(y^′ + d_{y0} , x^′ + d_{x0} ) − f(y^′, x^′) − ∇f(y^′, x^′)(d_{y0} ; d_{x0} )) (5)

where

(y^′; x^′) = (y; x)/τ and (y^′ + d_y0 ; x^′ + d_x0 ) =

(y + d_y; x + d_x) τ + d_τ , (6)

that is,

(d_y0 ; d_x0 ) = τ(d_y ; d_x) − (y; x)d_τ

τ(τ + d_τ ) = (d_y ; d_x) − (d_τ /τ)(y; x) τ + d_τ . (7)

Note that ‖ ‖X ′−1d_{x0} ‖ ‖_∞ = ‖ ‖τX −1(τd_x − d_τ x)/(τ(τ + d_τ )) ‖ ‖_∞ = ‖ ‖(τX^{−1}d_x − d_τ e)/(τ + d_τ ) ‖ ‖_∞ ≤ ( ‖ ‖X −1d_x ‖ ‖_∞ + α)/(1 − α) ≤^{2α}_{1−α} (8)

and, similarly, ‖d_y0 ‖ ≤ ζ + α 1 − α ‖y^′‖ . Thus, similar to the proof in our earlier paper [1],

(τ + d_τ ) ‖ ‖ ‖ ‖ ‖ τ ‖y^′‖ I 0 0 τX^′ (f(y^′ + d_{y0} , x^′ + d_{x0} ) − f(y^′, x^′) − ∇f(y^′, x^′)(d_{y0} ; d_{x0} )) ‖ ‖ ‖ ‖ ‖_1

= τ(τ + d_τ ) ‖ ‖ ‖ ‖ ‖ ‖y^′‖ I 0 0 X^′

(f(y^′ + d_{y0} , x^′ + d_{x0} ) − f(y^′, x^′) − ∇f(y^′, x^′)(d_{y0} ; d_{x0} )) ‖ ‖ ‖ ‖ ‖_1

≤ τ(τ + d_τ )υ_f (2α/(1 − α), (ζ + α)/(1 − α))(d_y0 ; d_x0 )^T ∇f(y^′, x^′)(d_y0 ; d_x0 ) = υ_f (2α/(1 − α), (ζ + α)/(1 − α)) 1 + d_τ /τ

(d_y; d_x; d_τ )^T ∇ψ(y, x, τ)(d_y ; d_x; d_τ ) ≤ υ_f (2α/(1 − α), (ζ + α)/(1 − α)) 1 − α (d_y; d_x; d_τ )^T ∇ψ(y, x, τ)(d_y ; d_x; d_τ ).

Very similar to our earlier paper [1], we can also bound the bottom component in (4) by ( (1 + ζ)υ_f (2α/(1 − α), (ζ + α)/(1 − α)) (1 − α)^2 + 1 1 − α ) (d_y; d_x; d_τ )^T ∇ψ(y, x, τ)(d_y ; d_x; d_τ ).

These two inequalities prove (iii).

We now prove (iv). Take (y^t; x^t) = (1/2)^te, τ^t = (1/2)^t, s^t = (1/2)^te, and κ^t = (1/2)^t. Then we see, as t → ∞, 0 − τ^th(y^t/τ^t, x^t/τ^t) = (1/2)^t(e − h(e, e)) → 0 s^t − τ^tg(y^t/τ^t, x^t/τ^t) = (1/2)^t(e − g(e, e)) → 0 and κ^t + (y^t; x^t)^T f(y^t/τ^t, x^t/τ^t) = (1/2)^t(1 + e^T f(e, e)) → 0.

Thus, the system is (asymptotically) feasible. Let (ŷ, x̂, τ̂ , ŝ, κ̂) ≥ 0 be any (asymptotically) feasible point for (HMCP ), then we clearly see from (i)

x̂^T ŝ + τ̂ κ̂ = (ŷ; x̂; τ̂ )^T ψ(ŷ, x̂, τ̂) = 0.

