Approximating global quadratic optimization with convex quadratic constraints

Yinyu Ye^∗ Department of Management Sciences The University of Iowa Iowa City, Iowa 52242, U.S.A.

July, 1998

Abstract

We consider the problem of approximating the global maximum of a quadratic program (QP) subject to convex non-homogeneous quadratic constraints. We prove an approximation quality bound that is related to a condition number of the convex feasible set; and it is the currently best for approximating certain problems, such as quadratic optimization over the assignment polytope, according to the best of our knowledge.

Key words. Quadratic programming, global optimizer, approximation algorithm

�This author is supported in part by NSF grants DMI-9522507 and DMS-9703490.

1 Introduction

Consider the quadratic optimization (QP) problem with convex non-homogeneous quadratic inequality constraints

q̄(C) := Maximize q(x) := x^T Cx (QP) Subject to ‖A_ix + b_i‖^2 ≤ 1, i = 1, . . . , m

where symmetric matrices C ∈ ℜ^{n×n}, A_i ∈ ℜ^{ri×n} (r_i ≤ n), and b_i ∈ ℜ^{ri} are given. Note that if r_i = 1, then it becomes a linear constraint with (nonsymmetric) upper and lower bounds. Denote by q̄ = q̄(C) the maximum value of the problem.

We assume that the (QP) problem is feasible, bounded and it has an nonempty interior; and thereby, assume that x = 0 is a “center” of the convex feasible region, which implies that 1−‖b_i‖^2 > 0, i = 1, . . . , m. For simplicity, we also assume that C is positive semidefinite. Thus, the global minimum value of q(x) in the feasible region, q = −q̄(−C), is 0.

Normally, there may be a linear term in the objective function, or/and C is not positive semidefinite, or/and x = 0 is not in the interior of the feasible region. We will address later how to solve QP problems in more general forms.

Recently, there were several results on approximating this quadratic maximum. Bellare and Rogaway [3] established several negative result on approximating this problem; Goemans and Williamson [8] (also see Frieze and Jerrum [4]) proved an approximation result for the Maxcut problem; Nesterov [11] generalized their result to approximating the Maxcut problem with a more general objective matrix; Ye [18] extended their result to solving the continuous (QP) with simple bound constraints; Ye [19] and Nesterov [12] proved constant approximation quality for problem (QP) such that A_i is diagonal and b_i = 0; Nesterov [13] and Nemirovski et al. [10] established a quality bound when A_i is positive semidefinite and b_i = 0; Fu et al. [5] constructed a quality bound for approximating (QP) without those assumptions. Their results can be summarized as follows.

• Bellare and Rogaway [3] show that if the feasible regions is a polytope, then there is a constant δ such that the problem has no polynomial algorithm to yield a solution x with

q(x) ≥ 2^{− logffi n}q̄,

unless NP⊂P̃; there is a constant ϵ ≤ 1/3 such that it has no polynomial algorithm to yield a solution x with q(x) ≥ (1 − ϵ)q̄, unless P=NP.

• If i = 1, A_1 is positive definite and b_i = 0, then Vavasis [17] and Ye [20] develop a procedure to obtain a feasible x with q(x) ≥ (1 − ϵ)q̄, whose running time is polynomial in n and | ln ϵ| for any 1 > ϵ > 0.

• If all A_i are diagonal (or mutually commute) and b_i = 0; then Nesterov [12] and Ye [19] are able to generate a feasible (randomized) solution x̂ such that

E(q(x̂)) ≥ 2 π q̄. • If all A_i are positive semidefinite and b_i = 0, then Nesterov [13] and Nemirovskii et al. [10] produce a feasible (randomized) solution x̂ such that, with constant probability, q(x̂) ≥ 1 2 ln(2m min(m, n)) q̄. • If all A_i are positive semidefinite and the feasible region is bounded and has nonempty interior, Fu et al. [5] (also see Bellare and Rogaway [3], Vavasis [17] and Ye [20]) compute a feasible solution x such that q(x) ≥ 1 O(m^2) q̄.

In this paper, we approximate the problem where b_i ≠ 0, that is, the problem containing convex non-homogeneous quadratic constraints.

