Complexity Analysis of the Analytic Center Cutting Plane Method That Uses Multiple Cuts^1

Yinyu YE Department of Management Sciences, The University of Iowa, Iowa City, Iowa 52242, USA.

September, 1994 (Revised December, 1995)

Abstract We analyze the complexity of the analytic center cutting plane or column generation algorithm for solving general convex problems defined by a separation oracle. The oracle is called at the analytic center of a polytope, which contains a solution set and is given by the intersection of the linear inequalities previously generated from the oracle. If the center is not in the solution set, separating hyperplanes will be placed through the center to shrink the containing polytope. While the complexity result has been recently established for the algorithm when one cutting plane is placed in each iteration, the result remains open when multiple cuts are added. Moreover, adding multiple cuts actually is a key to practical effectiveness in solving many problems and it presents theoretical difficulties in analyzing cutting plane methods. In this paper, we show that the analytic center cutting plane algorithm, with multiple cuts added in each iteration, still is a fully polynomial approximation algorithm.

Keywords: Convex feasibility problem, analytic center, potential reduction, column generation, cutting planes.

AMS subject classification: 90C25, 90C26, 90C60.

1The research of the author is supported by NSF grant DDM-9207347, an Iowa Business School Summer Grant, and a University of Iowa Obermann Fellowship.

1 Introduction

The problem studied is to find a point in a convex set Γ, where we assume Γ ⊂ IR^m is contained in the cube Ω^0 = {y ∈ IR^m : 0 ≤ y ≤ e} = [0, 1]^m, where e denotes the vector of all ones. Through out this paper we consider nontrivial cases where m ≥ 2. We assume that Γ has a nonempty interior and it contains a full dimensional closed ball with ϵ (<^1_2 ) radius. The set Γ is defined implicitly by a separating oracle, which for every ŷ ∈ IR^m either answers ŷ ∈ Γ or generates a separating hyperplane a ∈ IR^m such that {y ∈ IR^m : a^T y ≤ a^T ŷ} ⊃ Γ. Without loss of generality, we assume that a is normalized so that ‖a‖ = 1.

The analytic center cutting plane or column generation algorithm has been very effective for solving this problem (see [2], [3] and references therein). The algorithm starts with Ω^0 as an initial polytope that contains Γ. Then, in each iteration the oracle is called at the (approximate) analytic center of the containing polytope given by the intersection of the linear inequalities previously generated from the oracle. If the center in not in Γ yet, separating hyperplanes will be placed through the center to trim down the containing polytope further.

Recently, several complexity results have been established for this algorithm when one plane is placed in each iteration, see Nesterov [6], Goffin et al. [3], and Altman and Kiwiel [1]. However, the complexity result remains open when multiple cuts are added in each iteration. Intriguingly, adding multiple cuts is a key to practical effectiveness of the algorithm in solving many problems (e.g., Bahn et al. [2]) and it presents theoretical difficulties in analyzing all cutting plane methods (including the ellipsoid method). In this paper, we show that the analytic center cutting plane algorithm, with multiple cuts (less than or equal to m) added in each iteration, still is a fully polynomial approximation algorithm.

The paper is organized as follows. We derive a key potential reduction theorem and its corollary in the next section. Then, in Section 3 we bound the total number of cutting planes needed to generate a solution in Γ. Finally, we bound the total number of Newton’s steps before the algorithm terminates, which is the main computational cost of the algorithm, in Section 4. We show that the total number of Newton’s steps is as the same order as the total number of cutting planes, and both of them are polynomials in m and 1/ϵ.

2 Max-Potential Reduction Let Ω = {y ∈ IR^m : c − A^T y ≥ 0}, defined by n (> m) linear inequalities, be bounded and have a nonempty interior. Let its analytic center be ȳ. Define s̄ = c − A^T ȳ and the max-potential of Ω P (Ω) = n∑ j=1 log s̄_j := max_{y∈Ω} n∑ j=1 log(c − A^T y)_j.

Then, there is a unique x̄ > 0 with Ax̄ = 0 such that X̄s̄ − e = 0, (2.1) where X̄ = diag(x̄). Let us place η (≥ 1) cuts at ȳ, that is, add η new inequalities a^T_{n+i}y ≤ a^T_{n+i}ȳ, i = 1, ..., η, to Ω, and consider the new set Ω^+ = {y : A^T y ≤ c, a^T_{n+i}y ≤ a^T_{n+i}ȳ, i = 1, ..., η}, where we assume ‖a_{n+i}‖ = 1, i = 1, ..., η. Define r_{n+i} = √ a^T_{n+i}(AS̄^{−2}A^T )^{−1}a_{n+i}, i = 1, ..., η. Then, the following result, which was first stated in Ye [9], is an extension of Theorem 2 of Ye [8].

Theorem 2.1 (Ye [9]) Let ȳ^+ be the analytic center of Ω^+ and s̄^+ = c − A^T ȳ^+ ∈ IR^n, s̄^+_{n+i} = a^T_{n+i}ȳ − a^T_{n+i}ȳ^+, i = 1, ..., η.

Then,

P (Ω^+) = n+η∑ j=1 log s̄^+_j ≤ P (Ω) + η∑ i=1 log(r_{n+i}) + η 2 log( n n − 1 ) + (η + 1) log(η + 1) − η(η + 2) η + 1 .