We now prove (v). If (y^∗, x^∗, τ^∗, s^∗, κ^∗) is a solution for (HMCP ) and τ^∗ > 0. Then we have

(0; s^∗)/τ^∗ = f(y^∗/τ^∗, x^∗/τ^∗) and (x^∗)^T s^∗/(τ^∗)^2 = 0,

that is, (x^∗/τ^∗, s^∗/τ^∗) is a solution for (MCP ). Let (ŷ, x̂, ŝ) be a solution to (MCP ). Then for any τ = 1, (y; x) = (ŷ; x̂), s = ŝ, κ = 0 is a solution for (HMCP ). Thus, every maximal solution of (HMCP ) must have τ^∗ > 0. 2 3 The Central path of the homogeneous model

Due to Theorem 2, we can solve (MCP ) by finding a maximal complementary solution of (HMCP ). Select y^0, x^0 > 0, s^0 > 0, τ^0 > 0 and κ^0 > 0 and let the residual vectors

r^0 = (r^0_h; r^0_g ) := (0; s^0) − τ^0f(y^0/τ^0, x^0/τ^0), z^0 = κ^0 + (y^0; x^0)^T f(y^0/τ^0, x^0/τ^0).

Also let n̄ = (r^0)^T (y^0; x^0) + z^0τ^0 = (y^0; x^0)^T (0; s^0) + τ^0κ^0.

For simplicity, we set y^0 = e, x^0 = e, τ^0 = 1, s^0 = e, κ^0 = 1, θ^0 = 1, with X^0s^0 = e and τ^0κ^0 = 1, where X^0 is the diagonal matrix of x^0. Note that n̄ = n + 1 in this setting.

We present the next theorem, whose proof is similar to that in [1] and is based on the fact that the set

H_{++} := (0; s) κ − ψ(y, x, τ) : (x, τ, s, κ) > 0.

is open and convex (e.g., [7]). We will omit the proof here.

Theorem 3 . Consider (HMCP ).

i. For any 0 < θ ≤ 1, there exists a strictly positive point (x > 0, τ > 0, s > 0, κ > 0) such that (0; s) κ − ψ(y, x, τ) = (0; s) − τf(y/τ, x/τ) κ + (y; x)^T f(y/τ, x/τ) = θ r^0 z^0 . (9)

ii. Starting from (y^0; x^0 = e, τ^0 = 1, s^0 = e, κ^0 = 1), for any 0 < θ ≤ 1 there is a unique strictly positive point (y(θ), x(θ), τ(θ), s(θ), κ(θ)) that satisfies equation (9) and Xs τκ = θe. (10)

iii. For any 0 < θ ≤ 1, the solution (y(θ), x(θ), τ(θ), s(θ), κ(θ)) in [ii] is bounded. Thus,

C(θ) := (y, x, τ, s, κ) : (0; s) κ − ψ(y, x, τ) = θ r^0 z^0 , Xs τκ = θe, 0 < θ ≤ 1 (11)

is a continuous bounded trajectory.

iv. The limit point (y(0), x(0), τ(0), s(0), κ(0)) is a maximal complementary solution for (HMCP ).

We now present an interior-point algorithm that generates iterates within a neighborhood of C(θ). For simplicity, in what follows we let x := (x; τ) ∈ R^{n+1}, s := (s; κ) ∈ R^{n+1}, and r^0_g := (r^0_g ; z^0). Recall that, for any x, s > 0 (y; x)^T ψ(y, x) = 0 and (y; x)^T ∇ψ(y, x) = −ψ(y, x)^T . (12) Furthermore, ψ is monotone and satisfies the scaled Lipschitz. We will use these facts frequently in our analyses.