2 Positive Semi-Definite Relaxation Let Q := ( 0 0 0 C ) ⪰ 0 and Q_i := ( ‖b_i‖^2 b^T A_i A^T_i b A^T_i A_i ) ⪰ 0. (Here, X ⪰ Z means that X − Z is positive semi-definite.) Then, the problem is equivalent to

q̄ := Maximize (1; x)^T Q(1; x) (QP) Subject to (1; x)^T Q_i(1; x) ≤ 1, i = 1, . . . , m,

where column vector (1; x) ∈ ℜ^{n+1} with 1 at its top position. Our approximation algorithm for (QP) is to solve the positive semi-definite programming (SDP) relaxation problem

p̄(Q) := Maximize ⟨Q, X⟩ (SDP) Subject to ⟨I_1, X⟩ = 1, ⟨Q_i, X⟩ ≤ 1, i = 1, . . . , m, X ⪰ 0, (1)

where I_1 is the diagonal matrix with 1 in its first diagonal position and 0 everywhere else. Here, unknown X ∈ ℜ^{(n+1)×(n+1)} is a symmetric matrix. Furthermore, ⟨·, ·⟩ is the matrix inner product ⟨Q, X⟩ = trace(Q^T X). Since the original QP problem is feasible, so is the SDP relaxation.

The dual of (SDP) is p̄(Q) = Minimize y_0 + e^T y

Subject to ∑m i=0 y_iQ_i ⪰ Q, y ≥ 0 ∈ ℜ^m, (2)

where Q_0 = I_1. Note that the primal is feasible and the dual has an interior so that there is no duality gap between the primal and dual. Denote by X̄(Q) and (ȳ_0(Q), ȳ(Q)) an optimal solution pair for the primal (1) and dual (2).

The positive semi-definite relaxation was first proposed by Lovász and Shrijver [9], also see recent papers by Alizadeh [1], Anstreicher and Wolkowicz[2], Fujie and Kojima [6] and Polijak, Rendl and Wolkowicz [16]. This relaxation problem can be solved in polynomial time, e.g., see Nesterov and Nemirovski [14].

We have the following relations between (QP) and (SDP).

Proposition 1 Let q̄ = q̄(C), q = −q̄(−C), p̄ = p̄(Q), and p = −p̄(−Q). Then, p ≤ q ≤ q̄ ≤ p̄.

3 Rank Reduction

We now generate a feasible solution for (QP), similar to Nemirovski et al. [10]. Let X̄ = X̄(Q) ⪰ 0 be an optimizer of (SDP), and let the lower triangle factorization matrix of X̄ be L̄ = (l̄_1; . . . ; l̄_n) ∈ ℜ^{n×n}, i.e., l̄_j is the jth row of L̄, such that X̄ = L̄L̄^T . Then, we have ⟨L̄^T QL̄, I⟩ = ⟨Q, L̄L̄^T ⟩ = ⟨Q, X̄⟩ = p̄, and for i = 1, ..., m, ⟨L̄^T Q_iL̄, I⟩ = ⟨Q_i, L̄L̄^T ⟩ = ⟨Q_i, X̄⟩ ≤ 1, Also, since X̄_{11} = ⟨I_1, X⟩ = 1, l̄_1 has 1 in its first position and 0 everywhere else.

We generate a random vector û ∈ ℜ^{n+1} with independent components taking the value 1 or −1 with equal probability, then assign v̂ = L̄û ∈ ℜ^{n+1}. (3) Note that with probability one v̂^2_1 = (l̄_1û)^2 = (û_1)^2 = 1, v̂^T Qv̂ = ⟨L̄^T QL̄, ûû^T ⟩ ≤ ⟨p̄I, ûû^T ⟩ = np̄, and, for i = 1, ..., m, v̂^T Q_iv̂ = ⟨L̄^T Q_iL̄, ûû^T ⟩ ≤ ⟨I, ûû^T ⟩ = n.

Now, we generate a vector solution x̂ ∈ ℜ^n from x̂ = (v̂_2; ..., v̂_{n+1})/v̂_1. (4) Then, the expected value

E(x̂^T Cx̂) = E(v̂^T Qv̂) = E ( ⟨L̄^T QL̄, ûû^T ⟩ ) = ⟨L̄^T QL̄, E(ûû^T )⟩ = ⟨L̄^T QL̄, I⟩ = p̄, and E(‖A_ix̂ + b_i‖^2) = E(v̂^T Q_iv̂) = E ( ⟨L̄^T Q_iL̄, ûû^T ⟩ ) = ⟨L̄^T Q_iL̄, E(ûû^T )⟩ = ⟨L̄^T Q_iL̄, I⟩ ≤ 1. To summarize, we have Proposition 2 With probability one v̂^2_1 = 1, q(x̂) = v̂^T Qv̂ ≤ np̄, ‖A_ix̂ + b_i‖^2 = v̂^T Q_iv̂ ≤ n, i = 1, ..., m. Their expected values E(q(x̂)) = E(x̂^T Cx̂) = E(v̂^T Qv̂) = p̄ E(‖A_ix̂ + b_i‖^2) = E(v̂^T Q_iv̂) ≤ 1, i = 1, ..., m.