Proof. Note that we have, for i = 1, ..., η,

s̄^+_{n+i} = a^T_{n+i}(ȳ − ȳ^+) = a^T_{n+i}(AS̄^{−2}A^T )^{−1}(AS̄^{−2}A^T )(ȳ − ȳ^+) = a^T_{n+i}(AS̄^{−2}A^T )^{−1}AS̄^{−2}(A^T ȳ − A^T ȳ^+) = a^T_{n+i}(AS̄^{−2}A^T )^{−1}AS̄^{−2}(−c + A^T ȳ + c − A^T ȳ^+) = a^T_{n+i}(AS̄^{−2}A^T )^{−1}AS̄^{−2}(s̄^+ − s̄) = a^T_{n+i}(AS̄^{−2}A^T )^{−1}AS̄^{−1}(S̄^{−1}s̄^+ − e) ≤ ‖a^T_{n+i}(AS̄^{−2}A^T )^{−1}AS̄^{−1}‖‖S̄^{−1}s̄^+ − e‖ = r_{n+i}‖S̄^{−1}s̄^+ − e‖. Thus, exp P (Ω^+) ( ∏η i r_{n+i}) exp P (Ω) = η∏ i=1 s̄^+_{n+i} r_{n+i} n∏ j=1 s̄^+_j s̄_j ≤ ‖S̄^{−1}s̄^+ − e‖^η n∏ j=1 s̄^+_j s̄_j . (2.2)

Note also that we have e^T S̄^{−1}s̄^+ = n.

This can be seen as follows:

e^T S̄^{−1}s̄^+ = e^T X̄s̄^+ = e^T X̄(c − A^T ȳ^+) = e^T X̄c = e^T X̄(c − A^T ȳ) = e^T X̄s̄ = e^T e = n. Let α = S̄^{−1}s̄^+ ∈ IR^n. Then, to evaluate the quantity of (2.2), we face a maximum problem max f(α) = ‖α − e‖^η n∏ j=1 α_j s.t. e^T α = n, α > 0.

The maximizer is achieved, without loss of generality, at α_1 = β > 1 and

α_2 = ... = α_n = n − β n − 1 > 0. Hence f(α) = ( n n − 1 )η/_2 (β − 1)^ηβ ( n − β n − 1 )n_{−1}

≤ ( n n − 1 )η/_2 (η + 1)^{η+1} ( β − 1 η + 1 )η β η + 1 ( n − β n − 1 )n_{−1}

≤ ( n n − 1 )η/_2 (η + 1)^{η+1} ( n − η/(η + 1) n + η )n_+η

≤ ( n n − 1 )η/_2 (η + 1)^{η+1} exp(−η(η + 2)/(η + 1)).

This gives the desired result. 2 The above theorem also holds when cuts are placed at an approximate analytic center.

Let a (primal) vector x ≥ 0, with Ax = 0, represent the Lagrangean multiplier for Ω, where Ω is usually called the dual system. Then, we say (x, y, s) is a δ-approximate center pair if s = c − A^T y > 0, x > 0, Ax = 0, c^T x = n, and ‖X(c − A^T y) − e‖ = ‖Xs − e‖ ≤ δ < 1. A primal homogeneous potential function is defined as

ϕ(x) = n log(c^T x) − n∑ j=1 log x_j

for all x > 0 and Ax = 0. Again, let ȳ be the analytic center of Ω and s̄ = c − A^T ȳ. We also consider a primal-dual potential function

ψ(x, s̄) = n log(s̄^T x) − n∑ j=1 log(x_js̄_j) ≥ n log n.

Note that ψ(x, s̄) = ϕ(x) − n∑ j=1 log(s̄_j) = ϕ(x) − P (Ω).

We have the following results whose proofs can be found in Goffin et al. [3] and Ye [8].

Lemma 2.1 Let (x, y, s) be a δ-approximate center pair and let (ȳ, s̄) be the analytic center of Ω. Then, (i) 0 ≤ − n∑ j=1 log x_j − P (Ω) ≤ δ^2 2(1 − δ) and 0 ≤ P (Ω) − n∑ j=1 log s_j ≤ δ^2 2(1 − δ) . (ii) ‖S^{−1}s̄ − e‖ ≤ δ 1 − δ and ‖S̄^{−1}s − e‖ ≤ δ 1 − 2δ . 2 Let (ŷ, ŝ) be a δ-approximate center and let us place η (≥ 1) cuts at ŷ, that is, add η new inequalities a^T_{n+i}y ≤ a^T_{n+i}ŷ, i = 1, ..., η, to Ω, and consider the new set Ω^+ = {y : A^T y ≤ c, a^T_{n+i}y ≤ a^T_{n+i}ŷ, i = 1, ..., η}. Again, we assume ‖a_{n+i}‖ = 1, i = 1, ..., η. Then we still have the following result.

Corollary 2.1 Let ȳ^+ be the analytic centers of Ω^+ and

s̄^+ = c − A^T ȳ^+ ∈ IR^n, s̄^+_{n+i} = a^T_{n+i}ŷ − a^T_{n+i}ȳ^+, i = 1, ..., η.

Then,

P (Ω^+) = n+η∑ j=1 log s̄^+_j ≤ P (Ω)+ η∑ i=1 log(r_{n+i})+η log ( ( n n − 1 )^{1/2}(η + 1)^{η+1η} exp( −η − 2 η + 1 ) + δ 1 − 2δ ) .