4 The homogeneous interior-point algorithm

At iteration k with iterate (y^k, x^k > 0, s^k > 0), the algorithm solves a system of linear equations for direction (d_y, d_x, d_s) from (0; d_s) − ∇ψ(y^k , x^k)(d_y; d_x) = −η(r^k_h; r^k_g ) (13) and X^kd_s + S^kd_x = γμ^ke − X^ks^k, (14) where η and γ are proper given parameters between 0 and 1, and r^k = (r^k_h; r^k_g ) := (0; s^k) − ψ(y^k, x^k) and μ^k =

(x^k )^T s^k n + 1 . It can be shown that the above linear system always has a solution as long as ψ is a monotone function ([2]).

First we prove the following lemma. Lemma 4 . The direction (d_x, d_s) satisfies d^T_x d_s = (d_y; d_x)^T ∇ψ(y^k, x^k )(d_y; d_x) + η(1 − η − γ)(n + 1)μ^k.

Proof: Premultiplying each side of (13) by (d_y ; d_x)^T gives d^T_x d_s − (d_y, d_x)^T ∇ψ(y^k, x^k)(d_y ; d_x) = −η(d^T_y (0 − ψ_h(y^k, x^k)) + d^T_x (s^k − ψ_g (y^k, x^k))) (15) Multiplying each side of (13) by (y^k; x^k) and using (12) give (x^k)^T d_s + ψ(y^k; x^k)(d_y ; d_x) = −η(y^k; x^k)^T r^k = −η((y^k)^T (0 − ψ_h(y^k, x^k)) + (x^k )^T (s^k − ψ_g (x^k))) = −η(x^k)^T s^k = −η(n + 1)μ^k (16)

These two equalities in combination with (14) implies d^T_x d_s = (d_y ; d_x)^T ∇ψ(y^k, x^k)(d_y ; d_x) − η(d^T_x s^k + d^T_s x^k + η(n + 1)μ^k)

= (d_y ; d_x)^T ∇ψ(y^k, x^k)(d_y ; d_x) − η(−(n + 1)μ^k + γ(n + 1)μ^k + η(n + 1)μ^k) = (d_y ; d_x)^T ∇ψ(y^k, x^k)(d_y ; d_x) + η(1 − γ − η)(n + 1)μ^k Q.E.D.

For a step-size α > 0, let the new iterate

y^+ := y^k + αd_y, x^+ := x^k + αd_x > 0, (17) and s^+ := s^k + αd_s + ψ_g (y^+, x^+) − ψ_g (y^k, x^k) − α∇ψ_g (y^k, x^k)(d_y ; d_x) = ψ_g (y^+, x^+) + (s^k − ψ_g(y^k, x^k)) + α(d_s − ∇ψ_g (y^k, x^k)(d_y ; d_x)) = ψ_g (y^+, x^+) + (s^k − ψ_g(y^k, x^k)) − αηr^k_g = ψ_g (y^+, x^+) + (1 − αη)r^k_g .

(18)

The last two equalities come from (13) and the definition of r^k. Also let

r^+ = (r^+_h ; r^+_g ) := (0; s^+) − ψ(y^+, x^+).

Then, we have Lemma 5 . Consider the new iterate (y^+; x^+, s^+) given by (17) and (18). i. r^+_h = (1 − ηα)r^k_h + ψ_h(y^k, x^k) + α∇ψ_h(y, x)(d_y ; d_x) − ψ_h(x^+, y^+). ii. r^+_g = (1 − αη)r^k_g .

Proof: (i) follows from r^+_h − (1 − αη)r^k_h = −ψ_h(y^+, x^+) + (1 − αη)ψ_h(y, x) = ψ_h(y, x) + α∇ψ_h(y, x)(d_y ; d_x) − ψ_h(y^+, x^+).