Although x̂ is expected to meet the constraints of (QP), we have no guarantee that it will do so for sure. If not, we need to shrink it from x̃ = α̂x̂, (5) where α̂ = min_i {α̂_i};

and α̂_i = 1 if ‖A_ix̂ + b_i‖^2 ≤ 1, else α̂_i < 1 is the positive root of the quadratic equation of α: q_i(α) := ‖α(A_ix̂) + b_i‖^2 = 1.

Next, we will prove that x̃ is feasible for (QP).

4 Approximation Analysis

We now analyzing the solution x̃ resulted from the rank reduction procedure. We first present a technical lemma.

Lemma 1 Let β_i ≥ 0 and β_i := ‖A_ix̂ + b_i‖. Then, for any 0 ≤ α ≤ 1, ‖A_i(αx̂) + b_i‖^2 ≤ α(β^2_i − ‖b_i‖^2) + ‖b_i‖^2 ≤ max{β^2_i , ‖b_i‖^2}.

If β_i > 1, then the root of the quadratic equation of q_i(α) = 1 α̂_i ≥ 1 − ‖b_i‖ √ β^2_i − ‖b_i‖^2 ≥ 1 − ‖b_i‖ β_i .

Proof. Note that q_i(α) = ‖A_i(αx̂)+b_i‖^2 is a convex function of α and q_i(0) = ‖b_i‖^2 and q_i(1) = β^2_i . But α(β^2_i −‖b_i‖^2)+‖b_i‖^2 is the linear function crossing ‖b_i‖^2 and β^2_i at α = 0 and α = 1, respectively. Thus, for α ∈ [0, 1], q_i(α) ≤ α(β^2_i − ‖b_i‖^2) + ‖b_i‖^2.

Furthermore, consider the case β^2_i > 1. If b^T_i A_ix̂ ≤ 0, then q_i(α) ≤ α^2(β^2_i − ‖b_i‖^2) + ‖b_i‖^2, Thus, the root α̂_i ≥ √ 1 − ‖b_i‖^2 √ β^2_i − ‖b_i‖^2 . On the other hand, if b^T_i A_ix̂ ≥ 0, then x̂^T A^T_i A_ix̂ ≤ β^2_i − ‖b_i‖^2, q_i(α) ≤ (α‖A_ix̂‖ + ‖b_i‖)2. Thus, the root α̂_i ≥ 1 − ‖b_i‖ ‖A_ix̂‖ ≥ 1 − ‖b_i‖ √ β^2_i − ‖b_i‖^2 . Noting the second bound is less than the first, we have proved the desired result.

We are ready to prove the following theorem.

Theorem 1 With probability one, x̃ generated in the above rank reduction procedure is a feasible solution for (QP).

Proof. We need to prove that for i = 1, ..., m, ‖A_ix̃ + b_i‖^2 ≤ 1.

Note that 0 ≤ α̂ ≤ 1. Thus, for any i, if β^2_i = ‖A_ix̂ + b_i‖^2 ≤ 1, we must have from the above lemma

‖A_ix̃ + b_i‖^2 ≤ max{β^2_i , ‖b_i‖^2} ≤ 1.

Otherwise, since α̂ ≤ α̂_i,

‖A_ix̃ + b_i‖^2 = ‖A_i(α̂)x̂ + b_i‖^2 ≤ max{‖A_i(α̂_i)x̂ + b_i‖^2, ‖b_i‖^2} = max{1, ‖b_i‖^2} = 1.

Now we analyze the objective function value

q(x̃) = x̃^T Cx̃ = α̂^2x̂^T Cx̂ = α̂^2v̂^T Qv̂.

Note that α̂ is also a random number here. Recall

α̂ = min_i {α̂_i} ≥ min {i, ‖A_ix̂+b_i‖2>1} ( 1 − ‖b_i‖ √ ‖A_ix̂ + b_i‖^2 − ‖b_i‖^2 ) . Since β^2_i = ‖A_ix̂ + b_i‖^2 = v̂^T Q_iv̂, the following lemma is a straightforward extension of the result proved by Nemirovski et al. [10].