Proof. Let (ȳ, s̄) be the analytic centers of Ω. Note that we have, for i = 1, ..., η,

s̄^+_{n+i} = a^T_{n+i}(ŷ − y^+) = a^T_{n+i}(AS̄^{−2}A^T )^{−1}(AS̄^{−2}A^T )(ŷ − ȳ^+) = a^T_{n+i}(AS̄^{−2}A^T )^{−1}AS̄^{−2}(A^T ŷ − A^T ȳ^+) = a^T_{n+i}(AS̄^{−2}A^T )^{−1}AS̄^{−2}(−c + A^T ŷ + c − A^T ȳ^+) = a^T_{n+i}(AS̄^{−2}A^T )^{−1}AS̄^{−2}(s̄^+ − ŝ) = a^T_{n+i}(AS̄^{−2}A^T )^{−1}AS̄^{−1}(S̄^{−1}s̄^+ − S̄^{−1}ŝ) ≤ ‖a^T_{n+i}(AS̄^{−2}A^T )^{−1}AS̄^{−1}‖‖S̄^{−1}s̄^+ − S̄^{−1}ŝ‖ = r_{n+i}‖S̄^{−1}s̄^+ − e + e − S̄^{−1}ŝ‖ ≤ r_{n+i}(‖S̄^{−1}s̄^+ − e‖ + ‖e − S̄^{−1}ŝ‖) ≤ r_{n+i}(‖S̄^{−1}s̄^+ − e‖ + δ 1 − 2δ ) (from (ii) of Lemma 2.1).

Thus, exp P (Ω^+) ( ∏η i r_{n+i}) exp P (Ω) = η∏ i=1 s̄^+_{n+i} r_{n+i} n∏ j=1 s̄^+_j s̄_j ≤ (‖S̄^{−1}s̄^+ − e‖ + δ 1 − 2δ )^η n∏ j=1 s̄^+_j s̄_j . Again let α = S̄^{−1}s̄^+ > 0. Note that e^T α = n and, thereby, ∏n j=1 α_j ≤ 1. Then, exp P (Ω^+) ( ∏η i r_{n+i}) exp P (Ω) ≤ (‖α − e‖ + δ 1 − 2δ )^η n∏ j=1 α_j

= ‖α − e‖( n∏ j=1 α_j)^{1/η} + δ 1 − 2δ ( n∏ j=1 α_j)^{1/η} η

≤ ‖α − e‖( n∏ j=1 α_j)^{1/η} + δ 1 − 2δ η . From Theorem 2.1, we have ‖α − e‖^η( n∏ j=1 α_j) ≤ ( n n − 1 )η/_2 (η + 1)^{η+1} exp(−η(η + 2)/(η + 1)),

which gives the desired result. 2

We now describe the algorithm. Recall that Ω^0 = {y ∈ IR^m : 0 ≤ y ≤ e} and there exists an oracle which for every ŷ ∈ IR^m either returns ŷ ∈ Γ or generates separating hyperplanes, {y : a^T_i y ≤ a^T_i ŷ} ⊃ Γ, with ‖a_i‖ = 1.

The analytic center cutting plane algorithm:

• Step 0: Let A^0 = (I, −I) ∈ IR^{m×2m}, c^0 = e 0 ∈ IR^{2m}, y^0 = 1 2 e ∈ IR^m, s^0 = c^0 − (A^0)^T y^0 =^1_2e ∈ IR^{2m}, x^0 = 2e ∈ IR^{2m}, and δ = 1/4, k = 0 and n(0) = 0.

• Step 1: Let (x^k, y^k, s^k) be a δ-approximate analytic center pair of Ω^k = {y ∈ IR^m :

c^k − (A^k)^T y ≥ 0}, i.e., s^k = c^k − (A^k)^T y^k > 0, x^k > 0, A^kx^k = 0, (c^k)^T x^k = 2m + n(k), and ‖X^ks^k − e‖ ≤ δ. Then, Query the oracle to see if y^k ∈ Γ or not. If yes, stop; otherwise generate hyperplanes, i = 1, ..., η(k), {y : a^T_{n(k)+i}y ≤ a^T_{n(k)+i}y^k} ⊃ Γ with ‖a_{n(k)+i}‖ = 1, and let

Ω^{k+1} = {y ∈ IR^m : c^{k+1} − (A^{k+1})^T y ≥ 0}

where A^{k+1} = ( A^k, a_{n(k)+i}, ..., a_{n(k)+η(k)} ) and

c^{k+1} = c^k a^T_{n(k)+1}y^k ... a^T_{n(k)+η(k)}y^k ∈ IR^{2m+n(k)+η(k)}.

• Step 2: Compute a δ-approximate center pair for Ω^{k+1} and set n(k +1) = n(k)+η(k), k := k + 1, and return to Step 1. 2

Here, η(k) denotes the number of cuts added at iteration k and n(k) represents the number of total cuts at the beginning of iteration k, where k = 0, 1, .... We will elaborate how to perform Step 2 later.

From Theorem 2.1, its Corollary 2.1, and noting that δ = 1/4, η(k) ≥ 1 and n ≥ 4, clearly the following relations hold, provided that termination has not occurred: for all k ≥ 0,

Γ ⊂ Ω^k, (2.3) and P (Ω^{k+1})

≤ P (Ω^k) + η(k)∑ i=1 log(r_{n(k)+i}) + η(k) log ( ( 4 3 )^{1/2}(η(k) + 1)^{η(k)+1η(k)} exp( −η(k) − 2 η(k) + 1 ) + δ 1 − 2δ )

≤ P (Ω^k) + η(k)∑ i=1 log(r_{n(k)+i}) + η(k) log(η(k) + 1) (2.4)

where r_{n(k)+i} = √ a^T_{n(k)+i}(A^k(S̄^k)^{−2}(A^k)^T )^{−1}a_{n(k)+i}, and (ȳ^k, s̄^k) denotes the exact analytic center of Ω^k. We remark that the exact analytic center is used only in our analysis and it is not needed in computation.

3 Bound on the total number of cuts

First, we have the following lemma to bound P (Ω^k).