Next we prove (ii). From (18) it follows r^+_g = s^+ − ψ_g(y^+, x^+) = (1 − αη)r^k_g . Q.E.D. Theorem 6 . Assume that ψ is scaled Lipschitz with υ = υ_ψ and at the beginning of iteration k ‖ ‖X^ks^k − μ^ke ‖ ‖ ≤ βμ^k, μ^k = (x^k )^T s^k n + 1 where β = 1 5 + 8υ_ψ( √ 2/2, ζ) ≤ 1/5. Let η = β/ √ n + 1, γ = 1 − η, and α = 1 in the algorithm. Furthermore, let the problem has a nontrivial solution y^∗ and let us start at an initial point such that ‖y^k‖ ≥ 1 and ‖d_y‖ ≤ ζ ‖ ‖y^k ‖ ‖ in the neighborhood of the central path. Then, i. y^+ = y^k + d_y, x^+ = x^k + d_x > 0, s^+ = ψ_g(y^+, x^+) + (1 − η)r^k_g > 0.

ii. μ^+ ≤ (1 − 3β/(4 √ n + 1))μ^k , where μ^+ =^{(x}

+_)T_s+ n+1 .

iii. ‖X^+s^+ − μ^+e‖ ≤ βμ^+ iv. ‖ ‖r+_g ‖ ‖ ≤ (1 − β/√n + 1) ‖ ‖rk_g ‖ ‖ . v. ‖ ‖r^+_h ‖ ‖ + √n + 1μ^+ ≤ (1 − β/(2√n + 1))( ‖ ‖r^k_h ‖ ‖ + √n + 1μ^k).

Proof: From (14) we have

S^kd_x + X^kd_s = −X^ks^k + γμe.

Hence,

D^{−1}d_x + Dd_s = −(X^kS^k)^{−1/2}(X^ks^k − γμ^ke)

where D = (X^k)^{1/2}(S^k)^{−1/2}. Note

d^T_x d_s = (d_y ; d_x)^T ∇ψ(y^k, x^k)(d_y ; d_x) ≥ 0

from Lemma 4 and γ = 1 − η. This together with the assumption of the theorem imply

‖D^{−1}d_x‖^2 + ‖Dd_s‖^2 ≤ ‖(X^kS^k)^{−1/2}(X^ks^k − γμ^ke)‖^2 ≤ ‖ ‖X^ks^k − γμ^ke ‖ ‖^2 (1 − β)μ^k . Also note ‖ ‖X ksk − γμke‖^2 = ‖X ksk − μke + (1 − γ)μke‖^2 = ‖ ‖X^ks − μ^ke ‖ ‖^2 + ((1 − γ)μ^k)^2 ‖e‖^2

≤ (β^2 + η^2(n + 1))(μ^k)^2

= 2β^2(μ^k)^2.

Thus, ‖ ‖(X^k)^{−1}d_x ‖ ‖ = ‖ ‖ ‖(X^kS^k)^{−1/2}D^{−1}dx ‖ ‖ ‖ ≤ ‖ D^{−1}d_x ‖ √ (1 − β)μ^k ≤ √ 2βμ^k (1 − β)μ^k = √ 2β 1 − β ≤ √ 2 2 , since β ≤ 1/5. This implies that x^+ = x^k + d_x > 0. Furthermore, we have ‖D_xd_s‖ = ‖ ‖D^{−1}D_xDd_s ‖ ‖ ≤ ‖ ‖D^{−1}d_x ‖ ‖ ‖Dd_s‖ ≤ ( ‖ ‖D^{−1}d_x ‖ ‖^2 + ‖Dd_s‖^2)/2 ≤ ‖ ‖ ‖(X^kS^k)^{−1/2}(X^ks^k − γμ^k) ‖ ‖ ‖^2 /2

≤ ‖ ‖X ksk − γμke ‖ ‖^2 2(1 − β)μ^k ≤ 2β^2(μ^k)^2 2(1 − β)μ^k = β^2μ^k 1 − β , and d^T_x d_s = d^T_x D^{−1}Dd_s ≤ ‖ D^{−1}d_x ‖ ‖Dd_s‖ ≤ β^2μ^k 1 − β . Consider