Lemma 2 For any β ≥ 1, The probability Pr ( max_i {‖A_ix̂ + b_i‖^2} > β^2 ) < 2mr̄ exp(−β^2/2),

where r̄ = max_i{r_i}, the row dimension of A_i.

Hence, we have, in particular, Pr ( max_i {β^2_i = ‖A_ix̂ + b_i‖^2} > 2 ln(4mnr̄) ) < 2mr̄ exp(− ln(4mnr̄)) = 1 2n .

Now we prove the following theorem.

Theorem 2 The expected value

E(q(x̃)) = E(x̃^T Cx̃) ≥

(1 − max_i{‖b_i‖})^2 4 ln(4mnr̄) · p̄ ≥ (1 − max_i{‖b_i‖})^2 4 ln(4mnr̄) · q̄,

Proof. For simplicity, let α = 1 − max_i{‖b_i‖} √ 2 ln(4mnr̄) . Note that Pr(α̂ < α) ≤ Pr ( max_i {β^2_i = ‖A_ix̂ + b_i‖^2} > 2 ln(4mnr̄) ) < 1 2n . Recall that E(v̂^T Qv̂) = p̄, and with probability one v̂^T Qv̂ ≤ np̄. E(x̃^T Cx̃)

= E(α̂^2v̂^T Qv̂) = E ( α̂^2v̂^T Qv̂| α̂ ≥ α ) + E ( α̂^2v̂^T Qv̂| α̂ < α ) ≥ E ( α̂^2v̂^T Qv̂| α̂ ≥ α ) (since α̂^2v̂^T Qv̂ ≥ 0)

≥ α^2E ( v̂^T Qv̂| α̂ ≥ α ) (since α̂ ≥ α)

= α^2E(v̂^T Qv̂) − α^2E ( v̂^T Qv̂| α̂ < α ) ≥ α^2p̄ − α^2(np̄)Pr(α̂ < α) (since α̂^2v̂^T Qv̂ ≤ np̄) ≥ α^2p̄ − α^2p̄/2 (since Pr (α̂ < α) ≤ 1/2n) = α^2 2 · p̄.

The quality of the approximation bound is dependent on the the value (1 − max_i{‖b_i‖}), which is related to the condition number of the convex feasible set measuring how “round” the interior of the set is. This condition number also dictates the computational complexity of linear optimization over this convex set.

If we relax the feasibility by a constant fraction ϵ, then we have

Corollary 1 In the rank reduction procedure, let α̂_i be the root of

q_i(α) = ‖α(A_ix̂) + b_i‖^2 = 1 + ϵ.

Then, with probability one ‖A_ix̃ + b_i‖^2 ≤ 1 + ϵ, i = 1, ..., m, and E(x̃^T Cx̃) ≥

(ϵ + 1 − max_i{‖b_i‖})^2

4 ln(4mnr̄) · q̄ ≥ ϵ^2 4 ln(4mnr̄) · q̄.

5 Linear inequality constraints

Consider the problem q̄ := Maximize y^T Cy (LQP) Subject to −l ≤ A^T y ≤ u

where A ∈ ℜ^{n×m} and y = 0 is the analytic center of the polytope {y : −l ≤ A^T y ≤ u} (hence the given bounds l, s > 0). Then, the problem can be written as

Maximize y^T Cy Subject to (a^T_i y + l_i)(a^T_i y − u_i) ≤ 0, i = 1, ..., m,

where a_i is the ith column of A.

The quadratic constraints can be further written as

(a^T_i y + l_i − u_i 2 )^2 ≤

(l_i − u_i)^2 4 or ( 2 l_i + u_i a^T_i y + l_i − u_i l_i + u_i

)^2 ≤ 1.

Thus, they are in the quadratic constraint form of (QP). Furthermore, in the worst case, 1 m ≤ l_i u_i ≤ m. Therefore, from Theorem 2 and noting r̄ = 1, we have

Corollary 2 The approximation algorithm presented in this paper will generate a feasible point x̃ for the problem (LQP) and E(x̃^T Cx̃) ≥ 1 O(m^2) ln(4mn) · q̄.

Note that this bound is worse than the bound of^1_{O(m2)} of Bellare and Rogaway [3], Fu et al. [5], Vavasis [17], and Ye [20]. However, if^{li}_{ui} is close to 1, then the SDP relaxation and the rank reduction could yield a better approximation.