Lemma 3.1 (Goffin et al. [3]) For all k ≥ 0,

P (Ω^k) ≥ (2m + n(k)) log ϵ.

Proof. From (2.3), Γ ⊂ Ω^k. Thus Ω^k contains a full dimensional ball with ϵ radius. Let the center of this ball be ȳ. Then c^k − (A^k)^T ȳ ≥ ϵe; thus

P (Ω^k) = 2m+n(k) ∑ j=1 log(c^k − (A^k)^T y^k)_j ≥ 2m+n(k) ∑ j=1 log(c^k − (A^k)^T ȳ)_j ≥ 2m+n(k) ∑ j=1 log ϵ. 2

Lemma 3.2 Let s = c^k − (A^k)^T y ≥ 0 for any y ∈ Ω^k. Then 1. 0 ≤ s_j ≤ 1, j = 1, . . . , 2m 2. 0 ≤ s_j ≤ √ m, j = 2m + 1, . . . , 2m + n(k).

Proof. The proof is almost identical to the one in [3]; we include it here for completeness.

For j = 1, . . . , m, s_j = 1 − y_j; since 0 ≤ y_j ≤ 1, 0 ≤ s_j ≤ 1. For j = m + 1, . . . , 2m, s_j = y_{j−m}; since 0 ≤ y_{j−m} ≤ 1, 0 ≤ s_j ≤ 1. For j = 2m + 1, . . . , 2m + n(k), s_j = a^T_{j−2m}y^i − a^T_{j−2m}y ≤ ‖a_{j−2m}‖ ‖y^i − y‖ = ‖y^i − y‖ ≤ √ m for some y^i ∈ Ω^0 (0 ≤ i < k). Note that the last inequality is due to the fact that, for all pairs y^i, y ∈ Ω^0, −e ≤ y^i − y ≤ e. 2 Lemma 3.3 Let s = c^k − (A^k)^T y > 0, and let B^0 = 8I and

B^{k+1} = B^k + 1 m η(k)∑ i=1 a_{n(k)+i}a^T_{n(k)+i}. Then A^kS^{−2}(A^k)^T ⪰ B^k;

that is, A^kS^{−2}(A^k)^T − B^k is positive semi-definite.

Proof. Let Y = diag(y). Then

A^kS^{−2}(A^k)^T = Y^{−2} + (I − Y )^{−2} + n(k)∑ j=1 a_ja^T_j (s_{2m+j} )^2

⪰ Y^{−2} + (I − Y )^{−2} + 1 m n(k)∑ j=1 a_ja^T_j (by Lemma 3.2)

⪰ 8I + 1 m n(k)∑ j=1 a_ja^T_j (as 0 < y < e) = B^k.

2 The above lemma leads to the following lemma.

Lemma 3.4 Let ȳ^k be the analytic center of Ω^k, s̄^k = c^k − (A^k)^T ȳ^k and, for i = 1, ..., η(k), (ω_{n(k)+i})^2 = a^T_{n(k)+i}(B^k)^{−1}a_{n(k)+i}. Then, for i = 1, ..., η(k),

(ω_{n(k)+i})^2 ≥ a^T_{n(k)+i}(A^k(S̄^k)^{−2}(A^k)^T )^{−1}a_{n(k)+i} = (r_{n(k)+i})^2. (3.1) 2 This lemma implies that upper bounds on the series of (ω_.)^2 will lead to same bounds on the series (r_.)^2. The following lemma is the key to establish our main result.

Lemma 3.5 Let 1 ≤ η(k) ≤ η ≤ m for all k. Then, n(k+1) ∑ j=1 (ω_j )^2 ≤

18m^2 15 log(1 + n(k + 1) 8m^2 ).

Proof. Note that

det B^{k+1} = det(B^k + 1 m η(k)∑ i=1 a_{n(k)+i}a^T_{n(k)+i}) = (1 + ω^2 m ) det(B^k + 1 m η(k)∑ i=2 a_{n(k)+i}a^T_{n(k)+i}), where ω^2 = a^T_{n(k)+1}(B^k + 1 m η(k)∑ i=2 a_{n(k)+i}a^T_{n(k)+i})^{−1}a_{n(k)+1}.

Clearly, ω^2 ≤ a^T_{n(k)+1}(B^k)^{−1}a_{n(k)+1} = (ω_{n(k)+1})^2.

On the other hand, consider the matrix I + 1 m η(k)∑ i=2 (B^k)^{−1/2}a_{n(k)+i}a^T_{n(k)+i}(B^k)^{−1/2}.

We claim that its largest eigenvalue, λ ≤ 9/8.

This is because that for any y ∈ IR^m and ‖y‖ = 1, we have y^T I + 1 m η(k)∑ i=2 (B^k)^{−1/2}a_{n(k)+i}a^T_{n(k)+i}(B^k)^{−1/2} y

= ‖y‖^2 + 1 m η(k)∑ i=2 (y^T (B^k)^{−1/2}a_{n(k)+i})^2 ≤ ‖y‖^2 + 1 m η(k)∑ i=2 ‖y‖^2‖(B^k)^{−1/2}a_{n(k)+i})‖^2

= 1 + 1 m η(k)∑ i=2 a^T_{n(k)+i}(B^k)^{−1}a_{n(k)+i}

≤ 1 + 1 m η(k)∑ i=2 ‖a_{n(k)+i}‖^2/8 (B^k ⪰ 8I)

≤ 1 + η(k) − 1 8m ≤ 9/8. Thus

ω^2 = a^T_{n(k)+1}(B^k + 1 m η(k)∑ i=2 a_{n(k)+i}a^T_{n(k)+i})^{−1}a_{n(k)+1}

= a^T_{n(k)+1}(B^k)^{−1/2} I + 1 m η(k)∑ i=2 (B^k)^{−1/2}a_{n(k)+i}a^T_{n(k)+i}(B^k)^{−1/2} −1 (B^k)^{−1/2}a_{n(k)+1}

≥ a^T_{n(k)+1}(B^k)^{−1/2}( 8 9 I)(B^k)^{−1/2}a_{n(k)+1} = 8 9 (ω_{n(k)+1})^2.