X^+s^+ − γμ^ke = X^+(s^k + d_s + ψ_g (y^+, x^+) − ψ_g (y^k, x^k) − ∇ψ_g (y^k, x^k )(d_y; d_x)) − γμ^ke

= (X^k + D_x)(s^k + d_s) − γμ^ke + X^+(ψ_g (y^+, x^+) − ψ_g (y^k, x^k) − ∇ψ_g(y^k, x^k)(d_y ; d_x))

= D_xd_s + X^+(ψ_g (y^+, x^+) − ψ_g (y^k, x^k) − ∇ψ_g (y^k, x^k)(d_y ; d_x)).

Using that ψ is the scaled Lipschitz, (d_y; d_x)^T ∇ψ(y^k, x^k)(d_y , d_x) = d^T_x d_s, Lemma 5 and the above four

relations we obtain ‖ ‖ ‖ ‖ ‖ −‖y^k‖(r^+_h − γr^k_h) X^+s^+ − γμ^ke ‖ ‖ ‖ ‖ ‖ = ‖ ‖ ‖ ‖ ‖ ‖y^k‖ ( ψ_h(y^+, x^+) − ψ_h(y^k, x^k) − ∇ψ_h(y^k, x^k)(d_y ; d_x) ) D_xd_s + X^+(ψ_g (y^+, x^+) − ψ_g (y^k, x^k) − ∇ψ_g(y^k, x^k)(d_y ; d_x)) ‖ ‖ ‖ ‖ ‖ ≤ ‖D_xd_s‖ + ‖ ‖ ‖ ‖ ‖ ‖ ‖y^k‖I 0 0 X^+

(ψ(y^+, x^+) − ψ(y^k, x^k) − ∇ψ(y^k, x^k)(d_y; d_x)) ‖ ‖ ‖ ‖ ‖ ‖ ≤ ‖D_xd_s‖ + max(1, ‖ ‖(X k)−1X + ‖ ‖_∞) ‖ ‖ ‖ ‖ ‖ ‖y^k‖I 0 0 X^k

(ψ(y^+, x^+) − ψ(y^k, x^k) − ∇ψ(y^k, x^k)(d_y ; d_x)) ‖ ‖ ‖ ‖ ‖ ≤ ‖D_xd_s‖ +2 ‖ ‖ ‖ ‖ ‖ ‖y^k‖I 0 0 X^k

(ψ(y^+, x^+) − ψ(y^k, x^k) − ∇ψ(y^k , x^k)(d_y; d_x)) ‖ ‖ ‖ ‖ ‖_1 ≤ ‖D_xd_s‖ + 2υ_ψ( √ 2/2, ζ)(d_y; d_x)^T ∇ψ(y^k, x^k)(d_y ; d_x)

= ‖D_xd_s‖ + 2υ_ψ( √ 2/2, ζ)d^T_x d_s ≤^β 2_μk 1−β + 2υ_ψ( √ 2/2, ζ)^β 2_μk 1−β ≤^{(1+2υψ(} √ 2/2),ζ)β2μk 1−β = δμ^k, (19)

where δ = (1 + 2υ_ψ( √ 2/2, ζ))^β 2 1−β . Note the choice of β implies that δ = β 4 . (20)

Moreover,

(δμ^k )^2 ≥ ‖ X^+s^+ − γμ^ke ‖_2 = ‖ ‖X +s+ + (−μ+ + μ+ − γμk)e ‖ ‖^2

= ‖X^+s^+ − μ^+e‖^2 + (μ^+ − γμ^k)^2(n + 1)

≥ (μ^+ − γμ^k)^2(n + 1).