Consider the assignment polytope n∑ j=1 x_{ij} = 1, i = 1, ..., n, n∑ i=1 x_{ij} = 1, j = 1, ..., n, x_{ij} ≥ 0, i = 1, ..., n, j = 1, ..., n. Let us transform x_{ij} to y_{ij} = x_{ij} − 1 n . Then, the system becomes_n ∑ j=1 y_{ij} = 0, i = 1, ..., n, n∑ i=1 y_{ij} = 0, j = 1, ..., n, y_{ij} ≥ − 1 n , i = 1, ..., n, j = 1, ..., n. Adding seemly redundant upper bounds and eliminating 2n variables from 2n homogeneous equations, the system can be written as − 1 n ≤ a^T_{ij}y ≤ 1 − 1 n , i = 1, ..., n, j = 1, ..., n, for given vectors a_{ij} ∈ ℜ^{n2−2n} and unknown y ∈ ℜ^{n2−2n}. Note that y = 0 is the analytic center of the polytope and 1 − l_i − u_i l_i + u_i

= 1 − (1 − 2 n ) = 2 n . Let the objective be maximizing y^T Cy and C be positive semidefinite, and the global maximum value be q̄. Then, we have

Corollary 3 The approximation algorithm presented in this paper will generate a feasible point ỹ for the problem (LQP) over the assignment polytope, and

E(ỹ^T Cỹ) ≥ 1 n^2 ln(4n^4) · q̄.

This bound is better than the bound of^1_{O(n3)} of Fu et al. [5].

6 Linear term in the objective function

If C is not positive semidefinite and there is a linear term in the objective function of (QP): Maximize q(x) := x^T Cx + 2c^T x

Subject to ‖A_ix + b_i‖^2 ≤ 1, i = 1, . . . , m, we could still solve the SDP relaxation with

Q := ( 0 c^T c C ) and Q_i := ( ‖b_i‖^2 b^T A_i A^T_i b A^T_i A_i ) ⪰ 0. Let X̄(Q) be an optimizer of the (SDP) relaxation. Then p̄ = ⟨Q, X̄(Q)⟩ ≥ q̄, and p = −⟨−Q, X̄(−Q)⟩ = −y_0(−Q) − e^T y(−Q) ≤ q. From L̄L̄^T = X̄ = X̄(Q), we use the same rank reduction procedure to generate û, v̂, and x̂, then we consider both x̂ and −x̂. We have

Proposition 3 With probability one v̂^2_1 = 1,

q(x̂) = x̂^T Cx̂ + c^T x̂ = v̂^T Qv̂,

q(−x̂) = x̂^T Cx̂ − c^T x̂ = v̂^T ( −1 0 0 I ) Q ( −1 0 0 I ) v̂,

q_i(x̂) = ‖A_ix̂ + b_i‖^2 = v̂^T Q_iv̂,

q_i(−x̂) = ‖A_ix̂ − b_i‖^2 = ‖A_ix̂ + b_i‖^2 − 4b^T_i (A_ix̂ + b_i) + 4‖b_i‖^2 = v̂^T ( −1 0 0 I ) Q_i ( −1 0 0 I ) v̂ ≤ (‖A_ix̂ + b_i‖ + 2‖b_i‖)^2, i = 1, ..., m. Their expected values E(max{q(x̂), q(−x̂)}) ≥ E(q(x̂)) = E(x̂^T Cx̂) = E(v̂^T Qv̂) = p̄,

E(‖A_ix̂ + b_i‖^2) = E(v̂^T Q_iv̂) ≤ 1, i = 1, ..., m,

E(‖A_ix̂ − b_i‖^2) ≤ ( √ E(‖A_ix̂ + b_i‖^2) + 2‖b_i‖)^2 ≤ 9, i = 1, ..., m.

Let α̂^+ = min_i {α̂^+_i } where for i = 1, ..., m,

α̂^+_i = { 1 if ‖A_ix̂ + b_i‖^2 ≤ 1, the positive root of ‖α(A_ix̂) + b_i‖^2 = 1, otherwise;

and α̂^− = min_i {α̂^−_i } where for i = 1, ..., m,

α̂^−_i = { 1 if ‖A_ix̂ − b_i‖^2 ≤ 1, the positive root of ‖α(A_ix̂) − b_i‖^2 = 1, otherwise.