Continue this process for i = 2, ..., η(k), we have

log det B^{k+1} ≥ log det B^k + η(k)∑ i=1 log(1 +

8(ω_{n(k)+i})^2 9m ). But, for i = 1, ..., η(k),

8(ω_{n(k)+i})^2 9m ≤ 8 9m 1 8 ‖a_{n(k)+i}‖^2 = 1 9m ≤ 1 9 ; hence

log(1 +

8(ω_{n(k)+i})^2 9m ) ≥ 8(ω_{n(k)+i})^2 9m − (^{8(ωn(k)+i)2}

9m )^2 2(1 −^{8(ωn(k)+i)2}_{9m} )

= 8(ω_{n(k)+i})^2 9m (1 −

8(ω_{n(k)+i})^2 9m 2(1 −^{8(ωn(k)+i)2}_{9m} ) ) ≥ 15(ω_{n(k)+i})^2 18m . Thus we have log det B^{k+1} ≥ log det B^k + η(k)∑ i=1 15(ω_{n(k)+i})^2 18m . Using induction on k, we have

log det B^{k+1} ≥ log det B^0 + n(k+1) ∑ j=1 15(ω_j )^2 18m = m log 8 + n(k+1) ∑ j=1 15(ω_j )^2 18m . But 1 m log det B^{k+1} ≤ log trace B^{k+1} m = log(8 + n(k + 1) m^2 ). Thus_{n(k+1)} ∑ j=1 15(ω_j )^2 18m ≤ m log(8 + n(k + 1)

m^2

) − m log 8

or_{n(k+1)} ∑ j=1 (ω_j )^2 ≤

18m^2 15 log(1 + n(k + 1)

8m^2 ). 2 Now we present our main result.

Theorem 3.1 Let the number of cuts generated in each step of the analytic center cutting plane algorithm be between 1 and η (≤ m). Then, the algorithm stops with a solution in Γ as soon as n(k + 1) satisfies:

ϵ^2 (η + 1)^2 ≥ m 2 +^{18m2}_{15} log(1 +^{n(k+1)}_{8m2} ) 2m + n(k + 1) .

Proof. If the algorithm does not terminate, from relation (2.4) and Lemma 3.1

(2m + n(k + 1)) log ϵ ≤ P (Ω^{k+1})

≤ P (Ω^k) + 1 2 η(k)∑ i=1 log(r_{n(k)+i})^2 + η(k) log(η(k) + 1)

≤ P (Ω^k) + 1 2 η(k)∑ i=1 log(r_{n(k)+i})^2 + η(k) log(η + 1)

≤ P (Ω^0) + 1 2 n(k+1) ∑ j=1 log(r_j)^2 + n(k + 1) log(η + 1)

= 2m log 1 2 + 1 2 n(k+1) ∑ j=1 log(r_j)^2 + n(k + 1) log(η + 1).

Thus

log ϵ − log(η + 1) ≤ 1 2(2m + n(k + 1)) 2m log 1 4 + n(k+1) ∑ j=1 log(r_j)^2

≤ 1 2 log 2m^1_4 +

∑n_(k_{+1)}

j=1 (r_j )^2 2m + n(k + 1)

(from the concavity of log) ≤ 1 2 log m 2 + ∑n_(k_{+1)}

j=1 (ω_j)^2 2m + n(k + 1)

(from Lemma 3.4) ≤ 1 2 log m 2 +^{18m2}_{15} log(1 +^{n(k+1)}_{8m2} ) 2m + n(k + 1)

(from Lemma 3.5) or ϵ^2 (η + 1)^2 ≤ m 2 +^{18m2}_{15} log(1 +^{n(k+1)}_{8m2} ) 2m + n(k + 1)

. (3.2)

This proves the theorem. 2 Theorem 3.1 implies that the complexity of the analytic center cutting plane algorithm, counted by the total number of cuts generated from the oracle, is O^∗ (^{η2m2}_{ϵ2} ); the notation O^∗ means that lower order terms are ignored.

4 Bound on the total number of Newton’s steps

In each iteration of the cutting plane algorithm, we need to compute an approximate analytic center pair of Ω^{k+1}. This can be done by using an LP interior-point algorithm, which is based on Newton’s method. The number of Newton’s steps is bounded by O( √ 2m + n(k + 1) log(1/ϵ)).

Let k^∗ be the first k such that n(k^∗ + 1) satisfies the inequality in Theorem 3.1. Then, the complexity of the analytic center cutting plane algorithm, counted by the total number of Newton’s steps, is bounded by

O^∗((k^∗ + 1) mη ϵ log 1 ϵ ) ≤ O^∗( m^3η^3 ϵ^3 log 1 ϵ ).

However, in this section we show that a (primal) potential reduction algorithm will lead to a much lower bound for the total number of Newton’s steps. For

Ω^k = {y ∈ IR^m : c^k − (A^k)^T y ≥ 0},

let the primal homogeneous potential function be

ϕ^k(x) := (2m + n(k)) log((c^k)^T x) − 2m+n(k) ∑ j=1 log x_j

for all x > 0 and A^kx = 0. Let ȳ^k denote the analytic center of Ω^k and s̄^k = c^k − (A^k)^T ȳ^k. Note again that the primal-dual potential function

ψ^k(x, s̄^k) = (2m + n(k)) log((c^k)^T x) − 2m+n(k) ∑ j=1 log(x_js̄^k_j )

= ϕ^k(x) − 2m+n(k) ∑ j=1 log(s̄^k_j ) = ϕ(x) − P (Ω^k) ≥ (2m + n(k)) log(2m + n(k)).