Hence, (γ − δ √ n + 1

)μ^k ≤ μ^+ ≤ (γ + δ √ n + 1 )μ^k and then using (20) we obtain

(1 − 5β 4 √ n + 1

)μ^k ≤ μ^+ ≤ (1 − 3β 4 √ n + 1 )μ^k and ii) has been proved. Therefore, ‖ ‖X^+s^+ − μ^+e ‖ ‖ ≤ δμ^k ≤ β 4 μ^k ≤ βμ^+ which proves iii). Note that ‖X^+s^+ − μ^+e‖ < βμ^+ implies s^+ > 0, since x^+ > 0.

The proof of iv) follows ii) of the preceding lemma and the choices of α and η.

Since we assume that the problem has a nontrivial solution and we start at an initial point such that

‖y‖ ≥ 1 in the neighborhood of the central, (19) implies ‖ ‖r^+_h − γr_h ‖ ‖ ≤ δμ^k ‖y^k‖ ≤ δμ^k. It follows ‖ ‖r^+_h ‖ ‖ ≤ γ ‖r_h‖ + δμ^k. Therefore, ‖ ‖r^+_h ‖ ‖ + √n + 1μ+ ≤ γ ‖r_h‖ + δμk + (γ +^δ_{√n+1} )√n + 1μk ≤ γ ‖r_h‖ + (γ + δ(^{1√}_{n+1} +^{1√}_{n+1} )) √ n + 1μ^k ≤ (γ + δ^{2√}_{n+1} )( ‖ ‖r^k_h ‖ ‖ + √n + 1μ^k)

≤ (1 −^{β√}_{n+1} +^β_4^{2√}_{n+1} )( ‖ r^k_h ‖ + √ n + 1μ^k)

≤ (1 −^β_2^√_{n+1} )( ‖ ‖rk_h ‖ ‖ + √n + 1μk) Q.E.D. Based on this theorem, we see that if (HMCP ) has a non-trivial solution in y and if the initial point

is chosen such that ‖y‖ ≥ 1 in the neighborhood of the central path, the algorithm generates a sequence

(y^k, x^k) converges to a maximal solution.

Acknowledgement The authors would like to thank the two referees for their comments and corrections.

References

[1] E. D. Andersen and Y. Ye, “On a homogeneous algorithm for the monotone complementarity problem,” Working Paper (1995).

[2] E. D. Andersen and Y. Ye, “Computational study of the homogeneous algorithm for large-scale convex optimization,” Working Paper (1996).

[3] C. Chen and O. L. Mangasarian, “A class of smoothing functions for nonlinear and mixed complementarity problems,” Mathematical Programming Technical Report 94-11, Computer Science Department, University of Wisconsin, Madison, WI (August 1994, revised February 1995).

[4] R. W. Cottle, J.-S. Pang, and R. E. Stone, The Linear Complementarity Problem, Computer Science and Scientific Computing, Academic Press, San Diego (1992).

[5] S. P. Dirkse and M. C. Ferris, “The PATH solver: A non-monotone stabilization scheme for mixed complementarity problems,” Technical Report 1179, Computer Science Department, University of Wisconsin, Madison, WI (September 1993).

[6] O. Güler, “Existence of interior points and interior paths in nonlinear monotone complementarity problems,” Mathematics of Operations Research 18 (1993) 128-147.

[7] M. Kojima, S. Mizuno, and A. Yoshise, “A convex property of monotone complementarity problems,” Research Report B-267, Department of Information Sciences, Tokyo Institute of Technology, Tokyo, Japan (1993).

[8] E. Simantiraki and D. Shanno, “An infeasible-interior-point algorithm for solving mixed complementarity problems,” Rutcor Research Report 37-95, RUTCOR and Graduate School of Management, Rutgers University, NY (1995).

[9] T. Wang, R. D. C. Monteiro, and J.-S. Pang, “An interior point potential reduction algorithm for constrained equations,” Technical Summary Report 1965, Department of Mathematical Sciences, The Johns Hopkins University, MD (April 1994, revised April 1995).