Then, we select x̃ = { α̂^+ · x̂, if q(α̂^+ · x̂) ≥ q(α̂^− · (−x̂)), α̂^− · (−x̂), otherwise, (6) That is, we shrink both x̂ and −x̂ to meet the constraints and choose the better one among the two.

Again, one can verify that x̃ is feasible for (QP) from Theorem 1. Let α̂ = min{α̂^+, α̂^−}.

Then, since q(x̂) and q(−x̂) share the same quadratic term, the linear term of max{q(x̂), q(−x̂)} is always non-negative, which implies that q(x̃) = max{q(α̂^+ · x̂), q(α̂^− · (−x̂))} ≥ max{q(α̂ · x̂), q(α̂ · (−x̂))} ≥ α̂^2 max{q(x̂), q(−x̂)} ≥ α̂^2q(x̂). Moreover, if α̂ is fixed E(q(x̃)) ≥ α̂^2E(max{q(x̂), q(−x̂)}) ≥ α̂^2E(q(x̂)) ≥ α̂^2p̄ ≥ α̂^2q̄.

The remaining question is how small α̂ could be. We have established a bound for α̂^+ early such that α̂^+ ≥ min_i {α̂^+_i } ≥ min {i, ‖A_ix̂+b_i‖2>1} ( 1 − ‖b_i‖ √ ‖A_ix̂ + b_i‖^2 − ‖b_i‖^2 ) . Similarly, we can bound

α̂^− ≥ min_i {α̂^−_i } ≥ min {i, ‖A_ix̂−b_i‖2>1} ( 1 − ‖b_i‖ √ ‖A_ix̂ − b_i‖^2 − ‖b_i‖^2 ) . Recalling ‖A_ix̂ − b_i‖^2 ≤ (‖A_ix̂ + b_i‖ + 2‖b_i‖)^2 and using Lemma 2, we must have

Lemma 3 For any β ≥ 1, The probability Pr ( max_i {‖A_ix̂ − b_i‖^2} > (β + 2‖b_i‖)^2 ) < 2mr̄ exp(−β^2/2),

where r̄ = max_i{r_i}, the row dimension of A_i.

Hence, we have, in particular, Pr ( max_i {‖A_ix̂ − b_i‖^2} > ( √ 2 ln(4mnr̄) + 2‖b_i‖)^2 ) < 2mr̄ exp(− ln(4mnr̄)) = 1 2n .

Since ‖b_i‖ < 1 for all i, we can now prove the following theorem

Theorem 3 Let us fix α̂ = α := 1 − max_i{‖b_i‖} √ 2 ln(4mnr̄) + 2 in the above rank reduction procedure. Then,

E(q(x̃)) ≥

(1 − max_i{‖b_i‖})^2 ( √ 2 ln(4mnr̄) + 2)^2 · p̄ ≥ (1 − max_i{‖b_i‖})^2 ( √ 2 ln(4mnr̄) + 2)^2 · q̄, and, with probability greater than (1 − 2/n), x̃ is a feasible point for (QP).

Thus, as n → ∞, x̃ is surely a feasible point for (QP) and its expected objective value is bounded below by a fraction of q̄ from the theorem.

If α̂ is assigned from the random vector x̂, we can prove a quality bound using a measure similar to the one in Nesterov [12] and Ye [19]. First, we note again that Pr(α̂ < α) ≤ 1 2n .

Let (y_0, y) = −(ȳ_0(−Q), ȳ(−Q)) ∈ ℜ^{m+1}. Then y ≤ 0, p = y_0 + e^T y, S := Q − m∑ i=0 y_iQ_i ⪰ 0, and ⟨S, X̄⟩ = p̄ − m∑ i=0 y_i⟨Q_i, X̄⟩ = p̄ − p̃ ≤ p̄ − p, since ⟨Q_0, X̄⟩ = 1 and ⟨Q_i, X̄⟩ ≤ 1, i = 1, ..., m, so that

p̃ := y_0 + m∑ i=1 y_i⟨Q_i, X̄⟩ ≥ p. Therefore, with probability one v̂^T Sv̂ ≤ n(p̄ − p̃), and E(v̂^T Sv̂) = ⟨S, X̄⟩ = p̄ − p̃ and E ( v̂^T ( m ∑ i=0 y_iQ_i ) v̂ ) = m∑ i=0 y_i⟨Q_i, X̄⟩ = p̃. Furthermore, if y_0 > 0, then S + y_0Q_0 = S + y_0I_1 ⪰ 0, and with probability one v̂^T (S + y_0Q_0)v̂ ≤ n(p̄ − p̃ + y_0), and E(v̂^T (S + y_0Q_0)v̂) = ⟨S + y_0Q_0), X̄⟩ = p̄ − p̃ + y_0 and E ( v̂^T ( m ∑ i=1 y_iQ_i ) v̂ ) = m∑ i=1 y_i⟨Q_i, X̄⟩ = p̃ − y_0.