At Step 2 of the algorithm, starting from a x̂ > 0 with A^{k+1}x̂ = 0, we apply the (primal) potential reduction algorithm to reduce ϕ^{k+1}(x) (e.g., Ye [10]). Each step of the algorithm uses a Newton’s step to reduce ϕ^{k+1}(x) by a constant, as long as a (y, s), a δ-approximate analytic center for Ω^{k+1} satisfying ‖ 1 μ Xs − e‖ ≤ δ, where μ = (c^{k+1})^T x 2m + n(k + 1) = s̄^T x 2m + n(k + 1) and s = c^{k+1} − (A^{k+1})^T y,

is not yet generated. On the other hand, if (x, y, s) satisfy this inequality, then we let (y^{k+1}, s^{k+1}) = (y, s) and x^{k+1} = x/μ. Note that (c^{k+1})^T x^{k+1} = 2m + n(k + 1). Hence, (x^{k+1}, y^{k+1}, s^{k+1}) is a δ-approximate center pair for Ω^{k+1}. Thus, the total number of Newton’s steps to complete iteration k, denoted by N (k), is bounded by

γN (k) ≤ ϕ^{k+1}(x̂) − P (Ω^{k+1}) − (2m + n(k + 1)) log(2m + n(k + 1)), (4.1)

for a constant 0 < γ < 1.

Given (x^k, y^k, s^k), the δ-approximate analytic center pair of Ω^k, i.e., s^k = c^k − (A^k)^T y^k > 0, x^k > 0, A^kx^k = 0, (c^k)^T x^k = 2m + n(k), and ‖X^ks^k − e‖ ≤ δ, we now compute a δ-approximate analytic center pair of Ω^{k+1}, where Ω^{k+1} = {y ∈ IR^m : c^{k+1} − (A^{k+1})^T y ≥ 0}, A^{k+1} = ( A^k, a_{n(k)+i}, ..., a_{n(k)+η(k)} ) , and

c^{k+1} = c^k a^T_{n(k)+1}y^k ... a^T_{n(k)+η(k)}y^k ∈ IR^{2m+n(k+1)}.

Using the technique of Mitchell and Todd [5], we first construct a x̂ ∈ IR^{2m+n(k+1)} from x^k such that A^{k+1}x̂ = 0 with x̂ > 0. Let

a^k = η(k)∑ i=1 a_{n(k)+i} and r^k = √ (a^k)^T (A^kX^k(S^k)^{−1}(A^k)^T )^{−1}a^k, (4.2) Δx = −(β/r^k)X^k(S^k)^{−1}(A^k)^T (A^kX^k(S^k)^{−1}(A^k)^T )^{−1}a^k. (4.3) Then we assign

x̂ = x^k + Δx β/r^k ... β/r^k ∈ IR^{2m+n(k+1)},

where β = 1/2. It can be readily verified that A^{k+1}x̂ = A^kx^k − (β/r^k)a^k + (β/r^k)a^k = 0,

(c^{k+1})^T x̂ = (c^k)^T x^k + (c^k)^T Δx + (β/r^k)(y^k)^T a^k = (c^k)^T x^k + (c^k − (A^k)^T y^k + (A^k)^T y^k)^T Δx + (β/r^k)(y^k)^T a^k = (c^k)^T x^k + (s^k)^T Δx + (y^k)^T A^kΔx + (β/r^k)(y^k)^T a^k = (c^k)^T x^k + (y^k)^T A^kΔx + (β/r^k)(y^k)^T a^k (since A^kx^k = 0) = (c^k)^T x^k − (β/r^k)(y^k)^T a^k + (β/r^k)(y^k)^T a^k = (c^k)^T x^k = 2m + n(k), and x^k + Δx = x^k − (β/r^k)X^k(S^k)^{−1}(A^k)^T (A^kX^k(S^k)^{−1}(A^k)^T )^{−1}a^k = X^k(e − p^k), where p^k = (β/r^k)(S^k)^{−1}(A^k)^T (A^kX^k(S^k)^{−1}(A^k)^T )^{−1}a^k.

Note that we have ‖p^k‖ ≤ β √ 1 − δ . (4.4) Thus, we have x̂ > 0 as δ = 1/4 and β = 1/2.

Consider the primal potential function for Ω^{k+1} ϕ^{k+1}(x) = (2m + n(k + 1)) log((c^{k+1})^T x) − 2m+n(k+1) ∑ j=1 log x_j for all x > 0 and A^{k+1}x = 0. Then ϕ^{k+1}(x̂)

= (2m + n(k + 1)) log((c^{k+1})^T x̂) − 2m+n(k+1) ∑ j=1 log x̂_j

= (2m + n(k + 1)) log(2m + n(k)) − 2m+n(k+1) ∑ j=2m+n(k)+1 log x̂_j − 2m+n(k) ∑ j=1 log x̂_j

= (2m + n(k + 1)) log(2m + n(k)) − η(k) log(β/r^k) − 2m+n(k) ∑ j=1 log x̂_j

= (2m + n(k + 1)) log(2m + n(k)) − η(k) log(β/r^k) − 2m+n(k) ∑ j=1 log x^k_j − n(k)∑ j=1 log(1 − p^k_j )