We first consider the case y_0 ≤ 0. Then,

E(q(x̃)) ≥ E ( α̂^2q(x̂) ) = E ( α̂^2v̂^T Qv̂ )

= E ( α̂^2v̂^T ( m ∑ i=0 y_iQ_i + Q − m∑ i=0 y_iQ_i ) v̂ )

= E ( α̂^2v̂^T Sv̂ ) + E ( α̂^2v̂^T ( m ∑ i=0 y_iQ_i ) v̂ )

≥ E ( α̂^2v̂^T Sv̂ ) + E ( v̂^T ( m ∑ i=0 y_iQ_i ) v̂ )

(since α̂^2 ≤ 1, y_i ≤ 0, v̂^T Q_iv̂ ≥ 0, i = 0, ..., m) = E ( α̂^2v̂^T Sv̂ ) + p̃ ≥ E ( α̂^2v̂^T Sv̂| α̂ ≥ α ) + p̃ (since v̂^T Sv̂ ≥ 0) ≥ α^2E ( v̂^T Sv̂| α̂ ≥ α ) + p̃ (since α̂ ≥ α) = α^2E ( v̂^T Sv̂ ) − α^2E ( v̂^T Sv̂| α̂ < α ) + p̃ = α^2(p̄ − p̃) − α^2E ( v̂^T Sv̂| α̂ < α ) + p̃ ≥ α^2(p̄ − p̃) − α^2n(p̄ − p̃)Pr(α̂ < α) + p̃ (since v̂^T Sv̂ ≤ n(p̄ − p̃)) ≥ α^2(p̄ − p̃) − α^2(p̄ − p̃)/2 + p̃ (since Pr(α̂ < α) ≤ 1/2n) = α^2 2 (p̄ − p̃) + p̃.

Secondly, consider the case y_0 > 0. Then,

E(q(x̃)) ≥ E ( α̂^2q(x̂) ) = E ( α̂^2v̂^T Qv̂ )

= E ( α̂^2v̂^T ( m ∑ i=0 y_iQ_i + Q − m∑ i=0 y_iQ_i ) v̂ )

= E ( α̂^2v̂^T (S + y_0Q_0)v̂ ) + E ( α̂^2v̂^T ( m ∑ i=1 y_iQ_i ) v̂ )

≥ E ( α̂^2v̂^T (S + y_0Q_0)v̂ ) + E ( v̂^T ( m ∑ i=1 y_iQ_i ) v̂ )

(since α̂^2 ≤ 1, y_i ≤ 0, v̂^T Q_iv̂ ≥ 0, i = 1, ..., m) = E ( α̂^2v̂^T (S + y_0Q_0)v̂ ) + (p̃ − y_0) ≥ E ( α̂^2v̂^T (S + y_0Q_0)v̂| α̂ ≥ α ) + (p̃ − y_0) (since v̂^T (S + y_0Q_0)v̂ ≥ 0)

≥ α^2E ( v̂^T (S + y_0Q_0)v̂| α̂ ≥ α ) + (p̃ − y_0) (since α̂ ≥ α)

= α^2E ( v̂^T (S + y_0Q_0)v̂ ) − α^2E ( v̂^T (S + y_0Q_0)v̂| α̂ < α ) + (p̃ − y_0)

= α^2(p̄ − p̃ + y_0) − α^2E ( v̂^T (S + y_0Q_0)v̂| α̂ < α ) + (p̃ − y_0) ≥ α^2(p̄ − p̃ + y_0) − α^2n(p̄ − p̃ + y_0)Pr(α̂ < α) + (p̃ − y_0)

(since v̂^T Sv̂ ≤ n(p̄ − p̃ + y_0)) ≥ α^2(p̄ − p̃ + y_0) − α^2(p̄ − p̃ + y_0)/2 + (p̃ − y_0) (since Pr(α̂ < α) ≤ 1/2n) = α^2 2 (p̄ − p̃ + y_0) + (p̃ − y_0) ≥ α^2 2 (p̄ − p̃) + p̃. (since y_0 > 0, α^2 2 < 1)

Both inequalities imply that E(q(x̃)) − p̃ ≥ α^2 2 (p̄ − p̃), which further implies that E(q(x̃)) − p ≥ α^2 2 (p̄ − p), since 0 ≥ p̃ ≥ p. This leads to

Theorem 4 The expected value E(q(x̃)) − p ≥ (1 − max_i{‖b_i‖})^2 2( √ 2 ln(4mnr̄) + 2)^2 · (p̄ − p) ≥ (1 − max_i{‖b_i‖})^2 2( √ 2 ln(4mnr̄) + 2)^2 · (q̄ − p).

We remark that if C ⪰ 0 and c = 0, then Q ⪰ 0 and p = 0, and the theorem establishes the same bound as in Theorem 2.

References

[1] F. Alizadeh, Combinatorial Optimization with Interior Point Methods and Semi–Definite Matrices, Ph.D. thesis, University of Minnesota, Minneapolis, MN, 1991.

[2] K. Anstreicher and H. Wolkowicz, On Lagrangian relaxation of quadratic matrix constraints, Research report, corr 98-24, University of Waterloo, Waterloo, Ontario, 1998.

[3] M. Bellare and P. Rogaway, The complexity of approximating a nonlinear program, Mathematical Programming 69 (1995) 429-442.

[4] A. Frieze and M. Jerrum, Improved approximation algorithms for max k-cut and max bisection, Proc. 4th IPCO Conference (1995) 1-13.

[5] M. Fu, Z.-Q. Luo and Y. Ye, Approximation algorithms for quadratic programming, Journal of Combinatorial Optimization 2(1) (1998) 29–50.

[6] T. Fujie and M. Kojima, Semidefinite programming relaxation for nonconvex quadratic programs, J. Global Optimization 10(4) (1997) 367–380.

[7] L. E. Gibbons, D. W. Hearn and P. M. Pardalos, A continuous based heuristic for the maximum clique problem, DIMACS Series in Discrete Mathematics and Theoretical Computer Science 26 (1996) 103-124.

[8] M. X. Goemans and D. P. Williamson, Improved approximation algorithms for Maximum Cut and Satisfiability problems using semidefinite programming, Journal of ACM 42 (1995) 1115–1145.

[9] L. Lovász and A. Shrijver, Cones of matrices and setfunctions, and 0 − 1 optimization, SIAM Journal on Optimization 1 (1990) 166-190.

[10] A. Nemirovski, C. Roos, and T. Terlaky. On maximization of quadratic form over intersection of ellipsoids with common center. Technical report, Delft University of Technology, Faculty of Technical Mathematics and Informatics, Delft University of Technology, Delft, The Netherlands, 1998.

[11] Yu. E. Nesterov, Quality of semidefinite relaxation for nonconvex quadratic optimization, CORE Discussion Paper #9719, Belgium, March 1997.

[12] Yu. E. Nesterov, Semidefinite relaxation and nonconvex quadratic optimization, Optimization Methods and Software, 9:141–160, 1998. Special Issue Celebrating the 60th Birthday of Professor Naum Shor.

[13] Yu. E. Nesterov, Global quadratic optimization via conic relaxation, CORE Working Paper, Catholic University of Louvaine, Belgium, 1998.

[14] Yu. E. Nesterov and A. S. Nemirovski, Interior Point Polynomial Methods in Convex Programming : Theory and Algorithms (SIAM Publications, SIAM, Philadelphia, 1993).

[15] P. M. Pardalos and J. B. Rosen, Constrained Global Optimization: Algorithms and Applications (Springer-Verlag, Lecture Notes in Computer Sciences 268, 1987).

[16] S. Polijak, F. Rendl and H. Wolkowicz, A recipe for semidefinite relaxation for 0-1 quadratic programming, Journal of Global Optimization 7 (1995) 51-73.

[17] S. A. Vavasis, Nonlinear Optimization: Complexity Issues (Oxford Science, New York, 1991).

[18] Y. Ye, Approximating quadratic programming with bound constraints, Working Paper, Department of Management Science, The University of Iowa, Iowa City, IA 52242, 1997.

[19] Y. Ye, Approximating quadratic programming with bound and quadratic constraints, Technical report, Department of Management Sciences The University of Iowa, Iowa city, IA 522542, 1998. To appear in Mathematical Programming.

[20] Y. Ye, On affine scaling algorithms for nonconvex quadratic programming, Mathematical Programming 56 (1992) 285-300.