≤ (2m + n(k + 1)) log(2m + n(k)) − η(k) log(β/r^k) + P (Ω^k) + δ^2 2(1 − δ) − n(k)∑ j=1 log(1 − p^k_j ) (from (i) of Lemma 2.1) ≤ (2m + n(k + 1)) log(2m + n(k)) − η(k) log(β/r^k) + P (Ω^k) + δ^2 2(1 − δ) + β^2 2(1 − δ − β √ 1 − δ) (as ‖p^k‖ ≤ β/ √ 1 − δ ) ≤ (2m + n(k + 1)) log(2m + n(k)) + η(k) log r^k − η(k) log β + P (Ω^k) + 1. Thus, from relation (4.1) the number of Newton’s steps of the potential reduction algorithm at iteration k, starting from x̂, is bounded by γN (k)

≤ ϕ^{k+1}(x̂) − P (Ω^{k+1}) − (2m + n(k + 1)) log(2m + n(k + 1)) ≤ (2m + n(k + 1)) log(2m + n(k)) − (2m + n(k + 1)) log(2m + n(k + 1)) +1 + η(k) log r^k − η(k) log β + P (Ω^k) − P (Ω^{k+1}) ≤ (2m + n(k + 1)) log(2m + n(k + 1) − 1) − (2m + n(k + 1)) log(2m + n(k + 1)) +1 + η(k) log r^k − η(k) log β + P (Ω^k) − P (Ω^{k+1}) (since n(k + 1) ≥ n(k) + 1 ) = (2m + n(k + 1)) log(1 − 1 2m + n(k + 1)

) + 1 +η(k) log r^k − η(k) log β + P (Ω^k) − P (Ω^{k+1}) ≤ η(k) log r^k − η(k) log β + P (Ω^k) − P (Ω^{k+1}).

Therefore, the total number of Newton’s steps till the algorithm terminates γ k�∑ j=0 N (j) ≤ k�∑ j=0 ( η(j) log(r^j) − η(j) log β ) + P (Ω^0) − P (Ω^{k�+1})

= 1 2 k�∑ j=0 (η(j) log(r^j )^2) + P (Ω^0) − P (Ω^{k�+1}) − n(k^∗ + 1) log β

= 1 2 k�∑ j=0 (η(j) log(r^j )^2) + 2m log 1 2 − P (Ω^{k�+1}) − n(k^∗ + 1) log β. Let (ω^k)^2 = (a^k)^T (B^k)^{−1}a^k, where B^k is defined in Lemma 3.3 of the last section and

a^k = η(k)∑ i=1 a_{n(k)+i}. Then, from Lemma 3.3 (ω^k)^2 ≥ (a^k)^T (A^k(S^k)^{−2}(A^k)^T )^{−1}a^k ≥ (1 − δ)(a^k)^T (A^kX^k(S^k)^{−1}(A^k)^T )^{−1}a^k = (1 − δ)(r^k)^2, (4.5) since A^kX^k(S^k)^{−1}(A^k)^T ⪰ (1 − δ)A^k(S^k)^{−2}(A^k)^T .

Thus, the total number of Newton’s steps till the algorithm terminates γ k�∑ j=0 N (j)

≤ 1 2 k�∑ j=0 (η(j) log(ω^j)^2) − k�∑ j=0 (η(j) log( √ 1 − δ)) + 2m log 1 2 − P (Ω^{k�+1}) − n(k^∗ + 1) log β

= 1 2 k�∑ j=0 (η(j) log(ω^j)^2) + 2m log 1 4 − P (Ω^{k�+1}) − n(k^∗ + 1) log(β √ 1 − δ) ≤ 2m + n(k^∗ + 1) 2 log 2m 4 + ∑k� j=0 η(j)(ω^j)^2 2m + n(k^∗ + 1)

− P (Ω^{k�+1}) − n(k^∗ + 1) log(β √ 1 − δ) (from the concavity of log) ≤ 2m + n(k^∗ + 1) 2 log m 2 + η ∑k� j=0(ω^j )^2 2m + n(k^∗ + 1)

− P (Ω^{k�+1}) − n(k^∗ + 1) log(β √ 1 − δ). (4.6)

Moreover, we have

Lemma 4.1 Let 1 ≤ η(k) ≤ η ≤ m for all k. Then, k∑ j=0 (ω^j)^2 ≤ 14 13 ηm^2 log(1 + n(k + 1)

8m^2 ).

Proof. Note that

det B^{k+1} = det(B^k + 1 m η(k)∑ i=1 a_{n(k)+i}a^T_{n(k)+i}) ≥ (1 +

(ω^k)^2 η(k)m ) det(B^k),

where we used the fact that

B^{k+1} ⪰ B^k + 1 η(k)m a^k(a^k)^T

since_{η(k)} ∑ i=1 a_{n(k)+i}a^T_{n(k)+i} ⪰ 1 η(k) a^k(a^k)^T .

Furthermore,

(ω^k)^2 η(k)m ≤ 1 8η(k)m ‖a^k‖^2 ≤ η(k) 8η(k)m ( η(x)∑ i=1 ‖a_{n(k)+i}‖^2) = η(k) 8m ≤ 1 8 ; hence

log(1 +

(ω^k)^2 η(k)m ) ≥ (ω^k)^2 η(k)m − (^{(ωk)2}_{η(k)m})^2 2(1 −^{(ωk)2}_{η(k)m} ) = (ω^k)^2 η(k)m (1 −

(ω^k)^2 η(k)m 2(1 −^{(ωk)2}_{η(k)m}) ) ≥ 13(ω^k )^2 14η(k)m .

Hence, we have log det B^{k+1} ≥ log det B^k +

13(ω^k)^2 14η(k)m . Using induction on k, we have

log det B^{k+1} ≥ log det B^0 + k∑ j=0 13(ω^j )^2 14η(j)m = m log 8 + k∑ j=0 13(ω^j )^2 14η(j)m . But again 1 m log det B^{k+1} ≤ log trace B^{k+1} m = log(8 + n(k + 1) m^2 ). Thus_k ∑ j=0 13(ω^j )^2 14η(j)m ≤ m log(8 + n(k + 1) m^2

) − m log 8

or_k ∑ j=0 (ω^j)^2 ≤ 14 13 ηm^2 log(1 + n(k + 1)

8m^2 ). 2 From relation (4.6) and the above lemma, the total number of Newton’s steps γ k�∑ j=0 N (j)

≤ 2m + n(k^∗ + 1) 2 log 2m 4 +^{14η2m2}_{13} log(1 +^{n(k�+1)}_{8m2} ) 2m + n(k^∗ + 1) −P (Ω^{k�+1}) − n(k^∗ + 1) log(β √ 1 − δ) ≤ 2m + n(k^∗ + 1) 2 log η^2m

2 +^{18η2m2}_{15} log(1 +^{n(k�+1)}_{8m2} ) 2m + n(k^∗ + 1) −P (Ω^{k�+1}) − n(k^∗ + 1) log(β √ 1 − δ) ≤ 2m + n(k^∗ + 1) 2 log η^2m

2 +^{18η2m2}_{15} log(1 +^{n(k�+1)}_{8m2} ) 2m + n(k^∗ + 1) −(2m + n(k^∗ + 1)) log ϵ − n(k^∗ + 1) log(β √ 1 − δ) (from Lemma 3.1) = 2m + n(k^∗ + 1) 2 log η^2m

2 +^{18η2m2}_{15} log(1 +^{n(k�+1)}_{8m2} ) ϵ^2(2m + n(k^∗ + 1))

− n(k^∗ + 1) log(β √ 1 − δ) ≤ −n(k^∗ + 1) log(β √ 1 − δ) = n(k^∗ + 1) log 1 β √ 1 − δ .

The last inequality holds since k^∗ satisfies the condition of Theorem 3.1, i.e.,

η^2m

2 +^{18η2m2}_{15} log(1 +^{n(k�+1)}_{8m2} ) ϵ^2(2m + n(k^∗ + 1)) ≤ (η+1)^2m

2 +^{18(η+1)2m2}_{15} log(1 +^{n(k�+1)}_{8m2} ) ϵ^2(2m + n(k^∗ + 1)) ≤ 1. Therefore, we have

Theorem 4.1 Let the number of cuts generated in each iteration of the analytic center cutting plane algorithm be between 1 and η (≤ m). Then, the total number of Newton’s steps of the algorithm is bounded by n(k^∗ + 1) ≤ O^∗(^{η2m2}_{ϵ2} ), i.e., the same bound for the total number of cuts needed to terminate the algorithm. 2 Obviously, the total number of iterations is bounded by the total number of cutting planes. If the number of cuts in each iteration is about η, then the total number of iterations is bounded by O^∗ (^{ηm2}_{ϵ2} ), and, therefore, the average number of Newton’s steps per iteration is bounded by η. We have recently learnt that Luo, in a subsequent paper [4], proved a complexity bound O^∗ (^{ηm2}_{ϵ2} ) for the total number of cuts in a similar analytic center cutting plane algorithm. His result has improved our bound by a factor η.

Acknowledgment I wish to thank the two referees and the associate editor for their constructive comments on the first version of this paper.

References

[1] A. Altman and K. C. Kiwiel, “A note on some analytic center cutting plane methods for convex feasibility and minimization problems”, Systems Research Institute, Newelska 6, 01-447, Warsaw, Poland, June 1994.

[2] O. Bahn, O. Du Merle, J.-L. Goffin, and J.-P. Vial, “A cutting plane method from the analytic centers for stochastic programming,” Mathematical Programming 69 (1995) 45–74.

[3] J.-L. Goffin, Z. Luo, and Y. Ye, “Complexity analysis of an interior cutting plane method for convex feasibility problems”, manuscript, McGill University, Canada, 1993, to appear in SIAM J. Optimization.

[4] Z. Luo, “Analysis of a cutting plane method that uses weighted analytic center and multiple cuts”, manuscript, Department of Electrical and Computer Engineering, McMaster University, Canada, 1994.

[5] J. E. Mitchell and M. J. Todd, “Solving combinatorial optimization problems using Karmarkar’s algorithm ” Mathematical Programming 56 (1992) 245–284.

[6] Y. Nesterov, “Cutting plane algorithms from analytic centers: efficiency estimates”, University of Geneva, Geneva, Switzerland, December 1992, to appear in Mathematical Programming.

[7] G. Sonnevend, “New algorithms in convex programming based on a notion of ‘centre’ (for systems of analytic inequalities) and on rational extrapolation”, in K. H. Hoffmann, J. B. Hiriat-Urruty, C. Lemarechal, and J. Zowe, editors, Trends in Mathematical Optimization: Proceedings of the 4th French–German Conference on Optimization in Irsee, West–Germany, April 1986.

[8] Y. Ye, “A potential reduction algorithm allowing column generation”, SIAM Journal on Optimization 2 (1992) 7–20.

[9] Y. Ye, “A combinatorial property of the analytic center for polytopes”, unpublished manuscript, May 1989.

[10] Y. Ye, “An O(n^3L) potential reduction algorithm for linear programming”, Mathematical Programming 50 (1991) 239-258.